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Mathematical appendix

S.1 Derivation of FT

We derive the form of Fι
T and Fτ

T . Although a brief derivation of Fι
T is given in Arellano (2003),

a complete derivation is not provided. Hence, we fill that gap. Let us define the following T1×T
matrix that takes the first difference:

DT =


−1 1 0 0

0 −1 1
. . .

. . .

0 −1 1

 .
Multiplying DT by (1) and noting that DT ιT = 0, we have

DTyi = DTWi +DTvi

where it is simply assumed that V ar(vi) = σ2vIT . Since V ar(DTvi) = σ2vDTD
′
T , the trans-

formed error is serially correlated. To correct for the serial correlation, we use the following

transformation matrix, which is a GLS transformation:

Fι
T =

(
DTD

′
T

)−1/2
DT ,

where (DTD
′
T )

−1/2
is the upper triangular Cholesky factorization of (DTD

′
T )

−1
withS.1

DTD
′
T

(T1×T1)

=



2 −1 0 0

−1 2 −1

0 −1 2 −1
. . .

. . .
. . . 0

−1 2 −1

0 0 −1 2


.

To compute (DTD
′
T )

−1/2
, we need to derive the inverse matrix Hι = (DTD

′
T )

−1
= {hιst}.S.2

Using the results by El-Mikkawy and Karawia (2006), we have

hιst =


T1

T1+1 if s = t = 1 or s = t = T1
s(T1−s+1)

T1+1 if s = t < T1
s(T1−t+1)

T1+1 if s < t
t(T1−s+1)

T1+1 if s > t

Next, we need to compute the Cholesky factorization to Hι. For a K ×K matrix A = {aij} ,

its Cholesky factorization is given by

A = LL′

where L = (ℓij) is the lower triangular matrix. Then using ℓij , we can write the elements of A

as follows:

a11 = ℓ211,

S.1A matrix with this structure is called tridiagonal matrix.
S.2Arellano (2003) does not provide the details how the upper triangular Cholesky factorization can be computed.
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a21 = ℓ21ℓ11, a22 = ℓ221 + ℓ222,

a31 = ℓ31ℓ11, a32 = ℓ31ℓ21 + ℓ32ℓ22, ℓ33 = ℓ231 + ℓ232 + ℓ233,

...
...

. . .

aK1 = ℓK1ℓ11, aK2 = ℓK1ℓ21 + ℓK2ℓ22, · · · , aKK = ℓ2K1 + · · ·+ ℓ2KK .

ℓij can be solved sequentially as follows:

ℓ11 =
√
a11,

ℓ21 = a21/ℓ11, ℓ22 =
√
a22 − ℓ221,

ℓ31 = a31/ℓ11, ℓ32 = (a32 − ℓ31ℓ21)/ℓ22, ℓ33 =
√
a33 − ℓ231 − ℓ232,

...
...

. . .

ℓK1 = aK1/ℓ11, ℓK2 = (aK2 − ℓK1ℓ21)/aK2, · · · ℓKK =
√
aKK − ℓ2K1 − · · · − ℓ2K,K−1.

The explicit form of Fι
T is obtained by letting A = Hι.

Next, we consider a model with individual effects and heterogeneous time trends given by

(12). To remove both ηi and λi from the model, we take second differences. In terms of a model

in matrix, this corresponds to multiplying by DT1DT , (T2 × T ), we have

DT1DTyi = DT1DTWiδ +DT1DTvi.

Since the transformed error is serially correlated, we consider the following GLS-type transfor-

mation matrix:

Fτ
T =

(
DT1DTD

′
TD

′
T1

)−1/2
DT1DT ,

where
(
DT1DTD

′
TD

′
T1

)−1/2
is the upper triangular Cholesky factorization of

(
DT1DTD

′
TD

′
T1

)−1
.

To compute Fτ
T , we need to derive the inverse matrix Hτ =

(
DT1DTD

′
TD

′
T1

)−1
= {hτst} withS.3

DT1DTD
′
TD

′
T1

(T2×T2)

=



6 −4 1 0

−4 6 −4

1 −4 6 −4
. . .

. . .
. . . 1

−4 6 −4

0 1 −4 6


.

Using the results by Dow (2003), we haveS.4

hτst =

{
at0s

3 + at1s
2 + at2s, s ≤ t+ 1

bt0s
3 + bt1s

2 + bt2s+ bt3, s ≥ t+ 1

where

at0 = −(3 + 2t+ T2)dt/c, at1 = 3t(1 + T2)dt/c, at2 = (3 + 5t+ T2 + 3tT2)dt/c,

bt0 = (5− 2t+ 3T2)et/c, bt1 = −3(1 + T2)(4− t+ 2T2)et/c,

bt2 = (1 + 5t+ 12T2 + 3tT2 + 12T 2
2 + 3T 3

2 )et/c, bt3 = (1− t)et/6,

dt = (T2 − t+ 1)(T2 − t+ 2), et = t(t+ 1), c = 6(T2 + 1)(T2 + 2)(T2 + 3).

Using these results and applying the algorithm of Cholesky factorization introduced above where

A = Hτ , after a lengthy calculation, we obtain the explicit expression of Fτ
T as in (13).

S.3A matrix with this structure is called pentadiagonal matrix.
S.4See also Chen (2013) for an alternative expression.
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S.2 Derivation of asymptotic variances (36) and (37)

Let us define yi,−1 = (yi0, ..., yi,T−1)
′ and V ar(yi,−1) = VT = σ2µιT ι

′
T + σ2vΦT where σ2µ =

σ2η/(1 − α)2 and ΦT = {ϕst} = α|s−t|/(1 − α2). Also, let f ′t be the tth row of Fι
T , L(s:t) be the

sth to tth rows of IT and B(s:t) be the sth to tth rows of Bι
T . Then, we obtain y∗i,t−1 = f ′tyi,−1

and

zLit = (yi,t−ℓ, ..., yi,t−1)
′ = L(t−ℓ+1:t)yi,−1, zBit =

(
y∗∗i,t−ℓ, ..., y

∗∗
i,t−1

)′
= B(t−ℓ+1:t)yi,−1.

Using this, we have

E
(
z
L(ℓ)
it y∗i,t−1

)
= L(t−ℓ+1:t)VT ft, E

(
zBity

∗
i,t−1

)
= B(t−ℓ+1:t)VT ft,

E
(
z
L(ℓ)
it zL′it

)
= L(t−ℓ+1:t)VTL

′
(t−ℓ+1:t), E

(
z
B(ℓ)
it zB′

it

)
= B(t−ℓ+1:t)VTB

′
(t−ℓ+1:t).

Hence, (36) and (37) can be written as

Avar
(
α̂L
GMM

)
= σ2v

[
T−1∑
t=1

f ′tVTL
′
(t−ℓ+1:t)

[
L(t−ℓ+1:t)VTL

′
(t−ℓ+1:t)

]−1
L(t−ℓ+1:t)VT ft

]−1

,(S.1)

Avar
(
α̂B
GMM

)
= σ2v

[
T−1∑
t=2

f ′tVTB
′
(t−ℓ+1:t)

[
B(t−ℓ+1:t)VTB

′
(t−ℓ+1:t)

]−1
B(t−ℓ+1:t)VT ft

]−1

(S.2)

Figure 1 is described based on (S.1) and (S.2) numerically without deriving the explicit form of

expectations such as E
(
z
L(ℓ)
it y∗i,t−1

)
.

S.3 Proof of Theorem 1

We derive the explicit formula for asymptotic variances of IV and GMM estimators. First,

consider Avar
(
α̂
L(t)
GMM

)
. Note that under Assumption 1, yi,t−1 can be written as

yi,t−1 =
ηi

1− α
+ ξi,t−1 (S.3)

where ξi,t−1 =
∑∞

j=0 α
jvi,t−1−j . Also, from (A43) of Alvarez and Arellano (2003), we have

y∗i,t−1 = ψtξi,t−1 − ct

(
ϕT−tvit + · · ·+ ϕ1vi,T−1

T − t

)
. (S.4)

where ϕ is defined in (45). Using (S.3) and (S.4), and under Assumption 1, we have

E(zLity
∗
i,t−1) = ψt

(
σ2v

1− α2

)
(αℓ−1, · · · , 1)′, (S.5)[

E
(
zLitz

L′
it

)]−1
= V−1

ℓ =
1

σ2v

[
(
√
λιℓ)(

√
λιℓ)

′ +Φℓ

]−1
(S.6)

where λ = σ2µ/σ
2
v = r/(1 − α)2, ιℓ is an ℓ dimensional column vector of ones, and Vℓ is the

upper-left ℓ× ℓ matrix of VT . The explicit expression of (S.6) is obtained as follows. By using

the Sherman-Morrison-Woodbury inversion formula

[A+ bb′]−1 = A−1 −
[

1

1 + b′A−1b

]
A−1bb′A−1
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and the decomposition of V−1
ℓ

S.5

V−1
ℓ = C′C

where

C =



√
1− α2 0 0 · · · 0 0

−α 1 0 · · · 0 0

0 −α 1 · · · 0 0
...

...
...

...
...

...

0 0 0 · · · −α 1


we obtain[

E(zLitz
L′
it )
]−1

= σ−2
v

[
C′C− λ

1 + λι′ℓC
′Cιℓ

C′Cιℓι
′
ℓC

′C

]
. (S.7)

By substituting (S.5) and (S.7) into (36), we obtain (38). The results (39) and (40) are obtained

from (38). Next, we consider V ar(α̂
B(1)
GMM ). First, note that y∗∗i,t−1 can be written as

y∗∗i,t−1 = cιT−t+1

[
ξi,t−1 −

ξi,t−2 + · · ·+ ξi0
t− 1

]
. (S.8)

Then, using (S.4) and (S.8), we obtain

E
(
y∗∗i,t−1y

∗
i,t−1

)
=

(
σ2v

1− α2

)
ψtc

ι
T−t+1

(
1− ϕt−1

t− 1

)
. (S.9)

Also, from (S.3), we obtain

E[(y∗∗i,t−1)
2] = cι2T−t+1E

[
ξi,t−1 −

1

t− 1
(ξi,0 + · · ·+ wi,t−2)

]2
= cι2T−t+1

[
σ2v

1− α2

(
1− 2αϕt−1

t− 1

)
+

1

(t− 1)2
E(ξi0 + · · ·+ ξi,t−1)

2

]
. (S.10)

Using the result of (A8) in Alvarez and Arellano (2003), we have

E(ξi0 + · · ·+ ξi,t−1)
2 =

σ2v
1− α2

[
(t− 1)(1 + α)

1− α
− 2α(1− αt−1)

(1− α)2

]
. (S.11)

By substituting this into (S.10), we get

E[(y∗∗i,t−1)
2] =

(
σ2v

1− α2

)
cι2T−t+1At (S.12)

where At is defined in (46). The result (42) is obtained by substituting (S.9) and (S.12) into

(36).

Next, we derive the asymptotic variances of α̂L
IV and α̂B

IV . Using (S.3) and (S.4) and the

fact that v∗it is serially uncorrelated, we obtain

1

N

N∑
i=1

T−1∑
t=1

E
(
yi,t−1y

∗
i,t−1

)
=

(
σ2v

1− α2

) T−1∑
t=1

ψt,

V ar

(
1√
N

N∑
i=1

T−1∑
t=1

yi,t−1v
∗
it

)
= V ar

(
T−1∑
t=1

yi,t−1v
∗
it

)
= σ2v

T−1∑
t=1

E
(
y2i,t−1

)
= σ2vσ

2
µ +

σ4v
1− α2

.

S.5See Amemiya (1985, p.164) and Hamilton (1994, p.120).
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Using these, we obtain the asymptotic variance of α̂L
IV as in (41). The asymptotic variance of

α̂B
IV can be derived similarly. Using (S.9) and (S.12), and under Assumption 1, we obtain

1

N

N∑
i=1

T−1∑
t=2

E
(
y∗∗i,t−1y

∗
i,t−1

)
=

(
σ2v

1− α2

) T−1∑
t=2

ψtc
ι
T−t+1

(
1− ϕt−1

t− 1

)
,

V ar

(
1√
N

N∑
i=1

T−1∑
t=2

y∗∗i,t−1v
∗
it

)
= V ar

(
T−1∑
t=2

y∗∗i,t−1v
∗
it

)
= σ2v

T−1∑
t=2

E
[
(y∗∗i,t−1)

2
]
=

(
σ4v

1− α2

) T−1∑
t=2

cι2T−t+1At.

From these, the asymptotic variance of α̂L
IV is obtained as (43).

S.4 Proof of Lemma 1 for models with time trend

We provide the proof of Lemma 1 for models with time trend.S.6 First, we decompose Td × T

matrix FT as

FT =

[
F11 F12 F13

0T2d×d F22 F23

]
= {fst}, (s = 1, ..., Td; t = 1, ..., T )

where F11 is d× d, F12 is d× T2d, F13 is d× d, F22 is T2d × T2d, and F23 is T2d × d. Note that

BT and FT have the following relationship

BT = ITd
FTIT (S.13)

where

IT =

 0 1

. .
.

1 0


and I2

T = I ′
TIT=IT . Furthermore, using (47), Wi can be written as

Wi = ιTµ
′
i + τTκ

′
i +Ξi = CTΨi +Ξi

where Ξi = (ξ′i1, ..., ξ
′
iT )

′ and Ψi = (µi,κi)
′.

Proof of (a): Note the following decomposition:

1

NT

N∑
i=1

W′
iK

′
TB

′
Td
FTd

LTWi =
1

NT

N∑
i=1

W′
iQTWi +

1

NT

N∑
i=1

W′
i

(
K′

TB
′
Td
FTd

LT −QT

)
Wi.

(S.14)

Using FTd
LTCT = BTd

KTCT = QTCT = 0 and (20), the second term of (S.14) can be further

decomposed as

1

NT

N∑
i=1

W′
i

(
K′

TB
′
Td
FTd

LT −QT

)
Wi =

1

NT

N∑
i=1

Ξ′
i

(
K′

TB
′
Td
FTd

LT − IT
)
Ξi +

1

NT

N∑
i=1

Ξ′
iRTΞi.

(S.15)

S.6Although some equations are already introduced in the main body, we provide them for completeness.
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To consider the first term of right-hand side of (S.15), we derive the explicit form of AT =

K′
TB

′
Td
FTd

LT − IT . Using (S.13), FTd
= LTd

FTL
′
T and

K′
TITd

LT =

 0d×d 0d×T2d
Id

0T2d×d IT2d
0T2d×d

0d×d 0d×T2d
0d×d

 , L′
Td
IT2d

LTd
=

[
0d×d 0d×T2d

0T2d×d IT2d

]
,

L′
TLT =

 0d×d 0d×T2d
0d×d

0T2d×d IT2d
0T2d×d

0d×d 0d×T2d
Id

 ,
we have

AT = K′
TB

′
Td
LTd

FTL
′
TLT − IT = K′

TITd
F′
Td
IT2d

LTd
FTL

′
TLT − IT

=
(
K′

TITd
LT

)
F′
T

(
L′
Td
IT2d

LTd

)
FT

(
L′
TLT

)
− IT

=

 −Id IdF′
23IT2d

F22 IdF′
23IT2d

F23

0T2d×d IT2d
F′
22IT2d

F22 − IT2d
IT2d

F′
22IT2d

F23

0d×d 0d×T2d
−Id

 (S.16)

= {Aij}, (i, j = 1, 2, 3).

Next, we derive the form of each Aij . Using

IT2d
F22 =


0 · · · 0 fTdTd

... . .
.

. .
. ...

0 fd+2,d+2 · · · fd+2,Td

fd+1,d+1 fd+1,d+2 · · · fd+1,Td

 , IT2d
F′
22 =


fd+1,Td

fd+2,Td
· · · fTdTd

...
... . .

.
0

fd+1,d+2 fd+2,d+2
...

fd+1,d+1 0 · · · 0

 ,

IT2d
F23 =


fTd,Td+1 fTd,T

...
...

fd+2,Td+1 fd+2,T

fd+1,Td+1 fd+1,T

 , IdF′
23 =

[
fd+1,T fd+2,T · · · fTd,T

fd+1,Td+1 fd+2,Td+1 · · · fTd,Td+1

]

we have

A12
(d×T2d)

= IdF′
23IT2d

F22 =
{
ajk12

}
=

[
fTd,T fd+1,d+1 fTd−1,T fd+2,d+2 + fTd,T fd+1,d+2 · · ·

∑T2d
ℓ=1 fd+ℓ,T fTd−ℓ+1,Td

fTd,Td+1fd+1,d+1 fTd−1,Td+1fd+2,d+2 + fTd,Td+1fd+1,d+2 · · ·
∑T2d

ℓ=1 fd+ℓ,Td+1fTd−ℓ+1,Td

]
with{

ajk12

}
=

k∑
ℓ=1

fTd−ℓ+1,T−j+1fd+ℓ,d+k =

k−1∑
ℓ=1

fTd−ℓ+1,T−j+1fd+ℓ,d+k + fTd−k+1,T−j+1fd+k,d+k

=

k−1∑
ℓ=1

4cτℓ+2c
τ
T−ℓ−1 (3j − ℓ− 3) (2T − 3k + ℓ− 3)

ℓ (ℓ+ 1) (T − ℓ− 2) (T − ℓ− 3)
−

2cτk+2c
τ
T−k−1 (3j − k − 3)

k (k + 1)

= O

(
log T

T

)
, for (j = 1, 2; k = 1, ..., T2d).

A13
(d×d)

= IdF′
23IT2d

F23 =
{
ajk13

}
=

[ ∑T2d
ℓ=1 fd+ℓ,T fTd−ℓ+1,Td+1

∑T2d
ℓ=1 fd+ℓ,T fTd−ℓ+1,T∑T2d

ℓ=1 fd+ℓ,Td+1fTd−ℓ+1,Td+1
∑T2d

ℓ=1 fd+ℓ,Td+1fTd−ℓ+1,T

]
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with {
ajk13

}
=

T2d∑
ℓ=1

fd+ℓ,T−j+1fTd−ℓ+1,Td+k =

T2d∑
ℓ=1

4cτℓ+2c
τ
T−ℓ−1 (3k + ℓ− 6) (T − 3j − ℓ)

ℓ (ℓ+ 1) (T − ℓ− 2) (T − ℓ− 3)

= O

(
log T

T

)
for j = 1, 2; k = 1, 2.

A22
(T2d×T2d)

= IT2d
F′
22IT2d

F22 − IT2d
=
{
ajk22

}
=


a1122 a1222 · · · a1,T2d

22

0 a2222 · · · a2,T2d
22

...
. . .

. . .
...

0 · · · 0 aT2d,T2d
22


with

{
ajk22

}
=


0 if j > k

fTd−j+1,Td−j+1fd+j,d+j − 1 if j = k∑k
ℓ=1 fTd−ℓ+1,Td−j+1fd+ℓ,d+k if j < k

=



0 if j > k

cτT−j−1c
τ
j+2 − 1 = O

(
1
j

)
+O

(
1

(T−j)

)
if j = k∑k

ℓ=1,ℓ>j,ℓ<k

4cτℓ+2c
τ
T−ℓ−1(3j−ℓ+3)(2T−3k+ℓ−3)

ℓ(ℓ+1)(T−ℓ−2)(T−ℓ−3)

−2cτj+2c
τ
T−j−1(2T+j−3k−3)

(T−j−2)(T−j−3) − 2cτk+2c
τ
T−k−1(3j−k+3)

k(k+1) = O
(
log T
T

)
if j < k

(j, k = 1, ..., T2d)

.

A23
(T2d×d)

= IT2d
F′
22IT2d

F23 =
{
ajk23

}
=


∑T2d

ℓ=1 fd+ℓ,Td
fTd−ℓ+1,Td+1

∑T2d
ℓ=1 fd+ℓ,Td

fTd−ℓ+1,T
...

...∑2
ℓ=1 fd+ℓ,d+2fTd−ℓ+1,Td+1

∑2
ℓ=1 fd+ℓ,d+2fTd−ℓ+1,T∑1

ℓ=1 fd+ℓ,d+1fTd−ℓ+1,Td+1
∑1

ℓ=1 fd+ℓ,d+1fTd−ℓ+1,T


with{
ajk23

}
=

T2d−j+1∑
ℓ=1

fd+ℓ,Td−j+1fTd−ℓ+1,Td+k =

T2d−j∑
ℓ=1

fd+ℓ,Td−j+1fTd−ℓ+1,Td+k + fTd−j+1,Td−j+1fd+j,Td+k

=

T2d−j∑
ℓ=1

4cτℓ+2c
τ
T−ℓ−1 (3k + ℓ− 6) (T − 3j − ℓ− 6)

ℓ (ℓ+ 1) (T − ℓ− 2) (T − ℓ− 3)
+

2cτj+2c
τ
T−j−1 (T − j + 3k − 9)

(T − j − 2) (T − j − 3)

= O

(
log T

T

)
for j = 1, ..., T2d; k = 1, 2.

We now assess the first term of (S.15). Using Ξi = (Ξ1i,Ξ2i,Ξ3i)
′ where Ξ1i is d× k, Ξ2i is

T2d × k, and Ξ3i is d× k, we have

Si = Ξ′
iATΞi = S1i + S2i + S3i + S4i + S5i + S6i

where

S1i = −Ξ′
1iΞ1i, S2i = Ξ′

1iA12Ξ2i, S3i = Ξ′
1iA13Ξ3i, S4i = Ξ′

2iA22Ξ2i,

S5i = Ξ′
2iA23Ξ3i, S6i = −Ξ′

3iΞ3i.
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We now evaluate each term. From the definition of Ξ1i, we have

E(S1i) = −E
(
ξi1ξ

′
i1

)
− E

(
ξi2ξ

′
i2

)
= −2Γi0 = O (1) .

Since a1,t−1
12 , a2,t−1

12 , a1k13 and a2k13 are O
(
log T
T

)
for all t and k, using Assumption 3, we have

E(S2i) =

Td∑
t=2

[
a1,t−1
12 E

(
ξi1ξ

′
it

)
+ a2,t−1

12 E
(
ξi2ξ

′
it

)]
= O

(
log T

T

) T1∑
t=2

Γi,t−1 +O

(
log T

T

) T1∑
t=2

Γi,t−2 = O

(
log T

T

)
,

E(S3i) =

T∑
t=T−1

[(
a1,113 + a1,213

)
E
(
ξi1ξ

′
it

)
+
(
a2,113 + a2,213

)
E
(
ξi2ξ

′
it

)]
= O

(
log T

T

)
(Γi,T−1 + 2Γi,T−2 + Γi,T−3) = O

(
log T

T

)
.

Similarly, using at−1,t−1
22 = O(1/(t+ 1)) +O(1/(T − t)) and as−1,t−1

22 = O(log T/T ) for all s ̸= t,

we have

E(S4i) =

Td∑
s=3

Td∑
t=3

as−1,t−1
22 E

(
ξisξ

′
it

)
=

Td∑
t=3

at−1,t−1
22 E

(
ξitξ

′
it

)
+

Td−1∑
s=3

Td∑
t=s+1

as−1,t−1
22 E

(
ξisξ

′
it

)
=

Td∑
t=3

[
O

(
1

t+ 1

)
+O

(
1

T − t

)]
E
(
ξitξ

′
it

)
+O

(
log T

T

) Td−1∑
s=3

Td∑
t=s+1

Γt−s,i

= O (log T ) .

Finally, using at−1,1
23 = O(log T/T ) and at−1,2

23 = O(log T/T ) for all t, and the definition of Ξ3i,

we have

E(S5i) =

Td∑
t=2

at−1,1
23 E

(
ξitξ

′
iT1

)
+

Td∑
t=2

at−1,2
23 E

(
ξitξ

′
iT

)
=

Td∑
t=2

O

(
log T

T

)
(Γi,T−t−1 + Γi,T−t) = O

(
log T

T

)
,

E(S6i) = −E
(
ξiT ξ

′
iT

)
− E

(
ξiT1

ξ′iT1

)
= −2Γi0 = O (1) .

Thus, we have Si =
∑6

l=1 Sli = O(log T ) for all i and obtain

1

NT

N∑
i=1

Ξ′
iATΞi = Op

(
log T

T

)
. (S.17)

Next, we consider the second term of (S.15). Let us define Hi = Ξ′
iRTΞi. Then, using (21),

we have

Hi =
2 (2T + 1)Ξ′

iιT ι
′
TΞi

T (T − 1)
+

12Ξ′
iτTτ

′
TΞi

T (T − 1) (T + 1)
−

6 (Ξ′
iιTτ

′
TΞi +Ξ′

iτT ι
′
TΞi)

T (T − 1)

= H1i +H2i +H3i.
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Using Assumption 3 and (54), we have

E(H1i) =
2 (2T + 1)

T (T − 1)
E

[(
T∑
t=1

ξit

)(
T∑

s=1

ξ′is

)]
= O (1) ,

E(H2i) =
12

T (T − 1) (T + 1)
E

((
T∑
t=1

tξit

)(
T∑

s=1

sξ′is

))

=
12T

(T − 1) (T + 1)

T∑
s=1

T∑
t=1

(
t

T

)( s
T

)
E(ξitξ

′
is) = O (1) ,

E(H3i) =
6

T (T − 1)

(
T∑
t=1

T∑
s=1

sE(ξitξ
′
is) +

T∑
t=1

T∑
s=1

tE(ξitξ
′
is)

)

=
6

(T − 1)

(
T∑

s=1

T∑
t=1

( s
T

)
E(ξitξ

′
is) +

T∑
s=1

T∑
s=1

(
t

T

)
E(ξitξ

′
is)

)
= O (1)

where we used 0 < t/T ≤ 1 and 0 < s/T ≤ 1 for all s and t. Hence, for each i, we have

E(Hi) = O(1) and obtain

1

NT

N∑
i=1

Ξ′
iRTΞi = Op

(
1

T

)
. (S.18)

By combining (S.17) and (S.18), we obtain

1

NT

N∑
i=1

W′
iK

′
TB

′
Td
FTd

LTWi =
1

NT

N∑
i=1

W′
iQTWi +Op

(
log T

T

)
.

Proof of (b): Using QT (ιT , τT ) = 0, we have

1√
NT

N∑
i=1

W′
iQTvi =

1√
NT

N∑
i=1

Ξ′
iQTvi =

1√
NT

N∑
i=1

Ξ′
ivi −

1√
NT

N∑
i=1

Ξ′
iRTvi.

The first term converges in distribution to N (0,Ω) by Assumption 4. To assess the second term,

let us define hi = −Ξ′
iRTvi. Then, for the trend model, we have

hi = −
2 (2T + 1)Ξ′

iιT ι
′
Tvi

T (T − 1)
−

12Ξ′
iτTτ

′
Tvi

T (T − 1) (T + 1)
+

6 (Ξ′
iιTτ

′
Tvi +Ξ′

iτT ι
′
Tvi)

T (T − 1)

= −h1i − h2i + h3i.

Using Assumption 3 and (56), we have

E(h1i) =
2 (2T + 1)

T (T − 1)
E

[(
T∑
t=1

ξit

)(
T∑

s=1

vis

)]
=

2 (2T + 1)

T (T − 1)

T−1∑
s=1

T∑
t=s+1

ϕi,t−s = O (1) ,

E(h2i) =
12

T (T − 1) (T + 1)
E

((
T∑
t=1

tξit

)(
T∑

s=1

svis

))

=
12

(T + 1)

(
T−1∑
s=1

T∑
t=s+1

(
t

T

)(
s

T − 1

)
ϕi,t−s

)
= O (1) ,

E(h3i) =
6

T (T − 1)

(
T∑
t=1

T∑
s=1

sE(ξitvis) +
T∑
t=1

T∑
s=1

tE(ξitvis)

)
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=
6

T

T−1∑
s=1

T∑
t=s+1

(
s

T − 1

)
ϕi,t−s +

6

(T − 1)

T−1∑
s=1

T∑
s=t+1

(
t

T

)
ϕi,t−s = O (1)

where we used 0 < t/T ≤ 1 and 0 < s/(T − 1) ≤ 1 for all s and t. Thus, E(hi) = O(1) and

obtain

1√
NT

N∑
i=1

Ξ′
iRTvi =

√
N

T
h̄N = Op

(√
N

T

)

where h̄N = N−1
∑N

i=1 hi.

Proof of (c): Noting BTd
KTCT = 0, we have the following decomposition:

1√
NT

N∑
i=1

W′
iK

′
TB

′
Td
FTd

LTvi =
1√
NT

N∑
i=1

Ξ′
iK

′
TB

′
Td
FTd

LTvi

=
1√
NT

N∑
i=1

Ξ′
ivi +

1√
NT

N∑
i=1

Ξ′
iATvi.

The first term converges in distribution to N (0,Ω) by Assumption 4. To derive the order of the

second term, let us define si = Ξ′
iATvi. Then, using (S.16), and vi = (v′

i1,v
′
i2,v

′
i3)

′ where vi1

and vi3 are d× 1 and vi2 is T2d × 1, si can be decomposed as

si = s1i + s2i + s3i + s4i + s5i + s6i

where

s1i = −Ξ′
1iv1i, s2i = Ξ′

1iA12v2i, s3i = Ξ′
1iA13v3i, s4i = Ξ2iA22v2i,

s5i = Ξ′
2iA23v3i, s6i = −Ξ′

3iv3i.

To derive the variance of si, we need to calculate V ar(ski) and Cov(ski, sli), (k ̸= l) for k, l =

1, ..., 6. We have

V ar(s1i) = V ar(

2∑
s=1

2∑
t=1

ξitvis) = V ar(ξi1vi1) + V ar(ξi2vi2) = O(1).

Using as,t−1
12 = O

(
log T
T

)
, s =, 2 for all t and ajk13 = O

(
log T
T

)
, we have

V ar(s2i) = V ar

(
2∑

s=1

T2d∑
t=3

aj,t−1
12 ξi1vit

)
= O

(
(log T )2

T

)
,

V ar(s3i) = V ar

(
2∑

s=1

2∑
t=1

ast13ξitviTs+1

)
=

2∑
s=1

2∑
t=1

(ast13)
2V ar (ξitviTs+1) = O

(
(log T )2

T 2

)
.

Similarly, using at−1,t−1
22 = O(1/(t+ 1)) +O(1/(T − t)) and as−1,t−1

22 = O(log T/T ) for all s ̸= t,

we have

V ar(s4i) = V ar

[
Td−1∑
s=3

Td∑
t=s

as−1,t−1
22 ξisvit

]
=

Td−1∑
s=3

Td∑
t=s

(as−1,t−1
22 )2V ar (ξisvit)

10



=

Td∑
t=3

(at−1,t−1
22 )2V ar (ξitvit) +

Td−1∑
s=3

Td∑
t=s+1

(as−1,t−1
22 )2V ar (ξisvit)

= O(1) +O
(
(log T )2

)
.

Finally, using at−1,s
23 = O(log T/T ), s = 1, 2 for all t, and the definition of Ξ3i, we have

V ar(s5i) = V ar

(
2∑

s=1

Td∑
t=3

at−1,s
23 ξitviTs+1

)

=

2∑
s=1

Td∑
t=2

(at−1,s
23 )2V ar (ξitviTs+1) = O

(
(log T )2

T

)
,

V ar(s6i) = V ar

(
2∑

s=1

2∑
t=1

ξiTt
viTs

)
= O(1).

For the covariances of trend model,

Cov(s1i, s2i) = Cov(s1i, s3i) = Cov(s1i, s4i) = Cov(s1i, s5i) = Cov(s1i, s6i) = Cov(s2i, s3i)

= Cov(s2i, s5i) = Cov(s2i, s6i) = Cov(s3i, s4i) = Cov(s4i, s5i) = Cov(s4i, s6i) = 0,

Cov(s2i, s4i) = E

( 2∑
s=1

Td∑
t=2

as,t−1
12 ξisvit

)(
Td∑
t=3

at−1,t−1
22 ξitvit +

Td−1∑
s=3

Td∑
t=s+1

as−1,t−1
22 ξisvit

)′
=

2∑
s=1

Td∑
t1=3

Td∑
t2=3

a1,t1−1
12 at2−1,t2−1

22 E(ξisξ
′
it2vit1vit2)

+

2∑
s1=1

Td∑
t1=3

Td−1∑
s2=3

Td∑
t2=s2+1

a1,t1−1
12 as2−1,t2−1

22 E(ξis1ξ
′
is2vit1vit2)

=
2∑

s=1

Td∑
t=3

as,t−1
12 at−1,t−1

22 E(ξisξ
′
itv

2
it) +

2∑
s1=1

Td−1∑
s2=2

Td∑
t=s2+1

as1,t−1
12 as2−1,t−1

22 E(ξis1ξ
′
is2v

2
it)

= O

(
(log T )2

T

)
+O

(
(log T )2

)
,

Cov(s3i, s5i) =
2∑

s1=1

2∑
s2=1

Td∑
t=3

as1s2113 at−1,s2
23 E(ξis1ξ

′
itv

2
iTs1+1) = O

(
(log T )2

T

)
,

Cov(s3i, s6i) =

2∑
s1=1

2∑
s2=1

as1s213 E(ξis1ξ
′
iTs2+1v

2
iTs1+1

) = O

(
log T

T

)
,

Cov(s5i, s6i) =

2∑
s=1

Td∑
t=3

at−1,s
23 E(ξitξ

′
iTs+1v

2
iTs+1) = O(log T ).

Therefore, for trend model, we have V ar(si) = O
(
(log T )2

)
, and

V ar

(
1√
NT

N∑
i=1

Ξ′
iATvi

)
=

1

NT

N∑
i=1

V ar(si) = O

(
(log T )2

T

)
.

Hence, it follows that 1√
NT

∑N
i=1Ξ

′
iATvi = Op

(
log T/

√
T
)
= op(1).
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S.5 Monte Carlo simulation

S.5.1 AR(1) model

In this supplement, we provide the Monte Carlo simulation results for AR(1) model given by

yit = αyi,t−1 + ηi + vit, (t = 1, ..., T ; i = 1, ..., N)

yi0 =
ηi

1− α
+ ei0

where vit ∼ iidN(0, σ2v), ηi ∼ iidN(0, σ2η), ei0 ∼ iidN(0, σ2v/(1 − α2)). For parameter values,

we consider α = {0.4, 0.8}, σ2v = 1, σ2η = {1, 5} and for the sample size, we consider T =

{10, 20, 50, 100} and N = {50, 100, 200, 500}. In addition to the estimators considered for a

model with weakly exogenous regressor xit, we include the bias-corrected FE estimator due to

Hahn and Kuersteiner (2002), which is denoted as “BCFE”. The number of replications is 2,000

for all cases.

The results are provided in Tables S.1-S.4. Since a detailed discussion for the FE and

IV/GMM estimators is provided in the main body in the context of more general model with

weakly exogenous regressor, we focus on the BCFE estimator here. Compared with the FE

estimator, the bias of the BCFE estimator is much smaller. However, when compared with the

HPJ estimator, the HPJ is more effective in reducing the bias of the FE estimator. In terms

of MAE, the BCFE estimator tends to perform better than the HPJ estimator except when

α = 0.8 and T = 10. However, in terms of inference, bot the BCFE estimator has large size

distortions when T is not large.

S.5.2 Models with weakly exogenous regressor and time trend

Tables S.5-S.12 provide simulation results for models with weakly exogenous regressors and time

trends for the case of σ2η = 5. For the details, see the main body.
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Table S.1: AR(1) model, Bias, IQR, MAE and Size (α = 0.4, σ2η = 1)
Bias IQR MAE Size

N/T 10 20 50 100 10 20 50 100 10 20 50 100 10 20 50 100

FE

50 -14.91 -7.51 -2.75 -1.45 5.91 3.94 2.48 1.79 14.91 7.51 2.75 1.48 91.2 68.7 32.3 20.3
100 -14.69 -7.15 -2.82 -1.40 4.29 2.91 1.78 1.27 14.69 7.15 2.82 1.40 99.7 92.8 57.2 34.0
200 -14.77 -7.15 -2.81 -1.40 2.90 1.90 1.17 0.87 14.77 7.15 2.81 1.40 100.0 99.8 86.7 56.8
500 -14.76 -7.19 -2.79 -1.40 1.89 1.32 0.77 0.60 14.76 7.19 2.79 1.40 100.0 100.0 99.8 90.7

IV-L

50 0.95 0.02 0.06 0.11 13.95 8.47 4.81 3.27 6.87 4.21 2.40 1.64 3.9 5.6 6.9 5.8
100 0.84 0.10 0.01 0.07 9.56 6.22 3.60 2.42 4.88 3.16 1.80 1.22 4.6 4.7 7.4 6.6
200 0.29 0.21 0.09 -0.08 7.43 4.26 2.47 1.69 3.71 2.13 1.23 0.84 4.6 5.2 5.3 5.6
500 0.09 0.03 -0.01 0.02 4.49 2.93 1.61 1.05 2.23 1.46 0.80 0.53 4.9 5.5 5.6 4.9

GMM-L1

50 -1.02 -0.69 -0.23 -0.04 13.38 8.37 4.99 3.32 6.45 4.22 2.40 1.69 4.0 5.7 7.9 5.5
100 -0.39 -0.45 -0.15 -0.01 8.97 6.07 3.59 2.38 4.43 3.03 1.75 1.20 4.8 4.1 7.1 6.1
200 -0.29 -0.17 0.01 -0.10 7.04 4.13 2.44 1.67 3.46 2.09 1.20 0.83 4.8 5.7 5.0 5.8
500 -0.02 -0.04 -0.07 0.01 4.38 2.81 1.56 1.04 2.22 1.42 0.78 0.52 4.5 5.2 5.5 4.8

GMM-L3

50 -1.93 -1.17 -0.29 -0.13 9.75 6.28 3.55 2.46 5.04 3.15 1.80 1.22 6.9 4.5 5.4 6.0
100 -1.03 -0.52 -0.23 -0.04 7.22 4.47 2.53 1.75 3.54 2.22 1.31 0.87 4.8 3.9 6.0 6.0
200 -0.47 -0.24 -0.06 -0.05 5.49 3.08 1.69 1.19 2.77 1.54 0.86 0.59 5.4 5.7 4.7 4.5
500 -0.25 -0.05 -0.03 -0.03 3.34 1.96 1.15 0.80 1.66 0.99 0.58 0.40 3.9 4.0 4.4 4.1

IV-B

50 0.07 -0.04 0.02 -0.04 10.35 5.92 3.06 1.96 5.19 2.90 1.51 0.98 5.7 4.5 6.8 6.6
100 0.13 -0.05 0.00 0.03 7.93 4.17 2.01 1.43 3.94 2.09 1.01 0.69 4.5 3.7 6.4 6.0
200 -0.26 -0.06 -0.04 -0.03 5.66 2.75 1.43 0.95 2.74 1.38 0.72 0.47 5.1 4.8 5.3 5.9
500 -0.09 0.04 0.03 0.02 3.48 1.80 0.95 0.64 1.74 0.89 0.48 0.33 4.4 4.6 4.6 5.2

GMM-B1

50 -0.38 -0.27 -0.02 -0.10 10.69 5.75 3.07 1.98 5.28 2.94 1.54 0.99 6.3 5.0 6.2 7.2
100 -0.34 -0.22 -0.07 -0.02 7.73 4.18 1.96 1.36 3.85 2.07 0.98 0.69 4.8 3.5 5.8 6.2
200 -0.33 -0.13 -0.07 -0.03 5.49 2.65 1.41 0.93 2.79 1.37 0.70 0.47 5.5 4.7 5.9 5.5
500 -0.15 0.04 0.03 0.01 3.57 1.72 0.92 0.64 1.81 0.86 0.46 0.32 4.8 4.5 5.3 5.6

GMM-B3

50 -2.15 -0.86 -0.20 -0.15 10.37 5.61 3.05 1.99 5.25 2.95 1.54 0.99 7.0 5.7 6.1 6.7
100 -1.15 -0.45 -0.16 -0.06 7.59 4.18 2.01 1.34 3.86 2.16 0.99 0.69 4.8 4.3 6.0 6.0
200 -0.77 -0.25 -0.11 -0.04 5.33 2.68 1.42 0.92 2.81 1.38 0.71 0.47 5.7 4.6 5.6 5.5
500 -0.32 -0.04 0.02 0.01 3.49 1.75 0.91 0.65 1.78 0.88 0.47 0.32 4.7 4.5 4.8 5.8

HPJ

50 0.37 0.19 0.19 0.01 8.46 4.75 2.71 1.83 4.25 2.37 1.36 0.91 8.9 6.6 5.2 6.3
100 0.67 0.51 0.11 0.02 5.69 3.40 1.92 1.30 2.93 1.75 0.97 0.66 8.9 6.3 5.9 5.7
200 0.86 0.41 0.13 0.03 4.17 2.32 1.27 0.92 2.10 1.24 0.63 0.46 8.4 6.6 5.5 5.5
500 0.67 0.38 0.13 0.04 2.75 1.56 0.84 0.59 1.45 0.79 0.43 0.30 7.6 8.7 4.9 6.2

BOD

50 2.51 1.97 1.59 0.94 7.16 4.53 2.69 1.85 3.96 2.56 1.79 1.16 8.1 11.7 14.5 13.2
100 2.71 2.37 1.56 1.02 5.01 3.15 1.86 1.29 3.28 2.46 1.60 1.05 11.2 16.4 21.3 19.3
200 2.71 2.42 1.56 1.04 3.60 2.06 1.22 0.90 2.88 2.42 1.56 1.04 18.6 28.9 34.1 31.8
500 2.88 2.43 1.60 1.06 2.29 1.50 0.82 0.62 2.88 2.43 1.60 1.06 38.6 61.7 74.1 69.3

BCBOD

50 0.02 -0.43 0.05 -0.12 11.72 7.49 4.68 3.20 5.86 3.74 2.34 1.59 21.8 23.2 26.5 28.1
100 -0.03 0.12 0.06 -0.05 7.46 5.15 3.17 2.37 3.73 2.52 1.57 1.18 19.4 20.6 25.3 25.5
200 0.14 0.18 0.15 0.01 5.88 3.60 2.39 1.63 2.90 1.81 1.19 0.82 21.0 22.6 25.6 25.8
500 0.14 0.11 0.10 0.08 3.56 2.39 1.50 1.08 1.83 1.20 0.77 0.54 21.2 23.1 24.8 26.0

BCFE

50 -2.40 -0.89 0.00 -0.07 6.50 4.13 2.53 1.81 3.54 2.16 1.28 0.90 10.9 6.0 7.2 7.1
100 -2.16 -0.51 -0.07 -0.01 4.72 3.05 1.82 1.28 2.67 1.55 0.92 0.64 14.3 5.7 6.3 6.0
200 -2.24 -0.50 -0.07 -0.02 3.19 1.99 1.20 0.88 2.33 1.00 0.61 0.44 19.2 7.4 6.0 5.5
500 -2.23 -0.55 -0.04 -0.01 2.08 1.38 0.79 0.61 2.23 0.82 0.39 0.31 36.2 9.0 4.9 5.6
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Table S.2: AR(1) model, Bias, IQR, MAE and Size (α = 0.4, σ2η = 5)
Bias IQR MAE Size

N/T 10 20 50 100 10 20 50 100 10 20 50 100 10 20 50 100

FE

50 -14.91 -7.51 -2.75 -1.45 5.91 3.94 2.48 1.79 14.91 7.51 2.75 1.48 91.2 68.7 32.3 20.3
100 -14.69 -7.15 -2.82 -1.40 4.29 2.91 1.78 1.27 14.69 7.15 2.82 1.40 99.7 92.8 57.2 34.0
200 -14.77 -7.15 -2.81 -1.40 2.90 1.90 1.17 0.87 14.77 7.15 2.81 1.40 100.0 99.8 86.7 56.8
500 -14.76 -7.19 -2.79 -1.40 1.89 1.32 0.77 0.60 14.76 7.19 2.79 1.40 100.0 100.0 99.8 90.7

IV-L

50 2.06 0.42 -0.02 0.06 28.45 17.41 9.55 6.44 14.32 8.54 4.73 3.21 4.5 5.0 5.7 5.3
100 1.40 0.18 -0.12 0.16 19.31 12.68 7.18 4.58 9.68 6.26 3.56 2.32 4.8 4.3 5.7 6.5
200 0.66 0.23 0.06 -0.12 14.18 8.51 4.89 3.28 7.04 4.27 2.45 1.65 5.3 5.7 5.7 5.8
500 0.15 0.08 -0.02 0.05 8.85 5.59 3.08 2.00 4.40 2.77 1.53 1.00 4.8 5.2 6.0 5.3

GMM-L1

50 -4.79 -2.36 -1.08 -0.37 24.28 15.26 9.04 6.09 12.17 7.38 4.43 2.89 3.1 4.8 6.2 6.3
100 -2.87 -1.60 -0.75 -0.12 17.19 11.08 7.06 4.37 8.89 5.78 3.46 2.15 4.1 4.6 6.3 6.3
200 -1.51 -0.72 -0.31 -0.23 13.39 8.02 4.79 3.15 6.81 3.94 2.36 1.58 4.9 5.0 6.1 5.8
500 -0.53 -0.30 -0.24 -0.06 8.37 5.39 3.08 1.98 4.13 2.63 1.52 1.00 4.7 5.3 5.9 5.3

GMM-L3

50 -2.37 -1.44 -0.24 -0.18 10.91 6.74 3.85 2.61 5.53 3.41 1.91 1.29 7.1 3.9 5.3 5.4
100 -1.21 -0.69 -0.27 -0.12 8.25 4.81 2.71 1.87 4.10 2.47 1.38 0.94 5.2 4.4 5.4 5.5
200 -0.65 -0.32 -0.09 -0.09 5.96 3.35 1.84 1.26 2.89 1.73 0.93 0.63 5.4 5.6 4.2 5.6
500 -0.44 -0.03 -0.03 -0.05 3.72 2.09 1.16 0.82 1.89 1.03 0.59 0.41 4.4 4.3 4.7 5.0

IV-B

50 0.07 -0.04 0.02 -0.04 10.35 5.92 3.06 1.96 5.19 2.90 1.51 0.98 5.7 4.5 6.8 6.6
100 0.13 -0.05 0.00 0.03 7.93 4.17 2.01 1.43 3.94 2.09 1.01 0.69 4.5 3.7 6.4 6.0
200 -0.26 -0.06 -0.04 -0.03 5.66 2.75 1.43 0.95 2.74 1.38 0.72 0.47 5.1 4.8 5.3 5.9
500 -0.09 0.04 0.03 0.02 3.48 1.80 0.95 0.64 1.74 0.89 0.48 0.33 4.4 4.6 4.6 5.2

GMM-B1

50 -0.38 -0.27 -0.02 -0.10 10.69 5.75 3.07 1.98 5.28 2.94 1.54 0.99 6.3 5.0 6.2 7.2
100 -0.34 -0.22 -0.07 -0.02 7.73 4.18 1.96 1.36 3.85 2.07 0.98 0.69 4.8 3.5 5.8 6.2
200 -0.33 -0.13 -0.07 -0.03 5.49 2.65 1.41 0.93 2.79 1.37 0.70 0.47 5.5 4.7 5.9 5.5
500 -0.15 0.04 0.03 0.01 3.57 1.72 0.92 0.64 1.81 0.86 0.46 0.32 4.8 4.5 5.3 5.6

GMM-B3

50 -2.15 -0.86 -0.20 -0.15 10.37 5.61 3.05 1.99 5.25 2.95 1.54 0.99 7.0 5.7 6.1 6.7
100 -1.15 -0.45 -0.16 -0.06 7.59 4.18 2.01 1.34 3.86 2.16 0.99 0.69 4.8 4.3 6.0 6.0
200 -0.77 -0.25 -0.11 -0.04 5.33 2.68 1.42 0.92 2.81 1.38 0.71 0.47 5.7 4.6 5.6 5.5
500 -0.32 -0.04 0.02 0.01 3.49 1.75 0.91 0.65 1.78 0.88 0.47 0.32 4.7 4.5 4.8 5.8

HPJ

50 0.37 0.19 0.19 0.01 8.46 4.75 2.71 1.83 4.25 2.37 1.36 0.91 8.9 6.6 5.2 6.3
100 0.67 0.51 0.11 0.02 5.69 3.40 1.92 1.30 2.93 1.75 0.97 0.66 8.9 6.3 5.9 5.7
200 0.86 0.41 0.13 0.03 4.17 2.32 1.27 0.92 2.10 1.24 0.63 0.46 8.4 6.6 5.5 5.5
500 0.67 0.38 0.13 0.04 2.75 1.56 0.84 0.59 1.45 0.79 0.43 0.30 7.6 8.7 4.9 6.2

BOD

50 2.87 2.31 1.65 1.00 6.86 4.48 2.67 1.84 4.12 2.73 1.82 1.17 10.5 13.7 14.8 13.6
100 3.05 2.61 1.65 1.06 5.02 3.17 1.87 1.30 3.50 2.64 1.67 1.09 13.3 20.1 23.2 20.4
200 3.10 2.63 1.64 1.07 3.57 2.09 1.22 0.90 3.19 2.63 1.64 1.07 22.2 34.1 36.7 33.4
500 3.28 2.65 1.68 1.09 2.25 1.46 0.80 0.62 3.28 2.65 1.68 1.09 48.4 68.5 77.7 71.6

BCBOD

50 -0.20 -0.60 0.10 -0.18 20.54 13.96 8.81 6.17 10.17 7.01 4.41 3.10 47.8 50.2 52.9 55.2
100 -0.32 0.01 0.22 0.00 14.29 9.29 6.05 4.54 7.09 4.68 3.03 2.29 46.4 48.1 53.5 55.0
200 0.11 0.24 0.27 0.03 10.96 6.88 4.55 3.09 5.44 3.43 2.30 1.52 49.7 51.0 55.4 54.6
500 0.09 0.05 0.12 0.05 6.67 4.43 2.86 2.00 3.34 2.21 1.46 1.00 48.3 51.1 55.5 56.3

BCFE

50 -2.40 -0.89 0.00 -0.07 6.50 4.13 2.53 1.81 3.54 2.16 1.28 0.90 10.9 6.0 7.2 7.1
100 -2.16 -0.51 -0.07 -0.01 4.72 3.05 1.82 1.28 2.67 1.55 0.92 0.64 14.3 5.7 6.3 6.0
200 -2.24 -0.50 -0.07 -0.02 3.19 1.99 1.20 0.88 2.33 1.00 0.61 0.44 19.2 7.4 6.0 5.5
500 -2.23 -0.55 -0.04 -0.01 2.08 1.38 0.79 0.61 2.23 0.82 0.39 0.31 36.2 9.0 4.9 5.6
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Table S.3: AR(1) model, Bias, IQR, MAE and Size (α = 0.8, σ2η = 1)
Bias IQR MAE Size

N/T 10 20 50 100 10 20 50 100 10 20 50 100 10 20 50 100

FE

50 -22.08 -10.56 -3.86 -1.91 5.47 3.38 1.91 1.22 22.08 10.56 3.86 1.91 100.0 99.0 83.1 57.0
100 -22.02 -10.33 -3.80 -1.86 3.96 2.41 1.35 0.88 22.02 10.33 3.80 1.86 100.0 100.0 98.1 82.6
200 -21.77 -10.40 -3.86 -1.85 2.80 1.61 0.85 0.61 21.77 10.40 3.86 1.85 100.0 100.0 100.0 98.5
500 -21.81 -10.46 -3.84 -1.86 1.73 1.13 0.54 0.40 21.81 10.46 3.84 1.86 100.0 100.0 100.0 100.0

IV-L

50 1.48 0.25 -0.19 0.04 30.81 15.54 7.00 4.15 15.68 7.51 3.33 2.10 1.3 4.1 5.2 6.6
100 1.58 0.25 -0.12 0.14 20.27 11.23 5.18 2.95 10.59 5.60 2.59 1.49 2.3 3.6 5.1 6.9
200 0.62 0.16 0.11 -0.04 15.10 7.31 3.57 2.13 7.57 3.68 1.78 1.06 3.9 5.7 5.6 5.9
500 0.33 0.00 0.02 0.03 9.52 4.88 2.16 1.34 4.77 2.44 1.07 0.67 4.5 5.0 6.3 5.3

GMM-L1

50 -9.60 -4.47 -1.52 -0.50 28.63 13.03 6.69 4.03 13.47 6.88 3.26 1.98 2.5 3.1 4.3 5.3
100 -5.42 -2.65 -0.84 -0.24 18.22 9.82 5.12 2.90 9.58 5.12 2.52 1.44 2.4 3.0 5.0 6.9
200 -2.72 -1.27 -0.35 -0.22 13.26 6.89 3.47 2.15 7.15 3.36 1.70 1.05 3.3 3.8 5.7 5.8
500 -1.07 -0.50 -0.18 -0.05 8.86 4.47 2.21 1.33 4.32 2.31 1.08 0.66 4.1 4.3 5.5 5.8

GMM-L3

50 -9.92 -4.17 -1.14 -0.45 15.54 8.07 3.80 2.38 10.69 4.92 2.05 1.27 13.0 8.3 7.3 7.0
100 -6.21 -2.20 -0.63 -0.18 12.29 5.81 2.75 1.81 7.53 3.39 1.41 0.95 10.1 6.3 6.1 6.4
200 -3.52 -1.21 -0.33 -0.19 9.57 4.46 1.98 1.21 5.47 2.35 1.01 0.64 7.9 5.7 5.7 6.1
500 -1.48 -0.42 -0.11 -0.04 5.86 2.82 1.36 0.85 3.25 1.39 0.67 0.44 5.4 6.2 4.8 5.0

IV-B

50 -0.19 -0.09 0.07 -0.04 21.04 8.30 3.04 1.69 10.48 4.15 1.50 0.83 3.9 4.1 5.9 5.8
100 -0.17 0.06 0.03 -0.02 15.93 5.59 2.11 1.17 8.04 2.83 1.07 0.58 4.0 4.3 5.9 5.0
200 -0.51 -0.08 0.00 -0.02 11.31 3.83 1.47 0.78 5.59 1.90 0.74 0.38 5.1 5.1 5.0 5.3
500 -0.07 0.04 0.03 0.01 7.34 2.57 0.92 0.54 3.71 1.31 0.46 0.27 4.4 5.3 4.6 4.8

GMM-B1

50 -5.18 -1.40 -0.13 -0.14 19.05 7.54 2.86 1.70 10.18 3.86 1.40 0.84 6.0 5.3 6.4 6.3
100 -2.77 -0.77 -0.13 -0.05 14.22 5.33 2.04 1.15 7.25 2.70 1.01 0.57 4.9 3.7 5.9 5.3
200 -1.53 -0.38 -0.05 -0.04 10.63 3.64 1.40 0.75 5.34 1.86 0.70 0.38 6.4 4.2 4.9 5.4
500 -0.53 -0.08 0.03 0.00 6.77 2.42 0.89 0.51 3.36 1.21 0.45 0.26 5.3 4.3 5.0 4.7

GMM-B3

50 -11.11 -2.96 -0.52 -0.25 17.81 7.34 2.77 1.62 12.14 3.96 1.42 0.82 14.5 8.6 7.2 6.4
100 -6.83 -1.63 -0.24 -0.09 12.83 4.98 1.95 1.14 8.25 2.82 1.00 0.57 10.7 5.9 6.0 5.1
200 -3.89 -0.89 -0.12 -0.07 9.51 3.39 1.38 0.73 5.76 1.89 0.67 0.37 9.2 5.0 5.6 5.6
500 -1.56 -0.29 -0.02 -0.01 6.55 2.34 0.90 0.51 3.35 1.19 0.45 0.26 6.5 4.9 5.0 4.6

HPJ

50 -1.17 0.88 0.41 0.10 9.43 4.91 2.20 1.38 4.80 2.55 1.19 0.70 12.0 10.4 7.7 6.2
100 -1.08 1.17 0.55 0.16 6.70 3.65 1.69 0.95 3.52 1.99 0.94 0.49 10.8 13.9 10.8 6.3
200 -0.79 0.93 0.51 0.16 4.72 2.56 1.18 0.66 2.33 1.44 0.69 0.35 10.8 14.8 12.1 6.4
500 -0.71 0.93 0.47 0.14 3.12 1.67 0.73 0.46 1.53 1.06 0.51 0.24 13.6 19.0 17.9 8.9

BOD

50 1.95 2.18 1.92 1.34 5.91 3.17 1.84 1.25 3.28 2.46 1.95 1.34 10.8 17.0 31.7 33.0
100 2.17 2.51 1.96 1.39 4.25 2.30 1.38 0.89 2.65 2.51 1.96 1.39 12.6 33.2 53.3 60.0
200 2.44 2.55 1.97 1.43 3.06 1.63 0.85 0.60 2.53 2.55 1.97 1.43 20.1 55.2 83.7 88.3
500 2.50 2.54 1.98 1.42 1.82 1.07 0.54 0.41 2.50 2.54 1.98 1.42 43.8 88.8 99.4 99.8

BCBOD

50 0.34 0.24 0.21 0.05 12.46 7.66 4.45 3.33 6.18 3.84 2.25 1.65 31.1 37.7 40.3 42.6
100 0.47 0.32 0.24 0.08 8.16 5.03 3.18 2.37 4.12 2.59 1.59 1.19 28.9 34.4 41.8 43.2
200 0.66 0.43 0.27 0.15 6.05 3.71 2.38 1.58 3.03 1.90 1.20 0.80 32.2 34.5 43.4 42.7
500 0.35 0.26 0.20 0.14 3.64 2.40 1.53 1.06 1.88 1.23 0.76 0.55 32.2 35.8 42.5 45.6

BCFE

50 -6.29 -2.09 -0.34 -0.13 6.02 3.55 1.95 1.24 6.30 2.31 0.97 0.65 36.9 18.9 8.7 6.9
100 -6.22 -1.84 -0.28 -0.07 4.35 2.53 1.38 0.89 6.22 1.90 0.74 0.45 58.2 23.3 9.8 6.3
200 -5.95 -1.92 -0.34 -0.07 3.08 1.69 0.86 0.61 5.95 1.92 0.50 0.32 83.2 38.3 9.4 5.2
500 -5.99 -1.99 -0.32 -0.08 1.90 1.19 0.56 0.41 5.99 1.99 0.38 0.21 99.2 72.2 13.9 7.5
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Table S.4: AR(1) model, Bias, IQR, MAE and Size (α = 0.8, σ2η = 5)
Bias IQR MAE Size

N/T 10 20 50 100 10 20 50 100 10 20 50 100 10 20 50 100

FE

50 -22.08 -10.56 -3.86 -1.91 5.47 3.38 1.91 1.22 22.08 10.56 3.86 1.91 100.0 99.0 83.1 57.0
100 -22.02 -10.33 -3.80 -1.86 3.96 2.41 1.35 0.88 22.02 10.33 3.80 1.86 100.0 100.0 98.1 82.6
200 -21.77 -10.40 -3.86 -1.85 2.80 1.61 0.85 0.61 21.77 10.40 3.86 1.85 100.0 100.0 100.0 98.5
500 -21.81 -10.46 -3.84 -1.86 1.73 1.13 0.54 0.40 21.81 10.46 3.84 1.86 100.0 100.0 100.0 100.0

IV-L

50 7.40 3.30 0.07 0.14 64.12 31.88 15.77 8.85 32.77 15.98 7.58 4.43 0.5 3.5 7.8 7.6
100 4.00 0.85 -0.22 0.30 43.93 24.30 11.65 6.24 22.67 11.93 5.51 3.13 0.9 3.2 6.8 6.6
200 1.98 0.64 0.08 -0.07 34.67 16.47 7.66 4.62 17.36 8.28 3.77 2.31 1.8 5.3 6.2 5.6
500 0.60 0.12 -0.04 0.10 20.71 10.44 4.83 2.81 10.36 5.14 2.31 1.41 2.0 3.6 5.7 5.0

GMM-L1

50 -22.69 -10.13 -3.38 -1.38 37.49 20.61 10.95 6.87 24.27 11.21 5.06 3.26 4.1 4.2 4.6 5.6
100 -17.24 -8.16 -2.52 -0.94 34.95 18.04 9.48 5.30 19.21 9.71 4.55 2.59 3.2 2.8 3.4 5.6
200 -11.90 -5.03 -1.56 -0.66 28.85 15.02 7.18 4.31 16.21 7.44 3.55 2.13 2.1 2.3 3.9 4.8
500 -5.56 -2.31 -0.89 -0.26 18.81 9.65 4.61 2.67 9.64 4.77 2.29 1.38 1.6 2.3 4.2 5.3

GMM-L3

50 -12.36 -4.72 -1.22 -0.52 17.29 8.74 4.10 2.69 12.83 5.74 2.26 1.37 15.7 9.7 8.5 7.0
100 -8.52 -2.75 -0.76 -0.27 13.47 6.47 3.08 2.04 9.36 3.89 1.66 1.02 12.2 7.7 6.1 6.7
200 -4.78 -1.53 -0.36 -0.18 10.97 4.75 2.27 1.40 6.39 2.75 1.13 0.70 8.7 6.8 5.3 5.9
500 -2.29 -0.53 -0.13 -0.05 6.79 3.28 1.45 0.96 3.74 1.63 0.73 0.48 6.4 5.8 4.6 5.7

IV-B

50 -0.19 -0.09 0.07 -0.04 21.04 8.30 3.04 1.69 10.48 4.15 1.50 0.83 3.9 4.1 5.9 5.8
100 -0.17 0.06 0.03 -0.02 15.93 5.59 2.11 1.17 8.04 2.83 1.07 0.58 4.0 4.3 5.9 5.0
200 -0.51 -0.08 0.00 -0.02 11.31 3.83 1.47 0.78 5.59 1.90 0.74 0.38 5.1 5.1 5.0 5.3
500 -0.07 0.04 0.03 0.01 7.34 2.57 0.92 0.54 3.71 1.31 0.46 0.27 4.4 5.3 4.6 4.8

GMM-B1

50 -5.18 -1.40 -0.13 -0.14 19.05 7.54 2.86 1.70 10.18 3.86 1.40 0.84 6.0 5.3 6.4 6.3
100 -2.77 -0.77 -0.13 -0.05 14.22 5.33 2.04 1.15 7.25 2.70 1.01 0.57 4.9 3.7 5.9 5.3
200 -1.53 -0.38 -0.05 -0.04 10.63 3.64 1.40 0.75 5.34 1.86 0.70 0.38 6.4 4.2 4.9 5.4
500 -0.53 -0.08 0.03 0.00 6.77 2.42 0.89 0.51 3.36 1.21 0.45 0.26 5.3 4.3 5.0 4.7

GMM-B3

50 -11.11 -2.96 -0.52 -0.25 17.81 7.34 2.77 1.62 12.14 3.96 1.42 0.82 14.5 8.6 7.2 6.4
100 -6.83 -1.63 -0.24 -0.09 12.83 4.98 1.95 1.14 8.25 2.82 1.00 0.57 10.7 5.9 6.0 5.1
200 -3.89 -0.89 -0.12 -0.07 9.51 3.39 1.38 0.73 5.76 1.89 0.67 0.37 9.2 5.0 5.6 5.6
500 -1.56 -0.29 -0.02 -0.01 6.55 2.34 0.90 0.51 3.35 1.19 0.45 0.26 6.5 4.9 5.0 4.6

HPJ

50 -1.17 0.88 0.41 0.10 9.43 4.91 2.20 1.38 4.80 2.55 1.19 0.70 12.0 10.4 7.7 6.2
100 -1.08 1.17 0.55 0.16 6.70 3.65 1.69 0.95 3.52 1.99 0.94 0.49 10.8 13.9 10.8 6.3
200 -0.79 0.93 0.51 0.16 4.72 2.56 1.18 0.66 2.33 1.44 0.69 0.35 10.8 14.8 12.1 6.4
500 -0.71 0.93 0.47 0.14 3.12 1.67 0.73 0.46 1.53 1.06 0.51 0.24 13.6 19.0 17.9 8.9

BOD

50 2.13 2.37 1.99 1.36 5.93 3.15 1.86 1.22 3.28 2.51 2.01 1.37 11.5 18.8 33.7 34.5
100 2.33 2.63 2.03 1.41 4.27 2.33 1.39 0.89 2.80 2.64 2.03 1.41 13.9 36.5 56.3 62.0
200 2.56 2.70 2.03 1.45 3.06 1.60 0.86 0.60 2.65 2.70 2.03 1.45 22.7 59.2 85.5 89.8
500 2.66 2.68 2.04 1.45 1.80 1.05 0.55 0.40 2.66 2.68 2.04 1.45 48.7 92.1 99.5 99.8

BCBOD

50 0.82 -0.03 0.39 -0.13 23.05 15.01 8.97 6.80 11.42 7.39 4.49 3.41 57.5 62.6 65.7 72.8
100 0.54 0.21 0.36 -0.02 15.22 9.92 6.45 4.87 7.75 4.95 3.23 2.44 57.3 59.6 67.8 70.9
200 1.03 0.30 0.30 0.15 11.63 7.38 4.79 3.27 5.80 3.79 2.37 1.66 61.3 63.2 66.0 68.0
500 0.56 0.20 0.19 0.19 7.20 4.82 2.96 2.21 3.64 2.41 1.53 1.09 58.2 63.9 68.0 69.8

BCFE

50 -6.29 -2.09 -0.34 -0.13 6.02 3.55 1.95 1.24 6.30 2.31 0.97 0.65 36.9 18.9 8.7 6.9
100 -6.22 -1.84 -0.28 -0.07 4.35 2.53 1.38 0.89 6.22 1.90 0.74 0.45 58.2 23.3 9.8 6.3
200 -5.95 -1.92 -0.34 -0.07 3.08 1.69 0.86 0.61 5.95 1.92 0.50 0.32 83.2 38.3 9.4 5.2
500 -5.99 -1.99 -0.32 -0.08 1.90 1.19 0.56 0.41 5.99 1.99 0.38 0.21 99.2 72.2 13.9 7.5
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Table S.5: Fixed effects, Bias and IQR (α = 0.4, β = 1, σ2η = 5)
Bias IQR

α β α β
N/T 10 20 50 100 10 20 50 100 10 20 50 100 10 20 50 100

FE

50 -11.43 -5.54 -2.21 -1.05 3.67 2.77 1.18 0.67 5.44 3.35 2.03 1.47 14.16 9.67 5.95 4.01
100 -11.59 -5.60 -2.20 -1.10 3.23 2.54 1.08 0.73 3.92 2.52 1.56 1.13 10.42 6.58 4.22 2.97
200 -11.61 -5.51 -2.17 -1.06 3.46 2.47 1.15 0.60 2.61 1.78 1.14 0.77 7.06 4.57 2.85 1.98
500 -11.50 -5.52 -2.15 -1.07 3.71 2.63 1.24 0.61 1.72 1.13 0.74 0.51 4.76 2.88 1.79 1.29

1000 -11.41 -5.51 -2.16 -1.07 3.67 2.55 1.23 0.67 1.21 0.78 0.47 0.36 3.11 2.03 1.26 0.88

IV-L

50 0.45 0.10 0.10 0.26 2.54 0.82 -0.25 0.32 35.71 21.84 12.07 8.24 93.05 44.35 22.75 14.34
100 0.57 -0.42 -0.15 -0.09 1.98 -0.76 -0.02 -0.15 26.88 14.64 7.88 5.82 64.08 31.60 14.33 9.70
200 -1.54 -0.18 0.01 -0.12 -2.73 -0.42 -0.03 -0.04 18.55 9.93 5.86 3.92 42.91 21.54 10.00 6.70
500 -0.65 0.14 0.21 0.05 0.01 0.07 0.22 -0.02 11.27 6.75 3.74 2.59 28.40 14.12 6.63 4.55

1000 -0.18 0.17 0.11 0.04 -0.42 0.28 0.23 0.12 8.09 4.52 2.76 1.91 20.30 9.54 4.83 3.29

GMM-L1

50 -5.17 -1.64 -0.77 -0.42 -9.82 -2.14 -1.57 -0.31 16.46 11.24 6.38 4.84 44.85 22.96 12.98 8.93
100 -3.90 -2.04 -0.74 -0.36 -8.20 -3.66 -1.07 -0.78 15.62 9.81 5.73 4.37 37.99 20.35 10.53 7.48
200 -3.02 -1.18 -0.42 -0.30 -6.34 -2.66 -1.00 -0.47 12.26 7.65 4.39 3.24 29.27 15.24 7.89 5.54
500 -1.77 -0.58 -0.09 -0.11 -3.98 -1.14 -0.45 -0.21 8.85 5.25 3.18 2.40 21.54 11.18 5.87 4.05

1000 -0.91 -0.24 -0.16 -0.01 -1.99 -0.28 -0.03 -0.04 6.45 3.73 2.47 1.65 15.70 8.40 4.37 2.86

GMM-L3

50 -3.68 -1.42 -0.50 -0.20 -3.28 -0.87 -0.12 0.01 8.23 5.00 2.77 2.03 22.21 12.70 6.81 4.95
100 -2.23 -0.94 -0.31 -0.12 -2.06 -0.98 -0.29 -0.02 6.80 3.69 2.06 1.60 17.33 9.34 5.10 3.57
200 -1.11 -0.51 -0.10 -0.03 -1.39 -0.46 -0.23 -0.05 4.56 2.99 1.53 1.13 12.77 7.09 3.82 2.56
500 -0.48 -0.19 -0.11 -0.03 -0.64 -0.24 -0.19 -0.04 3.27 1.79 1.03 0.76 8.18 4.37 2.30 1.57

1000 -0.20 -0.11 -0.04 -0.02 -0.22 -0.24 -0.05 0.05 2.27 1.37 0.74 0.51 5.55 3.12 1.68 1.06

IV-B

50 -0.38 -0.13 -0.01 0.02 2.27 0.36 0.09 -0.03 9.86 5.17 2.37 1.58 27.53 13.94 6.48 4.23
100 -0.48 -0.02 -0.03 -0.02 0.50 -0.07 -0.12 0.12 6.67 3.41 1.74 1.24 21.01 9.51 4.68 3.14
200 -0.05 -0.09 0.02 0.02 -0.14 -0.08 -0.14 0.02 4.66 2.62 1.33 0.86 13.84 6.94 3.51 2.27
500 0.01 -0.05 0.00 -0.01 0.11 0.04 -0.07 -0.03 3.36 1.54 0.84 0.56 9.23 4.20 2.13 1.47

1000 0.09 0.00 0.00 0.00 0.14 -0.13 -0.03 0.04 2.22 1.23 0.57 0.39 6.21 2.98 1.62 0.95

GMM-B1

50 -1.64 -0.51 -0.14 -0.05 0.64 0.10 0.11 0.06 9.60 4.88 2.36 1.58 26.26 13.12 6.42 4.24
100 -1.04 -0.32 -0.13 -0.04 -0.03 -0.30 -0.04 0.13 6.80 3.41 1.74 1.25 19.76 9.26 4.75 3.10
200 -0.39 -0.17 0.01 0.00 0.00 -0.18 -0.11 0.00 4.56 2.54 1.33 0.85 13.35 6.86 3.50 2.24
500 -0.15 -0.11 0.00 -0.01 0.19 -0.03 -0.02 -0.02 3.24 1.51 0.81 0.55 8.87 4.10 2.19 1.43

1000 -0.03 -0.02 -0.02 -0.01 0.03 -0.09 -0.05 0.06 2.10 1.15 0.58 0.39 5.94 3.08 1.58 0.95

GMM-B3

50 -3.90 -1.23 -0.34 -0.12 -0.39 0.04 0.11 0.05 8.78 4.79 2.35 1.53 24.82 12.97 6.34 4.17
100 -2.18 -0.69 -0.24 -0.08 -1.03 -0.35 0.04 0.10 6.57 3.35 1.74 1.22 18.10 9.16 4.68 3.16
200 -0.99 -0.35 -0.07 -0.02 -0.49 -0.26 -0.12 0.03 4.46 2.48 1.27 0.85 13.47 6.87 3.43 2.27
500 -0.36 -0.17 -0.04 -0.02 0.14 -0.04 -0.03 -0.01 3.14 1.50 0.82 0.56 8.74 4.22 2.20 1.42

1000 -0.14 -0.07 -0.03 -0.01 -0.20 -0.09 -0.06 0.03 2.06 1.16 0.57 0.40 5.96 3.06 1.57 0.93

HPJ

50 1.24 0.55 0.06 0.03 5.29 1.91 0.11 -0.01 7.69 4.10 2.34 1.52 17.78 10.28 6.03 3.96
100 1.29 0.37 0.04 0.01 5.58 1.83 0.27 0.15 5.23 2.91 1.62 1.17 12.91 6.94 4.26 3.01
200 1.06 0.36 0.03 0.04 5.21 1.51 0.20 0.02 3.59 1.99 1.17 0.78 8.16 4.98 2.87 1.96
500 1.22 0.40 0.09 0.02 5.58 1.58 0.27 0.05 2.27 1.39 0.79 0.51 5.55 3.07 1.84 1.32

1000 1.33 0.43 0.08 0.02 5.64 1.54 0.26 0.08 1.59 0.94 0.51 0.38 3.86 2.20 1.23 0.90

BOD-OLS

50 -0.21 0.23 0.29 0.26 11.71 8.41 4.61 2.96 6.21 3.71 2.14 1.51 16.85 10.27 6.13 3.97
100 -0.22 0.28 0.31 0.26 11.57 8.32 4.76 3.07 4.59 2.63 1.68 1.16 11.34 7.13 4.29 3.09
200 -0.11 0.39 0.36 0.30 11.67 8.30 4.66 2.95 3.13 1.91 1.17 0.80 8.03 5.00 3.03 2.06
500 0.05 0.41 0.41 0.29 12.01 8.31 4.76 2.97 2.03 1.27 0.75 0.51 4.95 3.08 1.88 1.31

1000 0.11 0.43 0.38 0.29 12.04 8.39 4.77 2.99 1.43 0.86 0.50 0.37 3.42 2.23 1.33 0.92

BCBOD-OLS

50 -0.19 -0.08 0.16 0.13 1.35 1.12 0.88 1.31 19.51 11.85 7.23 5.30 42.03 29.19 19.09 13.56
100 -0.74 -0.01 0.03 0.00 0.20 0.76 0.37 0.69 13.06 8.71 4.96 3.75 32.76 20.75 13.38 9.40
200 -0.60 -0.17 0.05 0.07 0.13 0.30 0.39 0.33 9.47 6.03 3.57 2.49 22.80 15.22 9.37 6.36
500 -0.51 -0.27 0.01 -0.02 0.88 0.61 0.21 0.04 5.76 3.65 2.40 1.67 14.04 8.99 5.87 4.24

1000 -0.44 -0.14 -0.03 -0.01 1.26 1.03 0.25 0.17 3.63 2.74 1.60 1.26 9.87 6.67 3.94 3.0317



Table S.6: Fixed effects model, MAE and Size (α = 0.4, β = 1, σ2η = 5)
MAE Size

α β α β
N/T 10 20 50 100 10 20 50 100 10 20 50 100 10 20 50 100

FE

50 11.43 5.54 2.21 1.11 7.69 5.24 3.11 2.06 84.1 56.6 25.6 15.2 9.8 10.0 7.3 5.6
100 11.59 5.60 2.20 1.10 5.56 3.96 2.23 1.54 98.0 85.8 48.0 28.0 11.6 9.6 7.5 6.9
200 11.61 5.51 2.17 1.06 4.35 3.01 1.65 1.10 100.0 99.0 74.7 46.9 11.3 12.9 9.2 6.1
500 11.50 5.52 2.15 1.07 3.83 2.66 1.32 0.78 100.0 100.0 98.9 81.8 19.7 21.7 15.1 11.0

1000 11.41 5.51 2.16 1.07 3.68 2.55 1.24 0.70 100.0 100.0 100.0 98.9 33.7 39.0 27.1 18.5

IV-L

50 17.81 10.81 6.04 4.06 46.20 21.92 11.33 7.00 1.0 3.0 3.1 4.6 1.3 2.4 3.2 4.5
100 13.10 7.38 3.99 2.87 31.39 15.72 7.17 4.78 1.4 4.5 4.2 5.1 1.5 3.3 3.9 4.1
200 9.20 5.08 2.93 1.95 22.46 10.78 5.02 3.44 2.0 4.7 5.3 5.7 2.1 3.9 3.9 5.1
500 5.47 3.37 1.88 1.30 14.33 7.03 3.40 2.26 3.4 3.8 4.5 5.7 3.3 3.2 4.2 5.3

1000 3.98 2.25 1.37 0.96 10.00 4.72 2.40 1.62 5.2 4.1 4.5 5.9 5.2 3.6 4.8 5.8

GMM-L1

50 9.13 5.84 3.30 2.41 23.44 12.19 6.43 4.34 5.3 5.9 6.0 5.9 5.1 6.8 5.8 6.1
100 7.86 4.77 2.95 2.17 20.11 10.33 5.37 3.67 4.4 6.0 4.9 5.8 4.2 5.4 4.9 5.0
200 6.41 4.02 2.19 1.63 15.13 7.95 3.94 2.82 5.0 4.5 4.8 5.5 5.0 4.0 4.5 5.0
500 4.54 2.66 1.61 1.18 10.75 5.60 2.95 1.99 5.5 4.1 4.4 5.1 5.6 4.0 3.6 4.5

1000 3.35 1.96 1.22 0.82 7.89 4.17 2.14 1.43 5.4 4.7 5.6 5.4 5.5 3.8 5.8 4.5

GMM-L3

50 5.02 2.72 1.48 1.03 11.30 6.46 3.41 2.42 8.1 6.0 5.8 6.4 5.7 6.8 7.1 6.4
100 3.60 2.04 1.06 0.80 8.74 4.72 2.57 1.77 8.0 6.4 6.4 7.3 7.9 7.5 5.7 5.7
200 2.48 1.48 0.78 0.56 6.43 3.61 1.89 1.29 5.7 5.2 5.7 6.0 5.7 6.4 5.5 5.7
500 1.64 0.93 0.53 0.38 4.11 2.22 1.18 0.77 4.6 5.6 5.6 5.8 6.0 5.2 5.0 5.9

1000 1.10 0.68 0.36 0.26 2.75 1.59 0.84 0.53 4.7 5.4 4.2 4.8 5.6 5.5 5.9 5.0

IV-B

50 4.90 2.59 1.18 0.78 14.03 6.99 3.26 2.12 6.2 4.7 5.7 5.4 5.9 6.6 6.5 6.4
100 3.40 1.71 0.88 0.63 10.30 4.76 2.33 1.56 5.7 4.9 5.7 5.2 5.1 7.1 6.4 5.5
200 2.33 1.30 0.67 0.43 6.93 3.47 1.75 1.13 4.5 4.5 5.8 3.8 5.0 5.8 4.7 5.1
500 1.69 0.78 0.42 0.28 4.60 2.09 1.06 0.73 4.8 4.1 4.8 6.1 5.6 5.0 5.4 5.6

1000 1.11 0.61 0.29 0.19 3.11 1.50 0.80 0.47 3.8 6.1 5.2 5.3 4.2 4.8 5.3 6.4

GMM-B1

50 5.03 2.46 1.17 0.78 12.82 6.62 3.18 2.08 7.1 4.6 5.4 5.6 6.4 6.5 6.8 6.2
100 3.52 1.76 0.87 0.63 9.88 4.60 2.35 1.56 6.3 5.2 5.8 5.2 5.9 6.3 6.0 5.1
200 2.31 1.24 0.65 0.42 6.68 3.41 1.73 1.12 5.1 4.9 5.6 4.6 5.3 5.9 5.0 4.7
500 1.64 0.75 0.41 0.28 4.43 2.03 1.09 0.71 4.6 3.8 4.7 5.7 5.3 5.1 5.7 6.1

1000 1.04 0.58 0.29 0.20 3.00 1.53 0.80 0.47 3.7 6.0 4.5 5.5 4.3 4.9 5.3 6.3

GMM-B3

50 5.28 2.50 1.17 0.76 12.44 6.48 3.15 2.08 9.2 5.3 5.2 5.8 6.7 7.6 6.7 5.9
100 3.68 1.75 0.88 0.61 9.27 4.53 2.34 1.58 7.7 5.9 5.9 5.2 5.6 6.1 6.0 5.6
200 2.24 1.29 0.65 0.43 6.86 3.47 1.72 1.13 6.4 4.5 5.9 5.2 4.9 5.3 4.7 4.7
500 1.60 0.77 0.40 0.28 4.36 2.10 1.09 0.71 4.7 3.9 4.7 5.7 6.1 5.2 6.0 6.0

1000 1.03 0.58 0.29 0.19 2.99 1.51 0.78 0.47 3.6 6.5 4.7 5.8 4.6 5.2 5.7 6.3

HPJ

50 3.92 2.05 1.16 0.76 9.50 5.24 3.10 1.98 8.1 5.7 5.3 4.6 9.0 6.3 4.6 4.8
100 2.76 1.44 0.82 0.59 7.56 3.92 2.14 1.50 8.4 5.5 5.5 5.5 10.3 5.4 5.1 4.1
200 1.99 1.06 0.58 0.39 5.92 2.77 1.46 0.99 9.1 5.2 5.5 5.9 13.2 7.0 4.5 4.0
500 1.51 0.74 0.41 0.26 5.62 1.91 0.96 0.65 12.0 7.2 5.3 6.1 29.6 8.6 4.6 5.9

1000 1.38 0.57 0.26 0.19 5.64 1.63 0.65 0.45 20.8 10.4 4.8 5.0 52.0 13.1 5.3 5.4

BOD-OLS

50 3.12 1.83 1.13 0.74 12.54 8.72 4.79 3.06 6.3 4.8 5.7 6.2 20.6 24.9 22.0 19.5
100 2.33 1.33 0.84 0.61 11.60 8.33 4.76 3.07 5.6 6.0 6.7 7.1 29.3 37.1 36.1 32.2
200 1.54 1.01 0.62 0.45 11.67 8.30 4.66 2.95 5.3 5.6 7.5 8.3 52.1 62.8 60.1 51.1
500 1.01 0.69 0.49 0.35 12.01 8.31 4.76 2.97 5.1 6.6 11.8 14.2 90.3 95.5 94.0 87.3

1000 0.71 0.56 0.40 0.30 12.04 8.39 4.77 2.99 4.2 9.4 17.2 20.0 99.6 99.9 99.8 99.1

BCBOD-OLS

50 9.58 5.93 3.60 2.65 20.89 14.43 9.67 6.77 51.6 50.2 52.6 55.7 43.5 48.8 53.6 54.5
100 6.53 4.36 2.48 1.86 16.28 10.20 6.59 4.72 49.2 52.2 51.4 54.2 48.7 49.2 53.2 56.1
200 4.70 3.00 1.79 1.26 11.41 7.53 4.69 3.25 50.2 51.4 52.0 52.8 49.2 50.9 53.7 54.9
500 2.94 1.86 1.18 0.83 7.01 4.43 2.93 2.09 50.5 50.9 53.8 55.5 48.1 48.4 54.2 55.4

1000 1.91 1.36 0.80 0.63 5.10 3.52 2.01 1.50 45.2 52.1 52.5 56.6 48.8 53.0 52.0 55.818



Table S.7: Fixed effects model, Bias and IQR (α = 0.8, β = 1, σ2η = 5)
Bias IQR

α β α β
N/T 10 20 50 100 10 20 50 100 10 20 50 100 10 20 50 100

FE

50 -15.05 -6.91 -2.57 -1.20 0.57 2.30 1.54 0.86 4.65 2.71 1.57 0.97 13.95 9.60 5.77 3.92
100 -15.14 -6.85 -2.52 -1.23 0.11 2.22 1.39 0.94 3.46 1.98 1.07 0.67 10.37 6.65 4.06 2.94
200 -15.08 -6.91 -2.50 -1.21 0.26 2.09 1.45 0.79 2.33 1.38 0.74 0.48 7.12 4.49 2.84 1.97
500 -15.01 -6.88 -2.48 -1.19 0.69 2.21 1.54 0.84 1.55 0.83 0.48 0.32 4.75 2.92 1.77 1.27

1000 -14.92 -6.86 -2.48 -1.20 0.58 2.22 1.49 0.89 1.06 0.63 0.31 0.22 3.15 2.00 1.23 0.87

IV-L

50 1.58 4.30 1.63 0.70 2.98 7.03 1.81 0.86 53.22 31.07 17.89 11.58 105.31 53.17 24.56 14.34
100 3.63 1.53 0.19 -0.15 7.80 2.13 0.29 -0.31 46.23 27.00 11.86 8.05 87.34 43.08 16.25 9.58
200 -0.27 0.58 0.13 -0.14 -0.80 0.81 -0.03 -0.11 38.00 18.44 8.60 5.41 73.81 31.03 11.33 6.77
500 -0.24 0.32 0.36 0.05 0.48 0.27 0.28 0.00 25.98 12.20 5.66 3.57 50.10 19.79 7.35 4.38

1000 -0.14 0.27 0.18 0.09 -0.06 0.23 0.25 0.14 18.54 8.29 4.00 2.56 35.55 13.58 5.33 3.13

GMM-L1

50 -12.31 -4.67 -1.92 -0.94 -21.83 -7.56 -2.17 -1.05 19.18 11.38 5.73 4.14 41.30 20.50 8.89 6.25
100 -11.57 -4.62 -1.83 -0.95 -19.02 -7.11 -2.58 -1.09 18.76 10.73 5.37 3.89 37.74 18.82 8.12 5.32
200 -9.66 -3.93 -1.61 -0.77 -18.43 -6.77 -2.14 -0.95 18.04 9.16 4.94 3.35 34.32 15.42 6.84 3.99
500 -6.41 -2.39 -0.74 -0.49 -12.74 -4.25 -1.11 -0.55 15.11 7.21 3.66 2.50 29.33 11.50 5.26 3.08

1000 -4.30 -1.15 -0.40 -0.16 -8.34 -2.05 -0.56 -0.21 11.80 5.85 2.89 1.94 23.34 9.83 4.13 2.37

GMM-L3

50 -10.64 -3.96 -1.26 -0.48 -14.63 -4.11 -1.06 -0.32 10.03 5.60 2.65 1.72 25.13 12.84 6.56 4.40
100 -7.62 -2.91 -0.84 -0.34 -11.50 -3.40 -0.91 -0.16 9.26 4.43 2.17 1.55 21.55 9.96 4.91 3.16
200 -5.42 -1.70 -0.49 -0.17 -8.37 -2.52 -0.66 -0.22 7.40 3.73 1.70 1.07 16.32 8.03 3.70 2.30
500 -2.75 -0.76 -0.17 -0.07 -4.41 -1.06 -0.22 -0.06 5.00 2.46 1.18 0.76 11.14 4.94 2.36 1.51

1000 -1.39 -0.41 -0.10 -0.06 -2.27 -0.58 -0.13 0.02 3.91 1.87 0.84 0.52 8.68 3.59 1.67 1.06

IV-B

50 -0.69 0.27 -0.01 -0.03 0.88 0.56 -0.06 -0.04 18.89 6.26 2.15 1.23 41.27 15.56 6.57 4.12
100 -1.06 0.07 -0.04 -0.05 -0.50 0.11 -0.03 0.07 12.95 4.58 1.65 0.92 30.19 10.98 4.66 3.01
200 -0.10 0.02 0.02 -0.01 -0.40 -0.31 -0.11 0.04 9.15 3.17 1.15 0.64 20.41 7.42 3.45 2.19
500 -0.03 0.01 0.02 0.01 0.38 0.07 -0.02 -0.03 5.98 1.96 0.72 0.43 13.74 4.73 2.18 1.42

1000 0.07 0.02 0.01 0.00 0.29 0.01 -0.03 0.03 4.06 1.50 0.48 0.31 9.37 3.44 1.64 0.98

GMM-B1

50 -5.97 -1.14 -0.26 -0.12 -6.75 -0.77 0.16 0.01 14.61 5.64 2.03 1.17 32.25 14.79 6.47 4.10
100 -3.70 -0.63 -0.13 -0.09 -4.97 -0.85 -0.07 0.08 10.65 4.37 1.50 0.89 24.32 9.99 4.78 3.08
200 -1.76 -0.31 -0.05 -0.03 -2.06 -0.66 -0.16 0.03 8.14 3.07 1.09 0.61 18.14 7.44 3.42 2.19
500 -0.83 -0.18 0.01 0.00 -1.08 -0.13 0.00 -0.03 5.05 1.91 0.70 0.40 12.31 4.60 2.19 1.39

1000 -0.40 -0.05 0.00 -0.01 -0.45 -0.10 -0.02 0.05 3.67 1.41 0.48 0.29 8.54 3.47 1.61 0.98

GMM-B3

50 -10.63 -2.98 -0.61 -0.27 -11.36 -2.03 0.03 0.07 11.55 4.73 2.10 1.12 28.72 13.49 6.39 4.14
100 -7.20 -1.76 -0.37 -0.17 -9.54 -1.55 -0.14 0.12 9.37 3.86 1.48 0.86 22.23 9.93 4.57 3.07
200 -4.31 -0.96 -0.19 -0.07 -5.72 -1.31 -0.21 0.07 6.99 2.98 1.05 0.62 17.21 7.27 3.30 2.15
500 -1.97 -0.40 -0.03 -0.03 -2.64 -0.36 -0.02 -0.02 4.77 1.81 0.71 0.40 11.13 4.68 2.12 1.40

1000 -0.95 -0.21 -0.02 -0.02 -1.60 -0.21 -0.03 0.04 3.63 1.38 0.48 0.30 8.23 3.30 1.63 0.97

HPJ

50 2.04 1.21 0.30 0.09 7.50 4.21 0.75 0.21 8.05 4.21 1.91 1.04 18.86 10.27 5.96 3.93
100 1.93 1.21 0.36 0.09 7.98 4.08 0.82 0.33 5.35 2.85 1.28 0.73 13.53 7.23 4.15 2.95
200 1.87 1.27 0.33 0.09 7.51 3.82 0.80 0.21 3.68 1.97 0.90 0.53 8.60 5.08 2.82 1.96
500 2.00 1.20 0.37 0.11 7.87 3.88 0.84 0.21 2.42 1.30 0.59 0.34 5.80 3.05 1.84 1.29

1000 1.93 1.17 0.36 0.10 8.02 3.87 0.84 0.24 1.71 0.94 0.38 0.24 4.04 2.28 1.24 0.88

BOD-OLS

50 0.35 0.81 0.64 0.53 8.69 6.92 4.01 2.61 4.99 2.50 1.51 0.95 16.08 10.06 5.95 3.98
100 0.51 0.89 0.76 0.52 8.23 6.53 4.06 2.71 3.52 2.00 1.05 0.71 11.29 7.02 4.26 2.99
200 0.53 0.84 0.75 0.56 8.10 6.52 4.03 2.60 2.43 1.39 0.71 0.48 8.00 4.75 2.89 1.99
500 0.77 0.95 0.79 0.59 8.60 6.60 4.09 2.63 1.69 0.86 0.50 0.32 4.86 2.99 1.82 1.32

1000 0.82 0.94 0.79 0.58 8.49 6.63 4.08 2.66 1.12 0.60 0.34 0.22 3.45 2.22 1.31 0.88

BCBOD-OLS

50 0.88 0.22 0.07 0.11 2.29 1.74 1.05 1.28 19.37 12.75 7.58 5.58 41.88 27.42 18.14 12.32
100 -0.94 0.23 0.24 0.04 0.46 1.20 0.48 0.68 13.91 9.14 5.61 3.92 31.58 19.33 12.28 8.79
200 -0.39 -0.19 0.07 0.14 0.59 0.61 0.52 0.39 10.03 6.51 3.69 2.67 22.80 14.21 8.66 5.92
500 -0.58 -0.31 -0.01 0.04 1.26 1.10 0.43 0.28 5.85 4.26 2.54 1.80 13.24 8.58 5.43 3.94

1000 -0.55 -0.12 0.04 0.03 1.48 1.44 0.54 0.29 4.33 3.11 1.76 1.30 9.81 6.54 3.74 2.8519



Table S.8: Fixed effects model, MAE and Size (α = 0.8, β = 1, σ2η = 5)
MAE Size

α β α β
N/T 10 20 50 100 10 20 50 100 10 20 50 100 10 20 50 100

FE

50 15.05 6.91 2.57 1.20 7.00 5.01 3.03 2.02 99.3 95.2 65.0 40.3 8.4 9.6 8.5 6.6
100 15.14 6.85 2.52 1.23 5.17 3.72 2.31 1.59 100.0 99.9 91.2 67.4 7.1 8.9 9.0 8.1
200 15.08 6.91 2.50 1.21 3.48 2.87 1.76 1.15 100.0 100.0 99.7 90.4 6.5 11.2 11.1 9.3
500 15.01 6.88 2.48 1.19 2.32 2.31 1.56 0.91 100.0 100.0 100.0 99.9 5.5 18.0 21.5 15.6

1000 14.92 6.86 2.48 1.20 1.68 2.24 1.49 0.90 100.0 100.0 100.0 100.0 5.6 30.1 37.7 29.3

IV-L

50 26.23 16.62 9.08 5.63 53.40 26.80 12.81 7.10 0.2 0.8 3.0 4.9 0.7 0.8 2.4 4.3
100 23.22 13.45 5.73 4.03 45.27 21.64 8.18 4.73 0.2 1.6 3.6 4.6 0.2 1.1 2.8 3.4
200 19.34 9.31 4.19 2.73 36.94 15.54 5.70 3.34 0.2 1.7 4.3 4.6 0.1 1.8 2.9 4.0
500 12.95 6.11 2.86 1.79 24.79 9.91 3.72 2.18 0.6 2.0 4.7 4.8 0.8 1.8 4.0 4.2

1000 9.24 4.14 1.99 1.28 17.49 6.79 2.70 1.56 1.2 2.7 4.5 5.6 1.2 2.2 4.2 4.4

GMM-L1

50 13.18 6.06 3.11 2.10 25.43 10.97 4.85 3.08 9.1 6.9 5.8 6.1 8.2 6.7 6.5 6.6
100 12.65 6.27 3.06 1.96 22.79 11.12 4.54 2.65 6.8 4.9 6.1 5.1 5.6 4.6 4.7 5.1
200 11.23 5.17 2.66 1.67 21.41 9.30 3.80 2.16 5.9 4.7 5.6 5.4 5.6 4.3 5.9 4.7
500 8.54 3.94 1.93 1.26 16.27 6.51 2.77 1.53 6.2 3.4 4.3 4.5 5.7 3.7 3.8 5.1

1000 6.59 3.00 1.47 0.94 12.85 4.84 2.04 1.16 5.9 4.5 5.3 4.1 5.3 3.7 4.9 4.1

GMM-L3

50 10.70 4.13 1.66 0.93 16.77 7.12 3.41 2.20 22.8 13.9 8.1 8.5 12.2 8.5 5.9 6.4
100 7.78 3.13 1.25 0.78 13.31 5.56 2.48 1.61 19.4 9.9 8.3 7.5 13.6 9.0 5.5 6.2
200 5.65 2.21 0.92 0.55 9.90 4.11 1.93 1.15 13.7 8.7 5.8 6.2 9.8 8.2 4.9 5.4
500 3.31 1.31 0.61 0.39 6.55 2.63 1.18 0.76 9.0 7.4 6.2 5.3 8.5 5.8 5.8 5.9

1000 2.20 0.97 0.42 0.26 4.47 1.83 0.85 0.53 7.8 6.5 5.1 6.3 6.5 6.2 6.8 5.7

IV-B

50 9.42 3.15 1.07 0.61 20.56 7.62 3.27 2.06 2.9 4.8 5.2 5.9 2.7 6.7 6.6 5.6
100 6.50 2.29 0.83 0.47 15.09 5.51 2.33 1.50 4.1 4.7 5.8 4.8 4.2 6.4 6.4 5.4
200 4.65 1.56 0.58 0.32 10.19 3.68 1.72 1.10 4.1 4.3 5.6 5.2 5.6 5.8 4.8 5.2
500 2.99 0.98 0.35 0.22 6.88 2.36 1.08 0.71 5.1 4.2 5.0 5.6 6.0 4.3 5.1 6.4

1000 2.02 0.75 0.24 0.15 4.58 1.73 0.82 0.49 4.5 6.1 4.8 4.8 4.5 4.8 6.1 6.1

GMM-B1

50 8.34 2.85 1.05 0.58 16.46 7.31 3.23 2.05 9.4 5.3 4.6 6.7 5.8 6.9 5.9 6.3
100 6.23 2.13 0.77 0.45 12.68 4.97 2.33 1.55 7.2 4.9 6.0 4.9 4.9 6.6 6.4 5.2
200 4.21 1.47 0.55 0.30 9.18 3.73 1.70 1.10 5.1 4.0 5.8 5.6 5.4 5.7 5.1 5.0
500 2.65 0.96 0.35 0.20 6.15 2.37 1.08 0.70 5.0 4.6 4.8 5.8 6.2 4.3 5.6 6.3

1000 1.84 0.70 0.24 0.15 4.29 1.75 0.80 0.48 4.9 6.0 5.2 4.9 4.5 5.6 6.0 6.0

GMM-B3

50 10.77 3.33 1.12 0.58 16.37 6.92 3.19 2.04 23.2 10.5 6.3 6.6 8.4 7.7 6.0 6.4
100 7.47 2.22 0.81 0.45 12.97 4.96 2.31 1.53 18.6 9.4 6.7 5.1 10.2 6.3 5.8 5.6
200 4.77 1.57 0.57 0.31 9.16 3.63 1.65 1.08 12.3 7.2 5.9 5.4 8.4 5.8 4.5 5.0
500 2.82 0.93 0.34 0.19 5.70 2.39 1.05 0.70 7.2 5.6 5.3 5.7 6.7 4.5 6.0 6.1

1000 1.97 0.70 0.24 0.15 4.20 1.69 0.82 0.49 6.6 6.0 5.2 5.1 5.0 6.2 5.3 6.1

HPJ

50 4.14 2.11 0.99 0.53 10.47 6.28 2.95 1.92 10.5 9.5 7.5 5.2 11.9 9.2 4.9 4.6
100 3.13 1.56 0.68 0.37 8.92 4.75 2.17 1.51 13.0 13.5 7.8 5.6 16.3 12.0 5.5 4.3
200 2.42 1.38 0.51 0.28 7.68 4.05 1.50 1.02 16.8 17.9 9.7 7.3 23.3 16.7 6.5 4.6
500 2.04 1.22 0.41 0.19 7.87 3.89 1.08 0.65 26.5 33.8 15.5 7.4 49.5 35.4 9.0 6.1

1000 1.93 1.17 0.37 0.14 8.02 3.87 0.95 0.49 43.3 51.1 23.4 9.0 78.9 61.3 15.4 6.4

BOD-OLS

50 2.55 1.45 0.88 0.62 9.93 7.51 4.27 2.79 6.8 7.1 12.4 12.2 15.5 19.4 19.2 16.9
100 1.87 1.16 0.81 0.54 8.63 6.61 4.08 2.75 5.9 8.1 17.2 21.9 18.6 26.4 28.0 26.9
200 1.29 0.96 0.76 0.56 8.13 6.52 4.03 2.60 7.2 13.7 27.6 34.7 31.7 45.5 48.5 44.5
500 1.00 0.95 0.79 0.59 8.60 6.60 4.09 2.63 10.6 30.6 59.3 70.0 65.4 83.5 85.3 79.5

1000 0.86 0.94 0.79 0.58 8.49 6.63 4.08 2.66 17.4 52.2 88.1 93.4 92.7 99.2 98.8 98.1

BCBOD-OLS

50 9.59 6.37 3.81 2.78 20.89 13.81 9.01 6.19 58.6 64.8 66.6 71.4 44.4 47.3 50.6 52.0
100 6.89 4.60 2.82 2.00 15.92 9.58 6.17 4.41 60.1 65.8 68.7 71.2 48.7 47.8 51.9 52.8
200 5.07 3.22 1.86 1.35 11.73 7.15 4.43 3.02 60.2 65.9 67.5 69.6 50.2 50.6 51.4 51.9
500 3.07 2.05 1.27 0.89 6.96 4.30 2.73 1.99 58.7 65.4 71.3 73.1 48.7 48.3 51.9 53.3

1000 2.14 1.55 0.89 0.65 5.14 3.41 1.91 1.43 59.1 68.9 69.5 72.6 50.3 53.0 50.8 54.520



Table S.9: Trend model, Bias and IQR (α = 0.4, β = 1, σ2η = 5)
Bias IQR

α β α β
N/T 10 20 50 100 10 20 50 100 10 20 50 100 10 20 50 100

FE

50 -24.78 -11.44 -4.38 -2.14 1.58 4.12 2.15 1.18 6.01 3.74 2.02 1.48 16.83 10.53 5.89 4.22
100 -24.84 -11.51 -4.45 -2.21 1.21 3.71 2.12 1.31 4.37 2.66 1.49 1.15 12.56 7.07 4.32 2.96
200 -24.79 -11.51 -4.38 -2.15 0.89 3.53 2.06 1.18 2.92 1.89 1.17 0.78 8.54 4.98 3.13 2.01
500 -24.51 -11.46 -4.37 -2.16 0.99 3.56 2.18 1.17 1.98 1.23 0.74 0.53 5.25 3.10 1.88 1.31

1000 -24.59 -11.44 -4.39 -2.17 1.04 3.59 2.19 1.24 1.32 0.87 0.50 0.36 3.57 2.13 1.35 0.90

IV-L

50 -4.65 -0.80 2.38 7.21 -15.35 0.01 8.10 13.39 72.0 67.9 69.8 68.3 367.3 231.0 161.3 135.9
100 -0.87 -1.06 1.12 7.47 -2.04 0.34 5.16 14.86 62.2 68.6 65.9 68.3 305.2 239.0 164.5 142.4
200 -2.82 -0.98 2.02 5.63 -10.16 1.03 4.93 12.22 58.4 61.2 64.1 63.6 268.1 213.4 159.4 130.7
500 -0.92 1.41 2.54 6.31 -3.62 5.69 6.60 13.38 44.1 47.0 49.7 56.6 217.6 156.6 120.8 114.9

1000 0.06 1.94 1.10 1.06 -1.13 5.74 3.09 3.20 28.2 31.6 38.2 48.3 137.3 111.6 94.8 99.1

GMM-L1

50 -9.77 -4.24 -1.94 -1.22 -20.98 -10.73 -4.27 -2.30 20.31 11.50 6.75 5.23 78.06 40.01 17.06 10.59
100 -7.80 -4.16 -1.59 -1.03 -21.75 -12.19 -3.40 -2.06 17.61 9.79 6.24 4.63 73.60 37.17 15.28 10.48
200 -6.31 -3.38 -1.28 -0.60 -21.90 -10.92 -3.10 -1.34 14.69 9.47 5.39 4.43 67.37 34.71 14.24 9.34
500 -4.33 -2.25 -0.62 -0.50 -20.95 -7.99 -1.96 -0.99 12.37 7.79 5.03 3.61 60.02 28.45 12.49 7.53

1000 -2.40 -1.41 -0.46 -0.45 -11.68 -4.90 -1.33 -0.88 10.94 6.44 4.06 3.00 51.88 24.32 10.58 6.44

GMM-L3

50 -11.35 -4.71 -1.60 -0.61 -18.49 -8.34 -1.83 -0.55 12.35 6.96 3.69 2.37 46.53 23.65 10.01 5.76
100 -8.04 -3.49 -0.94 -0.34 -19.82 -8.44 -1.38 -0.37 10.07 6.19 2.98 1.90 43.59 22.00 8.00 4.25
200 -6.08 -2.56 -0.48 -0.11 -18.17 -6.17 -0.99 -0.16 8.71 4.95 2.24 1.33 43.40 19.29 6.04 3.28
500 -4.04 -1.46 -0.28 -0.08 -17.91 -4.43 -0.57 -0.21 7.20 3.84 1.51 0.90 42.07 14.59 3.94 2.15

1000 -2.85 -1.00 -0.15 -0.05 -13.73 -3.75 -0.37 -0.01 6.60 2.97 1.03 0.59 34.33 12.41 3.17 1.52

IV-B

50 -2.06 -0.33 0.06 0.02 5.39 -2.12 -0.05 -0.24 49.81 12.86 3.96 2.03 277.31 51.73 10.99 5.99
100 -0.74 -0.18 -0.01 -0.01 3.89 -0.17 -0.12 -0.05 38.35 9.12 2.70 1.56 206.76 36.34 8.25 4.27
200 0.47 0.03 -0.02 0.05 5.26 -1.01 0.05 -0.07 25.08 5.98 1.95 1.13 146.81 23.71 5.79 2.85
500 0.22 -0.15 -0.04 0.00 0.82 -0.19 0.01 -0.02 15.36 4.06 1.29 0.70 94.88 16.11 3.55 1.89

1000 -0.36 -0.17 -0.03 0.00 0.49 -0.33 -0.07 0.03 10.78 2.81 0.82 0.52 66.57 11.21 2.59 1.32

GMM-B1

50 -14.03 -3.27 -0.41 -0.16 -13.31 -4.60 -0.04 -0.12 26.54 9.58 3.63 2.04 93.71 34.48 9.91 5.30
100 -8.72 -2.11 -0.29 -0.07 -13.92 -3.19 -0.20 0.00 20.17 7.86 2.66 1.47 87.69 28.26 7.62 3.98
200 -4.94 -0.98 -0.13 0.01 -11.93 -2.74 -0.08 -0.04 16.87 5.41 1.88 1.12 81.60 20.67 5.43 2.76
500 -2.81 -0.42 -0.09 0.00 -8.74 -1.33 -0.07 0.01 11.79 3.80 1.19 0.69 67.26 14.91 3.44 1.80

1000 -1.77 -0.32 -0.04 -0.01 -6.36 -0.96 0.00 0.03 9.49 2.62 0.80 0.49 53.67 10.60 2.49 1.29

GMM-B3

50 -23.78 -6.24 -1.28 -0.48 -16.78 -4.62 -0.09 -0.07 19.41 8.41 3.48 2.02 62.90 26.13 9.30 5.20
100 -17.67 -4.25 -0.69 -0.23 -17.53 -5.24 -0.33 0.03 15.79 6.60 2.50 1.48 58.41 21.25 7.06 3.92
200 -11.22 -2.35 -0.36 -0.05 -17.82 -4.45 -0.22 -0.06 14.22 5.26 1.87 1.08 54.55 17.72 5.31 2.75
500 -6.55 -1.01 -0.18 -0.03 -15.62 -2.07 -0.11 0.00 10.22 3.75 1.19 0.69 51.58 13.83 3.36 1.87

1000 -4.10 -0.65 -0.09 -0.03 -13.86 -1.57 -0.07 0.02 8.21 2.60 0.77 0.49 46.30 10.08 2.42 1.28

HPJ

50 4.17 1.80 0.28 0.08 17.95 6.51 1.00 0.21 10.60 5.21 2.50 1.60 24.23 12.59 5.94 4.42
100 4.08 1.85 0.23 0.03 18.96 5.85 0.96 0.27 7.65 3.75 1.83 1.14 17.16 8.84 4.50 2.97
200 4.36 1.70 0.28 0.08 18.89 5.81 0.97 0.25 5.19 2.67 1.32 0.82 12.03 5.76 3.09 2.05
500 4.63 1.74 0.30 0.06 18.97 6.08 0.96 0.20 3.33 1.68 0.83 0.54 8.01 3.78 1.93 1.31

1000 4.46 1.73 0.26 0.06 18.85 6.17 1.03 0.27 2.25 1.20 0.57 0.38 5.39 2.61 1.43 0.91
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Table S.10: Trend model, MAE and Size (α = 0.4, β = 1, σ2η = 5)
MAE Size

α β α β
N/T 10 20 50 100 10 20 50 100 10 20 50 100 10 20 50 100

FE

50 24.78 11.44 4.38 2.14 8.28 6.07 3.39 2.09 100.0 98.6 77.5 48.0 8.0 11.3 10.6 8.2
100 24.84 11.51 4.45 2.21 6.22 4.46 2.58 1.71 100.0 100.0 96.5 75.0 7.1 12.3 12.4 10.0
200 24.79 11.51 4.38 2.15 4.39 3.84 2.19 1.30 100.0 100.0 100.0 96.2 6.7 16.5 19.3 13.3
500 24.51 11.46 4.37 2.16 2.71 3.56 2.19 1.19 100.0 100.0 100.0 100.0 6.3 31.9 37.5 26.0

1000 24.59 11.44 4.39 2.17 1.92 3.59 2.19 1.24 100.0 100.0 100.0 100.0 7.1 57.8 62.9 48.0

IV-L

50 36.57 34.51 34.84 36.46 184.7 115.3 82.0 71.2 0.2 0.1 0.2 0.3 0.2 0.1 0.2 0.3
100 30.96 33.88 33.06 36.45 152.6 119.6 80.2 73.5 0.2 0.2 0.2 0.2 0.0 0.0 0.3 0.0
200 29.44 30.85 32.05 31.66 135.1 108.3 78.0 65.2 0.2 0.0 0.1 0.3 0.2 0.2 0.1 0.3
500 21.78 23.20 24.60 29.39 106.1 78.4 60.5 59.6 0.2 0.3 0.2 0.0 0.1 0.1 0.2 0.1

1000 14.17 15.79 19.62 24.47 68.9 56.4 47.7 49.6 0.4 1.0 0.5 0.3 0.3 0.5 0.5 0.3

GMM-L1

50 11.92 6.31 3.42 2.67 42.00 21.06 8.67 5.66 9.7 7.3 5.4 5.5 3.0 5.8 4.5 5.4
100 10.00 5.79 3.29 2.35 40.19 20.20 8.33 5.36 7.4 5.3 5.4 5.8 3.8 4.4 4.4 4.8
200 8.63 5.52 2.81 2.15 36.63 18.81 7.43 4.84 6.0 4.5 6.1 5.6 3.2 3.9 5.5 4.9
500 6.87 4.29 2.49 1.81 33.27 15.71 6.08 3.75 3.8 5.1 5.9 4.9 3.3 4.5 5.5 5.3

1000 5.69 3.31 2.09 1.59 27.82 12.06 5.25 3.37 4.0 5.2 6.1 4.1 4.3 4.5 5.8 3.8

GMM-L3

50 11.43 5.04 2.14 1.25 28.20 13.19 5.07 2.88 23.9 15.2 10.1 6.7 8.3 7.7 7.4 6.6
100 8.37 4.05 1.62 0.93 26.72 12.77 3.99 2.14 17.5 13.4 7.4 6.9 8.8 8.6 6.1 6.0
200 6.50 3.07 1.13 0.67 26.06 10.74 3.15 1.64 13.6 10.2 6.6 6.1 7.8 7.2 4.6 5.9
500 4.73 2.19 0.79 0.47 24.04 7.97 2.06 1.08 10.5 6.6 5.6 6.0 8.3 6.8 5.0 4.9

1000 3.80 1.62 0.55 0.30 19.84 6.74 1.56 0.75 7.9 6.3 4.5 5.3 7.2 5.3 5.0 5.1

IV-B

50 25.62 6.38 1.98 1.02 140.79 26.20 5.42 3.01 1.5 3.5 5.5 5.5 0.1 2.4 5.4 6.4
100 19.32 4.66 1.35 0.78 103.11 18.36 4.09 2.16 1.2 4.6 6.0 7.0 0.0 4.7 5.9 6.0
200 12.55 2.99 0.99 0.56 73.95 11.89 2.92 1.43 2.5 4.6 5.0 4.9 0.5 4.7 4.0 5.6
500 7.74 2.03 0.63 0.35 46.75 7.97 1.77 0.95 3.1 5.3 5.1 5.5 1.6 4.6 4.6 5.4

1000 5.38 1.42 0.41 0.26 33.09 5.61 1.30 0.66 4.1 4.9 4.8 4.8 3.3 5.6 5.7 6.9

GMM-B1

50 17.52 5.35 1.79 1.04 47.33 17.82 4.97 2.65 12.6 8.2 5.6 6.2 3.7 4.8 5.4 6.0
100 12.82 4.26 1.27 0.73 45.43 14.09 3.82 2.00 9.3 7.0 6.1 5.5 3.8 5.6 5.0 5.4
200 8.62 2.66 0.94 0.56 41.76 10.51 2.72 1.38 6.8 5.2 4.4 5.3 2.4 3.7 4.7 4.6
500 6.33 1.93 0.60 0.34 34.60 7.40 1.69 0.90 5.8 5.8 4.6 5.3 3.3 5.3 4.7 4.7

1000 4.94 1.36 0.39 0.25 28.73 5.33 1.25 0.64 4.8 6.0 4.5 4.8 4.0 5.7 5.6 6.7

GMM-B3

50 23.78 6.39 1.86 1.05 33.65 13.73 4.64 2.62 38.2 19.3 8.1 6.5 7.3 6.3 5.9 6.6
100 17.76 4.73 1.35 0.76 31.67 11.13 3.56 1.97 29.8 12.4 7.3 6.8 6.9 6.1 5.9 6.6
200 11.45 2.94 0.96 0.55 28.68 9.42 2.60 1.36 19.2 10.2 5.5 5.5 6.2 4.2 4.4 4.9
500 7.19 1.97 0.60 0.34 26.64 6.97 1.69 0.92 13.1 7.6 4.8 5.2 6.9 4.7 5.3 4.7

1000 5.25 1.40 0.41 0.25 24.81 5.20 1.27 0.64 10.5 7.4 5.0 5.1 6.9 5.9 5.6 6.2

HPJ

50 6.06 2.99 1.24 0.80 18.94 8.24 3.03 2.14 − − − − − − − −
100 4.87 2.35 0.90 0.56 19.04 6.43 2.23 1.52 − − − − − − − −
200 4.46 1.83 0.69 0.41 18.89 5.84 1.70 1.07 − − − − − − − −
500 4.63 1.75 0.50 0.28 18.97 6.08 1.21 0.65 − − − − − − − −

1000 4.46 1.73 0.33 0.19 18.85 6.17 1.09 0.50 − − − − − − − −
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Table S.11: Trend model, Bias and IQR (α = 0.8, β = 1, σ2η = 5, ϕy = 1, ϕx = 1)
Bias IQR

α β α β
N/T 10 20 50 100 10 20 50 100 10 20 50 100 10 20 50 100

FE

50 -36.57 -15.89 -5.41 -2.53 -9.34 0.44 2.21 1.51 6.01 3.46 1.61 0.98 15.72 10.40 5.77 4.02
100 -36.72 -15.83 -5.42 -2.55 -10.19 0.25 2.05 1.59 4.73 2.34 1.13 0.70 12.41 6.99 4.24 2.89
200 -36.46 -15.80 -5.35 -2.51 -10.05 0.06 2.05 1.46 3.20 1.78 0.81 0.51 8.34 4.93 3.06 2.03
500 -36.43 -15.79 -5.36 -2.49 -10.06 0.07 2.15 1.47 2.05 1.13 0.54 0.33 5.47 3.09 1.86 1.30

1000 -36.42 -15.82 -5.37 -2.50 -10.03 0.10 2.15 1.53 1.45 0.74 0.37 0.24 3.49 2.15 1.32 0.87

IV-L

50 -7.44 -0.57 1.81 6.11 4.78 8.27 11.60 12.70 126.6 69.6 53.0 44.2 370.6 225.7 109.5 71.5
100 -9.26 -0.35 0.83 6.16 8.89 8.82 10.00 11.75 111.6 79.8 54.4 47.1 312.2 219.5 103.3 74.1
200 -8.13 -2.80 2.23 6.34 -11.35 9.19 10.98 10.51 104.0 85.9 58.1 42.0 283.1 240.2 105.2 67.2
500 -3.06 -3.79 5.30 5.33 0.60 3.38 12.30 9.94 99.8 81.8 49.1 42.4 249.4 203.2 103.1 69.1

1000 -1.66 0.31 0.91 4.08 -0.17 11.67 6.01 7.32 75.2 65.9 51.9 41.6 216.0 180.7 104.5 68.7

GMM-L1

50 -40.88 -15.29 -4.44 -2.17 -12.77 -9.37 -7.34 -3.24 33.06 16.90 6.54 4.21 79.76 48.26 17.89 8.21
100 -38.45 -13.07 -4.17 -2.08 -21.50 -16.51 -8.37 -3.44 31.63 13.67 6.52 3.95 80.79 43.44 15.64 8.09
200 -38.24 -11.73 -3.85 -1.80 -31.55 -21.54 -8.58 -3.11 33.12 14.36 6.13 3.94 84.05 42.88 15.10 7.94
500 -32.27 -9.35 -2.98 -1.53 -41.91 -19.78 -6.37 -2.68 30.96 12.86 6.03 3.45 76.61 32.49 14.28 6.70

1000 -27.37 -8.30 -2.63 -1.05 -44.74 -20.12 -6.12 -1.90 25.69 12.12 5.46 3.08 66.35 32.15 12.55 5.64

GMM-L3

50 -29.64 -11.59 -3.79 -1.66 -37.83 -17.81 -6.22 -2.23 18.02 8.38 3.63 2.41 46.58 24.80 11.16 5.90
100 -25.14 -10.63 -3.23 -1.34 -43.79 -22.59 -6.95 -2.19 15.05 8.05 3.79 2.09 45.97 22.20 10.77 5.29
200 -22.33 -9.50 -2.74 -0.88 -47.89 -22.84 -6.89 -1.73 14.71 7.46 3.14 1.69 45.95 22.46 8.85 4.23
500 -19.46 -8.34 -2.33 -0.57 -52.66 -22.44 -5.92 -1.09 13.82 6.84 2.94 1.37 43.30 20.21 7.75 3.23

1000 -17.41 -7.55 -1.86 -0.33 -48.88 -21.62 -4.59 -0.56 13.37 6.71 2.64 1.03 41.21 19.68 7.09 2.42

IV-B

50 -19.51 -3.56 0.29 0.01 -51.73 -6.81 1.49 -0.14 114.14 62.35 8.56 2.51 349.71 175.79 19.57 6.74
100 -18.24 0.55 0.02 -0.04 -54.67 2.38 0.47 -0.14 119.73 50.53 5.88 1.84 346.86 139.54 13.48 4.72
200 -13.70 0.49 0.01 0.03 -34.03 3.29 0.10 -0.04 116.13 37.30 3.80 1.40 341.30 103.02 9.21 3.26
500 -14.28 -0.52 0.00 0.01 -38.17 0.57 0.08 0.02 116.66 22.43 2.53 0.87 343.51 61.14 5.50 2.07

1000 -12.40 -0.47 0.03 0.00 -34.44 -0.08 -0.02 0.01 103.19 16.93 1.75 0.61 321.56 48.01 4.20 1.51

GMM-B1

50 -36.42 -11.90 -2.47 -0.55 -37.35 -21.64 -3.77 -0.46 36.27 14.82 5.00 2.18 90.48 41.46 13.26 5.98
100 -32.26 -10.25 -1.63 -0.35 -45.73 -22.88 -2.58 -0.34 32.77 14.49 4.25 1.64 85.08 40.40 10.51 4.34
200 -26.34 -8.89 -1.04 -0.13 -49.56 -21.64 -1.85 -0.08 30.91 14.13 3.38 1.24 87.77 38.75 7.83 2.99
500 -24.15 -6.82 -0.45 -0.06 -58.82 -16.30 -0.80 -0.03 29.22 12.36 2.21 0.78 83.18 34.48 4.84 1.99

1000 -21.66 -5.79 -0.21 -0.03 -61.91 -14.44 -0.43 0.02 27.85 10.63 1.55 0.55 84.44 29.89 3.79 1.41

GMM-B3

50 -47.30 -15.07 -3.59 -1.11 -35.20 -17.09 -3.70 -0.91 24.45 9.29 3.92 1.87 55.85 26.82 10.78 5.65
100 -42.70 -13.33 -2.86 -0.76 -41.91 -21.75 -4.34 -0.57 23.13 9.23 3.25 1.55 57.91 23.95 8.40 3.99
200 -36.42 -11.74 -2.02 -0.38 -52.68 -23.63 -3.22 -0.29 22.95 9.15 2.72 1.10 58.75 23.41 7.45 2.97
500 -31.02 -9.81 -1.06 -0.14 -60.89 -22.68 -1.89 -0.16 20.10 8.43 2.26 0.75 54.22 22.52 4.93 1.98

1000 -27.53 -8.75 -0.61 -0.09 -64.76 -21.23 -1.05 -0.05 19.46 8.03 1.46 0.54 57.29 21.68 3.59 1.44

HPJ

50 4.72 4.98 1.35 0.40 15.14 10.48 2.96 0.82 12.12 6.30 2.51 1.26 25.94 13.91 6.01 4.21
100 4.84 4.85 1.36 0.35 14.30 9.87 2.92 0.92 9.20 4.40 1.68 0.83 18.42 9.46 4.41 2.92
200 5.16 4.93 1.39 0.36 15.11 10.11 2.92 0.82 6.14 3.05 1.21 0.63 11.95 6.28 3.14 2.05
500 5.41 4.90 1.37 0.39 15.45 10.05 2.95 0.82 4.01 1.85 0.75 0.40 8.41 3.91 1.97 1.29

1000 5.37 4.85 1.36 0.38 15.11 10.28 2.99 0.88 2.75 1.30 0.50 0.27 5.58 2.71 1.46 0.91
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Table S.12: Trend model, MAE and Size (α = 0.8, β = 1, σ2η = 5, ϕy = 1, ϕx = 1)
MAE Size

α β α β
N/T 10 20 50 100 10 20 50 100 10 20 50 100 10 20 50 100

FE

50 36.57 15.89 5.41 2.53 11.04 5.19 3.29 2.14 100.0 100.0 99.7 90.9 15.6 8.2 10.7 10.2
100 36.72 15.83 5.42 2.55 10.41 3.44 2.52 1.82 100.0 100.0 100.0 99.8 25.1 6.9 12.7 12.0
200 36.46 15.80 5.35 2.51 10.05 2.46 2.15 1.53 100.0 100.0 100.0 100.0 41.7 6.6 19.6 19.6
500 36.43 15.79 5.36 2.49 10.06 1.54 2.15 1.47 100.0 100.0 100.0 100.0 75.4 5.5 36.6 38.1

1000 36.42 15.82 5.37 2.50 10.03 1.08 2.15 1.53 100.0 100.0 100.0 100.0 96.4 4.6 62.5 65.3

IV-L

50 63.64 34.81 27.06 23.88 187.06 111.23 57.18 35.37 0.3 0.0 0.5 0.1 0.1 0.0 0.4 0.9
100 57.68 39.90 27.00 25.05 156.86 107.05 51.70 39.71 0.0 0.2 0.0 0.1 0.1 0.0 0.5 1.4
200 52.15 43.16 28.26 21.41 142.75 119.26 52.87 34.17 0.0 0.0 0.0 0.2 0.0 0.3 0.7 0.0
500 49.40 41.09 25.37 22.55 124.35 100.66 50.84 36.78 0.1 0.2 0.1 0.1 0.0 0.1 0.5 0.2

1000 37.71 33.00 26.38 21.98 108.19 90.18 51.82 35.81 0.0 0.1 0.1 0.4 0.2 0.1 0.3 0.4

GMM-L1

50 40.88 15.32 4.74 2.67 41.23 24.77 10.75 4.80 28.8 16.6 10.7 8.2 3.6 5.3 7.7 8.0
100 38.45 13.07 4.55 2.53 41.42 25.65 9.97 4.72 25.6 12.2 9.9 7.4 3.3 4.9 7.1 6.1
200 38.24 11.86 4.20 2.38 46.62 25.71 9.79 4.17 24.0 11.9 7.7 7.1 4.2 5.8 6.0 6.1
500 32.32 9.56 3.57 2.10 49.03 22.42 8.31 3.85 19.2 9.7 7.7 6.0 5.4 6.1 7.0 4.4

1000 27.59 8.57 3.26 1.68 49.22 21.69 7.53 2.97 18.0 9.8 7.5 5.7 7.8 6.4 7.6 5.4

GMM-L3

50 29.64 11.59 3.79 1.74 39.09 18.96 7.42 3.55 65.6 47.4 26.3 15.2 21.1 18.8 11.8 9.2
100 25.14 10.63 3.25 1.44 44.19 22.69 7.51 2.98 58.7 45.6 24.4 12.6 26.4 25.3 15.6 7.7
200 22.33 9.50 2.81 1.06 48.01 22.91 7.16 2.43 53.1 40.3 19.4 10.7 35.1 29.3 15.4 7.9
500 19.46 8.34 2.41 0.81 52.66 22.45 6.33 1.78 46.6 34.8 15.3 8.9 38.2 29.4 15.4 6.2

1000 17.41 7.56 1.97 0.57 48.88 21.67 4.92 1.28 41.6 32.7 13.5 6.0 36.3 29.9 12.4 5.8

IV-B

50 62.84 31.39 4.30 1.27 176.87 87.96 9.80 3.34 0.6 0.4 3.4 4.0 0.2 0.2 4.0 6.1
100 61.55 25.51 2.93 0.91 176.61 70.24 6.74 2.35 1.0 0.5 4.5 5.4 0.1 0.2 4.0 5.0
200 59.70 18.70 1.90 0.69 172.40 51.27 4.64 1.63 0.6 0.5 4.4 4.1 0.1 0.5 4.3 4.9
500 60.40 11.21 1.26 0.43 177.08 30.65 2.75 1.04 0.6 0.7 4.9 5.0 0.2 0.8 4.8 5.1

1000 53.79 8.33 0.87 0.31 163.57 23.84 2.10 0.77 0.7 1.3 5.5 5.4 0.3 1.0 5.3 5.9

GMM-B1

50 36.81 12.11 3.10 1.10 52.45 25.89 6.87 2.94 28.7 20.0 8.1 6.4 6.3 11.1 7.0 6.5
100 33.05 10.67 2.39 0.86 56.97 26.57 5.57 2.12 24.4 18.4 8.0 6.4 8.7 13.8 5.5 6.7
200 27.34 9.40 1.81 0.62 57.79 24.24 4.16 1.51 19.2 16.0 7.7 5.7 9.9 11.6 6.6 5.2
500 25.50 7.82 1.17 0.39 62.51 20.59 2.51 0.99 19.3 12.4 5.7 5.9 13.4 10.0 5.9 4.3

1000 22.96 6.85 0.78 0.27 65.55 18.17 1.86 0.70 15.6 10.0 5.2 5.1 12.2 9.6 5.2 6.1

GMM-B3

50 47.30 15.07 3.61 1.23 39.94 18.50 5.65 2.84 76.9 57.0 25.7 14.0 11.6 14.6 9.9 7.2
100 42.70 13.33 2.91 0.92 45.70 22.45 5.47 2.07 72.0 51.2 19.6 9.9 17.0 20.3 9.7 7.0
200 36.42 11.74 2.10 0.60 53.38 23.66 4.04 1.50 63.6 44.9 16.1 8.1 21.9 26.0 10.9 5.6
500 31.02 9.83 1.36 0.38 60.97 23.05 2.85 0.99 55.2 39.3 10.6 7.0 32.2 28.3 7.9 5.2

1000 27.53 8.75 0.86 0.29 64.76 21.29 1.96 0.73 50.9 36.5 8.7 5.7 38.4 29.7 6.8 6.0

HPJ

50 7.08 5.15 1.56 0.68 16.88 11.11 3.84 2.12 − − − − − − − −
100 5.87 4.85 1.41 0.51 14.83 9.92 3.16 1.56 − − − − − − − −
200 5.30 4.93 1.39 0.41 15.11 10.11 2.94 1.18 − − − − − − − −
500 5.41 4.90 1.37 0.40 15.45 10.05 2.95 0.88 − − − − − − − −

1000 5.37 4.85 1.36 0.38 15.11 10.28 2.99 0.88 − − − − − − − −
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