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THIS APPENDIX PROVIDES PROOFS FOR SOME TECHNICAL LEMMAS IN THE ABOVE PA-

PER.

Proof of Lemma B.1. By straightforward moment calculations, we can show that ||

− ||2 = 
¡
21

¢
under Assumption A1()-() and A2()  Then () follows from Markov

inequality. By Weyl inequality [e.g., Bernstein (2005, Theorem 8.4.11)] and the fact that

max () ≤ kk for any symmetric matrix  (as |max ()|2 = max () ≤ kk2) we have

min ( ) ≤ min ( ) + max ( − )

≤ min ( ) + k − k = min ( ) +  (1) 

Similarly,

min ( ) ≥ min ( ) + min ( − )

≥ min ( )− k −k = min (1)−  (1) 

Analogously, we can prove the second part of ()  Thus () follows. By the submultiplicative

property of the spectral norm, ()-() and Assumption A2() °°°−1 −−1
°°°
sp

=
°°°−1 ( − )

−1


°°°
sp
≤
°°°−1°°°

sp
k −ksp

°°−1°°sp
=  (1)

³
1

12
´
 (1) = 

³
1

12
´


where we use the fact that
°°°−1°°°

sp
= [min ( )]

−1 = [min ( ) +  (1)]
−1 =  (1)

by () and Assumption A2()  Then () follows. The proof of ()-() is analogous to that of

()-() and thus omitted. ¥

Proof of Lemma B.2. () By Assumption A1() and A2()   kk2 = −2tr{P
=1(

0


2
)}

≤ −1 (1 + 1) max () = (1). Then kk2 =  (1) by Markov inequality.
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() By the facts that kk2sp = kk2 for any vector  |0| ≤ kk kk for any two conformable
vectors  and  and that κ0κ ≤ max () kκk2 for any p.s.d. matrix  and conformable vector
κ Cauchy-Schwarz inequality, Lemma B.1() and Assumptions A2(), we have

kk2 = kk2sp = max
¡


0


¢
= max

kκk=1
−2

X
=1

X
=1

κ0 0κ
£
 (Z)−  0α

¤ £
 (Z)−  0α

¤
≤ max

kκk=1

(
−1

X
=1

n
κ0 0κ

£
 (Z)−  0α

¤2o12)2

≤  (
−2
1 ) max

kκk=1

(
−1

X
=1

κ0 0κ

)
≤  (

−2
1 )max ( ) =  (

−2
1 )

() Noting that  =  (Z) +  =  0α +  + [ (Z)−  0α]  by Lemma B.1(),

w.p.a.1 we have

eα−α =

Ã
X
=1


0


!− X
=1

 −α

= −1
−1

X
=1

 +−1
−1

X
=1


£
 (Z)−  0α

¤
= −1  +−1  ≡ 1 + 2 say. (C.1)

Note that 1 = −11  + 1 where 1 =
³
−1 −−1

´
 satisfies that

k1k ≤ =
n
tr
h³
−1 −−1

´


0


³
−1 −−1

´io12
≤ kksp

°°°−1 −−1
°°° =  (

12
1 12) (

12
1 12) =  (1)

by Lemmas B.1() and B.2(). For 2 we have 2 = −11 +2 where 2 =
¡
−11 −−11

¢


satisfies that

k2k ≤ kksp
°°°−1 −−1

°°° =  (
−
1 ) (

12
1 12) =  (

−+12
1 12)

by Lemmas B.1() and B.2(). The result follows. ¥

Proof of Lemma B.3. ()We only prove the  = 1 case as the proof of the other case is almost
identical. By the definition of e and (C.1), we can decompose e − = [ − e (Z)]−
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as follows

e −  = ( − e) + 1X
=1

[ (1)− e (1)] +

2X
=1

[1+ (2)− e1+ (2)]

= − (e − )−
1X
=1

1 (1)
0 S11 −

2X
=1

1 (2)
0 S11+1

−
1X
=1

1 (1)
0 S12 −

2X
=1

1 (2)
0 S11+2

≡ −1 − 2 − 3 − 4 − 5 say. (C.2)

Then by Cauchy-Schwarz inequality, −1
P

=1(
e−)

22 ≤ 5
P5

=1 
−1P

=1 
2


2
 ≡ 5

P5
=1

 say. Apparently, 1 = 

¡
−1

¢
as e −  = 

¡
−12

¢


2 = −1
X
=1

Ã
1X
=1

1 (1)
0 S11

!2
2

≤ 1

1X
=1

−1
X
=1

¡
1 (1)

0 S11
¢2
2 = 1

1X
=1

tr
¡
S1101S011

¢
≤ 1

1X
=1

max (1) tr
¡
1

0
1S01S1

¢ ≤ 1

1X
=1

max (1) kS1k2sp k1k2 

where 1 = −1
P

=1 
1 (1) 

1 (1)
0 2 such that max(1) =  (1) by As-

sumption A3() and arguments analogous to those used in the proof of Lemma B.1(). In

addition, kS1k2sp = max (S1S01) = 1 and k1k2 ≤
°°°−1°°°2

sp
kk2 =  (1) (1) =

 (1) by Lemma B.1() and B.2() and Assumption A2(). It follows that 2 =  (1)×
1× (1) =  (1)  Similarly, using the fact that k2k2 ≤

°°°−1°°°2
sp
kk2 =  (1)

 (
−2
1 ) we have

4 = −1
X
=1

Ã
1X
=1

1 (1)
0 S12

!2
2 ≤ 1

1X
=1

max (1) kS1k2sp tr
¡
2

0
2

¢
=  (1)× 1× (

−2
1 ) =  (

−2
1 )

By the same token, 3 =  (1
−1) and 5 =  (

−2
1 )

() The result follows from () and the fact that max1≤≤ kΦk =  (0) under Assump-

tion A2() 

() By Assumption A2()  Taylor expansion and () 

−1
X
=1

°°° ³e

´
−  ()

°°°2 = −1
X
=1

°°°̇ ³ †´³e − 

´°°°2
≤ 

¡
21
¢
−1

X
=1

³e − 

´2
= 

¡
21

2
1

¢

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where 
†
 lies between

e and 

() By Assumption A2()  Taylor expansion and triangle inequality,°°°°°−1
X
=1

h

³e

´
−  ()

i
Φ0

°°°°°
sp

is bounded by
°°°−1P

=1 ̇
 ()Φ

0


³e − 

´°°°
sp
+ 1
2

°°°°−1P
=1 ̈


³

‡


´
Φ0
³e − 

´2°°°°
sp

≡

1 + 2 where 
‡
 lies between

e and  By triangle and Cauchy-Schwarz inequalities

and () 

1 ≤ −1
X
=1

k̇ ()ksp
°°°Φ0 ³e − 

´°°°
sp

≤
(
−1

X
=1

k̇ ()k2
)12(

−1
X
=1

kΦk2
¯̄̄ e − 

¯̄̄2)12
= 

³
12

´
 (01) = 

³
1201

´


By triangle inequality and ()  2 ≤  (02)
−1P

=1(
e − )

2 =  (02
2
1). Then

() follows.

() Let Γ ≡ [(e1) −  (1)   [
(e) −  ()]]

0 and e = (1  )
0 Then we

can write −1
P

=1[
(e)−  ()] as 

−1Γ0e Let D ≡ {(XZU)}=1  By the law of
iterated expectations, Taylor expansion, Assumptions A1()  A3() and A2() and ()


n°°−1Γ0e°°2 |D

o
= −2

£
tr
¡
Γ0ee

0Γ
¢¤
= −2

£
tr
¡
Γ0

¡
ee0|D

¢
Γ
¢¤

= −2
X
=1

[(e)−  ()]
22

≤  (1)
−2

X
=1

³e − 

´2
2 = 

¡
−121

2
1

¢


It follows that
°°−1Γ0e°° = 

¡
−1211

¢
by the conditional Chebyshev inequality. ¥

Proof of Lemma B.4. ()Noting that −1
P

=1

°°°eΦ −Φ°°°2 =P
=1 

−1P
=1

°°° ³e

´
−  ()

°°°2 
the result follows from Lemma B.3().

() Noting that
°°°−1P

=1

³eΦ −Φ´Φ0°°°2 = P
=1

°°°−1P
=1

h

³e

´
−  ()

i
Φ0
°°°2 

the result follows from Lemma B.3().

() Noting that eΦΦ −ΦΦ = −1
P

=1(
eΦeΦ0 − ΦΦ0) = −1

P
=1(

eΦ − Φ)(eΦ − Φ)0
+−1

P
=1(

eΦ −Φ)Φ0+ −1
P

=1Φ(
eΦ−Φ)0 the result follows from ()-() and the triangle

inequality.
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() By the triangle inequality
°°° e−1ΦΦ −−1ΦΦ

°°°
sp
≤
°°° e−1ΦΦ −−1ΦΦ

°°°
sp
+
°°°−1ΦΦ −−1ΦΦ

°°°
sp


Arguments like those used in the proof of Lemma B.1(ii) show that
°°° e−1ΦΦ°°°

sp
=
h
min

³ eΦΦ

´i−1
= [min (ΦΦ) +  (1)]

−1 =  (1) where the second equality follows from () and Lemma

B.1() By the submultiplicative property of the spectral norm and (),°°° e−1ΦΦ −−1ΦΦ
°°°
sp

=
°°° e−1ΦΦ ³ eΦΦ − eΦΦ

´
−1ΦΦ

°°°
sp

≤
°°° e−1ΦΦ°°°

sp

°°° eΦΦ − eΦΦ

°°°
sp

°°°−1ΦΦ°°°
sp

= 

³
1201 + 02

2
1

´


Similarly,
°°°−1ΦΦ −−1ΦΦ

°°°
sp
= 

¡
12

¢
by Lemma B.1()  It follows that

°°° e−1ΦΦ −−1ΦΦ
°°°
sp

= 

¡
1201 + 02

2
1

¢


() Noting that
°°°−1P

=1

³eΦ −Φ´ °°°2 =P
=1

°°°−1P
=1

h

³e

´
−  ()

i


°°°2  the
result follows from Lemma B.3().

() Let  ≡ ̄ ( 1 ) − Φ0β By triangle inequality, Assumption A2(), Jensen in-
equality and ()  we have

°°°−1P
=1

³eΦ −Φ´ °°° ≤  (
−)−1

P
=1

°°°eΦ −Φ°°° =  (
−)

 (11) =  (
−11)  ¥

Proof of Lemma B.5. The proof of ()-() is analogous to that of Lemma B.2()-()  re-
spectively. Noting that

°°−1ΦΦ°°sp =  (1) by Assumption A2(), we can prove () by showing

that kk =  (1) where  = −1
P

=1Φ(
e − ) where  = ̇ ()

0 β+1+ By

triangle inequality and Assumptions A1() and A2() and ()

 ≡ max
1≤≤

kk ≤ sup
∈U

°°̇+1+ ()− ̇ ()
0 β+1+

°°+ sup
∈U

k̇+1+ ()k

= 
¡
−

¢
+ (1) =  (1) 

By (C.2),  = −1
P

=1Φ(
e − ) =

P5
=1 

−1P
=1Φ =

P5
=1  say.

Let  ≡ −1
P

=1 Φ
1 (1)

0 and ̄ =  ()  Then k − ̄k =  ((1)
12)

by Chebyshev inequality and

k̄k2sp =
°° £Φ1 (1)0¤°°2sp ≤ 2max () =  (1) 

where  ≡ 
£
Φ

1 (1)
0¤ [1 (1)Φ0] and we use the fact that  has bounded largest

eigenvalue. To see the last point, first note that for 1 ≤  
£
Φ

1 (1)
0¤ is a submatrix of

 ≡  (ΦΦ
0
) which has bounded largest eigenvalue. Partition  as follows

 =

⎡⎢⎢⎣
11 12 13

21 22 23

31 32 33

⎤⎥⎥⎦
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where  = 0 for   = 1 2 3 and 
£
Φ

1 (1)
0¤ = h 012 22 032

i0
 Then

 =

⎡⎢⎢⎣
12

0
12 1222 12

0
32

22
0
12 2222 22

0
32

32
0
12 3222 32

0
32

⎤⎥⎥⎦ 
By Thompson and Freede (1970, Theorem 2), max () ≤ max (12

0
12) + max (22

0
22) +

max (32
0
32)  By Fact 8.9.3 in Bernstein (2005), the positive definiteness of  ensures that both

12
0
12 and 32

0
32 have finite maximum eigenvalues as both

⎡⎣ 11 12

21 22

⎤⎦ and
⎡⎣ 22 23

32 33

⎤⎦
are also positive definite. In addition, max (2222) = [max (22)]

2 is finite as  has bounded

maximum eigenvalue. It follows that max () =  (1)  Consequently, kk =  (1 +

(1)
12) =  (1) 

Analogously, noting that 1 is the first element of Φ we can show that
°°−1P

=1Φ
°°
sp
=

 (1 + ()
12) =  (1)  It follows that

k1k =

°°°°°−1
X
=1

Φ

°°°°°
sp

|e − | =  (1)

³
−12

´
= 

³
−12

´


k2 + 4k ≤
1X
=1

kk kS1ksp (k1k+ k2k) =  (1) (1)(1) = (1)

and k3 + 5k = (1) by the same token. Thus we have shown that kk =  (1) ¥
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