Appendix 3

3.1 Three-phase systems

The study case of a three-phase closed system with a reservoir A and two minor phases B and C (with X1A> X1B  X1C) is now considered. 
The mass balance equation for the most abundant isotope not in the reservoir and the definition of a factor kBC0 reflecting its initial relative abundance in minor phases are first coupled in (3.1.1).



Thus, the initial amount of the most abundant isotope in each minor phase Q1B0 and Q1C0 is explicitly written with (3.1.2).


Similarly, at the end of a reversible process, one gets (3.1.4) from (3.1.3).





By imposing a normal distribution for X3C() and X3B() and using (3.14), X3A is calculated (3.1.5) with the second method, with substitution of  with X3tot/X1tot. 



Likewise, (3.1.6) is obtained for initial conditions.





3.2 Multicomponent systems

In general, if a mixture in a closed system is constituted of a reservoir A and n-1 minor phases (with B=C=…=N and X1A> X1B  X1C… X1N), four additional variables (kBI, kBI0, uI and uI0) for each Ith minor phase may be necessary.
[bookmark: _GoBack]Coupling the initial mass balance equation for the most abundant isotope not in the reservoir and the definitions of factors reflecting its initial relative abundances in minor phases (3.2.1), the initial amount of the most abundant isotope in each minor phase is explicitly written with (3.2.2).





Similarly, at the end of a reversible process, (3.2.4) is obtained from (3.2.3).





With the usual passage from discrete to continuous variables, X3A and X3A0 are obtained with method 2 and substitution of  with X3tot/X1tot (3.2.5)(3.2.6).





Moreover, X3A is also calculated by imposing the temperature dependence with method 1 (3.2.7).



If each X1I() is normally distributed, X3A is rewritten with (3.2.8), where IA represents the most probable fractionation constant for the pair I-A and uI is the most probable enrichment factor for the same pair.



X3A is then further simplified with (3.2.9), with the term E being equivalent to an enrichment factor for a single pair.



When comparing X3A obtained with the two methods, the two expressions give the same result if (3.2.10) holds.


By imposing the mass dependence to calculate X2A using X3A obtained with method 1, one finds (3.2.11).



Note that if X1B() is a Gaussian, X1B() is the same function translated along the x-axis by a factor of one. Thus, (3.2.11) includes a sum of integrals whose anti-derivatives have already been found (3.2.12).



The quantity X2A is therefore calculated with (3.2.13).





The parameter E in X2A has the same role of an enrichment factor up to the first order term of the binomial series. However, the expression [O] in (3.2.14) may not be comparable with the term corresponding to E2+S2, with S indicating an average  for the multivariate normal distribution. This occurrence would indicate the presence of coupling effects (i.e. the mixture does not exhibit an ideal behaviour).

e
1T s s

et i e A

perhs

(0=t 01
. am

i, e o o e st e  ch o P Qe 1 Qi
iy

a

Sty b o el g 814 P 515
[u‘-a so

aw

o
et
[ - Rl

Xt and i 314 X st
ErR




