£sinX
p(l—¢)+ecosx

Wl(Gg):arctan*( j and W,(F,)=p. The rest of the proof is similar to

Theorem 3.1.

b) Let F, and 5, be as in the proof of theorem 6.1. Let G, be as in the proof of theorem

p(1-¢)sinp+esinx
p(1—¢)cosp+eCcoOSX

2.2. We note the following W, (G, )= arctan*( ] and W,(F,)=0. The

rest of the proof is similar to theorem 3.2.

Proof of Theorem 6.3 parts a), b), c) and d): Let F, and 5,be as in the proof of
theorem 6.1. Let G, =(1-¢)F, +&d,, Xe[-mn) and 0<y<0.5. Following the similar

8, 0(-¢)tanp, o +esinx

steps in theorem 4.1, we get W, (G,) = arctan” , 01 <Xx<0y

8, 0(1-¢)+ecosx

and W, (F,)=u. Now using Lemma 2, the rest of the proof follows. To prove part d) let
G, =(-¢)F, +&d,, Xe[u—mpu+n) and 0<y<0.5. Following the similar steps in
theorem 4.2 for c,(u)<x<c,(u), we get W, (G,)=(1-eh, +esinxandW,(F,)=0.

Using Lemma 4, the rest of the proof follows.

Proof of Theorem 7.1 a): Let G, = (1-¢)F, + &8, where R, ~M(f, , ) and x is a point

on the unit sphere. Then, G, can be written as

W'(G,)= 1o (")« oX| - (0o, )+ o). (72

But since Eg (sin@cos®)=E (sin@sin®)=0 and E, (cos®)=p we have from (7.1)

W' (G, )= \/pz(l— 82)+ 2pe(1—¢)cos 0+ &2 — (p(1—¢)+ecos0). .. (7.2)

10



Now using the fact that Eg, (sin@cos®)=psina.cosp, E (sin@sin®)=psinasinp, and
u

Er (cos®)=pcosa we have
u

= E- (X]‘—ﬁgEFu (%)= zpsinz[gj. - (7.3)

n

Let y =p(1—¢)+ecosbandc = 2p sinz(%j. Then using (7.2) and (7.3) we get

(~?,’:k(W*)=inf{s>O:\/y2+g2 sinf 0 =y +c for someee[o,n]}. .. (7.4)

Hence the theorem is established.

Proof of Theorem 7.1 b): Let G, = (1-¢)F, +&8, where F, ~M(f, , ) and x is a point

on the unit sphere. Then, G_can be written as
W' (G,)= [0k (X)+ x| - (1- e %)+ £X). .. (7.5)

But Wy ((1— (C,)EFu (;()+ s;(): p(1l-¢)cosa+gcosd and

H(l— 9= (>~()+ s)~<H = Jp? (L&) +2pe(1—&)[sinasinOcos(¢—B)+ cosacos] + &2 .

We also have W (R, )= HEF0 ()?]‘ = <>~<)= 0. ... (7.8)
Using (7.5) and (7.6) we get,
£> 0:.92(p2 sin? o.— 2psinasinOcos (o — )+ sin? 6)

sL(W*): inf —2psina (sinBcos(e —B)-psina)e + p? sin? o.= 0 for
some 0¢|0,n] and ¢ €[0, 2n)

Let u=sin6,v = cos(e-B) andc = psina.. Then the above PBF reduces to

11



g;(W*)=inf s>0:(c2—2cuv+u2)82—20(uv—c)g+c2:O _
for some 6 € [0, ] and ¢ €0, 2x)

The equation (c2 —2cuv + u2)52 —2c(uv-c)e+c*=0 has roots g, = —C(t;t_ te) and
3

g, = % , where t; = (uv—-c)t, = [|u|\/1—v2) and t; = c? —2cuv +u?.
3

Hence the theorem is established.

Theorem 7.2: Let G, = (1-¢)F, +&8, where R, ~M(fi, ,x) and x is a point on the unit

sphere. Then, we can write

esincos @ pSina.cosp
W;(G,)=| esinbsing | and W;(F,)=E (X)=| psinasinp |,
(1-¢)p+ecosH pcosa

Now, equating W{(Ga)z WI(FH) we get the following set of equations

esinfcose —psinacosp=0 .. (7.7
esinbsing —psinasinB=0 ... (7.8)
(1—¢)p+ecosd—pcosa=0. .. (7.9)

Dividing equation (7.7) by equation (7.8) we get ¢ =por B+ . Solving equations (7.7)
and (7.9) and using the fact that ¢ =3, we get

psina

and cos0 = pcosa_(l_g)p.
e €

sin0 =

Using the identity sin®0+cos?0=1 and putting (1-&)=t and simplifying we get
(1-p2)t? - 2(1-p® cos a)t+(1-p?)=0. ... (7.10)

12



By putting ¢, = (1— p?cos oc) and d, = (1— pz), the solution to (7.10) is given by

o c? +4/ct —d? Thus. & (dy—cy)+4/c? —d?

(d1+01)+\/cf_df _

d

and

(W*)= min(e,, &, ) where &, =

81=

In the case of PBF, let G, = (1—¢)F, + &5, where F, ~M(fi, , ) and x is a point on the

unit sphere. Then, we can write

p(1-¢)sinacosp +esindcos ¢
W; (G,)=| p(1-¢)sinasinp+esindsing | and W, (F,)=Eg, ()?):
p(1-€)cosa +&cosO

© O O

*

Now, equating W, (GS): W, (FO) we get the following set of equations.
p(1—&)sino.cosP + esincose =0 . (711)
p(1—¢)sinasing +esindsing =0 .. (7.12)
p(1-¢)coso +ecosd =0 ... (7.13)

Dividing equation (7.11) by equation (7.12) we get ¢ =por B+ n. Solving equations
(7.11) and (7.13) and using the fact that ¢ =3, we get

—p(1-¢)sina and cos0 = p—p(l- 8)COSOL.
g g

sinf =

Arguing in the similar fashion as in the case of LBF, we get the same equation (7.10).

Now, when ¢ =+ then we have cosg =-cosf3 which also yields the same equation

(7.10).

Hence the theorem is established.
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Proof of Lemma 1: By definition we have for 0<y<0.5, u, , = arctan”
‘ E, r.(cos®)

E, F.(sin®) }

Er,(sinO)

and p =arctan’
Er,(cos®)

] Then equating p, , =p we get
E, ru(SIN®)EE, (cos®) =E, , (COSO)Eg, (sin®).
Define T, to be circular arc having pas the centre point which satisfies jf“(e)d() =1-2y

T

and let T, =T, . Then, by letting K = (2rt1,(x))™ and C, = K [cos01,(6)do we have

T,

Ef,(cOs©) = j cos 0 f,(0)de = j cos0f, (0)d0 + j cos 0 f, (0)do

-7 T, T,
= (1-2y)E, £, (cos ©) +K [ cos 0 f, (6)d0
T2
=(1-2y)E, ,(cos®)+C; .

Similar calculations shows that Eg,(sin®) =(1-2y)E, ¢, (Sin®) +S; where

Y, Fu

S, =K [sin®f,(6)do. Writing T,=(u+n—oypu+n+oy) and using the fact that
T2
W+ T+ 0y
o I(Sin(e —p)cos p +cos(0 — p) sinp e X1 dg
- ' I(cos(e—p) cosp —sin(6 —p)sin u)eKCOS(G-u)de

p+mT—0y

After some simplification, it can be shown that % =tanp.
1

Hence the lemma is established.
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Proof of Lemma 2: Suppose elegl(lij and 0, =F51( —L). Note that since

—-& 1-¢

F, is symmetric about zero we have 0, =-0,. Let £ <min(y,1-v), A = F()—lﬁ_ 8] and
— &

Ism 0dF, and

y= Folﬁ j When x<0,, E, 4 ¢ . (SN®)=(1-c)E,  (sNO)=
e 1-2/)

E, 1o, 45, (€05O) = (1-€)E, £ (cos®) =

.[cosedFO .Therefore, by using Lemma 1,
1—2}(?L

~

E in®
we get W, (G, )= arctan* [ﬂ

E,r. (cos®)

E,r(sin®
and W, (F,) = arctan* LA =pu. But,
E,r (cos®)

E,r (sin®)=(1-2y) IsmedFO_(l 2y) [J5|n6dF0+ j5|n6dF0]
- and

-0,
= (1-2y) ™" [sinodr,

0,
E,r (cos®)=(1-2y) jcosedFo—(l 2y) {jcosedFo+J‘cosedFo}
0

i -0,
= (1-2y)™" zjcos odF, + jcos BdFO}

[ -0,
= (1-2y)™" 2'[cos odF, + '[cos edFo}
6,

i b A
= (1-2y) " Ax)- [ cos6dR, + [ cos edF0] .

0, -

_62

E . (sin®) _[sin 0dr, o,
Therefore, —.= = —1 - #0, since jsinedFo 0.
E,r, (05 ©) - Icos 0dF, + .[ cos 0dF,
0, -n
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Similar computations shows that W, (G, ) # nwhenx >0, .

Hence the lemma is established.

Proof of Lemma 3: Suppose 6" <m/2. Then cos6>0 v0<6<6 =C, >0. When

0 >n/2,let 0 =n/2+5 and B =n/2-5. Then cosB =-cosa and hence

/2
> e™° Thus, ICOSOL e do >
:

-
groos jcos B e dp

n/2

.Therefore, we get

0 B /2 o
J.COSOL e ety = Icos o e %%dg + J-COSOL e CoS%qo + _[cos o e %% o > 0.
0 0 B /2

Proof of Lemma 4: Suppose 0" <n/2. Then cos6>0 V0<6<6 =C, >0. When

0" >n/2, let 8 =n/2+5andB =n/2-5. Since f,(a)>f,(8) (see Stadje, 1984 with

n/2
a=2mj=1and 6=0) we have , [cosaf,(a)a>
:

[cosBf,(B)dp

n/2

. Therefore, we get

. ; 2 .
jCOSOL f,(a)do = jcos,oc f, (oo + jCOSoc f, (oo + J.COSOL f, (oo > 0.
0 0 B /2

Hence the lemma is established.

Reference

Stadje, W. (1984), Wrapped Distributions and Measurement Errors, Metrika, vol. 31,
303-317.
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Tables and Graphs

Table A PBP for different values of «
Test k=1 | k=2 | k=4 | =10
Functional
W 031 |041 |0.46 |049
W, 0.31 |0.41 |0.46 |0.49

Table B: Size of CM and y-CTM tests when observations come from
(1-£)CNO,x)+ &, for different values of «.
(n=100, x =1andy =0.05)

CM y-CTM CM y-CTM CM v-CTM

X (€=0.01) | (¢=0.01) | (¢=0.05) | (¢=0.05) | (¢=0.1) | (¢=0.1)
— /4 0.05 0.05 0.07 0.08 0.15 0.17
— /6 0.05 0.05 0.05 0.05 0.07 0.08
— /8 0.05 0.04 0.04 0.05 0.05 0.05
—1/50 0.04 0.05 0.03 0.04 0.02 0.02
/8 0.05 0.05 0.04 0.05 0.05 0.07
/6 0.05 0.05 0.05 0.05 0.07 0.09
/4 0.05 0.05 0.07 0.08 0.15 0.17

Table C: Size of CM and y-CTM tests when observations come from
(1-£)CNO,x)+ &8, for different values of n.
(k=1Le=0.01 and y=0.05)

CM y-CTM CM v-CTM CM y-CTM

X (n=25) (n = 25) (n=50) (n = 50) (n=100) | (n=100)
—m/4 0.05 0.05 0.05 0.04 0.05 0.05
— /6 0.04 0.05 0.05 0.05 0.05 0.05
— /8 0.05 0.05 0.05 0.05 0.05 0.04
—1/50 0.04 0.05 0.04 0.05 0.04 0.05
/8 0.05 0.05 0.05 0.05 0.05 0.05
/6 0.05 0.05 0.05 0.05 0.05 0.05
/4 0.04 0.05 0.05 0.05 0.05 0.05
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Table D: Power values of CM and y-CTM when observations come from
(1-£)CNQ,x)+ &8, for different values of n.
(k=1¢=0.01, n, =—n/2 and y=0.05)

m CM y-CTM CM y-CTM CM y-CTM

(n=25) | (n=25) (n=50) (n =50) (n=100) | (n=100)
/4 0.68 0.69 0.93 0.93 0.99 0.99
/8 0.22 0.23 0.40 0.42 0.68 0.70
n/12 0.13 0.13 0.21 0.23 0.36 0.40
n/25 0.06 0.06 0.06 0.10 0.11 0.14
n/50 0.06 0.06 0.06 0.06 0.06 0.06
7100 | 0.6 0.06 0.06 0.06 0.06 0.06

PBF of trimmed mean functional for different values of kappa

1.04 A AA A4 A4 AAbabaaa Variable
/ i / / L —e— A
¢ L)
\ —m-B
| C
0.8 —a--D

0.6 A

0.4 1

0.2 1

Power Breakdown Function

0.0 1

Figure A [Legends: A-W, (x=1),B- W, (x=2),C- W, (xk=4),D- W, (x=10)].
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