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  













xcos)1(

xsin
arctanGW *

1

 

and   FW1 . The rest of the proof is similar to 

Theorem 3.1. 

b) Let F  and x be as in the proof of theorem 6.1. Let G  be as in the proof of theorem 

2.2. We note the following   













xcoscos)1(

xsinsin)1(
arctanGW *

1

 

and   0FW 01  . The 

rest of the proof is similar to theorem 3.2. 

 

Proof of Theorem 6.3 parts a), b), c) and d): Let F  and x be as in the proof of 

theorem 6.1. Let x0F)1(G  , ),[x   and 5.00  . Following the similar 

steps in theorem 4.1, we get 21
0 ,

0,0 ,* x , 
xcos)1(

xsintan)1(
arctan)G(W 























 

and  )F(W . Now using Lemma 2, the rest of the proof follows. To prove part d) let 

xF )1(G   , ) ,[x   and 5.00  . Following the similar steps in 

theorem 4.2 for     21 cxc , we get   xsin1)G(W   and 0)F(W 0  . 

Using Lemma 4, the rest of the proof follows. 

 

Proof of Theorem 7.1 a): Let   x0F 1G   where   , ~M~F0 0μ  and x is a point 

on the unit sphere. Then, G can be written as 

          XXμXX T
0

~~
E1~~~

E1GW
0

F
0

F
*  .                                      ... (7.1) 

But since     0sinsinEcossinE
00 FF   and   cosE

0F  we have from (7.1) 

         cos1cos121GW 222*
.            ... (7.2) 



11 
 

Now using the fact that     


 sinsinsinsinE  ,cossincossinE FF , and 

  


coscosEF  we have  

                       

      






 





2
sin2

~
E~~

EFW 2
FF

* XμX T
0 .                                      ... (7.3) 

Let    cos1y and 






 


2
sin2c 2 . Then using (7.2) and (7.3) we get 

    0, some for  cysiny:0inf)W( 222*** .             ...  (7.4) 

Hence the theorem is established. 

 

Proof of Theorem 7.1 b): Let   xF 1G    where    , ~M~F 0μ  and x is a point 

on the unit sphere.  Then, G can be written as 

          XXμXX T
0

~~
E1~~~

E1GW FF
* 

 .                                     … (7.5) 

But         


coscos1
~~

E1~
F XXμT

0  and  

           222
F coscoscossinsin 121

~~
E1 


XX . 

We also have       0
~

E~~
EFW

00 FF0
*  XμX T

0 .                                                       … (7.6) 

Using (7.5) and (7.6) we get, 

 
  

  
    


























2 0,  and   0,  some          

 for 0 sinsincossin sin2          

sin cossinsin2sin :0

infW 22

2222

** . 

Let   -cosv ,sinu  and  sinc . Then the above PBF reduces to  
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     
   

 
2 0,  and   0, some for           

0c cuvc2 ucuv2c :0
infW

2222
**












 . 

The equation     0c cuvc2 ucuv2c 2222   has roots 
 

3

21
1

t2

ttc 
  and  

 

3

21
2

t2

ttc 
  , where   22

3
2

21 ucuv2ct and  v1ut ,cuvt 




  .     

Hence the theorem is established. 

 

Theorem 7.2: Let   x0F 1G   where   , ~M~F0 0μ  and x is a point on the unit 

sphere.   Then, we can write 

 
  
























cos 1

sinsin

cossin

GW *
1

 

and    

























cos

sinsin

cossin
~

EFW F
*
1 X . 

Now, equating      FWGW *
1

*
1  we get the following set of equations 

                     0cossincossin                                                              … (7.7) 

                    0sinsinsinsin                                                                 … (7.8) 

                      0coscos 1  .                                                             … (7.9) 

Dividing equation (7.7) by equation (7.8) we get  or  . Solving equations (7.7) 

and (7.9) and using the fact that  , we get  






sin
sin

 
and 

 





1cos
cos . 

Using the identity 1cossin 22   and putting   t1   and simplifying we get  

      01t cos12t 1 2222  .                                                      ... (7.10) 
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By putting   cos1c 2
1  and  2

1 1d  , the solution to (7.10) is given by  

1

2
1

2
1

2
1

d

dcc
t


 . Thus,    21

*
1

**  ,minW   where 
 

1

2
1

2
111

1
d

dccd 


 

and 

 

1

2
1

2
111

1
d

dccd 
 . 

In the case of PBF, let   xF 1G    where    , ~M~F 0μ  and x is a point on the 

unit sphere. Then, we can write 

 
 
 

  























coscos1

sinsinsinsin1

cossincossin1

GW *
1

 

and    


















 0

0
~

EFW
0F0

*
1 X . 

Now, equating    0
*
1

*
1 FWGW   we get the following set of equations. 

  0cossincossin1                         … (7.11) 

  0sinsinsinsin1                ... (7.12) 

  0coscos1                                                                              … (7.13) 

Dividing equation (7.11) by equation (7.12) we get  or  . Solving equations 

(7.11) and (7.13) and using the fact that  , we get  

 





sin1
sin

 
and 

 





cos1
cos . 

Arguing in the similar fashion as in the case of LBF, we get the same equation (7.10). 

Now, when    then we have  coscos  which also yields the same equation 

(7.10). 

Hence the theorem is established. 
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Proof of Lemma 1:  By definition we have for 0.50  , 






















)(cosE

)(sinE
arctan

F ,

F ,*
 ,

 

and 





















)(cosE

)(sinE
arctan

F

F* . Then equating    ,  we get 

)(sinE)(cosE)(cosE)(sinE FF ,FF ,   . 

Define 1T  to be circular arc having as the centre point which satisfies   21d)(f 

1T

 

and let 


 12 TT . Then, by letting   1
0 )(I 2K


  and      d f cosKC

2T

1  we have 

. C)(cosE)21(                   

d)(f cosK)(cosE)21(                   

d)(f cosd)(f cosd)(f cos)(cosE

1F ,

T

F ,

TT

F

2

21




































 

Similar calculations shows that 1F ,F S)(sinE)21(  )(sinE    
where  

     d f sinKS

2T

1 . Writing ) ,(T 112   and using the fact that 






 
1

1

0de sin cos

 

we get 

 

  





















desin)sin(cos)cos(

desin)cos(cos)sin(

C

S

1

1

1

1

)-cos(

)-cos(

1

1 . 

After some simplification, it can be shown that   tan  
C

S

1

1 . 

Hence the lemma is established. 
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Proof of Lemma 2: Suppose 











 

1
F 1

01

 
and 












 

1
1F 1

02 . Note that since 

0F is symmetric about zero we have 21  . Let   











 

1
F  ,1 ,min 1

0  and  

. 
1

1
F 1

0 











  When 1x  ,       





 





2

0x0 0F,F)1(, dFsin
21

1
sinE

~
1sinE and 

    




 





2

0x0 0F,F)1(, dFcos
21

1
cosE

~
)1(cosE .Therefore, by using Lemma 1, 

we get  
 

 























cosE

~
sinE

~

arctan*GW

0

0

F,

F,

 

and 
 

 






























cosE

sinE
arctan*)F(W

F,

F,
. But,  

    

     

  











































2

2

2

22

0

0
1

00
1

0
1

F,

dFsin21                

  dFsin dFsin21 dFsin21sinE
~

and 

     

 

   

    . dFcosdFcosA21                   

dFcosdFcos2A21                   

dFcosdFcos221                   

dFcosdFcos21 dFcos21cosE
~

00
1

00
1

0

0

0
1

00
1

0
1

F,

2

2

2

22

22

2

2

0

















































































































 

Therefore,  
 

 
 

0

dFcosdFcosA

dFsin

cosE
~

sinE
~

00

0

F,

F,

2

2

0

0 




























, since 0dFsin

2

0 




. 
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Similar computations shows that  )G(W when 2x  . 

Hence the lemma is established. 

 

Proof of Lemma 3: Suppose 2*  . Then 0C  0   0cos *   . When 

2*  , let  2*

 and   2* . Then  coscos  and hence 

.ee coscos   Thus, 










 

*

* 2

cos

2

cos de cosde cos .Therefore, we get 

0de cosde cosde cosde cos

*

*

**

2

cos
2

cos

0

cos

0

cos  















 . 

 

Proof of Lemma 4: Suppose 2*  . Then 0C0    0cos *   . When  

2*  ,  let  2* and  2* . Since     00 ff
 
(see Stadje, 1984 with 

,2  1j  and 0 ) we have ,    










*

* 2

0

2

0 df cosdf cos . Therefore, we get 

        0df cosdf cosdf cosdf cos

*

*

**

2

0

2

0

0

0

0

0  










. 

Hence the lemma is established. 

 

Reference 

Stadje, W. (1984), Wrapped Distributions and Measurement Errors, Metrika, vol. 31, 

303-317. 
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Tables and Graphs 

 

Table A PBP for different values of   

Test 

Functional 

1  2  4  10  

W 0.31 0.41 0.46 0.49 

W1 0.31 0.41 0.46 0.49 

 

Table B:  Size of CM and  -CTM tests when observations come from 

  x,0CN)1(  for different values of  . 

0.05) and 1  ,100n(   

X 

CM 
)01.0(   

 -CTM 

)01.0(   
CM 

)05.0(   

 -CTM 

)05.0(   

CM 
)1.0(   

 -CTM 

)1.0(   

4  0.05 0.05 0.07 0.08 0.15 0.17 

6  0.05 0.05 0.05 0.05 0.07 0.08 

8  0.05 0.04 0.04 0.05 0.05 0.05 

50  0.04 0.05 0.03 0.04 0.02 0.02 

8  0.05 0.05 0.04 0.05 0.05 0.07 

6  0.05 0.05 0.05 0.05 0.07 0.09 

4  0.05 0.05 0.07 0.08 0.15 0.17 

 

Table C: Size of CM and  -CTM tests when observations come from 

  x,0CN)1(  for different values of n. 

0.05)  and  0.01 ,1(   

X 

CM 
)25n(   

 -CTM 

)25n(   

CM 
)50n(   

 -CTM 

)50n(   

CM 
)100n(   

 -CTM 

)100n(   

4  0.05 0.05 0.05 0.04 0.05 0.05 

6  0.04 0.05 0.05 0.05 0.05 0.05 

8  0.05 0.05 0.05 0.05 0.05 0.04 

50  0.04 0.05 0.04 0.05 0.04 0.05 

8  0.05 0.05 0.05 0.05 0.05 0.05 

6  0.05 0.05 0.05 0.05 0.05 0.05 

4  0.04 0.05 0.05 0.05 0.05 0.05 
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Table D:  Power values of CM and  -CTM when observations come from 

  x,0CN)1(  for different values of n. 

0.05)  and  2 0.01, ,1( a   

a  CM 
)25n(   

 -CTM 

)25n(   

CM 
)50n(   

 -CTM 

)50n(   

CM 
)100n(   

 -CTM 

)100n(   

4  0.68 0.69 0.93 0.93 0.99 0.99 

8  0.22 0.23 0.40 0.42 0.68 0.70 

12  0.13 0.13 0.21 0.23 0.36 0.40 

25  0.06 0.06 0.06 0.10 0.11 0.14 

50  0.06 0.06 0.06 0.06 0.06 0.06 

100  0.06 0.06 0.06 0.06 0.06 0.06 
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Figure A [Legends: A- 1)( W  , B- 2)( W  , C- 4)( W  , D- 10)( W  ]. 

 


