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Appendix: Proofs

To show the theorems, we need some notations and lemmas. In the following, we will use

c to denote different positive constants in different places, while a . b means a ≤ cb, and

a & b means a ≥ cb.

A Notation

For ease of presentation, we introduce more notation related to the Fréchet derivatives. Let

Sn(α) and Sn,λ(α) be the Fréchet derivatives of ln(α) and ln,λ(α), respectively. Denote l(α) as

the asymptotic value of ln(α), and lλ(α) = l(α)− λJ(β, β)/2. Similarly, let S(α) and Sλ(α)

be the Fréchet derivatives of l(α) and lλ(α), respectively. Let D be the Fréchet derivative
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operator and αi = (θ>i , βi(·)), i = 1, 2, 3 ∈ H be any direction. Then, we have

Sn,λ(α)α1 =
1

n

n∑
i=1

∆i

[
ηα1(Wi)−

∑n
j=1 Yj(Yi) exp{ηα(Wj)}ηα1(Wj)∑n

j=1 Yj(Yi) exp{ηα(Wj)}

]
− λJ(β, β1)

≡ Sn(α)α1 − λJ(β, β1),

DSn,λ(α)α1α2

= − 1

n

n∑
i=1

∆i

[∑n
j=1 Yj(Yi) exp{ηα(Wj)}ηα1(Wj)ηα2(Wj)∑n

j=1 Yj(Yi) exp{ηα(Wj)}

−
∑n

j=1 Yj(Yi) exp{ηα(Wj)}ηα1(Wj)
∑n

j=1 Yj(Yi) exp{ηα(Wj)}ηα2(Wj)

[
∑n

j=1 Yj(Yi) exp{ηα(Wj)}]2

]
− λJ(β1, β2)

≡ DSn(α)α1α2 − λJ(β1, β2),

and

D2Sn,λ(α)α1α2α3 = − 1

n

n∑
i=1

∆i

[∑n
j=1 Yj(Yi) exp{ηα(Wj)}ηα1(Wj)ηα2(Wj)ηα3(Wj)∑n

j=1 Yj(Yi) exp{ηα(Wj)}

−
∑n

j=1 Yj(Yi) exp{ηα(Wj)}ηα1(Wj)ηα2(Wj)
∑n

j=1 Yj(Yi) exp{ηα(Wj)}ηα3(Wj)

[
∑n

j=1 Yj(Yi) exp{ηα(Wj)}]2

−
∑n

j=1 Yj(Yi) exp{ηα(Wj)}ηα1(Wj)ηα3(Wj)
∑n

j=1 Yj(Yi) exp{ηα(Wj)}ηα2(Wj)

[
∑n

j=1 Yj(Yi) exp{ηα(Wj)}]2

−
∑n

j=1 Yj(Yi) exp{ηα(Wj)}ηα1(Wj)
∑n

j=1 Yj(Yi) exp{ηα(Wj)}ηα2(Wj)ηα3(Wj)

[
∑n

j=1 Yj(Yi) exp{ηα(Wj)}]2

+ 2

∑n
j=1 Yj(Yi) exp{ηα(Wj)}ηα1(Wj)

∑n
j=1 Yj(Yi) exp{ηα(Wj)}ηα2(Wj)

[
∑n

j=1 Yj(Yi) exp{ηα(Wj)}]3

×
n∑
j=1

Yj(Yi) exp{ηα(Wj)}ηα3(Wj)
]

≡ D2Sn(α)α1α2α3.

There exists a sequence of functions ωk, k = 1, 2, . . . , p, such that 〈ωk, β〉m = V (Gk, β). Direct

calculations yield that ωk(·)=
∑∞

j=1Gjkhj(·)/(1 + λρj). Denote ω = (ω1, ω2, . . . , ωp)
>. Thus,
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ω = (id−Wλ)G. Furthermore, by the Riesz representation theorem, there exists an element

in H(m), denoted as πx, such that 〈πx, β〉m =
∫
I x(t)β(t) dt. Through direct calculations, we

have πx =
∑∞

j=1

∫
I x(t)hj(t) dt/(1 + λρj)hj(·). Define Rw = (Hw, Tw) with w = (z, x(·)),

where

Hw = {Σ− V (G,G) + V (G,WλG)}−1{z − V (G, πx)}, and

Tw = πx − ω>{Σ− V (G,G) + V (G,WλG)}−1{z − V (G, πx)}.

Then we have 〈Rw, α〉λ = θ>z +
∫
I x(t)β(t) dt.

Also define R̃u as R̃u : u→ (H̃u, T̃u) ∈ H, where u = (z>, t),

H̃u = {Σ− V (G,G) + V (G,WλG)}−1(z − ω(t)), and

T̃u = Kt − ω>{Σ− V (G,G) + V (G,WλG)}−1(z − ω(t)).

Then we have that
〈
R̃u, α

〉
λ

= θ>z + β(t).

Define Pλα = (H̃α, T̃α), where

H̃α = −{Σ− V (G,G) + V (G,WλG)}−1V (G,Wλβ), and

T̃α = Wλβ − {Σ− V (G,G) + V (G,WλG)}−1V (G,Wλβ).

Then Pλα ∈ H and 〈Pλα, α1〉λ = 〈Wλβ, β1〉m for any α1 = (θ>1 , β1) ∈ H. It follows from the

Cauchy-Schwarz inequality that ‖Pλ‖λ ≤ 1 and Pλ is self-adjoint.
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B Lemmas

Lemma B.1 Under Condition (C1), we have DSλ(α0) = −id, where id is the identity

operator.

This result directly follows from the definitions of the inner product and DSλ(α0).

Denote ‖α‖e = ‖θ‖2 +‖β‖L2 . The following lemma provides the relationship between the

general Euclidean norm ‖ · ‖e and the norm ‖ · ‖λ.

Lemma B.2 There exists a constant κ > 0 such that for any α ∈ H, ‖α‖e ≤ κh−(2a+1)/2‖α‖λ.

Proof of Lemma B.2. For any u = (z>, t), direct calculations yield

〈
R̃u, R̃u

〉
λ

= {z − ω(t)}>{Σ− V (G,G) + V (G,WλG)}−1{z − ω(t)}+Kt(t).

It follows from Condition (C3) that {Σ− V (G,G)}−1 is positive definite and V (G,WλG)→

0. Let c denote the minimum eigenvalue of {Σ − V (G,G) + V (G,WλG)}. Then we have

{Σ − V (G,G) + V (G,WλG)}−1 ≤ c−11 with 1 being the identity matrix. Thus, we have

{z − ω(t)}>{Σ− V (G,G) + V (G,WλG)}−1{z − ω(t)} . ‖z − ω(t)‖22. Then we have

〈
R̃u, R̃u

〉
λ
. ‖z − ω(t)‖22 + ||Kt||2λ.

By the arguments in Cheng and Shang (2015, page 1379, lines 5-11), we hace supt∈I |ω(t)| =

O(1), and it follows from the definition of Kt that ||Kt||λ . h−(a+1/2). This implies that
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||R̃u||λ . h−(a+1/2). Then, we have

||α||e =||θ||2 + ||β||L2 ≤ ||θ||2 + ||β||sup

= sup
||z||2=1,t∈I

|β(t) + θ>z| = sup
||z||2=1,t∈I

〈
R̃u, α

〉
λ

≤||α||λ sup
|z|2=1,t∈I

| R̃u |λ

.h−(a+1/2)||α||λ.

Lemma B.3 Suppose that Conditions (C1)–(C4) hold. Then for any α ∈ H,

E(
∣∣〈RW , α〉4λ∣∣).‖α‖4λ.

Proof of Lemma B.3. By Conditions (C1) and (C4), we have

EW (〈RW , α〉λ)
4 = EW

{
θ>Z +

∫
I
X(t)β(t) dt

}4

≤M0

{
EW |θ>Z +

∫
I
X(t)β(t) dt|2

}2

.

{∫ τ

0

V ar[ηα(W )|T = v,∆ = 1]E dN(v)

}2

. ‖α‖4λ.

Lemma B.4 Suppose that Conditions (C1)–(C3) hold. Then for any x ∈ L2([0, 1]), there

exists a universal positive constant cr such that

〈RZ,x,RZ,x〉λ ≤ cr(‖Z‖22 + ‖x‖2L2
h−2a−1) and E{‖RW‖2λ} ≤ crh

−1.

Proof of Lemma B.4. Direct calculations yield that

〈Rw,Rw〉λ = z>{Σ− V (G,G) + V (G,WλG)}−1z + 〈πx, πx〉m − 2z>{Σ− V (G,G)

+ V (G,WλG)}−1V (G, πx) + V (G, πx)
>{Σ− V (G,G) + V (G,WλG)}−1V (G, πx). (B.1)
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It follows from Condition (C3) that {Σ−V (G,G)}−1 is positive definite and V (G,WλG)→

0. Let c denote the minimum eigenvalue of {Σ − V (G,G) + V (G,WλG)}. Then we have

{Σ − V (G,G) + V (G,WλG)}−1 ≤ c−11 with 1 being the identity matrix. Thus, we have

z>{Σ − V (G,G) + V (G,WλG)}−1z . ‖z‖22. Direct calculations yield that 〈πX , πX〉m .

‖X‖2L2h−2a−1 and V (G, πX) . ‖X‖L2h−a−1/2. Thus, there exists a constant cr > 0 such that

〈RW , RW 〉λ ≤ cr(‖Z‖22 + ‖X‖2L2h−2a−1).

Besides, it follows from (B.1) and the proof of Lemma S.4 in Shang and Cheng (2015) that

E 〈RW , RW 〉λ ≤ crh
−1.

The proof is completed.

To derive the rate of convergence, we still need the following concentration inequality as

a preliminary step. Define Fpn = {α = (θ>, β(·)) ∈ H : ‖θ‖2 ≤ 1, ‖β‖L2 ≤ 1, J(β, β) ≤ pn},

Hn(α) =
1√
n

n∑
i=1

[φn(Yi,Wi;α)RWi
− Eφn(Yi,Wi;α)RWi

],

where φn(Yi,Wi;α) is a function of the observation and parameter, which may depend on n.

Lemma B.5 Suppose that Conditions (C1)–(C4) hold. If φn(Yi,Wi;0) = 0 a.s., and there

exists a constant Cφ > 0 such that

|φn(Yi,Wi;α1)− φn(Yi,Wi;α2)| ≤ Cφ‖α1 − α2‖e, for any α1, α2 ∈ H,

then we have

lim
n
P
(

sup
α∈Fpn

‖Hn(α)‖λ
p
1/(4m)
n ‖α‖γe + n−1/2

≤ {5h−1 log log(n)}1/2
)

= 1,

where γ = 1− 1/(2m).
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Proof of Lemma B.5. Denote N(δ,Fpn , ‖ · ‖2) as the δ−covering number of the class Fpn ,

in terms of ‖ · ‖2 norm. Then it follows from Theorem 9.20 of Kosorok et al. (2008) that

logN(δ,Fpn , ‖ · ‖2) ≤ N(δ, p1/2n F1, ‖ · ‖2)

≤ N(p−1/2n δ,F1, ‖ · ‖2)

. max{(p−1/2n δ)−1/m, (p−1/2n δ)−1/p},

where p is the dimension of θ. Thus the conclusion of the lemma directly follows from

exp(−cmax{(p−1/2n δ)−1/m, (p−1/2n δ)−1/p}) ≤ exp {−c(p−1/2n δ)−1/m}

and the proof of Lemma 3.4 in Shang and Cheng (2015).

C Proofs of Theorems

C.1 Proof of Theorem 3.1

First, we show that there exists a unique αλ such that Sλ(αλ) = 0. Let r1n = 2{J(β0, β0) +

1}1/2hk, and define the operator: T1h(α) = α + Sλ(α0 + α), α ∈ H. It is easy to see that

‖T1h(α)‖λ = ‖α + Sλ(α + α0)‖λ ≤ ‖α + Sλ(α + α0)− Sλ(α0)‖λ + ‖Sλ(α0)‖λ.

Let B(ε) = {α ∈ H, ‖α‖λ ≤ ε} be the ball of radius ε in H. Note that S(α0) = 0, which

implies that Sλ(α0) = −Pλα0. It follows from the Cauchy-Schwarz inequality that

‖Sλ(α0)‖λ = ‖Pλα0‖λ ≤ {λJ(β0, β0)}1/2 ≤ {J(β0, β0) + 1}1/2hk =
r1n
2
. (C.1)
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By Lemma B.1, we have

‖α + Sλ(α + α0)− Sλ(α0)‖λ =‖α +DSλ(α0)α +

∫ 1

0

∫ 1

0

sD2Sλ(α0 + ss′α)αα ds ds′‖λ

=‖
∫ 1

0

∫ 1

0

sD2Sλ(α0 + ss′α)αα ds ds′‖λ

≤
∫ 1

0

∫ 1

0

s‖D2Sλ(α0 + ss′α)αα‖λ ds ds′. (C.2)

From the definition of D2Sλ(α), Lemmas B.2 and B.4, and Condition (C1), we have

‖D2Sλ(α0 + ss′α)αα‖λ . {E 〈RW , α〉4λ}
1/2{E‖RW‖2λ}1/2 . ‖α‖2λc1/2r h−1/2. (C.3)

From inequalities (C.1)–(C.3), we have

‖T1h‖λ ≤ c‖α‖2λc1/2r h−1/2 +
r1n
2
. (C.4)

Since h = o(1) and k > a + 1/2 ≥ 1/2, we have r1nh
−1/2 = o(1). Then for any α ∈ B(r1n),

‖T1h‖λ < r1n for large enough n. This implies T1h(B(r1h)) ⊂ B(r1h). Next, we show that T1h

is a contraction mapping. For any αj = (θ>j , βj(·)) ∈ H, j = 1, 2, we have

T1h(α1)− T1h(α2) = α1 − α2 + Sλ(α0 + α1)− Sλ(α0 + α2)

=

∫ 1

0

[DSλ{α0 + α2 + s(α1 − α2)} −DSλ(α0)](α1 − α2) ds

=

∫ 1

0

∫ 1

0

s′D2Sλ[α0 + s′{α2 + s(α1 − α2)}](α1 − α2){α2 + s(α1 − α2)} ds ds′.
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By applying the similar arguments used in proving inequality (C.4), we have

‖T1h(α1)− T1h(α2)‖λ

≤
∫ 1

0

∫ 1

0

s′‖D2Sλ[α0 + s′{α2 + s(α1 − α2)}](α1 − α2){α2 + s(α1 − α2)}‖λdsds′

.
∫ 1

0

∫ 1

0

s′{E 〈RW , α1 − α2〉4λ}
1/4{E‖RW‖2λ}1/2{E 〈RW , α2 + s(α1 − α2)〉4λ}

1/4 ds ds′

. ‖α1 − α2‖λc1/2r h−1/2(‖α1 − α2‖λ + ‖α2‖λ)

. r1n‖α1 − α2‖λc1/2r h−1/2

≤ 1/2‖α1 − α2‖λ.

The last inequality follows from the fact that r1nh
−1/2 = o(1). Then T1h(α) is a contraction

mapping on B(r1n). By the Banach fixed-point theorem, there exists a unique α′λ ∈ B(r1n)

such that T1h(α
′
λ) = α′λ. Define αλ = α′λ + α0. Then Sλ(αλ) = 0 and ‖αλ − α0‖λ ≤ r1n.

Second, we show that there exists a unique α̂n,λ such that Sn,λ(α̂n,λ) = 0. Since ‖αλ −

α0‖λ = O(r1n) = o(1) and DSλ(α0) = −id, it follows from the Taylor expansion and

inequality (C.3) that DSλ(αλ) is invertible. By the similar arguments used in Shang and

Cheng (2015), we can get that ‖DSλ(αλ)‖λ ∈ (1/2, 3/2). Now define the operator

T2h(α) = α− {DSλ(αλ)}−1Sn,λ(αλ + α)

= −{DSλ(αλ)}−1{DSn,λ(αλ)α−DSλ(αλ)α}

− {DSλ(αλ)}−1{Sn,λ(αλ + α)− Sn,λ(αλ)−DSn,λ(αλ)α} − {DSλ(αλ)}−1Sn,λ(αλ)

≡ I1 + I2 + I3.
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It follows from the functional central limit theorem that uniformly in t ∈ I

∥∥ 1

n

n∑
j=1

Yj(t) exp{ηαλ(Wj)} − s(0)1 (t, αλ)
∥∥
∞ = Op(n

−1/2). (C.5)

By Lemma B.3 and the functional central limit theorem, we have

‖ 1

n

n∑
j=1

Yj(t) exp{ηαλ(Wj)}RWj
− E[Yj(t) exp{ηαλ(Wj)}RWj

]
∥∥
λ

= sup
‖α1‖λ=1

〈
1

n

n∑
j=1

Yj(t) exp{ηαλ(Wj)}RWj
−E[Yj(t) exp{ηαλ(Wj)}RWj

], α1

〉
λ

= Op(n
−1/2h−a−1/2). (C.6)

It follows from Sλ(αλ) = 0, Lemma B.2, and equations (C.5) and (C.6) that E‖[DSλ(αλ)]I3‖2λ =

O((hn)−1). This implies that ‖Sn,λ(αλ)‖λ = Op((nh)−1/2). Let c be a positive constant sat-

isfying P (‖Sn,λ(αλ)‖λ ≤ c(nh)−1/2) → 1. Define r2n = 2c(nh)−1/2 and B(r2n) = {α ∈ H :

‖α‖λ ≤ r2n}. Then we have P (‖Sn,λ(αλ)‖λ ≤ r2n/2)→ 1. Define Γ = ∩ni=1Ani, where

Ani = {‖Zi‖2 ≤ c log(n), ‖Xi‖L2 ≤ c log(n), exp{ηαλ(Wi)} ≤ c log(n)}

for a constant c. From Condition (C4), we can choose c large enough such that P (Γ) → 1

and P (Acni) = O(n−1). To handle I1, we have

‖[DSλ(αλ)]I1‖λ ≤
∥∥∥ 1

n

n∑
i=1

∆i

n−1
∑n

j=1 Yj(Yi) exp{ηαλ(Wj)}ηα(Wj)RWj

S
(1)
0 (Yi, αλ)

−
∫ τ

0

s
(0)
1 (t, α0)

E[Yj(t) exp{ηαλ(Wj)}ηα(Wj)RWj
]

s
(0)
1 (t, αλ)

h0(t) dt
∥∥∥
λ

+
∥∥∥ 1

n

n∑
i=1

∆i

∑n
j=1 Yj(Yi) exp{ηαλ(Wj)}ηα(Wj)

∑n
j=1 Yj(Yi) exp{ηαλ(Wj)}RWj

[nS
(1)
0 (Yi, αλ)]2

−
∫ τ

0

s
(0)
1 (t, α0)

E[Y(t) exp{ηαλ(W )}ηα(W )]E[Y(t) exp{ηαλ(W )}RW ]

[s
(0)
1 (t, αλ)]2

h0(t) dt
∥∥∥
λ

≡ I11 + I12. (C.7)
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For I11, we have

‖I11‖λ ≤
∥∥∥ 1

n

n∑
i=1

∫ τ

0

n−1
∑n

j=1 Yj(t) exp{ηαλ(Wj)}ηα(Wj)RWj

s
(0)
1 (t, αλ)

−
E[Yj(t) exp{ηαλ(Wj)}ηα(Wj)RWj

]

s
(0)
1 (t, αλ)

dNi(t)
∥∥∥
λ

+
1

n

∥∥∥ n∑
i=1

∫ τ

0

n−1
n∑
j=1

Yj(t) exp{ηαλ(Wj)}ηα(Wj)RWj
{ 1

s
(0)
1 (t, αλ)

− 1

S
(0)
1 (t, αλ)

} dNi(t)
∥∥∥
λ

+
∥∥∥ 1

n

n∑
i=1

∫ τ

0

EYj(t) exp{ηαλ(Wj)}ηα(Wj)RWj

s
(0)
1 (t, αλ)

dNi(t)

−
∫ τ

0

s
(0)
1 (t, α0)

EYj(t) exp{ηαλ(Wj)}ηα(Wj)RWj

s
(0)
1 (t, αλ)

h0(t) dt
∥∥∥
λ

≡ I111 + I112 + I113.

For I113, we have

I113 =
∥∥∥∫ τ

0

EYj(t) exp{ηαλ(Wj)}ηα(Wj)RWj

s
(0)
1 (t, αλ)

1

n

n∑
i=1

{ dNi(t)− E dNi(t)}
∥∥∥
λ

= Op((nh)−1/2)‖α‖λ.

To infer I111, define

φ(Yj,Wj;α) =
Yj(t0) exp{ηαλ(Wj)}ηα(Wj)

s
(0)
1 (t0, αλ)

IAnj .

Then for any α1, α2 ∈ H, we have

|φ(Yj,Wj;α1)− φ(Yj,Wj;α2)| =
1

s
(0)
1 (t0, αλ)

Yj(t0) exp{ηαλ(Wj)}|{ηα1(Wj)− ηα2(Wj)}|IAnj

≤ c log(n)

s
(0)
1 (t0, αλ)

|
〈
RWj

, α1 − α2

〉
λ
|IAnj

≤ {c log(n)}2

s
(0)
1 (t0, αλ)

‖α1 − α2‖e.
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Define φn(Yj,Wj;α) = s
(0)
1 (t0, αλ)c

−2{log(n)}−2φ(Yj,Wj;α1). Then

|φn(Yj,Wj;α1)− φn(Yj,Wj;α1)| ≤ ‖α1 − α2‖e.

For any α 6= 0 ∈ H, let α̃ = α/(dn‖α‖λ), where dn = κh−(2a+1)/2. It follows from Lemma

B.3 that ‖α̃‖e ≤ dn‖α̃‖λ = 1. Then we have ‖θ̃‖2 + ‖β̃‖L2 ≤ 1. Meanwhile, we have

λJ(β̃, β̃) ≤ ‖α̃‖2λ = d−2n . Then J(β̃, β̃) ≤ λ−1d−2n ≡ pn. By Lemma B.5, we obtain that for

any α ∈ B(r2n),

lim
n
P
(∥∥∥∥∥

n∑
j=1

[φn(Yj,Wj; α̃)RWj
− E{φn(Yj,Wj; α̃)RWj

}]

∥∥∥∥∥
λ

. (n1/2p1/(4m)
n + 1){h−1 log log(n)}1/2

)
= 1.

Therefore, we have

lim
n
P
(∥∥∥∥∥

n∑
j=1

[φ(Yj,Wj;α)RWj
− E{φ(Yj,Wj;α)RWj

}]

∥∥∥∥∥
λ

. dn{log(n)}2‖α‖λ(n1/2p1/(4m)
n + 1){h−1 log log(n)}1/2

)
= 1.

It follows from the definition of Ani that∥∥∥E[Yj(t0) exp{ηαλ(Wj)}ηα(Wj)RWj
IAcnj ]

s
(0)
1 (t, αλ)

∥∥∥
λ
≤ E‖

〈
RWj

, α
〉
λ
RWj

IAcnj

∥∥∥
λ

= O(P (Acni)
1/2h−1/2)‖α‖λ = o(1)‖α‖λ.

Thus, we have

I111 = Op(n
−1/2h−(a+1)− 2k−2a−1

4m {log(n)}2{log log(n)}1/2)‖α‖λ + op(1)‖α‖λ = op(1)‖α‖λ.

From Lemma B.4, we can get that

1

n

∥∥∥ n∑
i=1

∫ τ

0

E
[ 1

n

n∑
j=1

Yj(t) exp{ηαλ(Wj)}ηα(Wj)RWj

]
dNi(t)

∥∥∥
λ

= Op(h
−1/2‖α‖λ).
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Then by equation (C.5) and (nh)−1 = o(1), we have I112 = op(1)‖α‖λ.

Similar to I11, we can get that I12 = op(1)‖α‖λ. Therefore, for any α ∈ B(r2n), ‖[DSλ(αλ)]I1‖ ≤

r2n/18. For ‖[DSλ(αλ)]I2‖λ, we have

‖[DSλ(αλ)]I2‖λ = ‖{Sn,λ(αλ + α)− Sn,λ(αλ)−DSn,λ(αλ)α}‖λ

= ‖
∫ 1

0

∫ 1

0

sD2Sn,λ(αλ + ss′α)αα ds ds′‖λ.

It follows from inequality (C.3) that

‖D2Sn,λ(αλ + ss′α)αα‖λ

≤ ‖D2Sn,λ(αλ + ss′α)αα−D2Sλ(αλ + ss′α)αα‖λ + ‖D2Sλ(αλ + ss′α)αα‖λ

= ‖D2Sn,λ(αλ + ss′α)αα−D2Sλ(αλ + ss′α)αα‖λ +O(h−1/2)‖α‖2λ.

By using the similar arguments applied to I111, we can get that

‖D2Sn,λ(αλ + ss′α)αα−D2Sλ(αλ + ss′α)αα‖λ

= Op

(
n−1h−(2a+1)− 2k−2a−1

4m log(n)3{log log(n)}1/2{1 + n−1/2}
)
‖α‖λ

+Op

( 1

h1/2
+

1
√
nh(a+1)+ 2k−2a−1

4m

{log(n)}2{log log(n)}1/2h−1/2(1+ {nh2}−1/2)

+ n−1/2 log(n)h−(2a+1)/2 + n−1/2h−(a+1)− 2k−2a−1
4m {log(n)}2{log log(n)}1/2 + n−1/2h−1

)
‖α‖2λ.

It follows from α ∈ B(r2n) and the conditions in the theorem that

‖D2Sn,λ(αλ + ss′α)αα−D2Sλ(αλ + ss′α)αα‖λ = op(1)‖α‖λ.

Then we have ‖[DSλ(αλ)]I2‖λ ≤ 11‖α‖λ/18. Therefore, for any α ∈ B(r2n),

‖T2h(α)‖λ ≤ ‖I1‖λ + ‖I2‖λ + ‖I3‖λ ≤ 11r2n/12.
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That is, T2h(B(r2n)) ⊂ B(r2n). Using the same arguments as the above, we can get that

T2h is a contraction mapping in B(r2n). Therefore, there exists a unique α′ ∈ B(r2n) such

that T2h(α
′) = α′, implying Sn,λ(αλ + α′) = 0. Let α̂n,λ = αλ + α′. Then Sn,λ(α̂n,λ) = 0.

Therefore, with probability approaching to 1, we have

‖α̂n,λ − α0‖λ ≤ r1n + r2n = OP ((nh)−1/2 + hk).

C.2 Proof of Theorem 3.2

It follows from Theorem 3.1 that there exists a constant M > 0 such that, with probability

approaching to one, ‖α̂n,λ − α0‖λ ≤ Mrn. For simplicity, denote α = α̂n,λ − α0. We can

assume that ‖α‖λ ≤ Mrn since its complement is negligible in terms of probability. Let

dn = κMh−(2a+1)/2rn, α̃ = d−1n α, and pn = κ−2h1−2k, where κ is a constant given in Lemma

B.3. Clearly, pn ≥ 1 when n is large enough since h → 0 with n → ∞ and 1 − 2k < 0. It

can be shown that ‖α‖λ ≤ Mrn implies α̃ ∈ Fpn . To see this, write α̃ = (θ̃>, β̃(·)). Then

‖α̃‖e = d−1n ‖α‖e ≤ d−1n κh−(2a+1)/2‖α‖λ ≤ d−1n κh−(2a+1)/2Mrn = 1. Thus, we can get

J(β̃, β̃) = d−2n λ−1{λJ(β, β)} ≤ d−2n λ−1‖α‖2λ ≤ d−2n λ−1(Mrn)2 = κ−2h1−2k = pn.

Besides, we have

‖Sn,λ(α + α0)− Sn,λ(α0)− {Sλ(α + α0)− Sλ(α0)}‖λ

=‖Sn(α + α0)− Sn(α0)− {S(α + α0)− S(α0)}‖λ. (C.8)
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For the right hand side of equation (C.8), we have

‖Sn(α+ α0)− Sn(α0)− {S(α+ α0)− S(α0)}‖λ

=
∥∥∥ 1

n

n∑
i=1

∆i

[
RWi −

n−1
∑

j Yj(Yi) exp{ηα+α0(Wj)}RWj

S
(0)
1 (Yi, α+ α0)

]

− 1

n

n∑
i=1

∆i

[
RWi −

n−1
∑

j Yj(Yi) exp{ηα0(Wj)}RWj

S
(0)
1 (Yi, α0)

]
− {S(α+ α0)− S(α0)}

∥∥∥
λ

≤
∥∥∥ 1

n

n∑
i=1

∫ τ

0

[{∑
j Yj(t) exp{ηα+α0(Wj)}RWj

nS
(0)
1 (t, α0 + α)

−
∑

j Yj(t) exp{ηα0(Wj)}RWj

nS
(0)
1 (t, α0)

}

+

{
EY(t) exp{ηα+α0(W )}RW

s
(0)
1 (t, α0 + α)

− EY(t) exp{ηα0(W )}RW
s
(0)
1 (t, α0)

}]
dNi(t)

∥∥∥
λ

+ (nh)−1/2

≤
∥∥∥ 1

n

n∑
i=1

∫ τ

0

[{∑
j Yj(Yi) exp{ηα+α0(Wj)}RWj

ns
(0)
1 (t, α0 + α)

−
∑

j Yj(t) exp{ηα0(Wj)}RWj

ns
(0)
1 (t, α0)

}

+

{
EY(t) exp{ηα+α0(W )}RW

s
(0)
1 (t, α0 + α)

− EY(t) exp{ηα0(W )}RW
s
(0)
1 (t, α0)

}]
dNi(t)

∥∥∥
λ

+Op

(
1

(nh)1/2
+

1

h1/2+an1/2

)
.

Define Γ = ∩ni=1Ani, where

Ani = {‖Zi‖2 ≤ c log(n), ‖Xi‖L2 ≤ c log(n), exp{ηαλ(Wi)} ≤ c log(n)}.

For any t0, define ϕ(Yj;α) = [Yj(t0) exp{ηα+α0(Wj)}−Yj(t0) exp{ηα0(Wj)}], Dn = {c log(n)}2d−1n ,

and ϕn(Yj; α̃) = Dnϕ(Yj; dnα̃)1Ani . Then |ϕn(Yj; α̃1) − ϕn(Yj; α̃2)| ≤ ‖α̃1 − α̃2‖e. Since

‖α‖λ ≤Mrn, α̃ ∈ Fpn , it follows from Lemma B.5 that with probability approaching to one,

n−1/2‖
n∑
j=1

ϕn(Yj; α̃)RWj
− Eϕn(Yj; α̃)RWj

‖λ . (p1/(4m)
n ‖α̃‖γe + n−1/2){h−1 log log(n)}1/2

. (p1/(4m)
n + n−1/2){h−1 log log(n)}1/2,
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where γ = 1 − 1/(2m). On the other hand, by the Taylor expansion, the Cauchy-Schwarz

inequality, Lemma B.2 and Theorem 3.1, we have

‖E{ϕ(Yj; dnα̃)RWj
IcAnj }‖λ ≤ {E|ϕ(Yj; dnα̃)IcAnj |

2}1/2{E‖RWj
‖2λ}1/2

.
(
E[Yj(t0) exp{ηα0(Wj)}

〈
RWj

, α̃
〉
λ
]2
)1/2

c1/2r h−1/2

.
(
E[Yj(t0) exp{ηα0(Wj)}]4

)1/4
P (Acnj)

1/4[E{(‖Z‖2 + ‖Xj‖L2)}4]1/4crh−1/2.

From Condition (C4), we can choose c large enough such that

n1/2h−1/2P (Acni)
1/4 = o(p1/(4m)

n {h−1 log log(n)}1/2).

Then

n1/2‖E{ϕ(Yj; dnα̃)RWj
IcAnj }‖λ . p1/(4m)

n {h−1 log log(n)}1/2.

Thus, on Γn, as n→∞, we have

n−1/2Dn‖Sn(α + α0)− Sn(α0)− {S(α + α0)− S(α0)}‖λ . p1/(4m)
n {h−1 log log(n)}1/2.

(C.9)

For the left hand side of equation (C.8), we have

‖Sn,λ(α + α0)− Sn,λ(α0)− {Sλ(α + α0)− Sλ(α0)}‖λ

=‖ − Sn,λ(α0)−DSλ(α0)α−
∫ 1

0

∫ 1

0

sD2Sλ(α0 + ss′α)αα ds ds′‖λ

=
∥∥∥α− Sn,λ(α0)−

∫ 1

0

∫ 1

0

sD2Sλ(α0 + ss′α)αα ds ds′
∥∥∥
λ

≥
∥∥∥α− Sn,λ(α0)‖λ − ‖

∫ 1

0

∫ 1

0

sD2Sλ(α0 + ss′α)αα ds ds′
∥∥∥
λ
. (C.10)
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It follows from inequality (B.3) that

∥∥∥∫ 1

0

∫ 1

0

sD2Sλ(α0 + ss′α)αα ds ds′
∥∥∥
λ
≤
∫ 1

0

∫ 1

0

s‖D2Sλ(α0 + ss′α)αα‖λ ds ds′

.‖α‖2λc1/2r h−1/2 . h−1/2r2n. (C.11)

Therefore, it follows from (C.8)–(C.11) that

‖α− Sn,λ(α0)‖λ ≤ Op(an).

The proof of Theorem 3.2 is completed.

C.3 Proof of Theorem 3.3

Define α̂hn,λ = (θ̂n,λ, h
a+1/2β̂n,λ), α

∗
0 = (id−Pλ)α0, α

∗
0
h = (θ∗0, h

a+1/2β∗0), R̃h
u = (H̃u, h

a+1/2T̃u),

and

Remn = α̂n,λ − α∗0 −
1

n

n∑
i=1

∫ τ

0

[
RWi

−
n−1

∑n
j=1 Yj(t) exp{ηα0(Wj)}RWj

n−1
∑n

j=1 Yj(t) exp{ηα0(Wj)}

]
dNi(t).

It follows from Theorem 3.2 that ‖Remn‖λ = Op(an). Thus, we have

‖θ̂n,λ− θ∗0−
1

n

n∑
i=1

∫ τ

0

[
HWi

−
n−1

∑n
j=1 Yj(t) exp{ηα0(Wj)}HWj

n−1
∑n

j=1 Yj(t) exp{ηα0(Wj)}

]
dNi(t)‖2 = Op(an).

Define

Remh
n = α̂hn,λ − α∗0

h − 1

n

n∑
i=1

∫ τ

0

[
Rh
Wi
−
n−1

∑n
j=1 Yj(t) exp{ηα0(Wj)}Rh

Wj

n−1
∑n

j=1 Yj(t) exp{ηα0(Wj)}

]
dNi(t).

Then it is easy to show that ‖Remh
n−ha+1/2Remn‖λ = Op(an). It follows from an = o(n−1/2)

that

‖Remh
n‖λ ≤ ‖Remh

n − ha+1/2Remn‖λ + ha+1/2‖Remn‖λ = op(n
−1/2).
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Next, we will use Remh
n to obtain the joint limiting distribution. The idea is to employ

the Cramér-Wold device. For any u = (z>, t) ∈ Rp × I, we will obtain the limiting dis-

tribution of n1/2z>(θ̂n,λ − θ∗0) + n1/2ha+1/2{β̂n,λ(t) − β∗0(t)}. Note that this is equivalent

to getting the asymptotic results about n1/2
〈
R̃u, α̂

h
n,λ − α∗0h

〉
λ
. It follows from Theorem

3.2 that n1/2|
〈
R̃u, Rem

h
n

〉
λ
| = Op(n

1/2h−(a+1/2)an). Thus, we only need to get the limiting

distribution of

n1/2

〈
R̃u,

1

n

n∑
i=1

∫ τ

0

[
Rh
Wi
−
n−1

∑n
j=1 Yj(t) exp{ηα0(Wj)}Rh

Wj

n−1
∑n

j=1 Yj(t) exp{ηα0(Wj)}

]
dNi(t)

〉
λ

.

Direct calculations yield that

n1/2

〈
R̃u,

1

n

n∑
i=1

∫ τ

0

[
Rh
Wi
−
n−1

∑n
j=1 Yj(s) exp{ηα0(Wj)}Rh

Wj

n−1
∑n

j=1 Yj(s) exp{ηα0(Wj)}

]
dNi(s)

〉
λ

=n−1/2
n∑
i=1

∫ τ

0

[
z>HWi

+ ha+1/2TWi
(t)

−
∑n

j=1 Yj(s) exp{ηα0(Wj)}{z>HWj
+ ha+1/2TWj

(t)}∑n
j=1 Yj(s) exp{ηα0(Wj)}

]
dMi(s)

≡Un.

Define Ki(u) ≡ z>HWi
+ ha+1/2TWi

(t). Therefore, we have

Un =n−1/2
n∑
i=1

∫ τ

0

{Ki(u)− EYj(s) exp{ηα0(Wj)}[Kj(u)]

EYj(s) exp{ηα0(Wj)}
} dMi(s) +Op(n

−1/2h−a−1/2)

≡n−1/2
n∑
i=1

Ui + op(1).
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Direct calculations yield that

V ar(Ui) = E

∫ τ

0

[
Ki(u)− EYj(s) exp{ηα0(Wj)}Kj(u)

EYj(s) exp{ηα0(Wj)}

]2
dNi(s)

= h2a+1E

∫ τ

0

[
πXi(t)−

EYj(s) exp{ηα0(Wj)}πXj(t)
EYj(s) exp{ηα0(Wj)}

]2
dNi(s)

+2ha+1/2(z − ha+1/2ω(t))>{Σ− V (G,G) + V (G,WλG)}−1

×E
∫ τ

0

[
πXi(t)−

EYj(s) exp{ηα0(Wj)}πXj(t)
EYj(s) exp{ηα0(Wj)}

]
×
[
{Zi − V (G, πXi)} −

EYj(s) exp{ηα0(Wj)}{Zj − V (G, πXj)}
EYj(s) exp{ηα0(Wj)}

]
dNi(s)

+(z − ha+1/2ω(t))>{Σ− V (G,G) + V (G,WλG)}−1

×E
∫ τ

0

[
{Zi − V (G, πXi)} −

EYj(s) exp{ηα0(Wj)}{Zj − V (G, πXj)}
EYj(s) exp{ηα0(Wj)}

]⊗2
dNi(s)

×{Σ− V (G,G) + V (G,WλG)}−1(z − ha+1/2ω(t)),

and

E

∫ τ

0

[
{Zi − V (G, πXi)} −

EYj(s) exp{ηα0(Wj)}{Zj − V (G, πXj)}
EYj(s) exp{ηα0(Wj)}

]
×
{
πXi(t)−

EYj(s) exp{ηα0(Wj)}πXj(t)
EYj(s) exp{ηα0(Wj)}

}
dNi(s)

=
∞∑
j=1

{
Gj

1 + λρj
hj(t)−

Gj

(1 + λρj)2
hj(t)

}

=
∞∑
j=1

λρjGj

(1 + λρj)2
hj(t) = Wλω(t).

Using the arguments similar to the proof of Theorem 3.1 in Cheng and Shang (2015), we

have ha+1/2 → 0, ω(t) = O(1), ha+1/2Wλω(t)→ 0,
√
n{θ∗0 − θ0} → 0, and

√
nha+1/2{β∗0(t)−
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β0(t) + {Wλ(β0)}(t)} → 0. Then, as λ→ 0, we have

V ar(Ui)→σ2
t + 2(z + γ0)

>{Σ− V (G,G)}−1ξ0 + (z + γ0)
>{Σ− V (G,G)}−1(z + γ0)

≡(z>, 1)Φ(z>, 1)>.

It follows from the Lindeberg’s central limit theorem that
√
n(θ̂n,λ − θ0)

√
nhha{β̂n,λ(t)− β0(t) + (Wλβ0)(t0)}

→ N(0,Φ).

Since n1/2hk(1+b) = o(1), we can get that nh4k = o(1). Then, we have

|(Wλβ0)(t0)| =
∣∣∣ n∑
j=1

bjλρj
1 + λρj

hj(t0)
∣∣∣ ≤ chλ

{
∞∑
j=1

b2jρ
2
j

}1/2{∑
j=1

j2a

(1 + λρj)2

}1/2

= O(λh−a−1/2) = o(1).

Hence, it leads to
√
nha+1/2{Wλ(β0)}(t) = o(1). Thus, the conclusion follows directly.

C.4 Proof of Theorem 3.4

By Theorem 3.2 and the proof of Theorem 3.3, we have

n1/2ha+1/2 sup
s∈I
|β̂n,λ(s)− β0(s)− S̃n(α0)(s)| = op(1),
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where

S̃n(α0)(s) ≡
1

n

∫ τ

0

n∑
i=1

(
TWi

(s)− E[Y(t) exp{ηα0(W )}TW (s)]

E[Y(t) exp{ηα0(W )}]

)
dMi(t)

=
1

n

∫
I
K(s, u)

∫ τ

0

n∑
i=1

(
Xi(u)− E[Y(t) exp{ηα0(W )}X(u)]

E[Y(t) exp{ηα0(W )}]

)
dMi(t) du

− ω(s){Σ− Ω + V (G,WλG
>)}−1 1

n

n∑
i=1

∫ τ

0

{Zi − V (G, πXi)} dMi(t)

≡S̃n1(α0)(s)− S̃n2(α0)(s).

We will show the theorem through the following two steps.

(i) Denote Hn(s) =
√
nhhaS̃n1(α0)(s). The first step is to show that Hn(s) converges to

the Gaussian process G(t) in the Hilbert Space H(m) with the inner product V (·, ·), where

hj, j = 1, 2, . . . , are the orthonormal bases. Direct calculations yield

Hn(s) =
h1/2+a√

n

∫
I
K(s, u)

∫ τ

0

n∑
i=1

(
Xi(u)− E[Y(t) exp{ηα0(W )}X(u)]

E[Y(t) exp{ηα0(W )}]

)
dMi(t) du

=
1√
n

∞∑
j=1

∫
I

hj(u)hj(s)h
1/2+a

1 + λρj

∫ τ

0

n∑
i=1

(
Xi(u)− E[Y(t) exp{ηα0(W )}X(u)]

E[Y(t) exp{ηα0(W )}]

)
dMi(t) du.

From Theorem 1.8.4 in van der Vaart and Wellner (1996), to prove that Hn(t) converges

to the Gaussian process G(t) in the Hilbert Space Hm, we only need to prove that Hn(·)

is asymptotically finite-dimensional and V (Hn, hj) converges in distribution to V (G, hj). It

follows from the definition of Hn(·) that

∞∑
j=1

V (Hn, hj)
2 =

∞∑
j=1

h1+2a

(1 + λρj)2

{
1√
n

n∑
i=1

∫
I
hj(u)

∫ τ

0

(
Xi(u)

−E[Y(t) exp{ηα0(W )}X(u)]

E[Y(t) exp{ηα0(W )}]

)
dMi(t) du

}2

.
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It is easy to verify that

1√
n

n∑
i=1

∫
I
hj(u)

∫ τ

0

(
Xi(u)− E[Y(t) exp{ηα0(W )}X(u)]

E[Y(t) exp{ηα0(W )}]

)
dMi(t) du

is asymptotically tight and bounded by cja. Besides, we have
∑

j
h1+2aj2a

(1+λρj)2
�
∫∞
0

x2a

(1+x2k)2
dx <

∞. Then for every ε > 0, there exists J0 such that
∑

j≥J0
h1+2aj2a

(1+λρj)2
< ε. Thus for any ε > 0

and δ > 0, we have

lim sup
n
P

(∑
j≥J0

V (Hn, hj)
2 > ε

)
< δ.

Namely, Hn is asymptotically finite-dimensional.

Furthermore, it follows from the definitions of hj and V (·, ·) that

V (Hn, hj) =
h1/2+a

(1 + λρj)

{
1√
n

n∑
i=1

∫
I
hj(u)

∫ τ

0

(
Xi(u)− E[Y(t) exp{ηα0(W )}X(u)]

E[Y(t) exp{ηα0(W )}]

)
dMi(t) du

}
d−−→ N

(
0,

h1+2a

(1 + λρj)2

)
. (C.12)

Following the lines of the proof of Karhunen-Loéve theorem (Alexanderian, 2015), we

can get that

G(t) =
∑
j

h1/2+a

(1 + λρj)
ηjhj(t),

where ηj, j = 1, 2, · · · , are i.i.d standard normal random variables. Thus, V (G, hj) follows

N(0, h1+2a

(1+λρj)2
). From equation (C.12), we have that V (Hn, hj) converges in distribution to

V (G, hj).

(ii) The second step is to show that
√
nh1/2+aS̃n2(α0)(s) converges to zero in probability

uniformly in s. It follows from the arguments in Cheng and Shang (2015, page 1379, lines 5–

11) that ω(s) = O(1). Besides, since h → 0, {Σ − Ω + V (G,WλG
>)}−1 → {Σ − Ω}−1,
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and n−1/2
∑n

i=1

∫ τ
0
{Zi − V (G, πXi)} dMi(t) converges to a normal distribution, we have

ha+1/2
√
nS̃n2(α0)(s)

p−−→ 0 uniformly in s.

Combining (i) and (ii) yields the conclusion of the theorem.

C.5 Proof of Theorem 4.1

Define α = α̂n,λ − α0. It follows from Theorem 3.1 that for some M > 0, ‖α‖λ ≤ Mrn

with probability approaching to one. Therefore, we can assume ‖α‖λ ≤Mrn. By the Taylor

expansion, we can get that

ln,λ(α0)− ln,λ(α̂n,λ) = −Sn,λ(α̂n,λ)α +

∫ 1

0

∫ 1

0

sDSn,λ(α̂n,λ − ss′α)αα ds ds′

=

∫ 1

0

∫ 1

0

s{DSn,λ(α̂n,λ − ss′α)−DSn,λ(α0)}αα ds ds′ +
1

2
DSn,λ(α0)αα. (C.13)

It follows from Lemma B.1 that

ln,λ(α0)− ln,λ(α̂n,λ) =

∫ 1

0

∫ 1

0

s[DSn,λ(α̂n,λ − ss′α)−DSn,λ(α0)]αα ds ds
′

+
1

2
[DSn,λ(α0)−DSλ(α0)]αα−

1

2
‖α‖λ

≡I1 + I2 −
1

2
‖α‖λ.



24

To get the order of I1, we define α′ = α̂n,λ − ss′α − α0 = (1 − ss′)α, where 0 ≤ s, s′ ≤ 1.

Direct calculations yield that

|[DSn,λ(α̂n,λ − ss′α)−DSn,λ(α0)]αα| = |D2Sn,λ(α0 + δα′)ααα′|

�
∣∣∣ 1
n

n∑
i=1

∆i

[∑
j Yj(Yi) exp{ηα0(Wj)}ηα(Wj)ηα(Wj)ηα′(Wj)

nS
(0)
1 (Yi, α0)

−
∑

j Yj(Yi) exp{ηα0(Wj)}ηα(Wj)ηα(Wj)
∑

j Yj(Yi) exp{ηα0(Wj)}ηα′(Wj)

[nS
(0)
1 (Yi, α0)]2

− 2

∑
j Yj(Yi) exp{ηα0(Wj)}ηα(Wj)ηα′(Wj)

∑
j Yj(Yi) exp{ηα0(Wj)}ηα(Wj)

[nS
(0)
1 (Yi, α0)]2

+ 2
{
∑

j Yj(Yi) exp{ηα0(Wj)}ηα(Wj)}2
∑

j Yj(Yi) exp{ηα0(Wj)}ηα′(Wj)

[nS
(0)
1 (Yi, α0)]3

]∣∣∣
. sup

t∈I

∣∣∣∑j Yj(t) exp{ηα0(Wj)}ηα(Wj)ηα(Wj)ηα′(Wj)

ns
(0)
1 (t, α0)

∣∣∣
+ sup

t∈I

∣∣∣∑j Yj(t) exp{ηα0(Wj)}ηα(Wj)ηα(Wj)
∑

j Yj(Yi) exp{ηα0(Wj)}ηα′(Wj)

{ns(0)1 (t, α0)}2

∣∣∣
+ 2 sup

t∈I

∣∣∣∑j Yj(t) exp{ηα0(Wj)}ηα(Wj)ηα′(Wj)
∑

j Yj(t) exp{ηα0(Wj)}ηα(Wj)

{ns(0)1 (t, α0)}2

∣∣∣
+ 2 sup

t∈I

∣∣∣{∑j Yj(t) exp{ηα0(Wj)}ηα(Wj)}2
∑

j Yj(t) exp{ηα0(Wj)}ηα′(Wj)

[ns
(0)
1 (t, α0)]3

∣∣∣
≡ I11 + I12 + I13 + I14,

where 0 ≤ δ ≤ 1. Define Γ = ∩ni=1Ani, where

Ani = {‖Zi‖2 ≤ c log(n), ‖Xi‖L2 ≤ c log(n), exp{ηα0(Wi)} ≤ c log(n)}
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for a constant c. For I11, we have

I11 = sup
t∈I

∣∣∣n−1∑n
j=1 Yj(t) exp{ηα0(Wj)}ηα(Wj)ηα(Wj)ηα′(Wj)

s
(0)
1 (t, α0)

∣∣∣
≤
∣∣∣n−1∑n

j=1 exp{ηα0(Wj)}ηα(Wj)ηα(Wj)ηα′(Wj)

s
(0)
1 (τ, α0)

∣∣∣
≤ Mrn

ns
(0)
1 (τ, α0)

∣∣∣ n∑
j=1

exp{ηα0(Wj)}ηα(Wj)ηα(Wj)‖RWj
‖λ
∣∣∣

≤ Mrn

ns
(0)
1 (τ, α0)

∣∣∣〈 n∑
j=1

exp{ηα0(Wj)}ηα(Wj)‖RWj
‖λRWj

, α

〉
λ

∣∣∣.
Let dn = κMh−(2a+1)rn, and α̃ = d−1n α, where κ is given in Lemma B.3. Note that α̃ ∈ Fpn ,

where pn = κ−2h2a+1−2k > 1 for large enough n. Denote

φn(Yi,∆i,Wi; α̃) =
exp{ηα0(Wi)}ηα̃(Wi)‖RWi

‖λRWi√
2cr{c log(n)}3h−(a+1/2)

IAni .

Then it can be shown that

|φn(Yi,∆i,Wi; α̃1)− φn(Yi,∆i,Wi; α̃2)| ≤ ‖α̃1 − α̃2‖e.

It follows from Lemma B.5 that with probability approaching to one,

∥∥∥n−1/2 n∑
j=1

[
exp{ηα0(Wj)}ηα̃(Wj)‖RWj

‖λRWj
IAnj − E exp{ηα0(Wj)}ηα̃(Wj)‖RWj

‖λRWj
IAnj

] ∥∥∥
λ

.p1/(4m)
n {h−1 log log(n)}1/2{c log(n)}3h−(a+1/2).

Therefore, we have

∥∥∥ n∑
j=1

[exp{ηα0(Wj)}ηα(Wj)‖RWj
‖λRWj

IAnj − E exp{ηα0(Wj)}ηα(Wj)‖RWj
‖λRWj

IAnj ]
∥∥∥
λ

.n1/2p1/(4m)
n {h−1 log log(n)}1/2{c log(n)}3h−(a+1/2)dn

=c3Mrnn
1/2κ1−1/(2m)h−(2a+3/2)+(2a+1−2k)/(4m){log(n)}3{log log(n)}1/2.
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It follows from the Cauchy-Schwarz inequality, Lemma B.2, and Lemma B.4 that

|E[exp{ηα0(Wj)}ηα(Wj)‖RWj
‖λ
〈
RWj

, α
〉
λ
]|

≤
(
E[exp{ηα0(Wj)}]2

)1/2{E‖RW‖2λ}{E
〈
RWj

, α
〉4
λ
}1/2

.
(
E[exp{ηα0(Wj)}]2

)1/2√
crh
−1/2

√
‖α‖4λ

.
(
E[exp{ηα0(Wj)}]2

)1/2
h−1/2M2r2n.

Thus, with probability approaching to one,

|I11| . (r3nn
−1/2h−(2a+3/2)+(2a+1−2k)/(4m){log(n)}3{log log(n)}1/2 + h−1/2r3n).

Similarly, we can prove that

I12 = Op(r
3
nn
−1/2h−(2a+3/2)+(2a+1−2k)/(4m){log(n)}3{log log(n)}1/2 + h−1/2r3n),

I13 = Op(r
3
nn
−1/2h−(2a+3/2)+(2a+1−2k)/(4m){log(n)}3{log log(n)}1/2 + h−1/2r3n),

I14 = Op(r
3
nn
−1/2h−(2a+3/2)+(2a+1−2k)/(4m){log(n)}3{log log(n)}1/2 + h−1/2r3n). Therefore, we

have

I1 = Op(r
3
nn
−1/2h−(2a+3/2)+(2a+1−2k)/(4m){log(n)}3{log log(n)}1/2 + h−1/2r3n) = op(n

−1h−1/2).

It follows from equation (C.7) that

2|I2| = |[DSn,λ(α0)−DSλ(α0)]αα|

= Op(n
−1/2h−(a+1)− 2k−2a−1

4m {log(n)}2{log log(n)}1/2r2n) = op(n
−1h−1/2).

Therefore, we have

−2nPLRTn,λ = n‖α̂n,λ − α0‖2λ + op(h
−1/2).
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It follows from Theorem 3.2 and n1/2an = o(1) that

−2nPLRTn,λ = n‖Sn,λ(α0)‖2λ(1 + op(1)) + op(h
−1/2).

Direct calculations yield that

n‖Sn,λ(α0)‖2λ

=
1

n

∥∥∥ n∑
i=1

∫ τ

0

[
RWi

−
n−1

∑n
j=1 Yj(t) exp{ηα0(Wj)}RWj

S
(0)
1 (t, α0)

]
dMi(t)− Pλα0

∥∥∥2
λ

=
1

n

∥∥∥ n∑
i=1

∫ τ

0

[
RWi

−
n−1

∑n
j=1 Yj(t) exp{ηα0(Wj)}RWj

S
(0)
1 (t, α0)

]
dMi(t)

∥∥∥2
λ

− 2

〈
1

n

n∑
i=1

∫ τ

0

[
RWi

−
n−1

∑n
j=1 Yj(t) exp{ηα0(Wj)}RWj

S
(0)
1 (t, α0)

]
dMi(t),Pλα0

〉
λ

+ n‖Pλα0‖2λ

≡J1 + J2 + J3.

For J1 and J2, it follows from Condition (C1) that

J1 =
1

n

∥∥∥ n∑
i=1

∫ τ

0

[
RWi

−
n−1

∑n
j=1 Yj(t) exp{ηα0(Wj)}RWj

S
(0)
1 (t, α0)

]
dMi(t)

∥∥∥2
λ

=
1

n

∥∥∥ n∑
i=1

∫ τ

0

[
RWi

−
EYj(t) exp{ηα0(Wj)}RWj

s
(0)
1 (t, α0)

]
dMi(t)

∥∥∥2
λ

+Op(n
−1h−1−2a)

=
1

n

∥∥∥ n∑
i=1

∫ τ

0

[
RWi

−
EYj(t) exp{ηα0(Wj)}RWj

s
(0)
1 (t, α0)

]
dMi(t)

∥∥∥2
λ

+ op(1),

and∣∣∣J2
2

∣∣∣ =
∣∣∣〈 1

n

n∑
i=1

∫ τ

0

[
RWi

−
n−1

∑n
j=1 Yj(t) exp{ηα0(Wj)}RWj

S
(0)
1 (t, α0)

]
dMi(t),Pλα0

〉
λ

∣∣∣
≤
∣∣∣〈 1

n

n∑
i=1

∫ τ

0

[
RWi

−
EYj(t) exp{ηα0(Wj)}RWj

s
(0)
1 (t, α0)

]
dMi(t),Pλα0

〉
λ

∣∣∣
+
∣∣∣〈 1

n

n∑
i=1

∫ τ

0

[EYj(t) exp{ηα0(Wj)}RWj

s
(0)
1 (t, α0)

−
n−1

∑n
j=1 Yj(t) exp{ηα0(Wj)}RWj

S
(0)
1 (t, α0)

]
dMi(t),Pλα0

〉
λ

∣∣∣
=
∣∣∣〈 1

n

n∑
i=1

∫ τ

0

[
RWi

−
EYj(t) exp{ηα0(Wj)}RWj

s
(0)
1 (t, α0)

]
dMi(t),Pλα0

〉
λ

∣∣∣+Op(n
−1/2h−1/2−a)‖Pλα0‖λ.
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Denote β0 =
∑

j bjhj. Since J(β0, β0) =
∑

j b
2
jρj < ∞, and λ = o(1), it follows from the

Lebesgue dominated convergence theorem that

E

〈 n∑
i=1

∫ τ

0

{
RWi

−
E[Yj(t) exp {ηα0(Wj)}RWj

]

s
(0)
1 (t, α0)

}
dMi(t),Pλα0

〉2

λ


=nE

[∫ τ

0

{∫
I
[X(t)− E{X(t)|T = v,∆ = 1}]Wλ(β0)(t) dt

}2

Y(v) exp{ηα0(W )}h0(v) dv

]

=nV (Wλ(β0),Wλ(β0)) ≤ n‖Wλ(β0)‖m = nλ
∑
j

b2jρj
λρj

(1 + λρj)
= op(nλ).

Therefore, we have J2 = op((nλ)1/2)(1+(nh)−1/2) = op((nλ)1/2). Note that J3 = n‖Pλα0‖2λ =

n‖Wλ(β0)‖2m = o(nλ). Therefore, we have

− 2nPLRTn,λ

=
1

n

∥∥∥ n∑
i=1

∫ τ

0

(
RWi

−
E[Yj(t) exp{ηα0(Wj)}RWj

]

s
(0)
1 (t, α0)

)
dMi(t)

∥∥∥2
λ

+ n‖Wλ(β0)‖2m + op(h
−1/2).

Define Ri(t) = RWi
− E[Yj(t) exp{ηα0(Wj)}RWj

]/s
(0)
1 (t, α0). To get the asymptotic results

of −2nPLRTn,λ, we only need to figure out the properties of

1

n

∥∥∥ n∑
i=1

∫ τ

0

Ri(t) dMi(t)
∥∥∥2
λ

=
1

n

n∑
i=1

∫ τ

0

∫ τ

0

〈Ri(t), Ri(s)〉λ dMi(t) dMi(s) +
1

n

∑
1≤i<j≤n

Wij,

where Wij = 2
∫ τ
0

∫ τ
0
〈Ri(t), Rj(s)〉λ dMi(t) dMj(s). Write Wn =

∑
1≤i<j≤nWij. So, Wn is

clean (Jong, 1987). Next, we aim to derive the limiting distribution of Wn. Let σ2
n =

V ar(Wn). Then

σ2
n =

n(n− 1)

2
E(W 2

ij) = 2n(n− 1)E

{∫ τ

0

∫ τ

0

〈Ri(t), Rj(s)〉λ dMi(t) dMj(s)

}2

� 2n(n− 1)

{
∞∑
l=1

1

(1 + λρl)2
+ 1

}
� 2n2h−1σ4

λ/ρ
2
λ.
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Define F1, F2, and F3 as follows:

F1 ≡
∑
i<j

E(W 4
ij), F2 ≡

∑
i<j<k

{
E(W 2

ijW
2
ik) + E(W 2

jiW
2
jk) + E(W 2

kiW
2
kj)
}
, and

F3 ≡
∑

i<j<k<l

{E(WijWikWljWlk) + E(WijWilWkjWkl) + E(WikWilWjkWjl)} .

By Proposition 3.2 of Jong (1987), if F1, F2, F3 are all of lower order than σ4
n, then σ−1n Wn

converges weakly to the standard normal distribution. Now, we study the order of each

Fi, i = 1, 2, 3. First, observe that

E
(
W 4
ij

)
= 16E

{∫ τ

0

∫ τ

0

〈Ri(t), Rj(s)〉λ dMi(t) dMj(s)

}4

= 16

∫ τ

0

∫ τ

0

∫ τ

0

∫ τ

0

∫ τ

0

∫ τ

0

∫ τ

0

∫ τ

0

E 〈Ri(t1), Rj(s1)〉λ 〈Ri(t2), Rj(s2)〉λ 〈Ri(t3), Rj(s3)〉λ

〈Ri(t4), Rj(s4)〉λ
{
dMi(t1) dMj(s1) dMi(t2) dMj(s2) dMi(t3) dMj(s3) dMi(t4) dMj(s4)

}
= O(h−4),

which implies F1 = O(n2h−4). Next, by the Cauchy-Schwarz inequity,

E(W 2
ijW

2
ik) ≤ {E(W 4

ij)}1/2{E(W 4
ik)}1/2 = O(h−4),

which yields F2 = O(n3h−4). A straightforward calculation yields that

E(WijWikWljWlk) ∼ 16
∞∑
j=1

1

(1 + λρj)4
= O(h−1).

Therefore, F3 = O(n4h−1). Combining the fact that σ4
n = (σ2

n)2 = O(n4h−2) with the

assumptions that nh2 → ∞ and h = o(1), F1, F2, F3 are of lower order than that of σ4
n.

Hence, by Jong (1987), σ−1n Wn
d−−→ N(0, 1) as n→∞. Recall that ρ2λ =

∑∞
j=1h/(1 + λρj)

2.

We have

1√
2h−1nρλ

Wn
d−−→ N(0, 1). (C.14)
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Lastly, we consider n−1
∑n

i=1

∫ τ
0

∫ τ
0
〈Ri(t), Ri(s)〉λ dMi(t) dMi(s). Through direct calcula-

tions, we can obtain that

E

{∫ τ

0

∫ τ

0

〈Ri(t), Ri(s)〉λ dMi(t) dMi(s)

}2

= O({E‖RWi
‖2λ}2) = O(h−2).

Then,

E

{
n∑
i=1

∫ τ

0

∫ τ

0

〈Ri(t), Ri(s)〉λ dMi(t) dMi(s)− h−1σ2
λ − 1

}2

≤ nE

{∫ τ

0

∫ τ

0

〈Ri(t), Ri(s)〉λ dMi(t) dMi(s)

}2

= O(nh−2),

where σ2
λ =

∑∞
j=0 h/(1 + λρj). Combining these gives

1

n

n∑
i=1

∫ τ

0

∫ τ

0

〈Ri(t), Ri(s)〉λ dMi(t) dMi(s) = 1 + h−1σ2
λ +Op{(n1/2h)−1}. (C.15)

By (C.14) and (C.15), we have n‖Sn,λ(α0)‖2λ = Op(h
−1) and therefore n1/2‖Sn,λ(α0)‖λ =

Op(h
−1/2). As a result,

−2nPLRTn,λ = {n1/2‖Sn,λ(α0)‖λ + op(1)}2 + op(h
−1/2) = n‖Sn,λ(α0)‖2λ + op(h

−1/2).(C.16)

In view of (C.14), (C.15) and (C.16), we conclude that as n→∞,

(2h−1σ4
λ/ρ

2
λ)
−1/2 {−2nγλPLRTn,λ − nγλ‖Wλβ0(t)‖2λ − h−1σ4

λ/ρ
2
λ

} d−−→ N(0, 1).

The proof of Theorem 4.1 is completed.

C.6 Proof of Theorem 4.2

Throughout this proof, we only consider αn0 = α0 + αn for αn ∈ A in H1. To prove the

theorem, we write

−2n · PLRTn,λ = −2n{ln,λ(α0)− ln,λ(αn0)} − 2n{ln,λ(αn0)− ln,λ(α̂n,λ)} ≡ I1 + I2. (C.17)
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We first consider I1. For simplicity, we denote

Ri = ∆i

[
ηα0(Wi)− log

1

n

n∑
j=1

Yj(Yi) exp{ηα0(Wj)}

]

−∆i

[
ηαn0 (Wi)− log

1

n

n∑
j=1

Yj(Yi) exp{ηαn0 (Wj)}

]

= −
∫ τ

0

[
ηαn(Wi)−

∑n
j=1 Yj(t) exp{ηα0+s′αn(Wj)}ηαn(Wj)∑n

j=1 Yj(t) exp{ηα0+s′αn(Wj)}

]
dNi(t)

= −
∫ τ

0

[
ηαn(Wi)−

EYj(t) exp{ηα0+s′αn(Wj)}ηαn(Wj)

EYj(t) exp{ηα0+s′αn(Wj)}

]
dNi(t)

+

∫ τ

0

[∑n
j=1 Yj(t) exp{ηα0+s′αn(Wj)}ηαn(Wi)∑n

j=1 Yj(t) exp{ηα0+s′αn(Wj)}
− E[Yj(t) exp{ηα0+s′αn(Wj)}ηαn(Wj)]

E[Yj(t) exp{ηα0+s′αn(Wj)}]

]
dNi(t)

= −
∫ τ

0

[
ηαn(Wi)−

EYj(t) exp{ηα0+s′αn(Wj)}ηαn(Wj)

EYj(t) exp{ηα0+s′αn(Wj)}

]
dNi(t) + op(‖αn‖λ),

where 0 ≤ s′ ≤ 1. Then

E{R2
i } � E

∫ τ

0

V ar{ηαn(W )|T = t,∆ = 1}Y(t) exp{ηα0(W )}h0(t) dt = O(‖αn‖2λ).

Therefore, we can get

E


∣∣∣∣∣
n∑
i=1

(Ri − ERi)

∣∣∣∣∣
2
 ≤ nE{R2

i } = O(n‖αn‖2λ).

Combining these gives

n [ln,λ(α0)− ln,λ(αn0)− E{ln,λ(α0)− ln,λ(αn0)}] = Op(n
1/2‖αn‖λ).
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On the other hand, since DSλ(α)αnαn < 0 for any α ∈ H, there exists a constant c > 0 such

that {DSλ(α∗n0
)αnαn} ≤ c{DSλ(αn0)αnαn} = −c‖αn‖2λ. Then, we have

E{ln,λ(α0)− ln,λ(αn0)} = E

{
Sn,λ(αn0)(−αn) +

1

2
DSn,λ(α∗n0

)αnαn

}
≤ λJ(αn0 , αn)− c‖αn‖2λ

2
≤ {J(αn, αn) + J(α0, αn)} − c‖αn‖2λ

2

≤ {J(αn, αn) + J(α0, α0)
1/2J(αn, αn)1/2} − c‖αn‖2λ

2

= O(λ)− c‖αn‖2λ
2

.

It then follows that

I1 ≥ n‖αn‖2λ +Op(nλ+ n1/2‖αn‖λ) = n‖αn‖2λ{1 +Op(λ‖αn‖−2λ + n−1/2‖αn‖−1λ )}. (C.18)

Second, we consider I2. Under the alternative hypothesis, ‖α̂n,λ− αn0‖ = Op{(nh)−1/2 +

hk} . By the joint functional Bahadur representation given in Theorem 3.2, we have

inf
n≥N

inf
αn∈A

Pαn0 (‖α̂n,λ − αn0 − Sn,λ(αn0)‖λ ≤Mrn)→ 1, (C.19)

where rn = (nh)−1/2 + hk, and Pαn0 means that the probability relies on αn0 . Note that

under the alternative hypothesis H1n, I2 is the same as (C.13) except one constant term

−2n. Along the lines of Theorem 4.1, we can show that I2 has the same limiting distribution

as given in Theorem 4.1, uniformly for any αn ∈ A. In other words, uniformly over all

αn ∈ A,

(2νn0)
−1/2(I2 − n‖Wλβn0‖2m − h−1σ2

n0,λ
) = Op(1), (C.20)

where νn0 = h−1σ4
n0,λ

/ρ2n0,λ
, σ2

n0,λ
and ρ2n0,λ

are defined as the same as σ2
λ and ρ2λ but with

eigenvalues and eigenfunctions obtained under αn0 . Next, let Vn0(f, g) =
∫
I

∫
I Fαn0 (s, t)f(t)g(s) dt ds
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and V0(f, g) =
∫
I

∫
I Fα0(s, t)f(t)g(s) dt ds, where Fα0(s, t) = F (s, t), while Fαn0 (s, t) has the

same formula as Fα0(s, t) but replacing α0 with αn0 . Thus, for any f ∈ H(m), there exists a

constant c such that

|Vn0(f, f)− V0(f, f)| =
∣∣∣∣∫

I

∫
I

[
Fαn0 (s, t)− Fα0(s, t)

]
f(t)f(s) dt ds

∣∣∣∣
≤ E‖ exp{αn(W )}‖∞V0(f, f)‖αn‖∞ = cV0(f, f)‖αn‖∞.

It follows from the Supplementary Material (page 56) of Shang and Cheng (2013) that

σ2
n0,λ
− σ2

λ = O(h−(a+1)/2‖αn‖λ). (C.21)

Combining (C.18), (C.20) and (C.21) gives

(2νn)−1/2(−2nrλPLRTn,λ − νn) = (2νn)−1/2{−rλ(I1 + I2)− νn}

=(2νn)−1/2rλ(I2 − n‖Pλαn0‖2λ − h−1σ2
n0,λ

) + (2νn)−1/2rλn‖Pλαn0‖2λ

+ (2νn)−1/2rλI1 + (2νn)−1/2rλh
−1(σ2

n0,λ
− σ2

λ)

≥Op(1) + (2νn)−1/2rλn‖αn‖2λ{1 +Op(λ‖αn‖−2λ + n−1/2‖αn‖−1λ )}

+O(h−3/2−a/2‖αn‖λ),

where Op(1) holds uniformly in A, νn = h−1σ4
λ/ρ

2
λ, and rλ is defined in Theorem 4.1. Let

λ‖αn‖−2λ ≤ 1/c, n−1/2‖αn‖−1λ ≤ 1/c, ch−3/2−a/2‖αn‖λ ≤ n‖αn‖2λ, and ‖αn‖2λ ≥ c(nh1/2)−1 for

a sufficiently small constant c. In other words,

|(2νn)−1/2(−2nrλPLRTn,λ − νn)| ≥ cα,

where cα is the critical value (based on N(0, 1)) to Hglobal
0 at nominal level α. This leads to

‖αn‖2λ & {h2k + (nh1/2)−1}. (C.22)
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Combining (C.19) and (C.22), we complete the proof of Theorem 4.2.
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