Supplement to “Individualized Multi-directional Variable

Selection”

This supplementary note collects auxiliary lemmas, detailed proofs for the theorems and corollaries in Section 3
(Appendix A), and additional numerical analyses (Appendix B).

A Supplementary Materials to Section 3: Theory

A.1 Some Notation and Matrix Algebra
(N1). Denote a A b = min(a, b).

(N2). Define “ o ” as the Hadamard product, that is, for two matrices, A and B, of the same dimension m X n, then
A o B is a matrix, of the same dimension of A and B, with elements given by (A o B);; = A;; - B;;.

(N3). Define the order between two n x n square matrices as A > B if V& € R", 27 Ax > =7 Bz holds. Let
A =< B denote c; A < B < 9 A for some constants 0 < ¢; < ¢g < 00. Define a sequence of m x m matrices
A, as A, =0(n)ifanl, < A, < conl,, when n is large.

Next, we provide some useful results as well as the proofs for some matrix algebra. For two square matrices A

and B with the same dimension,
(M1). AB and B A have the same non-zero eigenvalues.

Proof: For any eigenvalue )\ of A B, there exists a non-zero vector g such that ABu = Ap. It implies that BABu =
ABpu. Let By = p* and we have BAp* = A\p* indicating that A is also an eigenvalue of B A.

(M2). If A and B are non-singular and A < B, for any matrix C, we have CT AC < C"BC,and A~' > B~L.

Proof: Note that A < B is equivalent to T Az < 2T Bz for any vector x. V x, denote Cx = x* such that
zT'CTACz = (z*)T Az* < (z*)TBx* = 2T CTBCz, implies CT AC < CTBC.

It is trivial that if A > I, then we have A~! < I. Hence, A< B= B 2AB 2 <] = B:A"'B: > ] =

A-1> B L

A.2 Regularity Conditions

We require some common regularity conditions for establishing theoretical results in Section 3.



(A1 ) The unknown parameter (v, ')’ belongs to a compact subset B C RP1? and its true value lies in the interior
of B;

(A2) Dy, and H ) ,, are positive definite when N or m is large.
(A3) Thereexisty; > 0,v] > 0, such that A, (RY) > vy and \ppin (R;) > v for all s and m; and tr(Ri_l) = O(m).

(A4) Xl] (X,

Ay )/(p+q)><1 belongs to a compact set X C RPt9for1 <i< Nand1 < j < m;

(AS) Let X denote the kth column of X;, assume || X;. x[|3 = O,(m) and Zf\; m~ X 113 = Op(N), for
I<k<p+gq

(A6) MmN\ (X T X;) > c3 for any i and N—lm)\mm ( ZZ]\LI zZI(1,, — HXi>Zi> > cy,
where Hx, = X;(XT X;)"1 X7, for some constants 0 < c3 < 00,0 < ¢4 < 00 .

Conditions (A4)-(A6) are regularity conditions which are typically required for the bounded regressors. However,
these are less restrictive than other assumptions, e.g., #XlT X,; converges to a positive constant matrix. Note that
condition (A6) allows within-individual invariant covariates, and is less restrictive since it does not require X ZT X ; to

be positive definite.

A.3 Proof of Lemma 1

For an estimator 6 obtained by solving the estimating equation G,,,,(0) = 0 in (7), under regularity condition (A2),
~ 1 N 1

by Taylor’s expansion, we have (0" —6°) = —Dy! Gy, and thus Hy 2 Dy (6" —6°) = —Hy2 Gy . Where

GN,m - GN,m(00)~

By the Chebyshev inequality,

_1 _1 ~ _1 _1
P(pg HHyE Dyon(6 — 6%)]]2 > 6) _ P(pg IHYE Grnlls > 6)
1
< "6 2 E(|H g2, Gxll2)

(
= pg QE(tT(H];énGN,mG,ZI\—‘LmH];jn))
= Dg 1(5 Qt’/‘(H;[énE(GN,mGﬁ m) I;%m)
(

— pg 0 2tr(Hy 2 Hy  Hy? ) = 672
Furthermore, noting that ||HJ:,%mDNm(0A“ — 692 > )\mm(DN,mH;,}mDN,m)% (6% — 6°)]|5 and thus
P (5 *106° = 0l > 6) = P (5 A (Do H D) HI8" = 09z > A (Do Hix' Do)

éP@mewﬁmm%M>Mmmempm&Q

S Amam(DN,mH;[,lmDN_,m)ilgiz

As /\maz(DN’mH]Q}mDN}m) — 00, we have P(p;; (6% — 8% > 6) — 0.0



A.4 Proof of Theorem 1

Let X; = (X, Z;) and &; = (w/, 1;)’, and X" = X;Q; where ; = diag(&;).

We denote HY/,, = S (X¢)TV, 'SV, X, DY, = S (X¢)TV, X", and Lemma 1 directly

applies for the oracle estimator by replacing Hy ,,, and Dy, with Hg/

m and DY7 | respectively. Let 6o =

vec(4°", &°) and 8° = vec(y°, a®), according to Lemma 1 we have
(HY ) "3 (DF,,)(07 = 8°) = Oy (1), (A1)

Note that the divergence rates of HR/,, and DY/, are associated with the subpopulation size |Gk |’s as N goes to
infinity. However, in contrast to other clustering approaches based on an entire set of coefficient vector 3; (e.g., [9, 7]),
the proposed model allows the subgroup partitions corresponding to different individualized predictors to be different.
Therefore the design matrix for the oracle estimator here cannot be formulated as a block diagonal form, which leads
to non-trivial subgroup effects on divergence rates.

To get a better understanding of the group effects on the oracle estimator, we reformulate
Dy, = Zf\’ QTXTV X Q= ZN (Q7) o (X VLX), where QT Q7 is a symmetric square matrix

with entries to be zero or one. Suppose there are some positive constant sequences {x 1 such that

1 and {Hm}m

m}m

< )\mzn(X;T‘/;_le) S )\maw(XiT‘/i_lxi) S K";ﬁz’ 1 S 1 S N7

then we have !, Zf;l Q; < Dy, < &y, Zfil Q, by noting Qf = Q. Similarly, we could also show that
o SN Q< HY,, < ok, SN |, for some positive constant sequences {¢!, }°°_; and {¢% }5°_,. Let Ay =
Zivzl Q; and note that Ay = diag(N1,|G1],---,|Gpl) is a diagonal matrix, where |gk|’s (1 < k < p) are signal-
subgroup sizes corresponding to p individualized predictors, respectively. Since Zf\il €2, is non-singular, then

(gbgn)il(ﬁlm)2AN < D?\}:m(HN m) Nm = (Qsl )7 ( ?n)2AN' (AZ)

The bounds in (A.2) provide the convergence rate for the oracle estimator. It is clear that A contains the subgroup
effects on estimation, while (¢%,)~!(x%,)? and (¢!,,) 7! (k¥ )? reflect the information accumulated from the increasing
individual-wise measurements. For example, in the independent-error model, it is straightforward that /@in, [ (;Sin
and ¢, are all of order O,(m) under the regularity conditions.

Let N, = Ziegk m; = m|Gx| denote the number of observations in group Gy and N, = Zi\;l m; = mN denote
the total number of observations. For the independent-error model, we establish asymptotic normality for the oracle
estimators with convergence rates associated to the sample size N and the individual measurement size m.

Following the matrix algebra in Section A.1, we have

N ~ N )
Qo) < (H) T < 6h) o)

and therefore (A.2) holds.
Recall that 0°" = vec((4°",&°"), by Taylor’s expansion, we note that (°" — 6°) = —(D% ) G =
f(HJOVTM)’lG%,m, where

Nm ZXTV Xiéo)v

since R? = R; = I, holds for any i. By the standard central limit theorem, we have (HJOVT’m)’l/ QG‘]’\Zm —
N(0,1I,.,), implying that (H/,,)/2(8°" — 6°) — N(0,I,,), as either m — 0o or mini<i<,(|G|) — co. In
addition, if R} # I,,, but m is bounded, then the asymptotic normality still holds when N goes to infinity regardless
of the choice of working correlation matrix R;.



Moreover, under regularity conditions (A5)-(A6), we have )\mm(ZﬁV XTX;)=O(mN) and
Amaz(X XTX;) = O(mN). When R = R; = I,,, itis trivial that HY,, = D%, < mAN,m = My . O

A.5 Proof of Theorem 2

Following Lemma 1, we have
P(0+0) H 1K) DY, (67~ 8)12 ) < 4.

Note that

N
Hyn=) U'V'SV'U;

~.
—

UjT‘/;_1/2‘/;_1/2211‘/;_1/2‘/;_1/2Ui

I
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-

%
N

aa (RTPRRT) S UTV VR,
=1
= /\maw(Ri_le)DNJn = anN,m-

Therefore we have Dy ,,, H K,}m Dy > 77;11 Dy ,, which implies that
or —L or nor N0 *% or 1 hor n0
[(HY ) 2 DR (077 — 67) |2 = 1 (DY) 2 (077 — 67) |2,
and thus

-3 or i por N 1
P(1 DR )46 = )12 > ) < oy

for some ¢y > 0. The proof of Theorem 2 is completed. [J

A.6 A Few Remarks and Conclusions on Divergent Correlation Structure

Remark A.1. For any N and m, according to regularity condition (A3), note that
< ; ) 1) —1 0V < ()1 N < (W) im.
m = (1glgnN{>‘mm(R2)}) 121%}%,{>‘mar(Rz )< () u(RY) < ()" m

If m is bounded, then 7,, is bounded, which implies that the condition C does not depend on unknown true correlation
structure R?. As N — oo, we have Amin(Dj’\;m) — oo regardless of the choice of working correlation R,;. Hence,
similar to standard results for the GEE estimator, the oracle estimator 8°" has asymptotic normality, although it may
not achieve optimal efficiency if R; # RY.

Remark A.2. If m — oo, 7y, is not always bounded. For example, if R{ admits an Exchangeable correlation
structure and we choose working correlation R; as an identity matrix, we have n,, = O(m). For any bounded N,
Dy, = O(m), which implies that the condition (C}) fails. Although the condition (C,) may still hold with some

constraints on the design matrix to ensure consistency (see following Example A.1),



We use the following example of a simple linear regression to illustrate some details about the conditions C, and
C» with specific covariates design.

Example A.1. Consider an individual-wise model with homogeneous effect,
yit:xitﬁ—’_gitu i:17"‘7N;t:1a"'am7

where €; = (g;1,...,&im)’ ~ N(0,02R°) and R® admits an exchangeable structure with parameter p > 0, z;;’s
are iid N (u, 1). For the case of bounded N, without loss of generality, we assume N = 1. By using an independent
working correlation R; = I,,,, we have D,, = xfx; = O(m) and 1, = A\pnae(R®) = mp + 1 — p, where
x; = (@11,...,T1,m)". Thus condition C; fails. However, note that R°(p) = (1 — p)I,, + p1,,1L. We have
H,, = oc>xT R, = o227 (1—p) L+ p1,n17)aT = 62(1—p)aTay +mp(m ™= S w1e)? = O(m)+0(m) if
p = 0, and thus \,in (D, H; ' D,,) = O(m) — oo asm — oo. Butif p > 0, itis clear that mp(m =2 327", x1,)% =
O(m?) and thus \,in (D, H, .t D,,) = O(1).

Under mild conditions on correlation structures, we have a simplified result for the oracle estimator with subgroup-
ing effects with correlated data as follows.

Corollary A.1. Suppose 1, < C1 holds uniformly for some constant 0 < C7 < oo, under regularity conditions, we

have
1. ~
M5, (07" — 8°)||l2 < Op(1),
where My p, is defined in Theorem 1.

Proof: Following the proof of Theorem 2, if 7,,, < C holds uniformly for some positive constant C1, it is straight-
forward that ||(D,,,) % (8" —8°)||2 = O, (1). Note that D37, = S ;X7 R ' X;Q; and XT R ' X; < XT X,
according to the regularity conditions. Following the similar argument in Section A.4, we have D = =< My ., and
thus ||(MN7m)%(6A’OT —6%)||2 < O,(1). The proof of Corollary A.1 is completed. (] ’

The condition of uniformly bounded 7,,, in Corollary A.l naturally holds when m is bounded. However, when
m goes to infinity, it implies that either we choose a working correlation matrix R; close to the true one, or the true
correlation is not too strong. The first case involves a consistent and efficient estimator of the correlation structure,
which has been discussed in [1], [S] and [4]. For the second case, a variety of conditions can be imposed on the
correlation structures to ensure a “weak” dependency. In the following, we provide a sufficient condition which can
be verified easily in practice.

Proposition A.1. Under regularity condition (A3), for any arbitrary true correlation matrix Ro(pij), if |piz| < pliji
fori# jandy ;| pr < oo, then n,, = max, {Amaz(R; ' R®)} is bounded uniformly for any working correlation
_1/_

structures R;’s.

This indicates that R is bounded if the within-individual correlation decays rapidly as m increases. In practice, a
wide family of correlation structures satisfy the conditions in Proposition A.1 including the AR-1 and the M-dependent

correlation matrices.

Proof: The correlation matrix R(p;;) is symmetric, which implies that || Ry xm |1 = [|[Rimxm |loc < Z;n;ol lox| <
> reolpe] < co. By noting that |Ryxmll3 < |[Rmxml|l1]|Rmxmllcos We have Aor(R) = ||R|2 uniformly
bounded, and thus n,, < (v])™* Y7, |pr| < oo. The proof of Proposition A.1 is completed. [J



A.7 Preparation to Theorem 3
A.7.1 Convergence Rate of Individual-wise Unpenalized Estimator

In general, the unpenalized heterogeneous estimator plays an important intermediate role in investigating the large
sample theory of the penalized estimator. Hence, prior to presenting the theoretical results for the proposed estimator,

we discuss the asymptotic behavior of the divergent-dimensional individual-wise least squares estimator HAE*N) =

vec(B(y,, &) obtained by minimizing Ly, (6) in (4).

Note that, for the proposed estimator and the individual-wise heterogeneous estimator, each term of U V;_l U, in
Dy, does not equal to X 3“ Vi_lXi , but is a block sparse matrix as p;(a, (3;) does not contain any other individu-
alized parameter 3; for j # i. We denote

Dy — D..(Np x Np) D,.(Npxq)
’ D..(¢x Np) D..(q%q)

for the individual-wise estimator, where D, = bdiag ({X I ‘filXi}fL) and bdiag(-) denotes a block-diagonal
matrix. Similarly, we have H,, = bdiag({XiT‘Q_lﬁiW_lXi}ﬁl> in Hy ,, and both D, and H, will expand
as N increases. Following Lemma 1, we obtain the following result:

Lemma A.1. Under regularity conditions, for any 6 > 0 and a € RNP19, we have
P(1a (61, ~ 60)? > 6) < 02" (D (Hx ) ' D) e

If we choose a as a coordinate indicator for 3; in 6y, that is, a = (O;, al,...,aly), wherea; € RP,1<j <
N,a; =1,if j=iora; =0,if j # ¢, Lemma A.1 implies the following corollary, which provides a detailed view
of the convergence property for each individual-wise estimator BZ“ and the population-shared estimator &*.

Corollary A.2. Under regularity conditions, for any § > 0 and individualized estimator ,éf,
P(HBEL - BYll2 > 5) < P6 N Amin(Dx,) ",

where Dx, = XiTVleZ-, 1 =1,..., N, and for the population-shared estimator &",
P(la" =)o > 5) < 45 2 (D2)

where Dy = YN 2TV 127,

Note that the condition (C,) requires that m — oco. In the case of bounded m and diverging N, it is straight-
forward that the consistency of any individualized parameter cannot be achieved since A, (Dx,) does not diverge.
Intuitively, the increasing number of individuals does not accumulate additional information for the individual-wise
parameters. However, the estimator of population-shared parameter & could still be consistent as N — oo by noting
that 7,,, is bounded and \,,;,(Dz) — oc.

A.7.2 Proof of Lemma A.1 and Corollary A.2

Note that, for the proposed estimator and the individual-wise least squares estimator, each term of U} VflUi in
Dy, does not equal to xr Vi_lXi , but is a block sparse matrix as p; does not contain any other individualized
parameter 3; for j # i. We denote



DNm:

)

Ta:ac(Np X Np) sz(Np X Q)
D..(¢ x Np) D..(qxq)

for the individual-wise estimator. Specifically,

xTviix, 0 0 xtvtz,
0 D 7D CHE 0 xIv, 'z,
Dn,m : : : : : .
0 0 o XEVITXxy XEvit'zy
ZIvix, zIvy'x, ... ZLvilxXy SN, zZTvilz,
Similarly we have
XTv s vittx, 0 0 XTv s vtz
0 XTVvyisovy X, 0 xXIvy s,V z,
Hy,m = : : : : ’
0 0 o XEVI'ENVEIXy XEVE'ENVE'ZN
Ziviisviixa ZfVy TSV X ZRVEI SNV Xy L, 2]V YT 2

Since Hy m < NmDn.m, we have aT (Dy 1, (HN 1) ' Dn.m) ™t < nma® (Dy,m) ~ta. Note that Dy, can
be decomposed as

D _ INp 0 Dy 0 INp (Dzz)ilDzz
N,m = —1 —1 >
Dzz(Dzz) Iq 0 D, — DZI(DI:L‘) D, 0 Iq
and hence

(D )71 _ INp 0 (Dzm)_l 0 INp —(Dzm)_lDzZ
Nl T —Dew(Dan)™t I 0 (D — D2y(Day) ' Dy2) 0 I, ‘

Therefore, for any coordinate indicator @ of 3;, a” (Dnm) 'a = 1I'( X7V, X3) 711, < pAnin(XT V1 X)) 70
The result for the population-shared parameter & could be obtained following the same argument. [J

A.7.3 Uniform Consistency with Divergent N

Next, based on the result in Lemma A.1 and Corollary A.2, under condition (Z,) or (Z), we provide a stronger uniform

consistency regarding the divergent-dimensional parameters when both N — oo and m — oo.

Lemma A.2. Under regularity conditions (Al)-(A6), given 7, = )\mm(DNymHg,’lmDNym), if either condition (Z,)
holds with N = O(7,,) or condition (Iy) holds with log(N) = O(7,,), for any § > 0, as 7, — 00, we have

P(é'(uN) — 005 oo > 5) —0.

Lemma A.2 indicates that if /V diverges at a limited rate compared to m, we are able to achieve a stronger uniform
consistency in terms of the L., norm. The allowed divergence rate of N depends on the tail property of the random
error’s distribution. Note that the 7,,, in conditions (Z,) and (Z;) could also be replaced with 17,‘”1 Amin (DN m) analo-

gous to the above discussion, which leads to a sufficient condition.

Proof: We denote
X; ... 0 Z



and V = diag(Vi, ..., Vy), & = diag(Z1,...,Zn), € = (€],...,&N)".
/

Denote éZLN) = ((ﬁ'ELN))’ , (@™ ) , we have the least squares estimator

-1
- (XTV—1X> XTSI 82
—1
_ <XTV1X> XTVIS e
Under condition (Z,,) that N = o(7,, ), by Chebyshev’s inequality,
P[0ty = O0x)lloe > 8) = P(I(XTV I X) ' XTV o > 6)
< 5‘2tr((X'TV‘lX')‘1XTV‘1EV‘1X(XTV‘1X)‘1>
= 5_2t’f‘((DN)m)_lHN7m(DN7m)_1>

S 5_2(Np + Q))‘mam ((DN,m)_lHN,m(DN,m)_l)
<6 3(Np+q)(tm) =0

as T, — 00.

Moreover, let a; = (XTV-1X)"1XTV~-1%51/2), denote the tth row of (XTV 1 X)"'XTV-1x1/2 ¢t =
1,...,(Np+ q). By condition (i) in (Z;), we have

2
P(|ath;f| > 0) < 2exp(—

).

2lla|3
Hence
P(|6¢y) — O0n) lloo > 0) =P(|(XTV ' X) ' XTV B2 > 6)
Np+q
< Z P(\atTe*\ > 0)
t=1
Np+q 52
< 2exp(——57—3)
; aillZ
52
< (N 2 —_——
< (Np+a), _max  (exp(=Zr )
52
=2(Np + q)exp(— .
Nt e ez allladlB)
Note that

(atll2) < Amaa ((XTV‘lX)‘1XTV—12V—1X(XTV—1X)—1>

max
1<t<Np+q

s (Do) H (Do) ™) = ()



By condition (ii) in (Zp) that log(N) = o(7,,),

u 837,
P([10{x) = 8(n)lloc > 8) < 2(Np + g)exp(——5=) = 0

as 7, — oo.

A.8 Proofs of Theorem 3, Corollaries 1-3
We first establish the following result.

Lemma A.3. Suppose there is a sequence of numbers {a;}i=1, . N associated with a partition of index sets G; (I =

1,..., L), such that |a; — bj| < e for any i € G, where ¢ is a small positive value. Then there is a local minimizer b of
following objective function
N
=3 (gl ),
— \1=i<
such that ||b — b||oe < 26, where A la; = b = min (la; — b))
I<L 1<I<L

Proof: Without loss of generality, assume b; = 0, we have |a;| < ¢ forany i € G; and hence > ;g |a;| < |Gile.
Moreover, note that ) |, g |a; —2¢| =), (2¢—a;) > > g €= |Gileand D, o |a;i+2¢[ =D ;5 (2¢—a;) >
> icg, € = |G1|e. Therefore there is a minimizer [b;| < 2¢ and the proof of Lemma A.3 is completed.

Next we establish another lemma regarding subgrouping on heterogeneous parameters. Denote Bgo(r) as a ball
in R? centered at B) with a radius 7 > 0.
Lemma A 4. Suppose either condition (I,) holds with N = O(Tm) or condition (Ib) holds with log(N) = O(Tm,),

or any constant v > 0, as T, — 00, there exists a local minimizer (&7, 3T 3T\T N.m in (3) such that
y Y ,

p( (] {Bi € Bpo(r)}[ & € Bao(r)}[ {4 € B,yo(r)}> — 1.

1<i<N

Proof: The proposed objective function is

N N p
1
QNm By, a,v) = 3 ; | yi — XiBi — Ziax |5 +ANm Z;S Biks Vi)

= Lnm(0n)) + San.. (BvysY)-

Let 67y, = OPN) + (Tm)"Y?u, v* € R?, where || u |2= d. Note that Sy, (,BE)N),')/O) = 0, by Taylor’s

expansion, we have
DN,m(u) = QN,m(OEkN)v’Y*) - QN,m(e(()N)f.YO)
= Lnm(0(n)) — LN,m(O?N)) + Sanm (B{nysY")
_ . 1 _ . . N
= (Tm) 1/2L (O(N))u + 2(T7n) 1UTLN,m(0?N))u + Sxnm (:B(N)a')' )s

1 * *
= (Tm)il/g(GN,m)Tu + i(Tm)iluTDN,mu + S)\N,m (ﬁ(N)77 )a



where L N,m 8 the gradient vector of Ly ,,,(6) and L N,m 1s the Jacobian matrix. Note that

P (Hy ) ? G| > 6) < 62w B(Hym) *Gym(Grm) " (Hym) )
<6,

implying that u” (Hy ,,) "Y/2G n ;. = O,(d). Moreover, we have
(HN,m)1/2 — (DN,m)1/2(DN,m)_1/2(HN,m)1/2(DN,m)_1/2(DN,m)1/2

< (D) A ((DN,m)—1/2(HN,m)l/Q(DMm)—l/Q) (D)2

-1
= )\mzn ((DN,m)l/Q(HN,m)I/Z(DN,m)l/2) DN,m
= (Tm)il/QDN,m»

and thus (7,,)""/2(Hy n)"? < (7;n) ' Dn.m. Consequently, if d is sufficiently large, then the second term in
Dy (u) dominates the first term, which implies that, with probability tending to 1, Dy ,,,(u) > 0 at || u ||2= d.

Hence we have
P{ inf Dy p(u) > O} — 1.

lull2=d

This implies that, with probability tending to 1, there exists a local minimizer 6| in the ball B(00 (Trm)~2d).

In particular, this indicates that the convergence rate for estimator of any individualized parameter Bi is (Tm)l/ 2. Fol-
lowing the proof of Lemma A.2, under condition Z,, or Z;, we have P( ||ﬁ(N) - B?N) o > p~1r) — 0 for any positive
constant 7. By Lemma A.3, given HB(N) - ﬂ?N) oo < p~'r, there exists a minimizer 4 of Sx, ., ('y|ﬁ(N)), such that
4 € B(yY,r). The proof of Lemma A.4 is completed.

Next we show that the objective function QN’m(H’(*N)ny*) is convex at {BE‘N) € B(G(()N), (Tm) " Y2d)} N {~* €
B(¥°, (1yn)~'/2d)} when m is sufficiently large. Note that, if 3, = ~3, we have

sup B =il < sup (B —BRl+ sup v — R0+ 1Bk — %l
5 €B(BY,) e B(7 - €B(6Y,) ~EEB(D)

< 2(7) "2+ 1B — W = 0,

and int (850 (h0] — (Fu)2d)s - 0. It Follows
R EB(BY)

P( sp  |Bh-Afl<  nf wm)%
REB(BY)EEB(R) W EB (B

Define

P
Suvn B 1) = M {1850+ 3 195 il
k

=1 “iegGg 1€0k

and Q. = LN7m+5‘,\N1m. We have QN,,,L(OE*N),')'*) = QNym(OE*N),'y*) at {OZ‘N) € B(H?N)7 (Tm) " 2d) N {y* €
B, (Tm)*l/ 2d)} when T, is sufficiently large, and thus argmin @ N,m = argmin Qn .

10



Let 67y = O0y) + Ay, uand v** = ~° + A5L v, similarly it follows that

Dy (1,0) = Qnan (0 7"*) = Qnn (O, 7*) = L. (07%)) = L. (80x)) + Sxnn (B 7™)

(Tm)l/ —1/2}T 0 Tm 1 -1, TF 0
= (m L 0 —(Tm Lnm(0
A (Tim) Nom (O(n))u + )‘?sz(T )7 u L (00n))u
p
i L S0 ARl + 3 Axbalue = ual.
k=1 “iegGg 1€Gk

AN,m
Since N)1/2 — 00, hence Dy (u, v) =, D(u,v), where

p
Do) =Y { 3 hual + 3 fus ol .
k=1 *i€ge 1€y,
which is minimized at {u;;, = 0]i € GF; ik = vi|i € Gi}. Because Dy, (u, v) is a convex function, it follows [3]
that argmin Dy, — argmin D, and thus argmin @ ,,, — argmin D. This implies that P( 3, =1
and P(BAZ;C = 4%|¢ € Gr) — 1. The proof of Theorem 3 is completed and the proof of Corollaries 1, 2 and 3 follow

immediately. [

A.9 Proof of Theorem 4

First, we prove the estimation consistency as A, = o(m*). Recall that 8} = vec(8}, a*) and X, = (X7, 2.
Given 4, let

D
Qum- (0517) =1 yF — X707 13 +(\n-) Y s(Bik )
k=1

= Lz ,m* (0*) + S)\,,L* (ﬁ |7)

which is minimized at é* where L; ,,,+(-) is the squared loss function and Sy, . (-) is the MDSP function.

X *TX * — C; where C; is a positive definite matrix. Following [6], we define another function not

related to m™
P

Qi(01N°) = (6 — 62)7Ci(6F —69) + X0 Y s(Bis 1),
k=1

and \,,- /m* — Xg. Since C; is not singular, if Ay = 0, then @Q; has a unique minimizer 0?. Following [6], we need

to show
2 | Qe O713) = Q0T ) %] =, 0 (A3
for any compact set © and also that
6; = 0,(1). (A4)

The result in (A.3) follows

1 -
|l yE - X567 3, (67 — 69)7Ci(6] — 69) +
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according to standard results [10] and also

1 ) .
sup |—Sx,. (BF19) — So(BFA%)| <
0rce |

. Sxm* (BF14) = Sx,.. (B5 17°)

m

1
+ sup ;
0rce@ M 0rce M

A77l p 7rL
< A=Al +C| — Aol =0,

where ¢ > 0 is a constant. Although @); .- is not convex, we note that argmin(L; ,,,») = O,(1) and argmin(Sy, . ) =
O,(1). It follows that é; = argmin(Q; .,») = Op(1). Under (A.3) and (A.4), we have

argmin(Q; m») —p argmin(Q;).

Next, we prove the selection consistency as Ay« /v/m* — oco. Let 3 = ,60 + 1 —and o* = =a'+ % where
u = Op(1) and v = Op(1). Let

Di,m,* (ua ’U) = Qi,m* (/6:7 Oé*|’A}/> - Qi,m* (6?a a0|;7)
= Ly~ (B}, @) = Lim~ (87, @°) + Sx,.. (BF17) — S, (BY17)

= le; - X:T - Z*i*||2 leill3 + Am Z (B3 + 7*7%) — 5(B: )]
m* 1 * * * * * * *
AV Sy el (X[u+ Z[v) + 15 (uT,vT)<m*(Xi L ZHN(XT, Z; )>(uT o))"
p
Uk . -
+ A [ ( ?k + Y u 7’7]@) - S(B?kv’yk)]
k=1 m*

The first two terms vanish as A« /v/m* — oo. Let 4 — ~(©) it follows that

D; i+ (u Z lug| + Z ug sign(y,” — Wk)

ke AS keA;

Since v/m* (4 —4°) < O, (1), that is, 7v(*) = 4, then the second term above also vanishes, therefore D; ,,,~ (u, v) is
minimized at uy, = 0,k € A¢. Note that u = A\« (BF — BY) and thus argmin(Q; ,,+) = argmin(D; ,« ), the proof
is hence completed.

L(X)T X} is positive definite, but not for
m i i

> T s . . . . . s T
L_X*" X since there could be invariant population-shared covariates Z; within the individual. However, the above
L (Z3)T Z; is positive definite. [J
mr (L4

argument still holds by taking a transformation Z; = Z}T;

12
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B Additional Numerical Studies and Algorithm Implementation

B.1 Subgroup Number Selection

In this simulation study, we first investigate the performance of the data-driven method discussed in Section 4 to
select the number of shrinkage centers (subgroups). We compared the proposed method (MDSP) based on BIC-type
criterion with a two-stage approach (OLSK) which employs the gap statistic [11] to choose the number of subgroups
for the K-means algorithm based on the least squares estimators of individualized coefficients. The OLSK method is
implemented by R package cluster (version 2.0.5) [8]. The number of bootstrap samples in calculating the gap statistic
is set as 100.

We generate the data following (15) in Section 5.1 under various scenarios. Scenario 1 has only a noise individu-
alized variable (8; = 0,7 = 1,..., V), while Scenarios 2 and 3 have two (5; = 0, 1) or three subgroups (53; = 0, 2, 5)
for one individualized predictor, respectively, and Scenario 4 assumes a model of two individualized predictors with
two (8;1 = 0, 2) or three (8;2 = 0, —2, 1) subgroups, respectively. The subgroup size in each scenario is balanced.

Table 1 provides the mean estimated number of subgroups and proportion of selecting the correct number of sub-
groups based on 100 replications. Overall, the proposed method is able to select the correct number of subgroup
with more than 85% probability over all scenarios with different sample sizes (N = 60, 120) and individual mea-
surement sizes (m = 5, 10, 20). The chance of selecting the correct number of subgroups increases as the individual
measurement size increases. In addition, the proposed method consistently outperforms the two-stage OLSK method,

especially when the individual measurement size is small (m = 5).

Table 1: The mean of identified subgroup numbers of the proposed model compared with the two-stage OLSK method
based on 100 simulations, with sample size N = 60, 120, individual measurement size m = 5, 10, 20. The first three
scenarios contain one individualized predictor (p = 1) of one, two and three groups, respectively. The last scenario
contains two individualized predictors (p = 2), one with two groups and the other with three groups. The subgroup

sizes are equal in each scenario. The subgroup homogeneous effects are listed as possible values for f3; in the table.

Number of individualized variables p=1 p=2

Sample  Cluster Bi =0 B; =0,1 B; =0,2,5 B1i =0,2 B2i = —2,0,1

Size (N)  Size(m) MDSP OLSK MDSP OLSK MDSP OLSK MDSP OLSK MDSP OLSK
5 1.0(100)  1.0(100)  2.0(95) 1.0(2) 2.9(88) 2.5(68) 2.0(100)  1.5(52) 3.2(85) 1.2(0)

60 10 1.0(100)  1.0(100) 2.0(100) 1.3(26)  3.1(90)  2.7(74)  2.0(100) 2.0(100) 3.1(90)  2.4(44)
20 1.0(100)  1.0(100)  2.0(100)  2.0(100)  3.1(92) 2.8(78) 2.0(100)  2.0(100)  3.0(100)  2.8(80)
5 1.0(100)  1.0(100) 2.0096)  1.0(2) 3286)  2.8(82)  2.0(100) 17(72)  3.190)  1.4(0)

120 10 1.0(100)  1.0(100)  2.0(100)  1.2(24) 3.1(92) 2.9(86) 2.0(100)  2.0(100)  3.1(90) 2.6(64)
20 1.0(100)  1.0(100)  2.0(100)  2.0(100)  3.0(98) 2.9(96) 2.0(100)  2.0(100)  3.1(92) 2.78(78)
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B.2 ACTG Data Analysis

In this section, we illustrate the proposed individualized variable selection method using the Harvard longitudinal
AIDS clinical trial group (ACTG) data. One of the goals from this study is to test the treatment effect of Zidovudine
on CD4 cell counts, e.g., [2].

The 140 patients from this study are repeated measured over 14 time points with a missing rate of 8.5% and
maintain CD4 counts above 50 at the baseline measures. The demographic information includes age and gender for
each patient. We denote ZDV=1 if the patient receives the treatment and ZDV=0 if the patient is in the control group.
Let y;; be the CD4 counts for the ¢th patient at time ¢. Each individuals’ CD4 measurements are standardized by
within-individual standard deviation to achieve a uniform scale. A marginal model to incorporate time, treatment,
interaction of time and treatment, age and gender is provided as follows:

Yit = Po + P x Time + B, x ZDV + By x ZDV x Time + B, * Age + B4 * Gender + €. (A5)

We are particularly interested in the treatment effect of Zidovudine over time. The standard analysis concludes that
the marginal treatment effect over time th is not significant with p-value= 0.113.

However, if we examine the time trend of CD4 counts from individuals, there exist subgroups for the treatment
group. Given the treatment ZDV, some individuals’ CD4 counts are more stable over time while some patients’ CD4
counts decrease more rapidly than the average of the control group over time. This could be interpreted that some
patients respond more positively, while some respond more negatively, and the remaining patients have no effects
from receiving ZDV treatment compared to the average effect of the control group.

Clearly, the subgroup differences are washed out if we apply the above marginal model in (A.5). Therefore, we
employ an individualized regression model which accommodates the personalized treatment effects ZDV over time as
the following:

Yir = Po + Be * Time + B, * ZDV + By * ZDV x Time + B, x Age + B4 * Gender + ;.

We assume for the 3;,; coefficient, that it falls into three subgroups (B;; = v+ > 0, Biz¢ =7~ < 0 or B¢ = 0).
Note that for patients in the control group, we set 3;,; = 0 since their personalized effects corresponding to the
treatment are unobserved. Since the treatment variable is constant over time, we compare our proposed method with
the individual-wise Lasso model, the standard population homogeneous model, the random-effects model assuming a
random slope of ZDV and time interaction and the fused Lasso model.

We choose observations at times ¢ = 1, ..., 12 as the training set and the remaining observations at t = 13, 14 as
the testing set. On the testing set, we calculate the root mean square prediction error for each individual at t = 13, 14,
where the median of the individuals’ prediction errors is reported. Table 2 shows that the proposed method has the
smallest median prediction error among all methods. For example, the proposed method has 16.0%, 13.9% and 18.1%
improvement in prediction accuracy compared to the marginal model, the random-effects model and the Lasso model,
respectively.

Furthermore, Figure 1 shows the individuals corresponding to no effect, positive effect and negative effect in the
treatment group identified by the Lasso method and the proposed method respectively. The proposed method is able
to detect more individuals with significant responses to the treatment than the Lasso method does, as the proposed
separation penalty enables us to shrink the estimated coefficients in multiple directions.

To examine whether subgrouping provides more informative treatment effect over time, we refit a marginal regres-
sion model in (A.5) for each subgroup, where each subgroup consists of the corresponding individuals identified in
the treatment group and all individuals in the control group. Table 3 illustrates that the treatment effect over time from
the positive-effect subgroup selected by the Lasso method is still not significant, while the negative-effect subgroup is
significant with p-value of 0.02. In contrast, the proposed method identifies both positive and negative subgroups with
significant p-values of 0.02 and 0.00 respectively.
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Figure 1: The different individuals corresponding to no effect, positive effect and negative effect in the treatment group
selected by the Lasso model and the proposed method.
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Table 2: The estimated coefficients of the population model, the random-effects model, the L;-penalty model and the
proposed model with corresponding median prediction errors (MPE) for the ACTG data. The individualized coefficient
estimators Bm’s in the Lasso model, the fused Lasso (fusedL.) model and the proposed (MDSP) model are not listed.

Model Bo Be B B By Ba At 4~ | MPE
Population 3.09 -0.68 -0.54 0.01 -0.01 -0.24 - - | 1.67
Random-effects 2.56 —0.68 —0.57 0.02 —-0.01 —-0.29 - - | 1.70
Lasso 3.09 -0.76 —-0.54 0.01 -0.01 - - - | 1.64
fusedL 3.00 —-0.72 -0.52 0.01 -0.01 - - - | 1.62
MDSP 3.10 -0.68 —0.56 0.01 -0.01 - 0.62 —-0.60 | 1.44

Table 3: The treatment effect estimators within each subgroup model (zero-effect group: 3%,, negative-effect group:

3, and positive-effect group 37;) as well as the standard errors (s.e.) and the p-values. Each subgroup consists of
the corresponding individuals in the treatment group identified by the Lasso model or the proposed model (MDSP) as
well as all the individuals in the control group. The proportion of individuals with the treatment classified into each
subgroup is provided.

Model Estimates s.e. p-value | Proportion
39, —0.24 017  0.14 0.75

Lasso [ —0.73 031  0.02 0.18
3, 0.82 0.48  0.10 0.07
30, —0.04 030  0.89 0.20

MDSP /3, —0.68 0.08 0.00 0.64
3%, 0.72 0.33  0.02 0.16

16



B.3 Supplementary Results to Simulation Study in Section 5.1

This section collects the supplementary numerical results to the simulation study in Section 5.1. Specifically, Table
4 summarizes the individualized variable selection results; Table 5 presents the estimated sub-homogeneous effects

from the MDSP model; Figures 2 and 3 provide the boxplots of the variable selection evaluations with a sample size

N = 40.

Table 4: The average correct variable selection rate (CVSR), sensitivity and specificity of the proposed MDSP model
compared with other approaches based on 100 simulations, with sample size N = 40, 100, individual measurement
size m = 10,20, and subgroup homogeneous effect v = 1,2, where Sub, Homo, FusedL, Lasso, AdapL, SCAD
and MCP stand for individual-wise model, homogeneous model, the fused Lasso, the Lasso, the adaptive Lasso, the
SCAD and the MCP regularization models, respectively. The number of subgroups (two) is correctly specified in the

proposed model.

Variable Sample  Cluster Methods
Selection  Size (N) Size(m) MDSP FusedlL Lasso AdapL. SCAD MCP
7=1

40 10 0916 0.692 0.876 0.820 0.717 0.741

CVSR 20 0.970 0.678 0924 0869 0.778 0.829

10 0.909 0.673 0.862 0.840 0.718 0.754

100 20  0.963 0.682 0.890 0.888 0.773  0.833

40 10  0.942 0978 0.898 0943 0975 0.966

L 20 0.985 1.000 0990 0997 0.999 0.999
Sensitivity

100 10 0.946 0986 0917 0941 0974 0.967

20 0.990 0999 0993 0994 0999 0.997

40 10 0.909 0.406 0.853 0.696 0.460 0.517

. 20 0.956 0.356  0.857 0.742  0.557 0.659
Specificity

100 10 0.886 0.360  0.807 0.739  0.462 0.542

20 0942 0364 0.787 0.782  0.547 0.669

v=2

40 10 0.959 0.639 0.886 0.884 0.800 0.852

CVSR 20 0972 0.670 0928 0940 0.908 0.953

100 10 0.940 0.648 0.868 0.898 0.809 0.871

20 0.965 0.682 0.890 0.888 0.773  0.832

40 10 0.997 0996 0997 0998  1.000 0.998

. 20 1.000 1.000 1.000 1.000  1.000 1.000
Sensitivity

100 10 0.998 0997 0998 0998  0.999 0.999

20 1.000 0.999 0993 0994 0999 0.997

40 10 0.922 0282 0774 0.771  0.602 0.705

. 20 0945 0340 0.856 0.880 0.816 0.906
Specificity

100 10 0.882 0299 0.738 0.797 0.620 0.744

20 0.930 0.365 0.787 0.782  0.546 0.668
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Individualized variable selection (y=1 Sample size N=40)
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Figure 2: The boxplots of CVSR, sensitivity and specificity for all regularization approaches based on 100 simulations,
with individual measurement size m = 10, 20, where homogeneous effect v = 1 and sample size N = 40.

Individualized variable selection (y=2 Sample size N=40)
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Figure 3: The boxplots of CVSR, sensitivity and specificity for all regularization approaches based on 100 simulations,
with individual measurement size m = 10, 20, where homogeneous effect v = 2 and sample size N = 40.
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Table 5: The average RMSE of the estimated subgroup homogeneous effect 4 from the proposed model based on 100
simulations (empirical standard errors in parenthesis), with sample size N = 40, 100, individual measurement size
m = 10, 20.

Homogeneous N=40 N=100
Effect T=10 T =20 T=10 T=20
y=1 1.03(0.08) 1.00(0.05) 1.02(0.05) 1.00(0.03)
y=2 2.01(0.07) 2.00(0.05) 2.00(0.05) 2.00(0.03)

B.4 ADMM Algorithm Implementation

In this section, we provide some implementation details for the proposed ADMM algorithm in Section 4.1 with an
independent model. In the proposed algorithm, we update {c, 3}, {v, v} and A alternately at the (I + 1)th iteration

as follows:
{a0, 840 = argmin Ly (e, B) + 518~ v + 5~ AV[3, (A6)
D 40} = argmin Sy, (.7) + 518D — v+ m T AGI, (A7)
AD = AD 4 (gD — D)y,
The optimization in (A.6) has an explicit solution as
~ ~ _1 ~
{aFD) g+l — (XTX + bdiag{0,x, HINp+q}> (XTY + vec{0yx1, v — )\N,mA(l)}>~
The optimization in (A.7) is achieved by iteratively updating v and - in
argmin Z{ i = BT = KAL) 4 Ay min(|ig . v — m}. (AB)

=1

Given ~, let Bl.(,l:l) = ﬁi(lljl) + nflAEQ, the updates of v are obtained as

. a(I41) I+1 AN.m . S(1+1 S(1+1 old
(new) _ sign(B ") - max(0, |B5Y| - ), it |85 < 185 — )
ik ld 141 1d I+1 ld AN.m . I4+1 1+1 old
4D 4 sign(BE) 400 (o, B4 S0y e 3l S lEen o
fork=1,...,p,i=1,...,N. And given v, the -y is estimated via a one-dimensional exhaustive search along each

covariate fork =1,...,p.
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