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Abstract
In this Supplementary Material, we prove Theorem 3 & 4 and Proposition 1 to 4

in the main paper and the technical lemmas. The numerical comparisons of 7« and an

SVD-based estimator 7 are also included as an Appendix.

1 Proofs of Theorem 3 and 4

Proof of Theorem 3. As in the proof of Theorem 1, it suffices to bound the probability
P( Y opey We( Xk — Xpiv1) > 0). Note that w is the first eigenvector of

1 1
A= X<I - eeT> (1 - eeT>XT —TT"
P P

where T € R™"*P and T admits the decomposition

1 1
Tz@([—eeT) +Z<I—eeT> =0+ E cR™P
b b

where E;; ~ N(0, (p — 1)o?/p) and ©' has SVD
o =U'DV'".

Define w = v} € R" as the first eigenvector of ©’O'T. Following the same argument that

leads to (13) of the main paper, we have, up to a change of sign for w,

P(Z’UA)]C(X]W — Xk,i+1) Z 0) S P(’w—r¢i’i+1 2 _\/%H(ﬁi,i—l—lb) + P(‘l — (wTw)z\ > 5)

k=1



The following lemmas parallel Lemma 1 and Lemma 2 in the proof of Theorem 1. In par-
ticular, Lemma 8 provides a perturbation bound for the leading eigenvector of approximate

rank-one matrices, which could be of independent interest.

Lemma 7. Under the conditions of Theorem 3, let Z; = ||©'; — ©'; ||l2. Then for any
6 >0, we have

P<wT¢i,i+1 > _\/%”(bi,i—&-l”) (1.1)
=2 = 1/2 T(e. —o. C
< ‘1><C\/5[(\/ﬁ+ Viogp)® + =5 + \/logp;} # ot — "“)> o (12

for some universal constant C' > 0.

Lemma 8. Suppose n < p and A\2(0') > \3(0')+ Co?(n+/np) for some C > 0, it follows
that

le—@Nth;aﬁMﬂ@”+U%X”+k%m> c

ore e )7

Combining Lemma [7] and Lemma [§] since

Coo? (M1 (©') + o2p)(n + log p)
(A2(O) = A5(0))?

M(0) = \3(@) > Coo®(n+ /np) andlet &= (1.3)

for some Cy > 0, we have

P(Zwk(in — Xpiv1) > 0>

k=1
=2 E V2 owT(e, - e C
§@(C\f5[(\/ﬁ+ \/logp)2+;;+;l logp| + ©; ‘ZH))—FPC

g

for some C,c > 0. The rest of the analysis is divided into several cases.

Case 1. logp <n. In this case, under (1.3), we have

n
P(Zwk(in — Xhiv1) > 0)

k=1

o. —o. 2 o. —o. 1/2 T o. 0.
< @(C’\/S[n—k | i .z+1H2 n | q .z+1||2\/@ i w ' ( i .H—l)) +§

o2 o o
then

Lif |0 — 01l £ ov/n, we have P( Y74 wp( Xk — Xpit1) = 0) < ®(CVén +



’LUT(®/ lz+1)) +

%‘Q

. § , where the last inequality follows from

2 2
i 2001 > \2(0) o*n(n+logp) o°y/np(n+logp)
lng ~ F/U7 )\1(6 ) ~ )\2(@ ) + 1—\2/0_2 F/O’ :

. o e,
2. H(?’l ©';i1ll2 2 ov/n, we have P (Y7 wi(Xki—Xpi1) > 0) < @(Cﬁw—i—
M) + 5 ¢ < C , where the last inequality follows from

o
02=%(n +log p) 02Z+/p(n +logp)

This completes the proof of case 1.

Case 2. logp 2 n. In this case, under (|1.3)), we have

P < > i (Xpi — Xpip1) > 0>

k=1

Q. 2 o
S @(C\/S[logp—i— HGz ?.HIHQ + ||@z
g

g

Q. 1/2 T o —
.1+1”2\/@:| +w ( i

In addition, since ||©'; — ©';, ]2 2 ov/log p, we have

n C wT @/i o ®/i C C'
P<§ :ﬂk(in—Xk,m)ZO) §<1>< \fll@’ Oall2 + : - '“)>+<
k=1

where the last inequality follows from

0?Z2(n +logp) = o*Z+/p(n +logp)

T/oz\Vigpz v, X(O)2380) + T -

This completes the proof of case 2. As a result, it follows that, up to a change of sign of w,

p—1
. C
PUTX) ! #id) < 3P in(Xs — Xigen) 20) <
=1 k=1
for some constant C, ¢ > 0. O

Proof of Theorem 4. Similar to the proof of Theorem 2, we write

E[rg (0 "Y,7)] = ZP(Zwk (Xpi — ij)>0>

z<j



where
n n
ZP(Zwk(in—ij) 20> = > P( W (Xei — Xij) > 0)
i<j k=1 (i,5):5=i+1 k=1

+ D P< nwk(in—ij)zo>.

(i,§):5>i+1
In the following, we first show

2 /6 2
Cefr /20 C

< + =
I'Jo+/T2/c2+8/m p°

P<Zﬁ)k(in — Xpi41) 2 0)

k=1
for some constant ¢ > 0 and therefore
efFQ /202 C

n R Cp
> (w0 20) < .C
(6,5):5=i+1 k=1 /o4 \/T2/c2+8/r P

Then we show that
= po 2 /262 202 C
> P(Zwk(xm — Xpj) > o) < O min {1, e 17/27" 1og (1 + rz) } o (1.5)
(i)>i+1l k=1

and conclude that

Co 2 /9 2 202 Ce_FQ/QUQ C
E[rg (@'Y, <min{l,e_r 1207 o (1—1—)}—1— + .
b7 < pI’ s I? p(T/o ++/8/m) P2

The bound E[rg (@Y, 7)] < 1 is trivial.

Proof of (1.4). Following the same argument as in the proof of Theorem 3, we have

. _ _ o%(n+logp)(A2(©')+02p)
forl<i<p-—1landd= GG

P(Zwk(in — Xkjit1) 2 0> < P<wT¢>ij > _\/%‘|¢i,i+1||2> + P<|1 — (T w)?| > 5)

k=1

C
< P(thﬁi,z‘H > —\/%H@‘,iﬂ!!z) + s



where the last inequality follows from Lemma (8] For the first term, by Lemmal 7] for 6 < 1,

n . — 0. 2
P(Zwuxm CXii) > o) < @(cﬁ ((\/ﬁ +Viogp)2 4 194 Qanl
k=1

o —0. 1/2 T(e. —@.
+ H K .2+1H2 \/@) + w ( K .Z+1)> +s

(o g
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The rest of the analysis is divided into several cases.

Case 1. logp < n. In this case, we have

n o. —0. 2 o. — 0. 1/2
P<Zﬁ’k(Xm‘ = Xpji+1) 2 0> = @(C\/S<n+ o 2'ZHH2 + 19~ Ol \/@)

g g
k=1

_|_

w' (& - @fi+1)> n &

o c’
In addition,

L if |0 — 044 ]l2 S ov/n, we have

n T . — 0.
P<Zﬁ)k(Xm — Xkiv1) > 0) < <I><C’\/%+ w (9 '”1)) + ¢

k=1 P
o(X)+ €
o pe
where the last inequality follows from

2 2
20 > (2o o O n(ntlogp) o”y/np(n+logp)
A2(0') 2 A3(O) + IR /s .

IN

Thus, using Formula 7.1.13 from |Abramowitz and Stegun! (1965)),

2
P(—z) < wﬁﬁb(ﬂf),

for 1 <i<p-—1, we have

C
—I?/(20% —.
T/ Qo) + =

- C
P> e (Xpi — Xpig1) >0) < —————¢
<; k(Xki — Xgit1) > Tt JTot T8 xp(



2. if |©; = ©;44[l2 2 o/n, we have

n A C\f ’U)T @/z’ _(—)li
P(Zwk(in — Xpiv1) > 0) < ‘I’< 1€/ = O i1ll2 + © . 'H)) +

k=1

Ay le!

C
2 R
~I?/(20° ))+pc,

F/U + \/FZ/O' + 8/77

where the last inequality follows from (1.6]) and

0?Z2(n +logp)  o%Z+/p(n +logp)
2 r '

M (©) 2 X5(©) +
This completes the proof of case 1.

Case 2. logp > n. In this case, we have

N 10, — O 4ll5 | 110 —
P Zwk(in_Xk,i+1)ZO <o C\/g logp+ - 02' + -

k=1

o 1/2
.z+1||2 \/@)

g

w' (0, -0 C
+ ( K .l+1)>+

o pe
In addition,

L if [|©); — O, ]2 2 ov/logp, we have

k=1

n C T @/}_@/‘ C
D T I R
¢

< ¢ exp(— )
TJo+ +/T2?/0%2+8/m p°

2. if |©; = ©'; |2 $ 0v/logp, we have

n T(e. — o,
P<Zﬂk(inXk,i+1)20> S‘I’(Cv510gp+w ( '20 'ZH))JrO
k=1

pC
v2/m (—T2/(20%)) +
F/U—i— VI?/o? +8/7T

where the last inequality follows from

o?logp(n +logp) o%y/plogp(n + logp)

2 N > \2 /
)\1(9 ) ~ )\2(@ ) + F2/0'2 F/U



This completes the proof of Case 2 and in sum we have proven (|1.4)).

Proof of (1.5)). Following the same construction of S; and S in the proof of (18) of the

main paper, we have

> P<§:wk(xki—xkj)>o): > P(iwk(){ki—xkjpo)

(i.g):g>i+1 k=1 (ig)eSr k=1

+ D P(Zn:wk(in—ij) ZO) (1.7)

(i,5)€S2 k=1

For the first term, for any (i, j) € S1, we have

v

P<iﬁ)k(le' - %15) 20) = P00 = VBl + P11 - @0l > )

k=1

v

C
< P<wT¢>z‘j _‘/%H@'sz) + p

where the last inequality follows from Lemma To bound P<wT¢ij > —V/26 ||d>ij||2>,

similar argument as in Theorem 3 implies, for § < 1,

- N 2 H@/i - @/jH% H@/i - G/jH2 1/2
P(Zwk(xki—xkj) > 0> < @(Cﬁ((\/ﬁJr Viegp)® + ————=+ ——— \/logp>
k=1

T @/‘_9/‘ C
+w ( K .Z-‘rl))_’_pc.

g

The rest of the analysis is divided into two cases.

Case 1. logp < n. In this case, we have

n o. — 0.2 o.—0. 1/2
P(Zwk(xki—xkj) 20) §¢<0J3<n+ 19~ Ol + 19 - '3”2\/@)
k=1

o2
’UJT @,’L'_@/' C
+<UJ>> &

In addition, let I';; = A1 (©')[vy; — vy;| > |i — j|T,
L if [|©; — @{jHQ < oy/n, we have
- w (0, -0)\ C C
A . .J
P<Zwk(le‘ — Xij) > 0> < <I><Cv6n+ a) +F < e

k=1



since

?/o?

> )\3(@,) N a?n(n + logp) N o2y/np(n + logp)

I'Jo

2 2 /rp(n + 108 )
(0 > A2(0') + 2 n(n +logp)  a”y/np(n + logp)

2 /o Lij/o

and I';; > 0+/Clogp for (i, j) € 5.

2. if [|©; = ©/}][2 2 o/n, then let Z;; = ||©; — ©;l2 < |i — j|Z, we have

n CVo
P(Zwk(Xm—ij) > 0) < ‘I’< \[”9{1' — 0[]z +

g
k=1

where the last inequality follows from

M(©) 2 A3(0) +

0?=2(n+logp) = o*Z+/p(n +logp)

)

2 T
0?22 (n+1o 2= 1
> 23(0) + U(Pz &) | 75 pr(??* 2]
ij ij
and I';; > o+/C'logp.

This completes the proof of case 1.

Case 2. logp = n. In this case, we have

C @;-))

Y

107 — ©%113 N 1€ — &1l

P<iwk(in — Xij) = 0) < <I><C\/3<logp+ )

k=1

U)T@/-—@/- C
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o

In addition, since I';; > 0+/C'log p, similar arguments yield

P(ZMXM - Xij) 2 0) <<

C
k=1 p

g
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This completes the proof of Case 2. Combining Case 1 and Case 2, we have proven

> P(Zwk(in — Xj) > 0) < Cljl

(4,5)€51 k=1

C
< —

PO

(1.8)



Now for the second term in (1.7)), since I'|i — j| < I';;, we have for (i, j) € Sa,

n _‘i_j|21'\2/(2a.2) C
I{ZWW%—&wzQS. < + 2
k=1 i — jIT /o + +/]i — j[*T2/c2 +8/m P
Note that, on the one hand,
Ce_|i_j|2r2/(2‘72) Cge—li—j\2F2/202

< —
i o+ it it
Following similar argument that leads to (22) of the main paper, we have
n
~ CUp _FZ 2 2 20’ C
‘ZJ{ZW@WJW>@<F6 g (1455 )+ S0 )
(i.j)€S2  “k=1
On the other hand, note that

o li—iI2T2/(20%)

—|i—j*I'?/(202)
. ——— <ce )
|i j[F/a+\/|z JjI*T2% /02 + 8/m

we have
I

. C

> P(Zwk(in — Xpj) > o> < Cpo/T + —.

(i,j)GSQ k=1 p

Combining (1.9) and (1.10]), we have

>op iw(x—x-po < 0% mind1,e /2% o 1+2i2 +9(111)
k(A ki kj) 2 ST ) g T2 e

(4,5)€S2 k=1

Combining (1.8)) and (1.11]), we have

" 2
N ) ) po . —1"2/202 20 C
Z P<Zwk(XkZ—Xk])2O> SClen{l,e log <1+F2>}+pc’

(3,5):7>i+1 k=1

(1.10)

which leads to (1.5)). O

2 Proofs of Proposition 1-4

Proof of Proposition 1. Since © € D, for any nonnegative unit vector w € R™, the
vector w' © € RP is monotonic increasing, so that t(w'®) = id. It then follows that
t(w'OI) =t(w'O)on™t =771 O



Proof of Proposition 2. The key observation is, for any I', we have
A > CT?p?, (2.1)

Then if ' > o+/n holds, apparently GSS can be implied by (2.1) and MSG; if ' < o+/n, then
the results depend on the relative magnitude of 0?n?/T'? and p. Specifically, if p > o?n? /T2,
then p > (¢%n/I'3)%/% implies GSS; if p < 0?n?/I'2, then p > (o*n?/T*)Y/3 implies GSS. [

Proof of Proposition 3. Note that by SVD of ©’, we have

n p 2
v} = argmaxz' ©' 0Oz = arg maxz (Zxﬂ%) . (2.2)

llzll2=1 lellz=1 =1 \ j=1
To prove that v} is monotone, we need the following rearrangement inequality.

Lemma 9 (Rearrangement Inequality). If a1 > a2 > ... > a, and by > by > ... > by, then
anpbi + ... +a1b, < ag(l)bl + ...+ aa(n)bn < aiby + ... + anby,

where o is any permutation in Sy.

Lemma 10. For any ©' defined above, its first left singular vector u} is either nonpositive

or nonnegative.

Now since ) is either nonnegative or nonpositive, then we know that Z§:1 v;0;; have
the same sign for alli = 1,...,n. By Lemma@], we have that the components of v} are either

in increasing order or in decreasing order. O

Proof of Proposition 4. Note that

n
v} = arg max 21070z = argmax Z(xT(%;_)Q. (2.3)
[[z]l2=1 lell2=1 3=

Let f(z,0,A) =Y [ (70)% + A(||z|]2 — 1). By Lagrange’s multiplier method, we have

of

Ba; = > 20,5(x7O)) + 2Xx; =0,

i=1
for j =1,...,p. It follows that

-
Z?:l %‘(Ull @;)
v’lj

= -\, forall j =1,...,p,

10



where

p n 2
2=y {Zezjw’feg_)] _ wie e
=1

j=1
Thus, by Lemma [I0] we have

Zz 1 |01 ,J+1

.
19

— 0i ;110"

! — | =
|U1,]+1 vl,]| |)\|

T
L T 610 alv]

..l

- A
> 5

)

where the last inequality follows from

n

> (v e})e;

i=1

Al =[v'] 06 =

ZH

This completes the proof.

3 Proofs of Technical Lemmas

Proof of Lemma 1. Note that

160 |!2<Z 107)]16 e

T - 2(p —1)o*
i1 W = Zwk(Tki = Tyiv1) ~ N{ lall2(ni — nit1), ———— |,

k=1

and

n

p

141013 =Y (Thi = Trip1)?,  where Ty — Ty i1 ~ N(ag(m — mis1), 2(p — 1)0*/p).

k=1

We construct the standardized chi-square statistic

Yk‘2 —
Define @ = 73}'%1202 > r_ (Y2 —1). Then

Q = ll¢sim1l13 + llall3 (i — nit1)* = 2(n; — mis1)
k

[Tm — Thip1 — ar(n;

o\/2(p—1)/p

n

1

(T

—77i+1)r‘

-1

p
— T it1)ar — T - 2na2.

11



Our next result follows from an exponential inequality for chi-square random variables
proved by Laurent and Massart/| (2000)).

Lemma 11. Let (Y1,...,Y,) be i.i.d. Gaussian variables with mean 0 and variance 1.
Let ay,...,an be nonnegative. We set |lallsc = supi<icy ladl, |all3 = Y0 a?. Let Z =

S ai(Y2 —1). Then the following inequalities hold for any positive x:

P(Z > 2]all2Vz + 2|a]l ) < exp(~2), (3.1)
P(Z < ~2|lall2v/) < exp(~a). (3.2)

By choosing x = clog p, we have, with probability at least 1 — ==

n

p
1654113 < co?/nlogp + co?logp — |lall3(n — miv1)® + 200 — Mis1) Y (Thi — Thir)an + > 2no”
k=1

n

< co®(V+ V1ogp)? = llall3(ns = ni1)® + 2005 = 1) D (Thi = T )

k=1
(3.3)

Note that the term
(i = mi+1) (T = Thirn)ag ~ N(Ha\%(m = i1)%, 2]l — mi1)? - p02>

k=1

It follows from the tail bound of standard Gaussian distribution ®(—z) < 1¢(z) that

n
1
P<(77i —ir1) Y _(Tei = Teayr)ar > [lall3(n — mi1)? + 20+/clogp - [|al|2|n; — 77i+1|> < —

k=1 p

(3.4)
Combining (3.3]) and (| , we have

P (10006118 < (Vi VIomp)? + el ~ )+ o/ Eplalla ~ i) > 1-
for some constant C, ¢, > 0. Thus,
P<wT¢i,i+1 > _\/%H(bi,i—kﬂ’)
(C\f [ (v + \/logp)® + [|all3(n; — mix1)® + llall2|mi — 77i+1|0'\/@:| v + W‘_mH))

| /\

_l’_

?\Q
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Proof of Lemma 2. The proof follows from the following deterministic perturbation

bound and concentration inequalities adapted from (Cai and Zhang (2018).

Lemma 12. Suppose A € R™P, V = [V VL} € O, are left singular vectors of A,
V €Oy, Vi € Oppnyr correspond to the first r and last (n—r) singular vectors respectively.
W = [W WJ_:| € O, is any orthogonal matriz with W € Oy, W € Oy pn—r. Given that
A-(WTA) > N\i1(A), we have

Ar(WTA)|P v AW,

AL
N(WTA) =N (4)

[sin©(V, W) <

Lemma 13. Suppose X € R™*? is a rank-r matriz with left singular space asV € Oy, Z €
R™* P Z is a i.i.d. sub-Gaussian random matrixz with sub-Gaussian parameter 7. Y =

X 4+ Z. Then there exists constants C,c such that for any x > 0,
P()\%(VTY) < (A2(X) +72p)(1 — z)) < Cexp{Cr— T2 ON3(X) 4 ) (22 A z)}, (3.5)
P2, (Y)>7p(1+2)) <Cexp{Cn—cp- (z* A2)} (3.6)

Moreover, there exists Cy, C,c such that whenever \2(X) > Cor?n, for any x > 0 we have

P(|Py+y V] Y| < z) > 1-Cexp {Cn—CT_2 min(z?, 2/A2(X) + 72p)}—Cexp {—CT_Q()\z(X)—i-TQp)}.
(3.7)

Note that T'= ©’ + E where O’ = ||a|| - wn'T is rank 1, and & is the first left singular
vector of T', by Lemma we have

M T)|[Py,rpw] T
(A (wTT) = X3(T))?

11— (" w)?| = | sin ©(w, w)||* < Al (3.8)

To bound the quantity )\%(wTT), using Lemma by choosing z = 3(/\%20%) in (3.5)), since
A2 > Co?(n + /pn) for some sufficiently large C, or 0?(A\2 + o2p)(c?n + logp)/\* < 1, we
have

4 —2h14
ca_2min{)\ )\2} -C> G0N C > c1logp.

A2+ o2p T N 4o?p
Thus
9\2 S
PR (w'T) < 75+ 0%p) < Cexp {C = COAZH?} < Cexp{—ci logp}. (3.9)

13



To bound A3(T), if p < n + logp, by choosing = = % in 1) we have

: { (n + log p)?
c1min _—

,n—l—logp} —Cn > clogp
p

for some C, ¢ > 0, so that

P(A3(T) > o*(p+n+logp)) < Cexp{Cn—cp-2° Nz} < Cexp{—clogp} = Ii (3.10)

If p > n + log p, by choosing x = w/% in , we have
cmin {\/p(n+logp),n—|—logp} —Cn >clogp

for some C, ¢ > 0, so that

P(\3(T) > o*(p+ v/p(n+1logp))) < Cexp{Cn—cp-2° Nz} < Cexp{—clogp} = ;
(3.11)

Lastly, to bound ||P,,tpw]T||, choosing = = ov/n + log p in , since A2 > o?n, we have
o?(n +logp) < c(\? + o°p)
for sufficiently large ¢ > 0 and therefore
co~ 2 min {xQ,x\/W} —Cn > clogp.
So that

C
P(|P,rrw [ T| < ov/n+logp) >1— e Cexp{ — co (N2 + sz)}. (3.12)

Combining (3.9)) (3.10) (3.11)) and (3.12)), by the fact that 2/(x —y)? is decreasing in = and

increasing in y for x > y > 0, we have

(/\Z(wTT)IIIF’HUTTUJITH2 < N\ +0%p)(n+logp)

(A2(wTT) — N3(T))? X! > >1-Cp“.

14



Proof of Lemma [7l. Note that

n
2(p — 1)o?
Slip1w =Y wi(Thi — Thip1) ~ N(“’T(@{i — 04 11), (p)>,
k=1
and

n

Iii41ll3 =Y (Thi = Tris1)?,  where  Tyy — Thiyr ~ N(0h; — 03510, 2(0 — 1) /).
k=1

We construct the standardized chi-square statistic

y2 = [Tk,z‘ ~Thiv1 — O — 01.51)1°
ov/2(p—1)/p

Define Q = 19]'%1202 Sop (Y2 —1). Then

n
-1
Q= ||¢u+1||g + 16 - ®{i+1”% - 22 Thi — Thiv1) (O — 0;671'—&—1) T 2n0”.
k=1

By Lemma [11] choosing & = clog p, we have, with probability at least 1 — 2
y

c

n
p—1
I¢ii115 < co®v/nlogp + co®logp — (|6 — O[3 +2D (Thi = Tri1) (6 — O ia) + —— - 2n0°

ki1 2no
k=1
n
< co®(vn+ /logp)® — |0 — O[5 + 2 Z(Tm = Theit1) (Or; — Oir)-
k=1
(3.13)
Note that the term
n —1
S (T = Tusi) O~ Ghier) ~ N (101 - O 3,216~ sl 22
k=1

It follows from the tail bound of standard Gaussian distribution ®(—z) < L¢(z) that

- 1
P(Z(Tki—Tk,iH)(efa— ;f,i-‘rl) > H@{i_G{i+1H%+2UV ClOgP'|’9{i—@{i+1H2> < 17 (3.14)
k=1

Combining (3.13) and -, we have

C
P(H@,Hl”% < do?(ii+ Iogp) + €/ — s 1| + dov/logpl|®); — 9{i+1||2) o1

C

=
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for some constant C, ¢, > 0. Thus,
P<wT¢i,i+l > —x/%ll@,mu)
(C\f[ f—k \/10? ’@/ @,z+1”2 T \/7” @,24—1“2 + wT(@i - @{i-i—l))

o
¢
p

O

Proof of Lemma The proof of Lemma |8 depends on Lemma[I2)as well as the following

concentration inequalities.

Lemma 14. Suppose X € R"*P s a rank-r matriz with first left singular vector v; € R™,
Z is a i.i.d. sub-Gaussian random matriz with sub-Gaussian parameter . Y = X + Z.
Then there exists constants C, ¢ such that for any x > 0, \}(X) > 34/log(n V p)

P(A%@IY) < N(X) + 72(p — /pTog(p v )  log(p v n>>> <S @

PO3(Y) > (\3(X) 4+ 72p)(1 + 1) < Cexp(Cn — et 2(A\2 + m2p)t> A ). (3.16)

Moreover, there exists Cy, C, ¢ such that for any x > 0 we have

P(HIP)YTMYTUMH <t) > 1-Cexp(Cn—cr 2 min(#?, 1/ A} (X) + 72p))—Cexp { —cr 2 (A} (X)+72p) }.

(3.17)
Following a similar argument as the proof of Lemma 2, by taking t = o ;‘;erogg in
(3.16)), since n < p, we have
2 2 ¢
PO3(Y) > A3(0") +7%p) < et
Similarly, by taking ¢t = ov/n + log p, we have
T 2 2 c
P(|[Pyr,Y Twy|? < o*(n+logp)) >1— —.
Then Lemma implies, if A2(0’) — \3(®') > Co?(n + /np) for some C > 0,
20\2(@/ 2
P11 = (@ w? < Co (/\129)—}-0 é))(n—klogp) S1- g
(AL(®) = A3(0"))? P
O
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Proof of Lemma By SVD of ©' = (8;;) € R"*?, its first left singular vector

P n 2
u} = arg max 200y = arg maxz <Zaz29;J) . (3.18)
1 =1

l[z]l2=1 [zlla=1 5=

In the following, we show that, for any unit vector x € R",

p n 2 p n 2
(Zl’i%’) <> (Z\xil%) ) (3.19)
=1 N i=1 i—1

J Jj=1

from which we conclude that u] is either nonpositive or nonnegative. Toward this end, note

that
p n 2 p n p
Z < 1719;]) = ZZLL’?GI?J + inazk<20’ij9’kj).
i=1 =1

j=1 j=1 i=1 i£k

Then the inequality (3.19) follows from

P p
Z T;T < Z Hlijelk]) < Z |ziz| < Z elijelkj> )
j=1 J=1

ik ik

which is true as long as Z§:1 ¢';0';; > 0 for all pairs i # k. We conclude this proof by
showing that

Fact. For any nondecreasing vectors a,b € R"™, such that )" ; a; = 0. Then it follows
that a'b > 0.
To see this, note that since a and b are both nondecreasing, there exist a constant § such
that the components of b+ ¢ - 1 has the same sign as a. Hence the claim follows from
0<a'(b+d-1) =a'b+6a’1 = a'b. (Thank Rui Duan for suggesting this simple
proof.) O

Proof of Lemma [[4. Note that
A (0] Y) = o] Y3 = M (X) + 2\ (X)v] Zuy + [|o] Z|3.

The linear term v{ Zu; = E” v1;u1jZi; is subgaussian with parameter c|lviu{ |F = ¢ for
some constant ¢ only depending on 7. Therefore, by concentration inequality for subgaus-

sian random variables

2
P(v] Zuy > t) < exp{ - } (3.20)

2c12
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On the other hand, the quadratic term ||v] Z||3 = S0, (v Z;)? where Z; for i = 1, ..., p are

the i-th column of Z. Each of (v{ Z;)? is subexponential with mean
E(v Z:)* =EZ},.

Then concentration inequality for subexponential random variables yields

p(|Serzr -z =) <o emn (1)) o

=1
for some constant ¢ > 0. By taking ¢t = T\/log(p V n) in (3.20), we have

P(v] Zuy > 7/log(p vV n)) < —

P

Taking t = 72 \/p log(p V n) if \/10g(p Vn) <, /pandt = 721og(p V n) otherwise in 1 )

we have

p
P(Z:(UIZZ-)2 < 7% —1%/plog(pV n) — 7%log(p v n)> <

=1

=Q

Combining these, we have, with probability at least 1 — O(p~°),

A (0] Y) = (X)) + 2rha(X)o] Zus + [|v) Z|3

> AH(X) — 27\ (X)/log(p V 1) + 72p — 72/plog(p V ) — 72 log(p V ).

If in addition A1 (X) > 374/log(n V p), then

’E‘Q

P(XTY) <200 + 72— 7 Vplog(p v i) — (v ) ) <
For A2(Y), note that

Ao(Y) = min_ Y =Bl <Y = [or 0" Y| =fuiY]

rank(B)

for v; | € R™ (=1 It suffices to obtain an upper bound for A (v LY) with high probability.
Next,

o1 Y3 = lor [ YY "o ||
< |[Bor [YY oy |4 o1 [YY "o, — B [YY "oy ||
=XNX)+ 7+ oYY o —Eo [YY "oy | (3.22)

18



n—1)x(n—1)

Define the normalization matrix M € R( as

[(A3(X) +7°p) /2

M= (2(X) + 72p) /2 ,

(AL (X) + 72p)71/2)

we have
Mo [EYY Ty M =1, 4.

Let Q =v1 [ YY "v1; —Ev [ YY "0y, we have
QI = I1(M™H)TMTQMM ™| < [MTQM||M™|?,

By construction we have
1M = (A3(X) +7°p)' /2,

then
1QIl < MN3(X)+ ) ||M T [YY Ty .M — M o [EYY "oy | M.

Now it suffices to obtain a concentration inequality for [|[M vy [YY Tvy M — I,,_1||. The
main idea is to use the e-net argument to split the spectral norm deviation to the deviations
of single random variables, which can be further controlled by the Hanson-Wright inequality.

Specifically, for any unit vector u € R"~!, we have

uTMTmIYYTUU_Mu — uTIn,lu

= (u' M o [ XX Ty, Mu—Eu" M0 | XX Tv; | Mu)
+2(u"M v [ XZ o1, Mu—Eu" M vy | XZ vy | Mu)
+ ("M [ ZZ 0, Mu—Bu' M vy [ ZZ v | Mu)

= 2(X Twy Mu)" ZT (v, Mu) + (v1, Mu) " (ZZ7 — 7%pI,,) (v1 . Mu).

In the following, we shall bound the two terms separately.
To bound the second term, for any fixed unit vector v € R"™!, we vectorize Z € R**P
into vec(Z) € R™ as

VGC(Z) = (Zn, Z21, ceey an, Z12, ceey an, ceey le, an)T.
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We also define the block diagonal matrix

(Ulj_MU)(Uu_MU)T
D= € R,
(UlLMU)(Uu_MU)T

It then follows that
(v1  Mu)"(ZZ" — 72pI,)(v1 L Mu) = vec(Z) " D - vec(Z) — Evec(Z)" D - vec(Z).
Besides,
IDII = [[(v1 L Mu) (o1 . Mu) || = || Mul3 < [|M]? = LX) +7°p) 1,
IDIIF = pll (o1 L Mu) (01 Mu) "7 < plMully < p(W5(X) +77p) 72
By Hansen-Wright inequality (Rudelson and Vershynin, [2013)),

P(|(v1 . Mu)"(Z2ZT — 72pI,) (v1 Mu)| > 1)
= P(|vec(Z)" D -vec(Z) — Evec(Z) ' D - vec(Z)| > t)

< 2exp { _ emin <t2(Ai(X) +7%p)% tARX) + TQp)> } (3.23)

7-4p ’ 72

for some ¢ > 0.

Next, we bound the first term

(X T, Mu)"ZT (01, Mu) =tr(Z" (v, Mu)(X "oy | Mu) ")
=vec(Z)" - vec((v1 | Mu)(X "oy Mu)").

Since

T M=U Mo (X)AS(X) +72p) /2 0
11 = . A )

20



we know || X Tv1 | M|| <1 and

lvec((vr 1 Mu)(X M1 Mu) )3 = | (o1 Mu) (X "o Mu) |7
= [Jor s Mull3 - | X oy Mul3

< M < (4 + %) 7
By the concentration inequality for i.i.d. subgaussian random variables, we have

2022 4 -2
P(|(X vy, Mu)" ZT (v1 | Mu)| > t) < Cexp ( - CW) (3.24)
T

for some constant C,c¢ > 0. Combining (3.24]) and (3.23)), we have, for any fixed unitary
uwe R

P(lu" Mo [YY "oy, Mu —u' I, _qu| > t) < Cexp(—cr2(\2 + 72p)t2 A t)

for all t > 0. Next, we use the following lemma proved by (Cai and Zhang| (2018) concerning

the e-net argument for unit ball.

Lemma 15. For any p > 1, denote BP = {z € RP : ||z||2 < 1} as the p-dimensional unit
ball in the Fuclidean space. Suppose K € RPY*P2 is q random matriz. Then we have for
t>0,

P(|K| >3t) <7 *P2.  max  P(lu' Kv| >1).

u€BP1,vEBP2
It then follows that
P(|M o [YY Ty M —I,_1|| >t) < Cexp(Cn — et 2(\2 + 72p)t2 A t). (3.25)
Recall , we have
PO3(Y) > A3(X) 4+ 72p + (\3(X) 4 7%p)t) < Cexp(Cn — 7202 + m2p)t2 A t).
Finally, we consider H]P’UlryvlT Y||. Define the constant

m = (3(X) + )2,

It then follows that
m%{rEYYTvl =1.
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Since

Py, Y T01 1 || = Py, Y Tor L]
= [|mY Tor((mY To) T (mY ")) " mY To) 'Y Toy ||

< mY o[l I (mY Tor) TY Tor

In the following we analyze ||mY Twvy||o and [|(mY Tvy)TY Toy || separately.

Since
|mY Tv1]|2 = m2|o] YY Toy| > 1 — |m?0] YY "oy =m0 EYY "oy,
following the same argument that leads to , we have
P(Im2u[ YY Tuy| > 1 —1) > 1= Cexp(C — et 2(N3(X) + 72p)t2 A t).

Now set t = 1/2, we can choose Cy large enough, such that A\?(X) > 72Cy and therefore
C —cr2(N(X) + 72p) < —772(M\}(X) + 7%p) for some ¢, > 0. In this case,

P(Im2v YY Tw| > 1/2) > 1 — Cexp(—er 2(V2(X) + 7%p)).
For ||(mY Tw1)TY Ty, ||, note that mv] XX Tvy | = 0, we have

(mY Tu) Y To s =mo] (X +2)(X +2) v,
= mvlTXZTUu + mvlTZXTvu_ + mvlTZZTvu_.
Following similar idea of the proof of ([3.25)), we can show for any unit vector u € R,

—ct?
72| (v1 Lw) (mo] X) |3

P(lmv] XZ v u| > t) < Cexp < ) < Cexp(—crt?),

P(lmv{ ZZ vy 1 u| > t) = P(lmv] (ZZT —7*plL)viiu] > t) < Cexp(—er 2 min(t?, \/\3(X) + 72pt)).

By the e-net argument again (Lemma , we have

P([(mY ")) TY Top 1 || > t) < Cexp(Cn — er 2 min(t2, £/ X2(X) + 72p)).

22



A Comparison with an SVD-based Esitmator

In this section, we compare the empirical performance of our proposed estimator 7 to that
of an alternative estimator @ = (t(91))~! where 91 is the first right singular vector of Y.
This estimator is closely related to 7 except that it does not centralize the rows in Y before
estimating its singular subspaces. However, this normalization step is essential in order for
the resulting estimator to be invariant to the unknown intercepts of the growth models.

The signal matrix © = (6;;) € R"*? is generated under the following two regimes:

e Si(a,n,p): Forany 1 <j <p, 0;; =log(1+aj+p5;) for 1 <i<n/2 where as 6;; =0
for n/2 < i <mn, B; ~ Unif(1,3) for all 1 <i <n;

e So(a,m,p): For any 1 < j <p, 0;; = aj + f; for i = 1 where as 6;; =0 for 2 <i < n,
Bi ~ Unif(1,3) for all 1 <i <mn;

In each setting, we evaluate the empirical performance of each method over a range of n,
p and . Each setting is repeated for 200 times. The empirical normalized Kendall’s tau
is reported using boxplots, as shown in Figure 1 of our supplementary material. From
Figure 1, our proposed estimator & performs better than 7 in all the settings, especially in

Sa(a, n, p) where the signals are concentrated at one row.

B Supplementary Figures and Tables

In Figure|2 the graphical representation of the weight vectors w for our proposed estimator
7, and the pseudo-weight vector w for the estimator 7,4, based on 200 simulations under
four different models in Section 6.1 of our main paper is given.

In Figure [3) the Taxonomic tree of 45 closely related species used in generating the
shotgun metagenomic data used on in s |Gao and Li (2018)) as well as Section 6.2 of our
main paper is given.

Table lists the p-values of 8 contig clusters from the Wilcoxon rank sum test of the
ePTRs between the responser and non-responser groups, and the taxonomic annotations
with lineage scores indicating the quality of each taxonomic classification (see Section 6.3

of our main paper).
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Figure 1: Boxplots of the empirical normalized Kendall’s distance between the estimated
permutation and true permutation under models Si(«,p,n) and Sa(«,p,n). 7: proposed

estimator; m,,q: estimator based on SVD.

Gao, Y. and H. Li (2018). Quantifying and comparing bacterial growth dynamics in multiple
metagenomic samples. Nature Methods 15, 1041-1044.
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Table S.1: The p-values of 8 contig clusters from the Wilcoxon rank sum test of the ePTRs
between the responser and non-responser groups, and the taxonomic annotations with
lineage scores indicating the quality of each taxonomic classification.

Contig Clusters (n1,n2) P-values

Taxonomic Annotations with Lineage Scores

bin.004 (8,8) 0.9592
bin.007 (9,11) 0.4119
bin.016 (5,8) 0.3543
bin.017 (7,7) 0.2086
bin.026 (7,9) 0.0418
bin.041 (6,6) 0.2402
bin.058 (8,15) 0.5063
bin.065 (5,8) 0.0653

Firmicutes (phylum): 0.88; Clostridia (class): 0.78;
Clostridiales (order): 0.78; Lachnospiraceae (family): 0.40
Firmicutes (phylum): 0.96; Clostridia (class): 0.92;
Clostridiales (order): 0.92;

Firmicutes (phylum): 0.86; Clostridia (class): 0.74;
Clostridiales (order): 0.74;

Firmicutes (phylum): 0.92; Erysipelotrichia (class): 0.47;
Erysipelotrichales (order): 0.47;

Erysipelotrichaceae (family): 0.47;

Firmicutes (phylum): 0.90; Clostridia (class): 0.88;
Clostridiales (order): 0.88;

Firmicutes (phylum): 0.95; Clostridia (class): 0.91;
Clostridiales (order): 0.91; Lachnospiraceae (family): 0.49;
Roseburia (genus): 0.45;

Bacteroidetes (phylum): 0.89; Bacteroidia (class): 0.88;
Bacteroidales (order): 0.88; Bacteroidaceae (family): 0.84;
Bacteroides (genus): 0.84;

Bacteroidetes (phylum): 0.88; Bacteroidia (class): 0.88;
Bacteroidales (order): 0.88; Bacteroidaceae (family): 0.85;
Bacteroides (genus): 0.85;

Laurent, B. and P. Massart (2000). Adaptive estimation of a quadratic functional by model
selection. The Annals of Statistics 28(5), 1302-1338.

Rudelson, M. and R. Vershynin (2013). Hanson-wright inequality and sub-gaussian con-

centration. FElectronic Communications in Probability 18.
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Figure 2: The graphical representation of the weight vectors w for our proposed estimator
7, and the pseudo-weight vector w for the estimator 7,4, based on 200 simulations under
four different models. Each column represents an n dimensional weight vector, and theig
are 200 columns in each plot.



Bacteroides helcogenes
Bacteroides fragilis
Bacteroides vulgatus
Sediminispirochaeta smaragdinae
Sphaerochaeta coccoides
Spirochaeta africana
Treponema primitia
Treponema brennabarense
Treponema azotonutricium
Bartonella quintana
Bartonella henselae

Bartonella clarridgeiae
Xanthomonas axonopodis

Xanthomonas campestris
Xanthomonas oryzae
Pseudomonas syringae
Pseudomonas mendocina
Pseudomonas aeruginosa
Shewanella piezotolerans
Shewanella amazonensis

—

Shewanella denitrificans
Cutibacterium acnes

Pseudopropionibacterium propionicun
—————— Acidipropionibacterium acidipropionici
Streptomyces bingchenggensis

Streptomyces scabiei
Streptomyces griseus
Bifidobacterium longum

Bifidobacterium dentium
Bifidobacterium animalis
Streptococcus suis
Streptococcus salivarius
Streptococcus parasanguinis
Paenibacillus mucilaginosus
Paenibacillus polymyxa
Paenibacillus terrae
Caldicellulosiruptor owensensis
Caldicellulosiruptor lactoaceticus
Caldicellulosiruptor saccharolyticus
Desulfotomaculum kuznetsovii
Desulfotomaculum nigrificans
Desulfotomaculum acetoxidans
Clostridium botulinum
Clostridium cellulovorans
Clostridium ljungdahlii

Figure 3: Taxonomic tree of 45 closely related species used in generating the shotgun

metagenomic data used on in|Gao and Li (2018).
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