SUPPLEMENTARY MATERIAL TO ROBUST Q-LEARNING

Let Z ~ P for some probability measure P and suppose f(+) is any real-valued, P—measurable
function; then, we define the L?(P) norm of f(-) as || f(Z)||p2 = { [ f(w)?dP(w)}'/2. In addi-
tion, let ||z||, denote the usual g— norm of a vector « for ¢ = 1,2, co. The following general

lemmas will be helpful in our proofs.

Lemma 1. Let A, and B,, be sequences of random vectors, n > 1. Let e > 0 be arbitrary and,
for any vector norm, suppose that lim,, . P(||A.|| > €|B,) = 0. Then, lim,,_,o P(||A,| >
€) = 0. By Chebyshev’s inequality, a sufficient condition for proving that lim,, ., P(||An| >
€) =0 is that lim,,_,, F(||A,||YBr) =0 from some ¢ > 1.

The above lemma essentially repeats Lemma 6.1 in Chernozhukov et al. (2018) and will
not be proved here. The following lemma is a direct consequence of a well-known result and

also has an easy proof; see, for example, Stewart (1969).

Lemma 2. Let M, and M,, be two sequences of square matrices and let |- || be any proper
matriz norm. Suppose there exists ng < oo such that (i) M, ' and M, exist for n > ny,

with 0 < Cy < | M| < Cy < 00; and, (i) | M, — M,|| < (2||[M;*||)"!. Then,
| M, — M| < 23| M, — M|

We will also have need of the following lemma.

Lemma 3. Let By,...,By be independent, identically distributed vectors from Py, where
B; € BC R% Let I, be arandomly chosen subset of the integers 1,..., N of lengthn = O(N)
and let its complement I\, have N—n = O(N) elements. Let Fy, and Fie be the corresponding
disjoint subsets of By,...,By. Let v; : B— R,j = 1,2 and let 4;(-; Fre) be an estimator of
v (+) derived from the data Fie. Finally, define

1 )
(1) Gun == {(Bi Fig) = 1n(Bi)} {#:(Bi; Fig) — 12(B)) } h(B

ic€ly
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where h(B;) is any finite dimensional vector- or matriz-valued function of B; such that

P(||h(B;)|lec < C) =1 for some C < co. Then,

(2) HGTL,NHOO >~

1 (B; Fre) — 71(B>Hpn’2 H%(B; Fi.) —%(B

M, .

where P, is the empirical measure on Fy . Moreover, for j = 1,2 define

(3)

35(B; Fig) — (B3, , = E{ 3B Fi) — (B[, [P}

and suppose (3) is 0,(N~%), where a; > 0. Then, |Gyn|ls = 0p(N~(@1Fe2)/2),

Proof. Let r;j(Fre) = 4;(By; Fre) — v;(B;) for i =1,...,n and j = 1,2. Under the assump-
tion that P(||h(B;)||. < C) =1, the triangle and Cauchy-Schwarz equalities imply

1
[Grnlloo < ;Z\Tﬂ(Flﬁ)w(Ffﬁ) [~(B:)lls
iel,
1 1/2 1 1/2
< |t | |EX iy
el iel,

the representation (2) now following immediately from the definition of the L?(Q) norm given
earlier using @ = P,. To establish that |G, x|lee = 0,(N~(@1+%2)) we first use Markov’s

inequality: for any € > 0,
P (|Gunlloe > €lFre) <€ 'E (||Grnnlloo| Fre) -

Using (2) and the Cauchy-Schwarz inequality again, it follows that

C_ .
P (|Gl > €lFr) < ?[E{ %’(B;FI;)—’Yj(B)HPmQ\FIg}

j=1

1/2
B FIC) HIP’,LQ | }

IN

—H[E{

2

C

;i(B; Fre) %-(B)||PO,2

the last result following directly from (3). Under the stated assumptions, the right-hand side

is now seen to be o,(N~(41%42)/2) " ag desired. O
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The statement and proof of Lemma 3 employs a simple form of sample splitting in which
the unknown function 7;(-) is estimated by 4;(-; Fj¢) from a sample Fye that is independent
of the B;s (i.e., Fy,) appearing in the calculation of (1). Importantly, Lemma 3 does not
preclude the possibility that 71 (-) = 72(+) and 41 () = A2(+); in this case, (1) reduces to
(1 Lo = 3" {3(B: i)~ 2(B)} h(B.)
iely,

and |Gy, n|loco = 0,(N%) for some a > 0 provided that

(5)

Y(B; Fig) = 1(B)| 5, , = 0,(N 7).

A related lemma now follows.

Lemma 4. Let (Ry, By),...,(R,, By) be independent, identically distributed vectors from
Py, where B; € B C R? and E; € R. Suppose E(R;|B;) = 0 and var(R;|B;) = 6? € (0,C}]
fori=1...N and a constant Cy < oo. Let I,, be a randomly chosen subset of the integers
1,...,N of length n = O(N) and let its complement I¢ have N — n elements. Let F, and
Fy: be the corresponding disjoint subsets of (R1, Bi),...,(Rn,By). Let v : B — R and let
A(-; Fre) be an estimator of (-) derived from the data Fie. Finally, define

1 .
(6) L,n= - Z R {4(Bi; Fig) —v(Bi)} h(B;)

i€,

where h(B;) is any finite dimensional vector-valued function of B; such that P(||h(B;)|s <
Cy) =1 for Cy < co. Suppose that

(7)

Y(B; Fi) —1(B)||7, , = E{

(B Fy) — (B, |y}

is 0,(N~%) where a > 0. Then, || Ly n||oo = 0,(N~0+0)/2),

Proof. The proof relies on a variant of Chebyshev’s inequality. Let

Lyn;= % Z R; {fAV(Bi; Fie) — 7<Bz‘)} h;(B;)

il

be the j element of L, x. Let B, = {I,,, (By,k € I,,)}. Then, it is easy to show that

E(Lon;|Fre) = E{E(Lyn;|Fie.Bn) |Fr:} = 0;
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this follows from calculating the inner expectation on the right-hand-side and using the

assumption that E(R;|B;) = 0 for every i. Using a similar conditioning argument,
var (Lo | Fig) = E{var (Lo | Fig, Bo) [Fi } -
Straightforward calculations now show

var (Lo v ;| Fre, B,) = —Z{y B;; Fr:) — +(B;)} h3(B)var (R;|B;)

7,€In

implying that

1
var (Ln,N,j|FIg) = E IEZ{’?(B“FL%)— } h2 92 Ffﬁ]
iel,
< 0102 [ Z{ BZ,FIC B (Bz) 2 .
i€l i
CiCy .
= 17-'/ 2 ’}/(B,FIL) ||P0,2

the last step following from the assumptions on (7) made in the statement of the lemma and
the fact that n = O(N). Using a vector form of Chebyshev’s inequality, it can then be shown
that || L, x||2 = 0,( N~0+9/2): since | Ly v oo < || Lnnll2, the stated result follows. O

1. PROOF OF THEOREM 1

To review our main assumptions, we assume that we observe N independently identically
distributed trajectories of (X1, Ay, Xo, A2, Y) ~ Py. The vector X; € X; C RP* consists
of baseline covariates measured before treatment at the first decision point A; € {0,1}
and the vector X, € X5 C RP2 consists of intermediate covariates measured before treat-
ment at the second decision point A; € {0,1}. For notational convenience we define
S = (X[, AL, XJ)T € § ¢ Rl and WP = Xy, € X € RP. We will also have
need to define the variables S; and W;,i = 1,..., N; respectively, each represents some fi-
nite dimensional function of the variables in S? and W}. We note that knowledge of S and

W respectively implies knowledge of S; and W;; however, the reverse may not hold. The
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observed outcome Y € R (measured after Ay) is assumed continuous, with a larger value of
Y indicating a better clinical outcome.

The developments below assume that the original sample, with elements independently
and identically distributed as Fy, has been split into two independent samples, say D;, and
Dy, being respectively of sizes n = O(N) and N —n = O(N). The nuisance parameters
oy (+); fiaa(+), flay (+), and fiy4(-) are estimated using the data in Dy ; the finite dimensional
parameters of interest are then estimated using the data D , treating fioy (+), fiza(+), f1y (+),
and fi4(-) as if they were known functions. As developed here, our use of sample-splitting
is a simple form of cross-fitting and can be generalized easily to make better use of the full
sample (Chernozhukov et al., 2018); the simpler form used here suffices to establish the main
ideas of the proofs. Lemmas 3 and 4 play an important role in several of the proofs; since
n = O(N), statements of the form 0,(N~®) and 0,(n!) are equivalent, we use the latter to
emphasize that the technical arguments rely on sample splitting, where a sample D; of size
n is used to estimate the finite dimensional parameters of interest.

To simplify notation, where needed all calculations implicitly condition on the set of
selected indices I,,. Using notation from the main paper, let Ag; = Ay(S?), Ay; = A(WY),
HoAi = MzA(S?)> flaai = /12,4(5?)7 H14: = MlA(VVl'O), and fiq4; = ﬂlA(mo)- In addition, as in

the main paper, we define the matrices

1 N 1 N
Vy, = — Z<A2i — p124:)° 87 and Vg, = — Z(A% — fi24i)* S
n iel, n iely
1 N 1
1 nzeZ]( 1 MlA) 7 an 1 nzezj( 1 MIA) !

where £%? = xzx ' for any vector x.

We make the following assumptions.

Assumption 1. (i) The support of WO and the conditional treatment effect A (W) are
uniformly bounded; (ii) the support of S° and the conditional treatment effect Ao(S°) are
uniformly bounded; and, the supports of S and W are uniformly bounded.

Assumption 2. (i) ||ua(W? Dye) — /n,L;(WO)HQPm2 = 0,(n"'1); (ii) || fi2a(S°; Dye) — MQA(SO)H;2 =

op(n_l/Q).



6 SUPPLEMENTARY MATERIAL TO ROBUST Q-LEARNING

. Ol o~ 2
Assumption 3. (i) ||y (W Dyc) — pay (W?) HPO = 0,(1); (ii) || froy (S°; Dy ) — MzY(SO)HpO,g =
op(1).

Assumption 4. (i) ||finy (W Dye) — puy (W
(”) ||ﬂ2Y(SO; Dl,i) - M2Y(

(W Dyg) — na(WO) |, , = 0p(n™7?);
(8% Dye) — #2A(50)Hp072 = 0y(n1?)

Assumption 5. There exists 1 < ng < oo such that Vj, and an,j = 1,2 are positive

definite for n > ny.
Assumption 6. P(]S]8;| =0) = 0.
We prove this Theorem with help from the following lemma.

Lemma 5. Suppose Assumptions 1, 2, and 5 hold. Let dy = dim(S) and dy = dim(W).
Then ||Bs,, — B3ullee = 0p(n™1?) and |8y, — B, llee = 0p(n™/?), where

B;, = argmin Z {Asi — fiza( ?)}2 {Ay(S7) - SZ-T,BQ}Q,

B2ER2 i€l

B, = argmlnz {A2z paA( 10)}2 {A2(Szo) - 5;52}27

d
B2eR?2 iel,

Br, = argmin Y {Ay — jua(W)} {Ad(W)) - W 8,1},

Br1ERN el

B, = argmin > {Ay; — a(Wi)}* { A (W) — W, B}

PrERY i€l

Proof. Below, we will prove that ||35, — 3%, llec = 0p(n~'/?); the result that ||3%, — 8%, |le =
0,(n~'/?) follows from essentially identical arguments. Using the definitions of B3, and 83,

and assuming n is large enough so that Assumption 5 holds, straightforward algebra shows

Q% * Oy — _ 1
/8271, - /8211 :(VQTLl - V2nl) {; Z(AQZ - /’LQAi)ZSiAQi}

ic€ly

. 1 )
+Va, {ﬁ > (p2ai — PJQAi)QSiA%} :

i€l

Taking norms and using the triangle inequality, it can be shown that

(8) Vl|Bs, = Biulls < V||V = Vo |l (An + Ba) + || Vo||. B
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where
1 2
An =||— Z(Azz‘ - ,UzAz') SiAZi
n i€l, o0
1 N 2
B, = ﬁ Z(,UQAZ‘ - H2Az’) SiAy;
i€l, o0

Suppose that HV% — Vaoulleo = op(n_l/z). Then, by Lemma 2 and Assumption 5, we have
for n sufficiently large that

(9) IVar = Vil < Kt Van = Vol
for any constant K, such that 2|V !||2 < K. It can be seen that

A, 5

’[E [{ Ay — 112a(S°) 128 A5(S)] Hm — H[E [SAy(S%)var(A,]S°)] H < .

o0

Since cross-fitting is used to estimate fiz4(+), we also see that B,, is an example of (4); hence,
using Lemma 3 and Assumption 2, it follows that B, = o,(n~/2). It follows from these
results and (9) that (8) is 0,(1).

In order to prove that | Va, — Vau|lee = 0,(n"/2), we begin by writing ||[Van — Vanlleo <
C, + 2D,,, where

1
Cn == ||— i (1 i 2:S’®2
o E (MzA M2A) i

i€ly,

[e.9]

1 .
D, = n Z(AZi — p24i) (fi2ai — p2ai) 7

icly,

oo
Again, because cross-fitting is used to estimate figa(+), we can see that C), is also an example

of (4) and it follows by previously stated arguments that C, = o,(n~'/2). In order to

.....

finite and

1 R
Hyji = - Z(A% — p2.4;) (fl2a; — p24i)SikSij-

icl,
It suffices to establish the behavior of H, . First, using the definition of pga; = paa(SY) =
E(As|SY) and the fact that fioa; = fiaa(S)) where fia(+) is estimated from data Dy that is

independent of S{ € Dy, for each i, it is easy to see that E(H,;|S},..., Sy, D) = 0 and
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hence that E(H,;,|Dr:) = 0. Using these same properties, it is also easily shown that

1 N
var(Haji| Diz) = — > E{(fioai — poai)*var(Asi|SP) (S Si;)* | Dig } -

i€l

Under Assumption 1, we can find a constant Ky < oo such that

K 1 R
var(Hyje| Dyg) < 72[E [ﬁ > {i2a(SY) - MzA(S?)}ZlDIﬁ]
icely
K .
= Z2E{ (8" D) ~ 2a(S), 2

n

Dy}
Ky, .
= flluzA(So;Dlg)—uzA(SO)II%O,z,
By Chebyshev’s inequality, for all € > 0 we then have
1/2 Ky . 0 0\ (12
P (n'?|Hyj] > €| Dye) < 6—2HM2A(S s Dre) — p124(S7) || 5, 25

where the right-hand side is 0,(n"/?) by Assumption 2. Lemma 1 now implies that H,,;; =
0,(n~1/2) and hence that D,, = 0,(n~"/2). Therefore, ||V, — Van|loo < Cp+2D, = 0,(n~/2),
proving the desired result. A similar argument shows v/n|8%, — B5,llee = 0,(1). O

As in the main paper, we define

(10) B = arg?;jzn[E:var (4,]S°) {AQ(SO)—STﬁ2}2],
(11) V, = [:2{evar(AzySO) 5%}

(12) B = arg?jPE:var (A W) {2, (W) - W8}
(13) V) = [gl{evar(AﬂWO) W2

As n — oo, it is easy to see that 3;, converges to
Bs = V5 'E {var (A4,]8°) SA5(S5%)};
similarly, B}, converges to
Bi = Vi 'E {var (A;|W°) WA, (W?)}.

With these preliminaries in place, we can now prove the main result.
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Proof of Theorem 1, part (a). We desire to show that ,égn is an asymptotically linear esti-
mator of 35 with the claimed influence function, where 35 is defined in (10) and
. ' X R )
Bon = argmin ¥ _ [Yi — finy (S7) — {Azi — f124(S})} - S Ba] .
P2eR® jep,

In view of Lemma 5, we can proceed by establishing asymptotically linear representations for

both /n(Ban — B3,) and /n(3;, — 3%); combined, these will lead to that for \/n(Ba, — 53).

Recalling notation introduced earlier, it is easy to show that
\/E(BQTL - B;n> =
N 1 . N N
(14) Vi, % Z(A% — f24i)Si{Yi — flavi — (Agi — flo.ai) Aoi }
icln

By adding and subtracting terms and using the model assumptions on Y;, one can write
(15) Y; — floyi — (Agi — fiaai)Doi = €9; + (pavs — flayi) + (floai — H2ai)Da;.

The decomposition (15) implies that the term in the square brackets on the right-hand side

of (14) can be decomposed into six terms:

1 . N
(16> % Z(A% - ,U/QAi)Si{Y; — Ma2yi — (A% - MQAi)AQi}

iel,

(17) = % Z €2i(A2i — p124:)Si

ZGI’VL

(18) - % Z(A% - M2Ai)(ﬂ2Yi - Mzw)sz

7,€In

(19) Z(A% — 12.4) (floai — f24i) A2 S;

1
+ —
=

1 .
(20) ~ Z €2i(flzai — p2ai)Si

iel,
1 . .
(21) + % iEZIn(L@Az‘ — p24:)(flayi — Hayi)S;
1 . .
(22> - % Z(Mm - MZAi)QAQiSi~

el
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Under the assumptions of this theorem, the central limit theorem establishes the asymptotic
normality of (17), which is O,(1). The terms (18)-(20) are each seen to be examples to which
Lemma 4 applies; under Assumptions 1-5, it follows that each term is 0,(1). The terms (21)
and (22) are both seen to be examples to which Lemma 3 applies; again, under Assumptions
1-5, each term is 0,(1). Because |V} — V3!l = 0,(1) it follows that v/n(Bs, — B5,) can
be written

(23) \/ﬁ<62n - /6271 \/— Z Vgn 621 AQ@ ,UQAZ)S + Op( )

ZEIn

Turning to /n(83;, — 3%), we can write
\/ﬁ(@n -B) = \/ﬁ [{ Z V2n (A9 — N2Az) Ay; z} 162]
i€ly
1 — *
= %Vznl P (Azz' - N2Az’)2si(A2i - 5;132)-

Hence, using (23) and (24) and collecting terms,

(24)

Vi(Bon — B3) = %Van (Agi — p2ai)SiHa; + 0,(1)

icl,
where Hy; = €9;4+(Agi—pioa;) (Agi—SiTﬁ;‘). Using the fact that Y; —poy; = €9;+ (Ao —pioai) Aoy,

we may write

Hy = Y — poyi — (Agi — proai) Doi + (Azi — p24:) (A2i - Sjﬁ;)

(25) = Y — payi — (Ao — o) S B3

Consequently,

Vi, = B5) = = 3 Infa + 0y(1)

ZEIn

where
Infy;,, = V5, (Ag; — M2Az‘)5i{yz‘ — pay; — (Agi — MQAi)SZ‘TIB;}-

Since ||V, — V5! leo = 0,(1), it now follows that

\/E(BQn 52 \/— Z Infy; + Op )

el
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where
(26) Infy; = V5 ' (Ao — poai) Si{Yi — piayi — (Asi — p2ai) S 85}
has mean zero and variance V,'Q,V, "' where Q, = E(J5?) and
(27) Jy = {Ay — p124(S°)}S [V — p1ay (8°) — {42 — 1124(S°)}S " B3] .
U

Proof of Theorem 1, part (b). As in part (a), we need to show that B1n is an asymptotically

linear estimator of 37 with a certain influence function, where 3 is defined in (12) and

~ 2 2
Bin = argmin 3 [V — iy (W) = {4 — jua(WO)}- Wy

BLERN e,
where 32/, is calculated as
(28) ﬁZYi—i*SiTan{](S;an > 0) — Ay }.

Proceeding similarly to the proof of part (a), we will establish asymptotically linear rep-
resentations for both /n(Bi, — 3%,) and /n(B%, — B;); combining these will provide the
claimed influence function for /n(B, — B7).

We begin with \/E(BM — Bfn) Define ¢;; = Y; — [E(Y/Z | W2 Ay;), where Y; is given by
(29) Y, =Y+ 8 B:{1(5]B; > 0) — Az };

by construction, e; = Y; — piai — (A — piai) Ay and E(ey; | WP, Ay;) = 0. In addition, let
0; = Y; — Y;. Similarly to the proof in part (a), we can decompose /n(B1, — 3%,) into the

sum of several terms:
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\/ﬁ(/éln_éikn) =
(30) Vi{ = S ma) e+ 8 W

iel,

(31> —Vlnl ZAM MlAz)(Mle ,um)VVz}

zEIn

Z Alz ,LL]_A’L)(ILL].AZ MlAz)Alzm}

zEIn

Z :U’lAz H1Ai Elzm}

1€In

(7
(7
s
(31) -vil{= 3 i) W}
(=
{5

(32) + V!

(33) —V;

(35) —Vll Z ,UlAz ,UlAz ,Um Mm‘)m}

(36) + \/— Z ,ulAz MlAz) AleVz}

i€l

Assuming that fi14(+) and i1y (+) are estimated similarly to fiz4(-) and fi2y (+) (i.e., meaning,
sample splitting has been used) and in view of the fact that V1, is a consistent estimator of
V;, Lemma 4 implies that the terms (31), (32), and (33) are all 0,(1) under Assumptions 1
— b; similarly, Lemma 3 implies that the terms (35) and (36) are also o0,(1) under these same
assumptions. To complete this part of the proof, we must therefore establish the asymptotic
behavior of (30) and (34), both of which depend on the asymptotic behavior of §; = }2 —Y,.
The terms (30) and (34) isolate the potential for non-regular behavior; however, as we will
see, Assumption 6 is only needed for controlling such behavior in (30).

To determine the asymptotic behavior of (30), let D; = I(S] 35 > 0) — Ay; and
Rui = 1(S] o > 0) = (5] 85 > 0)

fori e I,.
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Algebra now shows

\/— Z (Avi — prai VVZ'(EU +<§z> =

iely,
(37) Tn Z Av; — pia) Wilew + 8] (Bon — 85)Ds}
icl,
(38) \/—lezln Alz /~L1A1)W STﬁz ni
(39) \/—gl Alz MlAz)WS (ﬁQn ﬁ2> ni-

Although (38) and (39) can be easily combined, treating these two terms separately turns
out to be advantageous. We first consider (38). Note that R, € {-1,0, 1} and, importantly,
that |Rni| < R, where Ry = 1{0 < |S] B3] < |8 (Bon — B3)|}. It follows that

1S B5| Ry < |S7,T(B27Z — B3)| Ry,

an inequality that is trivially true when R,,; = 0 and true for R,; = 1 in view of its definition.

Consequently, considering the 7 element of the vector W;, we have

‘ EI:(AM — AWy S B3 Ry| < ZI: }(Au - MlAi)WinSiTIB; ffm’
i€ly, iely
< ZI |(Asi — p1ai)Wis||S; B3| R
el
< ZI}Ali_/vblAiHWinSiT(BQn_ﬂ;) R
icl,
icl,

the last step following from the fact that Ay, is binary, fi14(-) € [0, 1], and |W;;| is bounded,

say, by a finite constant C'. Considering (39), a similar calculation shows that

1D (A — 1a) WS (Ban — B3) R < 4CD> |8 (Bon — B3)|R

i€l ic€ly,
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Therefore,

(38) + (39) < SCTZ;\ST Bon — B3)|Rn

1 A 2 V2 1
EZ{S;(ﬁzn—ﬁi)} ] [ﬁZRii

iely,

< 8Cv/n

= 8CAinv1|Bon — Bi2 RY?,

where ||-||5 is the usual Euclidean vector norm and Ay, > 0 is the square root of the maximum
cigenvalue of n=! Y., SF?. Because V7| Ban — Bll2 = O,(1) and Ay, converges to a finite
constant as n — oo under our assumptions, it follows that (38) + (39) is 0,(1) if R, = 0,(1).
However, Markov’s inequality implies that
P(R,>alSY,...,80) < (na) ' > E(Ru|S},....S))
i€l

for any a > 0, where E(R,; | §Y,...,8%) = P{R,;=1]S?,...,S°}. Letting
I =1(18/ B;] = 0),
an easy conditioning argument shows E(R,; | SY,...,S°) = I} + (1 — I})P,; where
Poi = P{IST (Bon = B)I > ki | (S7.. 8), ki > 0}

for k; = | S 33). Letting n — oo, the fact that By, = B as n — oo implies P,; — 0 for each
1; hence,

_ 1
JL@OP(RWMSI,...,S”)Smggo;@.

However, under our assumptions,
1
lim — ) " I7 5 P(|S] B3| = 0)

and it follows from Assumption 6 that R, - 0.

Because ||[V5! — V3! |se = 0,(1), we have now shown that

(40) (30) = Vln[ \/_Z (Avi = ma)Wiler + 87 (Ban — B3)Di} + 0,(1 )]

i€l
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under Assumptions 1 — 6, where we recall the notation D; = (S, 85 > 0) — Ay,.

To establish (34), observe that we may similarly decompose it as above, leading to

1 . R
% Z(NlAi — p1ai) Wib; =

i,

(41) % iezlz(ﬂmi — p1ai) Wicri

(42) + 5 (s = i Wis] B3

(43) + % EZI(ﬂlAz‘ — 1141)WiS] (Ban — B5) R
(44) + % ;(ﬂmi — 111.41)WiS] (Ban — 83) D

The term (41) can be handled using Lemma 4. The remaining terms can be handled similarly
to (38) and (39); however, the required decomposition of terms differs some and, importantly,
can make use of Assumption 2. In particular, establishing the behavior of (41)-(44) can be
done under Assumptions 1 — 5, without additionally imposing Assumption 6, showing that
any effect of non-regularity is limited to the behavior of (38) and (39), or equivalently,

1 JUA
7n Z(Au — 1114)) W3S Bon Ry

iely,

The above proof establishes an asymptotic linear representation for \/n (Bln— Bfn) Turning

to v/n(B5, — B7), we can write

1
(45) Vn(Br, — B7) = %anl 2 (Avi — p1ai) Wi (A — W' B7).

Hence, using (40) and (45) and collecting terms, it follows that

A 1
V(B — B7) = Tanl (Ari — p1ag) WiHy; + 0,(1)
e,

where Hi; = e1; + (A — pas) (A — W, B7) + ST (8o, — 3%)D;. Because

€ = Y; — Hiai — (Ali - ,UlAi)Ali
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we have

Hy; = Y; = pnai — (Aui — tna) W, 85 + S (Baon — B5){1(S] B; > 0) — Axi}.

Using the fact that |[Vy,) — Vi'|lee = 0,(1), it follows that

Vi(Bin — B}) = %Vll Z(Au — p1ai) WiH i + 0p(1).
icI,

Defining
1

K, = - (Au— ma){I(S85 > 0) — Ay} WiS]
i€l
and letting K denote its limit in probability, the results from part (a), in particular (26),
now imply that
1

Vi(Bin — B7) = 7 ; Infy; 4 0, (1).

for
(46) Inf); = Vl_l [(Ali - MlAi)vVi{{/i — prrai — (An — MlAi)VV,'T,BT} + KIani]-

This representation result implies /7(B81, — 37) 4N (0,V;'Q,V7!) where we define the
matrix Q; = E{(J, + KV, 'J,)®?}, Js is given in (27),

T = {A1 = pa(WORW [V = jua (W) = {4 = a (WO W31

and

K =E[{A; — pa(W)HI(S'B; > 0) — AL,}WST].

Proof of Corollary to Theorem 1. As established in the proof of Theorem 1, the regularity
Assumption 6 is imposed only to control the potentially non-regular behavior of the terms

(38) and (39). The origin of this non-regular behavior is the dependence of each term on

~

Ryi = I(S] Bon > 0) = (S 85 > 0),i € I,.

In view of the proof of Theorem 1, establishing that each of (38) and (39) is 0,(1) is sufficient

to prove the corollary as stated.
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To simply the proof of these results, let Bg;” be the least squares estimator based on the

subset of subjects that excludes subject 7, and define
Ros = I(ST 8BS > 0) — 1(S7 85 > 0),i € I,
and also
Bos = 1{0 < |87 83| < 17 (83" = Bo)I}:
ni = i M2l = i 2n 2 )

similarly to before, |]~§im| < R,
Then, considering (38) with R,; replaced by R,;, we may write
\/— ZE( ZSZTIBSRTL’LE |:A1i — f14i | VVz‘,Sz‘,Im,éz:)] | In> .
iel,

In view of the definition of Bégi), we have
B | Ay — i | Wi, S, 1, B8, | = B[Av — i | Wi S5, L] = 0,

the last equality following by assumption. Therefore, it follows that E [(38) | I,,] = 0. Argu-

ing similarly and using the conditional variance formula,
var[(38) | L] Z B (W2 (S785)" Ay — il 2 | 1)
zGIn

Let Vj,; denote the (k, j) element of the matrix on the right-hand side of this last expression.

Then, under Assumptions 1 — 5, it can be shown that
c T a*x\2 D
icl,

for some finite constant C' > 0. Similarly to the proof of Theorem 1, the fact that

ST B3| Rus < |S] (8%, — B3)|R.

now implies the inequality

< —ZE([ST e ﬁ;“)r Ry | In>,

ZeIﬂ
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from which it follows that
C ~(—i N o (—i I
Vig £ =S B ((By" - BT SEHBL — B3 Rui | 1)
icln

(47) < B (18" - B33 1 ).

where A2, > 0 is the maximum eigenvalue of n='>"._, 8%, Because the right-hand side of

icl,
(47) goes to zero as n — oo for all (k,j), it follows that (38) is 0,(1). A similar argument
establishes that (39) is o0,(1).

O

2. ADDITIONAL SIMULATION STUDIES

2.1. Various sample sizes. In this section, we complement the main simulation study by
examining the performance of our proposed method under various sample sizes. We generate
500 datasets with sample sizes N of 1000, 500, and 250 using the same generative model as
in Section 5.1 in the paper, and except in Section 2.2, use the same methods to estimate
try (4), pay (4), p1a(s), and p24(+) as in the main simulation study.

Tables S1-S6 in this document respectively summarize the results for sample sizes N of
1000, 500, and 250 sample sizes. Overall, our method outperforms both Qy x and dAWOLSy n
for all sample sizes, particularly when the underlying treatment assignment and the out-
come models are nonlinear. More specifically, when the postulated parametric models for
the nuisance parameters are correctly specified, the bias of the dAWOLSy n estimators are
comparable to the estimators obtained by our proposed method, but the latter usually has a
substantially smaller standard error. However, when the parametric models for the outcome
and the treatment assignment models are both misspecified, the dWOLSy x estimators ex-
hibit large biases. When N = 250, under the linear treatment assignment model and FGS#
outcome model, the proposed method shows larger bias in estimating B2 than the dAWOLSy x
(Table S5). We conjecture that this occurs because there are only a relatively small number
of units that are rerandomized at stage 2 (i.e., 50%), and that this subsequently affects the

performance of Super Learner.
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TABLE S1. Performance of the proposed Q-learning method in estimating the
second stage parameters under different model complexities (N =1000). The
true parameter values for the linear and FGS outcome models are 53, = 1,
B30 =1and 5, =0, 555 ~ —2, respectively.

19

B3 B2
Qn.N Proposed ~ dWOLSy v QNN Proposed ~ dWOLSy v
Models Bias S.D. Bias S.D. Bias S.D. ‘ Bias S.D. Bias S.D. Bias S.D. ‘
Randomized Treatment Assignment Model
Linear® 0.007 0.055 0.041 0.112 0.007 0.113]0.003 0.056 0.008 0.112 0.003 0.114
FGS®  0.002 0.581 0.015 0.787 0.010 1.136 | 0.055 0.370 0.055 0.424 0.049 0.667
Linear Treatment Assignment Model
Linear™ 0.000 0.060 0.005 0.145 0.004 0.147 [0.011 0.063 0.026 0.144 0.020 0.149
FGS® 2235 2490 0.039 1.010 0.035 2.224 |2.478 0.809 0.067 0.529 0.016 0.968
Quadratic Treatment Assignment Model
Linear™ 0.004 0.054 0.006 0.117 0.003 0.108 [ 0.002 0.059 0.015 0.116 0.005 0.121
FGS®  0.872 0.630 0.166 0.754 0.873 1.284 [0.012 0.332 0.050 0.410 0.021 0.570
InterQuad Treatment Assignment Model
Linear™ 0.008 0.056 0.009 0.118 0.007 0.113[0.004 0.057 0.024 0.117 0.005 0.116
FGS®  0.718 0.665 0.077 0.817 0.703 1.253 | 0.442 0.333 0.068 0.416 0.437 0.560

TABLE S2. Performance of the proposed Q-learning method in estimating the
first stage parameters under different model complexities (N =1000). The true

parameter values are 37, = 87, = 0.

Bia Bl
Qn,n Proposed dWOLSy v Qn.N Proposed dWOLSy v
Models Bias S.D. Bias S.D. Bias S.D. ‘ Bias S.D. Bias S.D. Bias S.D. ‘
Randomized Treatment Assignment Model
Linear® 0.001 0.140 0.004 0.150 0.006 0.150 [ 0.013 0.138 0.008 0.140 0.005 0.149
FGS®  0.024 0.823 0.034 0.858 0.015 1.072[0.035 0.584 0.027 0.638 0.011 0.866
Linear Treatment Assignment Model
Linear® 0.156 0.152 0.003 0.173 0.016 0.177[0.153 0.131 0.011 0.163 0.008 0.172
FGS® 2206 3.284 0.192 1.132 0.197 4.588 | 1.859 2.836 0.148 0.855 0.167 4.377
Quadratic Treatment Assignment Model
Linear®™ 2.395 0.138 0.023 0.171 0.008 0.173]0.679 0.123 0.013 0.162 0.004 0.164
FGS®  7.259 0.889 0.043 0.963 0.286 1.213|1.656 0.827 0.059 0.735 0.041 1.201
InterQuad Treatment Assignment Model
Linear™ 2.297 0.143 0.012 0.171 0.012 0.178[0.420 0.128 0.017 0.161 0.010 0.166
FGS®  7.580 0.829 0.098 0.975 0.279 1.203 |2.348 0.705 0.057 0.715 0.275 0.908
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TABLE S3. Performance of the proposed Q-learning method in estimating the
second stage parameters under different model complexities (N =500). The
true parameter values for the linear and FGS outcome models are 53, = 1,
B3, =1and 5, =0, 55, ~ —2, respectively.

B3 B2
Qn.N Proposed ~ dWOLSy v QNN Proposed ~ dWOLSy v
Models Bias S.D. Bias S.D. Bias S.D. ‘ Bias S.D. Bias S.D. Bias S.D. ‘
Randomized Treatment Assignment Model
Linear™ 0.004 0.083 0.013 0.168 0.004 0.169 [ 0.009 0.079 0.023 0.166 0.010 0.161
FGS®  0.111 0.972 0.113 1.143 0.097 1.906 [ 0.029 0.464 0.015 0.582 0.006 0.815
Linear Treatment Assignment Model
Linear® 0.014 0.087 0.021 0.207 0.007 0.214 [ 0.017 0.087 0.006 0.205 0.019 0.211
FGS® 2409 0.909 0.117 1.311 0.136 2.250 | 2.448 0.575 0.185 0.761 0.061 2.111
Quadratic Treatment Assignment Model
Linear® 0.003 0.083 0.027 0.171 0.007 0.169 [ 0.004 0.079 0.007 0.169 0.004 0.163
FGS®  0.738 0.805 0.005 1.101 0.695 1.533[0.008 0.523 0.049 0.658 0.002 0.932
InterQuad Treatment Assignment Model
Linear™ 0.005 0.086 0.014 0.171 0.010 0.172[0.003 0.083 0.007 0.169 0.005 0.170
FGS®  0.653 1.085 0.008 1.229 0.627 2.162|0.468 0.551 0.046 0.668 0.436 0.977

TABLE S4. Performance of the proposed Q-learning method in estimating the
first stage parameters under different model complexities (N =500). The true

parameter values are 57, = 87, = 0.

Bia Bl
Qn,n Proposed dWOLSy v Qn.N Proposed dWOLSy v
Models Bias S.D. Bias S.D. Bias S.D. ‘ Bias S.D. Bias S.D. Bias S.D. ‘
Randomized Treatment Assignment Model
Linear™ 0.007 0.208 0.017 0.217 0.020 0.205 [ 0.007 0.189 0.008 0.204 0.011 0.206
FGS®  0.107 1.286 0.061 1.181 0.036 1.556 [ 0.006 0.871 0.024 0.870 0.004 1.078
Linear Treatment Assignment Model
Linear™ 0.147 0.227 0.015 0.241 0.016 0.238[0.167 0.183 0.025 0.228 0.009 0.225
FGS®  1.882 1.131 0.038 1.242 0.003 1.475|1.615 0.801 0.016 0.925 0.035 1.117
Quadratic Treatment Assignment Model
Linear®™ 2.392 0.187 0.003 0.243 0.006 0.242]0.676 0.180 0.004 0.230 0.007 0.241
FGS® 7441 1.172 0.028 1.292 0.406 1.580 | 1.457 0.786 0.018 0.962 0.032 1.183
InterQuad Treatment Assignment Model
Linear™ 2.325 0.199 0.009 0.245 0.001 0.250 [ 0.414 0.170 0.006 0.231 0.009 0.236
FGS® 7412 1.249 0.199 1.394 0.176 1.998 | 2.368 0.938 0.015 1.026 0.136 1.353
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TABLE S5. Performance of the proposed Q-learning method in estimating the
second stage parameters under different model complexities (N =250). The
true parameter values for the linear and FGS outcome models are 53, = 1,

B30 =1and 53, =0, 53, ~ —2, respectively.

21

B3 B2
Qn,n Proposed ~ dWOLSy v QNN Proposed ~ dWOLSy v
Models Bias S.D. Bias S.D. Bias S.D. ‘ Bias S.D. Bias S.D. Bias S.D. ‘
Randomized Treatment Assignment Model
Linear® 0.035 0.120 0.038 0.261 0.031 0.250 [ 0.008 0.116 0.012 0.252 0.008 0.244
FGS®  0.032 1.138 0.053 1.541 0.070 2.229 [ 0.058 0.694 0.089 0.959 0.045 1.340
Linear Treatment Assignment Model
Linear™ 0.008 0.132 0.027 0.302 0.007 0.336 [ 0.009 0.127 0.004 0.291 0.007 0.315
FGS® 2315 1.237 0.488 1.755 0.286 2.616 | 2.519 0.717 0.682 1.111 0.274 1.545
Quadratic Treatment Assignment Model
Linear™ 0.014 0.120 0.023 0.265 0.020 0.257 [ 0.034 0.127 0.032 0.257 0.028 0.268
FGS®  0.738 2374 0.061 1.937 0.522 5.242[0.051 0.736 0.004 1.167 0.078 1.400
InterQuad Treatment Assignment Model
Linear™ 0.010 0.127 0.042 0.256 0.007 0.262|0.009 0.120 0.018 0.250 0.012 0.247
FGS®  0.794 1.066 0.265 1.655 0.804 2.139|0.428 0.691 0.000 1.093 0.457 1.244

TABLE S6. Performance of the proposed Q-learning method in estimating the
first stage parameters under different model complexities (N =250). The true

parameter values are 57, = 87, = 0.

Bia Bl
Qn, N Proposed ~ dWOLSy v Qn.N Proposed ~ dWOLSy v
Models Bias S.D. Bias S.D. Bias S.D. ‘ Bias S.D. Bias S.D. Bias S.D. ‘
Randomized Treatment Assignment Model
Linear™ 0.020 0.284 0.005 0.308 0.008 0.303 [ 0.031 0.244 0.008 0.291 0.014 0.299
FGS®  0.166 1.389 0.019 1.661 0.092 2.477|0.159 1.200 0.019 1.274 0.041 1.698
Linear Treatment Assignment Model
Linear® 0.194 0.284 0.050 0.338 0.012 0.330 [ 0.174 0.262 0.016 0.320 0.002 0.349
FGS® 1960 1.575 0.153 1.704 0.089 1.919 | 1.641 1.261 0.055 1.286 0.126 1.540
Quadratic Treatment Assignment Model
Linear®™ 2.413 0.289 0.016 0.351 0.001 0.339]0.664 0.257 0.016 0.336 0.026 0.367
FGSF  7.840 2.066 0.106 1.855 0.398 2.460 | 1.373 1.273 0.093 1.457 0.096 2.040
InterQuad Treatment Assignment Model
Linear™ 2.329 0.294 0.052 0.349 0.007 0.358 [ 0.451 0.251 0.006 0.334 0.024 0.369
FGSH 7.423 1.469 0.212 1.837 0.107 2.335|2.288 1.188 0.079 1.461 0.238 1.721
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2.2. Performance under alternative nonparametric estimation methods. In this
section, we assess the performance of the proposed method when the nuisance parameters
are instead estimated using either random forests or generalized additive models, recalling
that both were included as part of the library used by Super Learner. As in the main
simulation study, we generated 500 datasets of size N =2000 using the same generative
model as in Section 2.1. In Table S7 and S8, columns RF-RF and GAM-GAM respectively
represent cases where a random forest and a generalized additive model are used for both
the treatment assignment (i.e., u14(-) and p24(-)) and the outcome models (i.e., piy(+)
and pioy (+)). The column RF-GAM represents a case where a random forest is used for
the outcome model and a generalized additive model is used for the treatment assignment
model. Overall, as the complexity of the outcome or treatment assignment model increases,
modeling the nuisance parameters using a random forest results in estimators that are less
biased compared with those obtained by the generalized additive model. However, comparing
these results with those presented in Tables 1 and 2, we observe that Super Learner typically

performs better than these other data adaptive methods.

TABLE S7. Performance of the proposed Q-learning method in estimating
the second stage parameters using machine learning methods under different
model complexities (N =2000). The true parameter values for the linear and
FGS outcome models are 53, =1, 5, = 1 and 85, = 0, 53, ~ —2, respec-
tively.

B3 35,2
RF-RF GAM-GAM  RF-GAM RF-RF GAM-GAM  RF-GAM
Models Bias S.D. Bias S.D. Bias S.D. ‘ Bias S.D. Bias S.D. Bias S.D. ‘
Randomized Treatment Assignment Model
Linear™ 0.021 0.088 0.051 0.078 0.001 0.086 [ 0.021 0.084 0.048 0.078 0.021 0.084
FGS®  0.096 0.521 0.236 0.684 0.049 0.499 [ 0.047 0.282 0.091 0.436 0.091 0.275
Linear Treatment Assignment Model
Linear® 0.005 0.107 0.009 0.103 0.006 0.110]0.002 0.103 0.012 0.103 0.011 0.107
FGS?  0.447 0.687 0.023 0.823 0.037 0.712]0.522 0.405 0.074 0.553 0.064 0.419
Quadratic Treatment Assignment Model
Linear™ 0.013 0.091 0.033 0.080 0.065 0.085[0.014 0.088 0.042 0.080 0.002 0.083
FGS®  0.194 0.628 0.764 0.737 0.301 0.616 [ 0.039 0.337 0.091 0.501 0.022 0.352
InterQuad Treatment Assignment Model
Linear®™ 0.035 0.091 0.076 0.081 0.044 0.085[0.038 0.087 0.076 0.081 0.010 0.083
FGS®  0.192 0.651 0.654 0.761 0.219 0.648 | 0.071 0.329 0.304 0.499 0.065 0.344
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TABLE S8. Performance of the proposed Q-learning method in estimating the
first stage parameters using machine learning methods under different model
complexities (N =2000). The true parameter values are 8y, = 3], = 0.
Bia Bla
RF-RF GAM-GAM  RF-GAM RF-RF GAM-GAM  RF-GAM
Models Bias S.D. Bias S.D. Bias S.D. ‘ Bias S.D. Bias S.D. Bias S.D. ‘
Randomized Treatment Assignment Model
Linear® 0.016 0.104 0.017 0.108 0.003 0.107 [ 0.029 0.099 0.004 0.100 0.003 0.102
FGS®  0.029 0.537 0.200 0.725 0.014 0.612]0.020 0.413 0.063 0.514 0.012 0.444
Linear Treatment Assignment Model
Linear™ 0.008 0.116 0.000 0.127 0.003 0.122]0.008 0.110 0.005 0.119 0.008 0.116
FGS®  0.020 0.677 0.039 0.775 0.081 0.700 [ 0.086 0.491 0.021 0.575 0.009 0.508
Quadratic Treatment Assignment Model
Linear®™ 0.033 0.118 0.002 0.121 0.027 0.122]0.008 0.113 0.002 0.113 0.006 0.116
FGS®  0.035 0.691 0.296 0.794 0.101 0.707 [ 0.007 0.508 0.035 0.600 0.037 0.519
InterQuad Treatment Assignment Model
Linear® 0.020 0.119 0.015 0.122 0.045 0.122]0.009 0.114 0.003 0.114 0.031 0.116
FGS®  0.083 0.681 0.344 0.786 0.145 0.704 | 0.031 0.509 0.164 0.610 0.032 0.527

2.3. Additional simulation results for the non-regular setting. In Section 5.2 of the

main paper, we showed that the proposed method can provide valid inferences in non-regular

settings when the assumptions of Corollary 1 are satisfied. Table S9 supplements the results

of Table 3 for the main simulation study by providing additional comparisons with Qn

and dWOLSNyN.

Below, we also consider a simulation that corresponds to a non-regular setting when the

assumptions of Corollary 1 and Assumption 6 are both violated. We consider the same

general set-up as in Section 5.2, but modify the outcome models as described below:

[ J LinearNR’w: Y = XlTal + X;O@ -+ A1X191 + AQR(@Q]_A:[ -+ 922)?21) + € where o] =
(1,0.1,0.1,0.1,0.1) ", ap = (1,0.1,0.1,0.1) ", 8; = (0,0,0,0,0)", and 0y = 2(w, @) ";
° Non—linearNR’w: Y = f(Xl) + A1X1—91 + AQR(@QlAl + 922X21) + € where 01 =

(0,0,0,0,0)", 0, = 2(w, )", and for & = (x1, 7o, 73, 74, 5) ", We set

f(x) = sin(rr29) + 2(z3 — 0.5)* + 24 + 1.5

€1
|za| + |3]

+ 2$1<$2 + 1'3).

Here, XQ = ()?21, )2'22, Xo3, X24)T where )U(m is generated from a Bernoulli distribution with

success probablhty [1 +exp{—(2X11 — 2A1 - 1)}]_1, X22 = UH, X23 = U12, X24 = 035X15 +

Uiz, and Xo5 = Uy, where Uy, 1 = 1,...,3 are independent and uniformly distributed on

[0,1]; the noise variable € is again generated from N(0,0 = 0.5).
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TABLE S9. Performance of the proposed Q-learning method under different
degrees of non-regularity.
Bia Bia
Models Qn,nv Proposed dWOLSyn | Qww Proposed ~ dWOLSy v
Randomized Treatment Assignment Model
Linear V0 0.939(0.26)  0.956(0.42)  0.940(0.41) |0.932(0.26)" 0.959(0.40) 0.933(0.41)T
Non-linearV%9 0.949(0.95) 0.965(1.40)" 0.933(1.40)" | 0.949(0.44) 0.952(0.56) 0.946(0.55)
LinearV#:! 0.937(0.45)  0.962(0.46) 0.938(0.70) | 0.936(0.45) 0.966(0.45)" 0.933(0.70)f
Non-linear¥%!  0.953(0.99)  0.966(1.41) 0.924(1.46)t | 0.936(0.51)F  0.946(0.60) 0.929(0.69)
Linear Treatment Assignment Model
Linear™V 0 0.913(0.26)7 0.965(0.45)T 0.940(0.45) [ 0.898(0.26)" 0.948(0.44) 0.940(0.45)
Non-linearV®9 0.396(0.96)"  0.949(1.58) 0.921(1.56)" | 0.102(0.48)" 0.955(0.65)  0.936(0.65)
Linear™ ! 0.856(0.45)"  0.953(0.51)  0.939(0.76) | 0.845(0.45)" 0.955(0.50) 0.924(0.76)"
Non-linear™V®1  0.343(1.10)"T  0.952(1.61) 0.923(1.63)" | 0.101(0.55)" 0.948(0.70)  0.942(0.79)
InterQuad Treatment Assignment Model

LinearV 0 0.949(0.29) 0.966(0.46)" 0.956(0.45) | 0.939(0.29) 0.957(0.45) 0.934(0.45)f
Non-linearV#9 0.858(1.10)" 0.959(1.45) 0.786(1.45)" | 0.897(0.50)" 0.962(0.63) 0.789(0.62)1
LinearV /! 0.951(0.49)  0.964(0.52) 0.948(0.77) |0.937(0.50)" 0.950(0.51) 0.939(0.77)
Non-linear™®1  0.861(1.05)" 0.964(1.47) 0.804(1.53)T | 0.910(0.58)" 0.967(0.68) 0.850(0.78)%

Numbers in parentheses correspond to average confidence interval length.

(X[, A1, X;)T and WO = X;; the vectors S =
R(l,Al,)u(gl, )V(QQ)T and W = (1, X1, X12) " are respectively used to model the second and

In the above generative models, S° =

first stage Q-functions. The second stage blip functions are linear and correctly specified in
both models, leading to 35 = (0,0, ,0)". In both scenarios, for each subject i, we define the

first-stage pseudo outcome as
Y; =Y + @RS B3{1(S] B; > 0) — Az},

its estimate 12 being calculated by substituting ,ém in for @33. The construction of the pseudo-
outcome, specifically the projection ST (33, results in the violation of Assumption 6 for both
generative models. In particular, @w = 0 corresponds to no second-stage effect modifier
because 35 = 0; hence, we have P(|ST3;] = 0) = 1. Setting w = 1 instead implies that
there is no second-stage treatment effect when R(A; + )2'21) = 0 and a reasonably strong
effect when R(A; + Xp;) = 1; in this case, we have ||85]| > 0 and 0 < P(|STB;| =0) < 1. In
addition to violating Assumption 6, both generative models also violate the key assumption
of Corollary 1 (i.e., E (Ay; — p1ai | Wi, Si, I,) = 0,4 € I,) because the Stage 2 decision rule

depends on Aj.
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TABLE S10. Performance of proposed Q-learning method under different de-
grees of non-regularity when Corollary 1 and Assumption 6 both fail.

Bia Bz Bis
Models Proposed  dWOLSE 3% | Proposed  dWOLSE=% | Proposed dWOLS;—}%
Randomized Treatment Assignment Model
Linear™#0 0.938(0.12)  0.981(0.14)T [ 0.949(0.40)  0.968(0.46)" [0.965(0.40)F 0.984(0.46)F
Non-linear#0 0.940(0.29)  0.967(0.43)" | 0.965(1.29)"  0.977(1.69)" | 0.949(0.39)  0.973(0.68)"
Linear™V 1 0.951(0.22)  0.976(0.26)" | 0.948(0.77)  0.973(0.89)" | 0.950(0.77)  0.983(0.89)f
Non-linear™®!  0.928(0.34)"  0.957(0.48) [0.967(1.43)"  0.980(1.82)" | 0.941(0.69) 0.980(0.93)

Linear Treatment Assignment Model

Linear™#0 0.908(0.12)F  0.980(0.17)T [ 0.954(0.43)  0.968(0.50)T | 0.939(0.43)  0.976(0.50)F
Non-linearV %0 0.909(0.29)"  0.984(0.47)" | 0.975(1.32)F  0.972(1.77)" | 0.942(0.46)  0.981(0.78)f
LinearVf:! 0.951(0.24)  0.972(0.28)" | 0.943(0.85)  0.970(0.97)" | 0.949(0.86)  0.969(0.98)
Non-linearV®!  0.955(0.35)  0.962(0.47) | 0.971(1.50)" 0.976(1.93)" | 0.942(0.80) 0.978(1.06)f

InterQuad Treatment Assignment Model

LinearV 70 0.934(0.12)T  0.983(0.15)T [ 0.952(0.41)  0.975(0.48)" | 0.948(0.41)  0.975(0.48)"

Non-linear™#%  0.939(0.30)  0.914(0.45)" | 0.944(1.29) 0.884(1.75)" | 0.958(0.45)  0.885(0.76)"

LinearV/:! 0.950(0.26)  0.972(0.31)" | 0.962(0.89) 0.983(1.02)" | 0.941(0.90)  0.963(1.03)

Non-linear™®!  0.907(0.38)"  0.971(0.55)" | 0.968(1.51)F  0.923(1.95)" | 0.962(0.87)  0.945(1.12)
Numbers in parentheses correspond to average confidence interval length.

We compare the coverages of our estimators with those obtained for dAWOLS using the
m-out-of-n bootstrap (i.e., dAWOLSf; %), Table S10 presents the results based on 1000
datasets of size 2000. In the table, 57, 87, and 37 3 respectively the true parameter values
corresponding to variables A; (i.e., we assume W has an intercept), A;X;; and A; Xj,.
When @ = 1, (8], 872 Bi3) =~ (0.55,0.00, —0.57) and (537, 574, Bi3) =~ (0.77,0.00, —0.29)
for the linear and non-linear outcome models, respectively (note: these are approximated by
simulation). Also, when @ =0, (87 1, 8], 81 3) = (—0.23,0.00, —0.29) and (87 1, 872, B13) =
(0,0,0) for the linear and non-linear outcome models, respectively. Despite violation of the
regularity assumption, the proposed method continues to provide valid confidence intervals
for the parameters 2, and 3. However, the confidence intervals for 5 exhibit less-
than-nominal coverage in a majority of cases. As expected, when either of the outcome or
the treatment assignment models are correctly specified the dAWOL fnf]%05 provides valid, if

typically conservative, confidence intervals for all parameters. However, when both of these

models are misspecified, the coverage rates are more substantially compromised.

2.4. Value Function Estimates for Regular Case. In this section we plot the value
functions corresponding to the estimated decision rules obtained in the regular setting (see

Section 5.1 of the main paper). All methods perform essentially identically as far as the
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FIGURE S1. Value functions for estimated decision rules for regular case and different
sample sizes.

underlying value function when the outcome model is linear, even for N = 250; these results
are not included. In the case where the outcome model is not linear, we see that the
proposed method typically results in a value function that is closest to the true optimal
value, followed by dWOLS and then standard Q-learning. However, the overall degree of
discrepancy is generally small, particularly between dWOLS and the proposed approach.
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