A. Tenti-model

In this part of the Supplementary Material the mathematical the mathematical back-
ground of the Tenti model is provided, which was used to calculate the simulated
spectra for spontaneous and coherent RBS. The account given here is largely based
on the original work of Boley et al. [19] and subsequent descriptions by Pan [33] and
by Gu [27]. In the Tenti models non-degenerate eigenvectors or moments written as
linearized approximations of the WCU equation are derived. In the Tenti-S7 model
there are seven of such components including a traceless pressure tensor, while in
Tenti-S6 there are only six, and the traceless pressure tensor is omitted. These com-
ponents, written as deviations from equilibrium h;(7,v,t) and involving the Maxwell
distribution function ¢as(v), are the following:

(1) the deviation of the total number density:

nov(r,t) = ng Zmi/ng(v)hid?’v , (21)
i
(2) the macroscopic flow velocity, or the momentum:
vou(r,t) =y / vorrhid®o (22)
i

(3) the deviation of the translational temperature:

1 1, 3 ,
ToTie(r,t) = . Zmi/(2mv — §k:BT0)vquhid v, (23)

(4) the deviation of the internal temperature

1

kBcCint

ToTint (’l", t) =

> / (B — (B))barhid®o (24)

where T} is the equilibrium temperature, ¢y and cjy are the translational and internal
specific heat capacities, and (E) = . x;F; stands for the mean energy of all internal
states,

(5) the translational flux:

1 5, 5 5
nOkBTOUOQtr =Ny El ZT; /(2mv — §kBTO)’U¢Mhid v, (25)
(6) the internal heat flux

nok'BT()’quint = 1o le /(Ez — <E>)'U(Z§Mhid31) . (26)

Insertion of the linearized distribution function f(r,v,t) as given in Eq. (7) into



the full WCU, presented in Eq. (6), yields:

(gt v V) hi =m0 / v — 1|0 [hg(v)) + hu(]) = hi(v) — hj(v1)]dQpard vy .

Jjgl
(27)
Using Dirac notations, Eq. (27) can be written in simplified form:
0
(540 V)I) = nodh) (28)
with the column vector |h) = [h1,ho,...h,]T and the Hermitian conjugate (h| =

[Ry, hs,..ht]. J is a N x N matrix, and each element of this matrix is an integral
operator. J can be separated into a term for elastic collisions J’ with ¢ = i and
I = j and a term representing inelastic collisions J” with g # 4 and [ # j, that is,
J=J+J".

The eigenvectors and eigenvalues for the elastic collision operator J’ have been
studied by Wang Chang et al. [60]:

JWs0) = (2k/m)1/2)\5|\1150>
JNVs) = (2k/m)1/2'u8|‘1’sn> (I<n<N-1), (29)
where \g, us are the eigenvalues. The eigenvectors Wy, of J' are orthogonal to one

another, as (Us, |V /) = dss, and they span the entire Hilbert space. The eigenvectors
W, are given by:

D Py, (51)

(I)rlmPn (52)
W) = . , (30)

where ¢; = E;/(kpTp) is the dimensionless energy, and P, (¢;) is a polynomial of the
internal energy given by:

and in general

n—1
Pn(Ez) = Kn Eipnfl - Z<5Pnflpm>Pm(5i) ) I<n<N )
m=0
with K, chosen to normalize (P2) = 1. ®,;, is the eigenfunction of the collision

operator for an atomic gas with a Maxwell force law, or a molecular gas with only one
internal energy state, which can be further expressed as:

3/2,.1
2T g (@)Y (E) | (31)

®7‘m = T 7 4 /o
: (r+ 1+ 1/2)!71+1/2
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where S{™ (x) is the Sonine polynomial and Y;,, (6, ¢) is the spherical harmonic for the

direction angles 6,1 of the dimensionless velocity c. It is clear in the above equations
that s can be written as (rlm), so @g, is rewritten as ®,y,.

Using the eigenvectors of J’, the elastic collision operator can be diagonalized by
inserting the completeness identity. Following the method of Gross and Jackson [61],
all of the eigenvalues except for a particular set are set equal to a common constant,
namely:

TRy = T (T,[h)
D TN () + T > W) (T R)

Q

r<R r>R
= > (L= JR)W) (W, h) + JR|h) (32)
r<R

where ¥, means W,p,,, J;. is the eigenvalue of ¥, and the common constant J}, is the
eigenvalue for all ¥,. with » > R. In the above equation the completeness condition
o ) (U, =1 is used.

Tenti et al. [20] have chosen six non-degenerate eigenvectors with clear physical
meanings: Wooo,0 the fraction of particles in different internal states, Wo1,,,0 the mo-
mentum, Wi o the translational energy, ¥11,, o the translational heat flux, and Voo, 1
the internal energy, Wo1,,1 the internal heat flux which are linked to Egs. (21)— (26).
The corresponding eigenvalues are Jju, o109, 100 J110: Jo01> Jo11, denoting in J/, -
with

1
Trin = 01 > Tmn

m

The other eigenvectors are degenerated and are assumed to have the same eigenvalue
Jbao- Hence, the resulting elastic collision model is represented by:

3 4 5
(J,h)z = —J620 v; + 2c-u + (CQ — 2)Ttr:| + (_J(/)QO + J{10)5(02 — 5)0 * qtr
(33)
E; — (&
+ (= Jo20 + Jo11) te)

2¢ - Qing + Jégohi .

int

For the inelastic operator J”, Boley et al. [19] used the model developed by Hanson
and Morse [62] which inserts the completeness identity twice into J”|h) as:

TR =3 W) (| D T [ War Y (Wt | )

s'n’

and puts (Vg |J"|VUsp) = C X d55/0pn, with C' a constant beyond a certain range of
s, n. Following the same notations and language for the elastic operator, the inelastic
operator J”|h) can be expressed as:

J"|h) = Z (J%'l:'_ (,)/205rr’5nn’)

rlmn,r’'n’

\Ijrlmn><\l’r/lmn’ |h> + J(,]/QOh ) (34)
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where

1
J”/?,l”/ - TH Z<\Prlmn"}//|\1’r’l’mn’>
m
and J” = J'" for simplicity. Then the inelastic collision model is

3
(J"h)i = —Ji [V—l-QC u+ (c 5t (5>>

<J100 Cmt!]&o) [02 - g - i(&‘ - <5>)} (Ttr — Tint)

Ctr + Cint 2¢Cint
; — ()

int

CerTer + CintTint:|
Ctr + Cint

+ (= Jooo + Jon) 2¢ - qint (35)

2v2 5
— JyH = N [(61 — (&) qur + (e — 5) . Qint]
4

5
+ (Ji10 — J020)5 c(c ? 5) - Qe + Jonohi -

Therefore, the entire collision operator can be denoted as J©) with J©) = J’ + J”,
where (6) stands for the 6 moments, and the model is referred to as the Tenti-S6
model. As a result, the linearized WCU equation (28) is written as:

0
(Gt +v-V)|h) = noJ© |h> (36)
By taking the Fourier-transform and multiplying both sides by I(w,y,c.) =
1/(w/kvy — i - noJozo/kvo — ¢2), the kinetic equation for |h) in the frequency domain
is obtained as:

U
1 0!h> = I(w,y, c:){=J0lv) — TG0/ %000,0) — Jo20V2uzTo10,0)

+ Jloo\/ 27int + (Jo20 — J100)V/ 3/2%4 |W100,0)

[ 3
+ __JIOOm(Ttr — Tint) — J6,20\/Cint7int:| | W000,1) (37)

2
+ | (—=Jo20 + Jo11)V/ 2/ CintGint,> — J(}llg\/gqtr,z] |Wo10,1)

2 1
+ | —=(J110 — J020) —=Gtr.2 + Jois V/ 2/ CintGint.2 | [ ¥110.0) + —[Po00,0)}
V5 kng

where the density perturbation |v) = [v1,14,..]7 and z the direction of the acoustic
wave. Note that v,u., gir 2, Ttr, Tint, Gint,> are in frequency domain, e.g. v is short for
v(k,w).

Taking the inner product of this equation by sandwiching with |¥gg0) = [1,1,...]7,
the first of the six equations of the gas-dynamic parameters is obtained - the mass
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equation:

kv
0 (Wo00.0/h) = —Th20(P000.0/T1¥) — Je0(¥000.011|P000.0) — Jo20V 2t (Y0000 1| To10.0)

+ | J100v/3/27int + (Jo20 — J100) V/ 3/27'tr} (000,011 ¥100,0)

’L'TLO

3
+ _JIOOﬁ(Ttr — Tint) — J6,20\/CintTint:| (000,011 ¥000,1)
L int

2
+ | (=Jo20 + Jo11) V' 2/CintGint, - — Jc}ll?\/gqmz] (000,01 [¥o10,1)

+ [—(J110 — Jo20)

Gore + Jo11 2/Cintqmt,z] (Y000,0/1|¥110,0)

I VB
1
— (U I|\v .
+kno< 000,0| | 000,0>
(38)
Some of the inner products has already been calculated as: (®gooolh) = v,

<¢000,0’V> = VI(())(()), <(I)000,0’(I)000,1> = 0, <<I)00070|<I>01071> = 0 which are detailed in Pan
[33]. Defining the symbol I"},:

ITh = (@u0,011®p10,0) (39)

which can be expressed in terms of the plasma dispersion function, the first linear
equation can be written as:

kv
(—Jo20I50 — ﬁ)ﬂ + —Jo20 I8V 2u, + (Jo20 — J100)150(2/V5) gt -

1
+ (Jo20 — J100) 110 v/CerTer + J100 170 v/ Cint Tint. + Joi1 177 V/ 2/ Cint Gins, = = —%188 :
(40)
Similarly, one can work out the other five equations, by taking the inner product of

1W010,0)s |Y100,0), -.- with Eq. (37). The full result can be written as a matrix equation
in the form of AX = B, with:

[ —Jozolg — -2 —Jo2o 1Y (Jo2o0 — J110) 1%}
—Jo20138 —Jo20 It — ’f,?g (Jo2o — J110) 11
A= e —J0201§(§) —Jozof(ﬁ) (Jo2o — Jr10) 111 410?7152
—Jo20l50 —Jo20l1 (Jo20 — J110) 131
X 0 T
L o11 101
(Jo20 — J100) 11§ J100 110 Joip I3y ]
(Jozo — J100) 13 J100 110 Joir It
(Jo20 — J100) 114 J100 Lo JoirTii
(Jozo — J110) 11§ + 522 TR0 110 Joir iy
—J706 150 (Joor — Joz0) 155 — 422 (Jo11 — Jo20) 167
—JOR IS (Joor — Jo20) 158 (Jo11 — Jo20) I8 — f;jg i
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[ v(k,w) 1 [ 159 ]
V2u (k,w) I%
_ (2/\/5)Qtr,Z(kv w) _ 1 I&é
X=1 ek | M B=mEw | (4
Cint Tint (kv w) 0
2/CintQint,z(kaw) | L 0 |

The matrix elements of J in Matrix A can be expressed in terms of the transport
coefficients: i.e. the shear viscosity 7s, the bulk viscosity 7, and thermal conductivity
K:

 kgT
1k Jo20
2 Cint 2 kBT
m="3 <Ctr + cint) J100 (42)
k3T 5 Jo11 + cintJ110 + (10 ) /2 T4
m Jo11J110 — (J319)? '
Together with the identities:
kv
Jo20 = — 0y
no
2kpT 52 kpT
Ji10 = — -
3775 977b
Jéll? __V 5/801nt712nthT (43)
b
To 27mthT 2/50s (Ctr + Cint)? + Cint (1 + cint/3) + V2, mk/6kpmn,
3(ctr + Cint)Mb —1+4mk/15kpgns + 27mtm/~i/9k317b
2 2 2
Jioo = Cmt J?((])(% _ Clnt &8{) _ Clnt ZCimt g1

all the elements of J in Eq. (41), can be expressed in terms of these three transport
coefficients, the atomic mass m of the particles, the internal specific heat capacity per
molecule cing, and Yint = Cint/(Ctr + Cint)-

The fluctuation characteristics of the gas are contained in the structure factor:

too )
Sk, w) = / ety / Glr 1) e dr (44)

—00

where the structure factor S(k,w) is the space-time Fourier-transform of G(r, t), which
equals the classic time-dependent density Van Hove’s correlation function [63].

Boley et al. [19] identified the density correlation function as G(r,t) = nov(r,t).
Then based on Eq. (44), the RB-scattering profile which is proportional to S(k,w) can
be written as:

I(k,w) o S(k,w) = nov(k,w) , (45)
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where v(k,w) is the Fourier transform of v(r,t). That is, the RB-scattering profile is
proportional to the real part of the first element of the vector X with X = A~1B.

In the literature there exist a number of codes to numerically compute the Rayleigh-
Brillouin spectrum from the Tenti models, e.g. in the PhD Thesis of Pan [33]. Recently
a Mathlab-code was developed for calculation of RBS profiles [35], which is made avail-
able in the Supplementary Material. These codes produce an RB-scattering spectrum
based on inputs for A;, 0, p, T, ns, m, cint, k¥ and 7y, where the possibility is included
to determine a value of a parameter by fitting to an experimental spectrum.
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