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Abstract

This supplementary material contains mathematical proofs and extended results. Ap-

pendix A presents mathematical proofs of the main results presented in the main text.

Appendix B presents a couple of useful auxiliary lemmas. Appendix C presents extended

results for the case of general multiway clustering. Appendix D presents mathematical

proofs of the extended results. Appendix E presents a generalization of Lemma 1.
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Appendix

A Proofs of the Main Results

For any (i, j) ∈ Ik × J`, we use the shorthand notation EP [f(Wij)|Ick × J c` ] to denote the

conditional expectation EP [f(Wij)|(Wi′j′)(i′,j′)∈([N ]\Ik)×([M ]\J`)] whenever one exists.

A.1 Proof of Theorem 1

Proof. In this proof we try to follow as closely as possible the five steps of the proof of Theorem

3.1 of CCDDHNR (2018) although all the asymptotic arguments are properly modified to

account for multiway cluster sampling.

Denote En for the event η̂k` ∈ Tn for all k, ` ∈ [K]2. Assumption 3 (i) implies P (En) ≥

1−K2∆n.

Step 1. This is the main step showing linear representation and asymptotic normality for the

proposed estimator. Denote

Ĵ :=
1

K2

∑
(k,`)∈[K]2

En,k`[ψa(W ; η̂k`)], Rn,1 := Ĵ − J0,

Rn,2 :=
1

K2

∑
(k,`)∈[K]2

En,k`[ψ(W ; θ0, η̂k`)]−
1

NM

N∑
i=1

M∑
j=1

ψ(Wij; θ0, η0).

We will later show in Steps 2, 3, 4 and 5, respectively, that

‖Rn,1‖ = OPn(C−1/2 + rn), (A.1)

‖Rn,2‖ = OPn(C−1/2r′n + λn + λ′n), (A.2)∥∥∥√C(NM)−1
N∑
i=1

M∑
j=1

ψ(Wij; θ0, η0)
∥∥∥ = OPn(1), (A.3)

‖σ−1‖ = OPn(1). (A.4)
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Then, under Assumptions 2 and 3, C−1/2 + rN ≤ ρn = o(1) and all singular values of J0 are

bounded away from zero. Therefore, with Pn-probability at least 1− o(1), all singular values of

Ĵ are bounded away from zero. Thus with the same Pn probability, the multiway DML solution

is uniquely written as

θ̃ = −Ĵ−1 1

K2

∑
(k,`)∈[K]2

En,k`[ψb(W ; η̂k`)],

and √
C(θ̃ − θ0) =−

√
CĴ−1

1

K2

∑
(k,`)∈[K]2

(
En,k`[ψb(W ; η̂k`)] + Ĵθ0

)
=−

√
CĴ−1

1

K2

∑
(k,`)∈[K]2

En,k`[ψ(W ; θ0, η̂k`)]

=−
(
J0 +Rn,1

)−1
×
( √C
NM

N∑
i=1

M∑
j=1

ψ(Wij; θ0, η0) +
√
CRn,2

)
. (A.5)

Using the fact that (
J0 +Rn,1

)−1
− J−10 = −(J0 +Rn,1)

−1Rn,1J
−1
0 ,

we have

‖(J0 +Rn,1)
−1 − J−10 ‖ =‖(J0 +Rn,1)

−1Rn,1J
−1
0 ‖ ≤ ‖(J0 +Rn,1)

−1‖ ‖Rn,1‖ ‖J−10 ‖

=OPn(1)OPn(C−1/2 + rn)OPn(1) = OPn(C−1/2 + rn).

Furthermore, r′n +
√
C(λn + λ′n) ≤ ρn = o(1), it holds that∥∥∥ √C

NM

N∑
i=1

M∑
j=1

ψ(Wij; θ0, η0) +
√
CRn,2

∥∥∥ ≤∥∥∥ √C
NM

N∑
i=1

M∑
j=1

ψ(Wij; θ0, η0)
∥∥∥+

∥∥∥√CRn,2

∥∥∥
=OPn(1) + oPn(1) = OPn(1),

where the first equality is due to (A.3) and (A.4). Combining above two bounds gives∥∥∥(J0 +Rn,1

)−1
− J−10

∥∥∥× ∥∥∥ √C
NM

N∑
i=1

M∑
j=1

ψ(Wij; θ0, η0) +
√
CRn,2

∥∥∥ =OPn(C−1/2 + rn)OPn(1)

=OPn(C−1/2 + rn). (A.6)
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Therefore, from (A.4), (A.5) and (A.6), we have

√
Cσ−1(θ̃ − θ0) =

√
C

NM

N∑
i=1

M∑
j=1

ψ̄(Wij) +OPn(ρn).

The first term on the RHS above can be written as Gnψ̄. Applying Lemma 1, we obtain the

independent linear representation

Hnψ̄ :=
N∑
i=1

√
C

N
EPn [ψ̄(Wij)|Ui0] +

M∑
j=1

√
C

M
EPn [ψ̄(Wij)|U0j]

and it holds Pn-a.s. that

V (Gnψ̄) =V (Hnψ̄) +O(C−1) = J−10 Γ(J−10 )′ +O(C−1) and

Gnψ̄ =Hnψ̄ +OP (C−1/2)

under Assumption 3 (iv). Recall that q ≥ 4, the third moments of both summands of Hnψ̄ are

bounded over n under Assumptions 2(v) and 3 (ii) (iv). We have verified all the conditions for

Lyapunov’s CLT. An application of Lyapunov’s CLT and Cramer-Wold device gives

Hnψ̄  N(0, Idθ)

and an application of Theorem 2.7 of van der Vaart (1998) concludes the proof.

Step 2. Since K is fixed, it suffices to show for any (k, `) ∈ [K]2,∥∥∥En,k`[ψa(W ; η̂k`)]− EP [ψa(W11; η0)]
∥∥∥ = OPn(C−1/2 + rn).

Fix (k, `) ∈ [K]2, ∥∥∥En,k`[ψa(W ; η̂k`)]− EPn [ψa(Wij; η0)]
∥∥∥ ≤ I1,k` + I2,k`.

where

I1,k` :=
∥∥∥En,k`[ψa(W ; η̂k`)]− EPn [ψa(Wij; η̂k`)|Ick × J c` ]

∥∥∥
I2,k` :=

∥∥∥EPn [ψa(Wij; η̂k`)|Ick × J c` ]− EPn [ψa(W11; η0)]
∥∥∥.
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Notice that I2,k` ≤ rn with Pn-probability 1− o(1) follows directly from Assumptions 1 (ii) and

3 (iii). Now denote ψ̃aij,m = ψam(Wij; η̂k`)−EPn [ψam(Wij; η̂k`)|Ick× J c` ] and ψ̃aij = (ψ̃aij,m)m∈[dθ]. To

bound I1,k`, note that conditional on Ick × J c` , it holds that

EPn [I21,k`|Ick × J c` ] =EPn

[∥∥∥En,k`[ψa(W ; η̂k`)]− EPn [ψa(Wij; η̂k`)|Ick × J c` ]
∥∥∥2∣∣∣Ick × J c` ]

=
1

(|I||J |)2
EPn

[ dθ∑
m=1

( ∑
(i,j)∈Ik×J`

ψ̃aij,m

)2∣∣∣Ick × J c` ]

=
1

(|I||J |)2
∑

(i,j)∈Ik×J`

∑
j′∈J`,j′ 6=j

EPn

[ dθ∑
m=1

ψ̃aij,mψ̃
a
ij′,m

∣∣∣Ick × J c` ]

+
1

(|I||J |)2
∑

(i,j)∈Ik×J`

∑
i′∈Ik,i′ 6=i

EPn

[ dθ∑
m=1

ψ̃aij,mψ̃
a
i′j,m

∣∣∣Ick × J c` ]

+
1

(|I||J |)2
∑

(i,j)∈Ik×J`

EPn

[ dθ∑
m=1

(ψ̃aij,m)2
∣∣∣Ick × J c` ]+ 0

=
1

(|I||J |)2
∑

(i,j)∈Ik×J`

∑
j′∈J`,j′ 6=j

EPn [〈ψ̃aij, ψ̃aij′〉|Ick × J c` ]

+
1

(|I||J |)2
∑

(i,j)∈Ik×J`

∑
i′∈Ik,i′ 6=i

EPn [〈ψ̃aij, ψ̃ai′j〉|Ick × J c` ]

+
1

(|I||J |)2
∑

(i,j)∈Ik×J`

EPn [‖ψ̃aij‖2|Ick × J c` ]

.
1

|I| ∧ |J |
EPn

[∥∥∥ψa(Wij; η̂k`)− EPn [ψa(Wij; η̂k`)|Ick × J c` ]
∥∥∥2∣∣∣Ick × J c` ]

≤ 1

|I| ∧ |J |
EPn [‖ψa(Wij; η̂k`)‖2|Ick × J c` ]

≤c21/|I| ∧ |J |

under an application of Cauchy-Schwarz’s inequality and Assumptions 1 and 3 (ii). Note that

C . |I| ∧ |J | . C. Hence an application of Lemma 2 (i) implies I1,k` = OPn(C−1/2). This

completes a proof of (A.1).
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Step 3. It again suffices to show that for any (k, `) ∈ [K]2, one has

∥∥∥En,k`[ψ(W ; θ0, η̂k`)]−
1

|I||J |
∑

(i,j)∈Ik×J`

ψ(Wij; θ0, η0)
∥∥∥ = OPn(C−1/2r′n + λn + λ′n)

Denote

Gn,k`[φ(W )] =

√
C

|I||J |
∑

(i,j)∈Ik×J`

(
φ(Wij)−

∫
φ(w)dPn

)
,

where φ is Pn an integrable function on supp(W ). Then

∥∥∥En,k`[ψ(W ; θ0, η̂k`)]−
1

|I||J |
∑

(i,j)∈Ik×J`

ψ(Wij; θ0, η0)
∥∥∥ ≤ I3,k` + I4,k`√

C

where

I3,k` :=
∥∥Gn,k`[ψ(W ; θ0, η̂k`)]−Gn,k`[ψ(W ; θ0, η0)]

∥∥,
I4,k` :=

√
C
∥∥∥EPn [ψ(Wij; θ0, η̂k`)|Ik × J`]− EPn [ψ(W11; θ0, η0)]

∥∥∥.
Denote ψ̃ij,m := ψm(Wij; θ0, η̂k`)−ψm(Wij; θ0, η0) and ψ̃ij = (ψ̃ij,m)m∈[dθ]. To bound I3,k`, notice

that using a similar argument as for the bound of I1,k`, one has

EPn [‖I3,k`‖2|Ick × Jc` ] = EPn [‖Gn,k`[ψ(Wij ; θ0, η̂k`)− ψ(Wij ; θ0, η0)]‖2|Ick × Jc` ]

=EPn

[ C

(|I||J |)2
dθ∑
m=1

{ ∑
(i,j)∈Ik×J`

(
ψ̃ij,m − EPnψ̃ij,m

)}2∣∣∣Ick × Jc` ]

=
C

(|I||J |)2
∑

(i,j)∈Ik×J`

∑
j′∈J`,j′ 6=j

EPn

[ dθ∑
m=1

(
ψ̃ij,m − EPnψ̃ij,m

)(
ψ̃ij′,m − EPnψ̃ij′,m

)∣∣∣Ick × Jc` ]

+
C

(|I||J |)2
∑

(i,j)∈Ik×J`

∑
i′∈Ik,i′ 6=i

EPn

[ dθ∑
m=1

(
ψ̃ij,m − EPnψ̃ij,m

)(
ψ̃i′j,m − EPnψ̃i′j,m

)∣∣∣Ick × Jc` ]

+
C

(|I||J |)2
∑

(i,j)∈Ik×J`

EPn

[ dθ∑
m=1

(
ψ̃ij,m − EPnψ̃ij,m

)2∣∣∣Ick × Jc` ]+ 0

=
C

(|I||J |)2
∑

(i,j)∈Ik×J`

∑
j′∈J`,j′ 6=j

EPn

[
〈ψ̃ij − EPnψ̃ij , ψ̃ij′ − EPnψ̃ij′〉

∣∣∣Ick × Jc` ]
+

C

(|I||J |)2
∑

(i,j)∈Ik×J`

∑
i′∈Ik,i′ 6=i

EPn

[
〈ψ̃ij − EPnψ̃ij , ψ̃i′j − EPnψ̃i′j〉

∣∣∣Ick × Jc` ]
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+
C

(|I||J |)2
∑

(i,j)∈Ik×J`

EPn

[∥∥∥ψ̃ij − EPnψ̃ij

∥∥∥2∣∣∣Ick × Jc` ]
.EPn

[∥∥∥ψ(Wij ; θ0, η̂)− ψ(Wij ; θ0, η0)− EPn [ψ(Wij ; θ0, η̂)− ψ(Wij ; θ0, η0)]
∥∥∥2∣∣∣Ick × Jc` ]

≤EPn [‖ψ(Wij ; θ0, η̂)− ψ(Wij ; θ0, η0)‖2|Ick × Jc` ]

≤ sup
η∈Tn

EPn [‖ψ(W00; θ0, η)− ψ(W00; θ0, η0)‖2|Ick × Jc` ]

= sup
η∈Tn

EPn [‖ψ(W00; θ0, η)− ψ(W00; θ0, η0)‖2] = (r′n)
2,

where the first inequality follows from Cauchy-Schwarz’s inequality, the second-to-last equality

is due to Assumption 1, and the last equality is due to Assumption 3 (iii).

Hence, I3,k` = OPn(r′n). To bound I4,k`, let

fk`(r) := EPn [ψ(Wij; θ0, η0 + r(η̂k` − η0))|Ick × J c` ]− EPn [ψ(W11; θ0, η0)], r ∈ [0, 1].

An application of the mean value expansion coordinate-wise gives

fk`(1) = fk`(0) + f ′k`(0) + f ′′k`(r̃)/2,

where r̃ ∈ (0, 1). Note that fk`(0) = 0 under Assumption 2 (i), and

‖f ′k`(0)‖ =
∥∥∥∂ηEPnψ(W ; θ0, η0)[η̂k` − η0]

∥∥∥ ≤ λn

under Assumption 2 (iv). Moreover, under Assumption 3 (iii), on the event En, we have

‖f ′′k`(r̃)‖ ≤ sup
r∈(0,1)

‖f ′′k`(r)‖ ≤ λ′n.

This completes a proof of (A.2).

Step 4. Note that

EPn

[∥∥∥ √C
NM

N∑
i=1

M∑
j=1

ψ(Wij; θ0, η0)
∥∥∥2]

=
C

(NM)2
EPn

[ dθ∑
m=1

( N∑
i=1

M∑
j=1

ψm(Wij; θ0, η0)
)2]
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=
C

(NM)2

N∑
i=1

∑
1≤j<j′≤M

EPn

[ dθ∑
m=1

ψm(Wij; θ0, η0)ψm(Wij′ ; θ0, η0)
]

+
C

(NM)2

∑
1≤i<i′≤N

M∑
j=1

EPn

[ dθ∑
m=1

ψm(Wij; θ0, η0)ψm(Wi′j; θ0, η0)
]

+
C

(NM)2

N∑
i=1

M∑
j=1

EPn

[ dθ∑
m=1

ψ2
m(Wij; θ0, η0)

]
+ 0

.EPn [‖ψ(Wij; θ0, η0)‖2] ≤ c21

under Assumptions 1 and 3 (ii). Therefore, an application of Markov’s inequality implies∥∥∥ √C
NM

N∑
i=1

M∑
j=1

ψ(Wij; θ0, η0)
∥∥∥ = OPn(1).

This completes a proof of (A.3).

Step 5. Note that all singular values of J0 are bounded from above by c1 under Assumption 2

(v) and all eigenvalues of Γ are bounded from below by c0 under Assumption 3 (iv). Therefore,

we have ‖σ−1‖ ≤ c1/
√
c0 and thus ‖σ−1‖ = OPn(1). This completes a proof of (A.4).

A.2 Proof of Theorem 2

Proof. Step 2 of the proof of Theorem 1 proves ‖Ĵ − J0‖ = Op(C
−1/2 + rn) and Assumption 2

(v) implies ‖J−10 ‖ ≤ c−10 . Therefore, to prove the claim of the theorem, it suffices to show∥∥∥ 1

K2

∑
(k,`)∈[K]2

{ |I| ∧ |J |
(|I||J |)2

∑
i∈Ik

∑
j,j′∈J`

ψ(Wij; θ̃, η̂k`)ψ(Wij′ ; θ̃, η̂k`)
′

+
|I| ∧ |J |
(|I||J |)2

∑
i,i′∈Ik

∑
j∈J`

ψ(Wij; θ̃, η̂k`)ψ(Wi′j; θ̃, η̂k`)
′
}

− µ̄NEP [ψ(W11; θ0, η0)ψ(W12; θ0, η0)
′]− µ̄MEP [ψ(W11; θ0, η0)ψ(W21; θ0, η0)

′]
∥∥∥ = OP (ρn).

Moreover, since K and dθ are constants and µN → µ̄N ≤ 1 and µM → µ̄M ≤ 1, it suffices to

show that for each (k, `) ∈ [K]2 and l,m ∈ [dθ], it holds that∣∣∣ |I| ∧ |J |
(|I||J |)2

∑
i∈Ik

∑
j,j′∈J`

ψl(Wij; θ̃, η̂k`)ψm(Wij′ ; θ̃, η̂k`)− µNEP [ψl(W11; θ0, η0)ψm(W12; θ0, η0)]
∣∣∣ = OP (ρn)

8



[Supplementary Material]

and

∣∣∣ |I| ∧ |J |
(|I||J |)2

∑
i,i′∈Ik

∑
j∈J`

ψl(Wij; θ̃, η̂k`)ψm(Wi′j; θ̃, η̂k`)− µMEP [ψl(W11; θ0, η0)ψm(W21; θ0, η0)]
∣∣∣ = OP (ρn).

We will show the second statement since the first one follows analogously. Denote the left-

hand side of the equation as Ik`,lm. First, note that (|I|∧ |J |)/|J | = µM , and apply the triangle

inequality to get

Ik`,lm ≤ Ik`,lm,1 + Ik`,lm,2,

where

Ik`,lm,1 :=
∣∣∣ 1

|I|2|J |
∑
i,i′∈Ik

∑
j∈J`

{
ψl(Wij; θ̃, η̂k`)ψm(Wi′j; θ̃, η̂k`)− ψl(Wij; θ0, η0)ψm(Wi′j; θ0, η0)

}∣∣∣
Ik`,lm,2 :=

∣∣∣ 1

|I|2|J |
∑
i,i′∈Ik

∑
j∈J`

ψl(Wij; θ0, η0)ψm(Wi′j; θ0, η0)− EP [ψl(W11; θ0, η0)ψm(W21; θ0, η0)]
∣∣∣.

We first find a bound for Ik`,lm,2. Since q > 4, it holds that

EP [I2k`,lm,2] =
1

|I|4|J |2
EP

[∣∣∣ ∑
i,i′∈Ik

∑
j∈J`

ψl(Wij; θ0, η0)ψm(Wi′j; θ0, η0)− EP [ψl(W11; θ0, η0)ψm(W21; θ0, η0)]
∣∣∣2]

≤ 1

|I|4|J |2
EP

[ ∑
i,i′,i′′∈Ik

∑
j,j′∈J`

ψl(Wij; θ0, η0)ψm(Wi′j; θ0, η0)ψl(Wij′ ; θ0, η0)ψm(Wi′′j′ ; θ0, η0)
]

+
1

|I|4|J |2
EP

[ ∑
i,i′,i′′,i′′′∈Ik

∑
j∈J`

ψl(Wij; θ0, η0)ψm(Wi′j; θ0, η0)ψl(Wi′′j; θ0, η0)ψm(Wi′′′j; θ0, η0)
]

+ o((|I| ∧ |J |)−1) + 0

.
1

|I| ∧ |J |
EP [‖ψ(W ; θ0, η0)‖4] . c41/C = O(C−1).

Now, to bound Ik`,lm,1, we make use of the following identity coming from the proof of

Theorem 3.2 in CCDDHNR (2018): for any numbers a, b, δa, δb such that |a| ∨ |b| ≤ c and

|δa| ∨ |δb| ≤ r, it holds that |(a + δa)(b + δb) − ab| ≤ 2r(c + r). Denote ψij,h := ψl(Wij; θ0, η0)

and ψ̂ij,h := ψl(Wij; θ̃, η̂k`) for h ∈ {l,m} and apply the above identity with a = ψij,l, b = ψi′j,m,
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a+ δa = ψ̂ij,l, b+ δb = ψ̂i′j,m, r = |ψ̂ij,l − ψij,l| ∨ |ψ̂i′j,m − ψi′j,m| and c = |ψij,l| ∨ |ψi′j,m|. Then

Ik`,lm,1 =
∣∣∣ 1

|I|2|J |
∑
i,i′∈Ik

∑
j∈J`

{
ψ̂ij,lψ̂i′j,m − ψij,lψi′j,m

}∣∣∣
≤ 1

|I|2|J |
∑
i,i′∈Ik

∑
j∈J`

|ψ̂ij,lψ̂i′j,m − ψij,lψi′j,m|

≤ 2

|I|2|J |
∑
i,i′∈Ik

∑
j∈J`

(|ψ̂ij,l − ψij,l| ∨ |ψ̂i′j,m − ψi′j,m|)

×
(
|ψij,l| ∨ |ψi′j,m|+ |ψ̂ij,l − ψij,l| ∨ |ψ̂i′j,m − ψi′j,m|

)
≤
( 2

|I|2|J |
∑
i,i′∈Ik

∑
j∈J`

|ψ̂ij,l − ψij,l|2 ∨ |ψ̂i′j,m − ψi′j,m|2
)1/2

×
( 2

|I|2|J |
∑
i,i′∈Ik

∑
j∈J`

{
|ψij,l| ∨ |ψi′j,m|+ |ψ̂ij,l − ψij,l| ∨ |ψ̂i′j,m − ψi′j,m|

}2)1/2
≤
( 2

|I|2|J |
∑
i,i′∈Ik

∑
j∈J`

|ψ̂ij,l − ψij,l|2 ∨ |ψ̂i′j,m − ψi′j,m|2
)1/2

×
{( 2

|I|2|J |
∑
i,i′∈Ik

∑
j∈J`

|ψij,l|2 ∨ |ψi′j,m|2
)1/2

+
( 2

|I|2|J |
∑
i,i′∈Ik

∑
j∈J`

|ψ̂ij,l − ψij,l|2 ∨ |ψ̂i′j,m − ψi′j,m|2
)1/2}

,

where the second to the last inequality follows from Cauchy-Schwarz’s inequality and Minkowski’s

inequality. Notice that∑
i,i′∈Ik

∑
j∈J`

|ψij,l|2 ∨ |ψi′j,m|2 ≤ |I|
N∑
i=1

M∑
j=1

‖ψ(Wij; θ0, η0)‖2,

∑
i,i′∈Ik

∑
j∈J`

|ψ̂ij,l − ψij,l|2 ∨ |ψ̂i′j,m − ψi′j,m|2 ≤ |I|
N∑
i=1

M∑
j=1

‖ψ(Wij; θ̃, η̂k`)− ψ(Wij; θ0, η0)‖2.

Thus, the above bound for Ik`,lm,1 implies that

I2k`,lm,1 .Rn ×
( 1

|I||J |
∑

(i,j)∈Ik×J`

‖ψ(Wij; θ0, η0)‖2 +Rn

)
,

where

Rn :=
1

|I||J |
∑

(i,j)∈Ik×J`

‖ψ(Wij; θ̃, η̂k`)− ψ(Wij; θ0, η0)‖2.

10
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Notice that

1

|I||J |
∑

(i,j)∈Ik×J`

‖ψ(Wij; θ0, η0)‖2 = OP (1),

which is implied by Markov’s inequality and the calculations

EP

[ 1

|I||J |
∑

(i,j)∈Ik×J`

‖ψ(Wij; θ0, η0)‖2
]

=EP [‖ψ(W11; θ0, η0)‖2] ≤ c21

under Assumptions 1 and 3 (ii). Finally, to bound Rn, using Assumption 2 (ii),

Rn .
1

|I||J |
∑

(i,j)∈Ik×J`

‖ψa(Wij; η̂k`)(θ̃ − θ0)‖2 +
1

|I||J |
∑

(i,j)∈Ik×J`

‖ψ(Wij; θ0, η̂k`)− ψ(Wij; θ0, η0)‖2.

The first term on RHS is bounded by

( 1

|I||J |
∑

(i,j)∈Ik×J`

‖ψa(Wij; η̂k`)‖2
)
× ‖θ̃ − θ0‖2 = OP (1)×OP (C−1) = OP (C−1)

due to Assumption 3 (ii), Markov’s inequality, and Theorem 1. Furthermore, given that

(Wij)(i,j)∈Ick×Jc` satisfies η̂k` ∈ Tn,

EP

[
‖ψ(Wij; θ0, η̂k`)− ψ(Wij; θ0, η0)‖2

∣∣∣Ick × J c` ]
≤ sup

η∈Tn
EP

[
‖ψ(Wij; θ0, η)− ψ(Wij; θ0, η0)‖2

∣∣∣Ick × J c` ]
≤(r′n)2

due to Assumptions 1 and 3 (iii). Also, the event η̂k` ∈ Tn happens with probability 1− o(1),

we have Rn = OP (C−1 + (r′n)2). Thus we conclude that

Ik`,lm,1 = OP (C−1/2 + r′n).

This completes the proof.

11
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B Useful Lemmas

We collect some of the useful auxiliary results in this section.

First, for any f : supp(W )→ Rd for a fixed d ∈ N, we use

Gnf :=
√
C
{ 1

NM

N∑
i=1

M∑
j=1

f(Wij)− EP [f(W11)]
}

to denote its multiway empirical process. The following is a multivariate version of Chiang and

Sasaki (2019), Lemma 1; see also Lemma D.2 in Davezies, D’Haultfoeuille, and Guyonvarch

(2018).

Lemma 1 (Independentization via Hájek Projections). If Assumption 1 holds and f : supp(W )→

Rd for some fixed d ∈ N and suppose EP‖f(W11)‖2 < K for a finite constant K that is inde-

pendent of n, then there exist i.i.d. uniform random variables Ui0 and U0j such that the Hájek

projection Hnf of Gnf on

Gn =
{ N∑

i=1

gi0(Ui0) +
M∑
j=1

g0j(U0j) : gi0, g0j ∈ L2(Pn)
}

is equal to

Hnf =

√
C

N

N∑
i=1

EP

[
f(Wi1)− EPf(W11)

∣∣∣Ui0]+

√
C

M

M∑
j=1

EP

[
f(W1j)− EPf(W11)

∣∣∣U0j

]
for each n. Furthermore,

V (Gnf) = V (Hnf) +O(C−1) = µ̄NCov(f(W11), f(W12)) + µ̄MCov(f(W11), f(W21)) +O(C−1)

holds a.s.

Proof. The proof is essentially the same as the proof for Lemma 1 of Chiang and Sasaki (2019)

and is therefore omitted.

The following re-states Lemma 6.1. of CCDDHNR (2018):

12
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Lemma 2 (Conditional Convergence Implies Unconditional). Let (Xn) and (Yn) be sequences

of random vectors.

(i) If for εn → 0, P (‖Xn‖ > εn|Yn) = oP (1) in probability, then P (‖Xn‖ > εn) = o(1). In

particular, this occurs if EP [‖Xn‖q/εqn|Yn] = oP (1) for some q ≥ 1.

(ii) Let (An) be a sequence of positive constants. If ‖Xn‖ = OP (An) conditional on Yn, then

‖Xn‖ = OP (An) unconditional, namely, for any ln →∞, P (‖Xn‖ > lnAn) = o(1).

C Extension to General Multiway Clustering

In this section, we extend the main results to general multiway cluster sampling framework.

Notations in the current section are independent of those in the remaining parts of the paper

– we introduce different notations in order to enhance the readability of the main results of

the paper while economizing complicated notations in the current extension section. Consider

the `-way clustered data for a fixed dimension ` ∈ N. With Ci ∈ N denoting the number of

clusters in the i-th cluster dimension for each i ∈ {1, ..., `}, each cell of the `-way clustered

sample is indexed by the `-dimensional multiway cluster indices j = (j1, ..., j`) ∈ ×`i=1[Ci]. The

`-dimensional size (C1, ..., C`) ∈ N` of the `-way clustered sample will be index by n ∈ N as

(C1, ..., C`) = (C1(n), ..., C`(n)), where Ci(n) is non-decreasing in n for each i ∈ {1, ..., `} and∏̀
i=1

Ci(n) is increasing in n. With this said, we will suppress the index notation and write

(C1, ..., C`) without n for simplicity. Also define the notations C = (C1, ..., C`),
∏

C =
∏̀
i=1

Ci,

C = min1≤i≤`Ci, C = max1≤i≤`Ci, and µi = C/Ci for each i ∈ {1, ..., `}. Suppose that µi → µ̄i

for some constant µ̄i for each i ∈ {1, ..., `}. The number of observations in the j-th cell is

denoted by Nj, which is treated as an {0, 1, ..., N}-valued random variable for some N ∈ N

not depending on n. When [·] takes the random variable Nj as an argument, we extend the

definition of [·] to [Nj] := {1, ..., Nj} if Nj ≥ 1 and := ∅ if Nj = 0. The observed vector for unit

13



[Supplementary Material]

ı ∈ [Nj] in the j-th cell is denoted by Wı,j. Let {Pn}n be a sequence of sets of probability laws

of (Nj, (Wı,j)1≤ı≤N)j≥1, where 1 := (1, ..., 1) for a short-hand notation and we write j ≥ j ′ for

ji ≥ ji
′ for all i ∈ {1, ..., `}.

Example 1. The sampling setting in Section 3.2 fits in the current general framework with

` = 2, C1 = N , C2 = M , and (Nj,W1,j) = (1,Wj1j2) for all j ∈ [N ] × [M ] with probability

one.

The econometric model has the true parameters (θ0, η0) ∈ Θ×T satisfying the score moment

restriction

EP

[ N1∑
ı=1

ψ(Wı,1; θ0, η0)
]

= 0, (C.1)

where we focus on the linear Neyman orthogonal score of the form

ψ(w; θ, η) = ψa(w; η)θ + ψb(w; η), for all w ∈ supp(W ), θ ∈ Θ, η ∈ T (C.2)

for supp(W):= ∪Nı=1supp(Wı,1), Θ ⊂ Rdθ and a convex set T .

For a fixed integer K > 1, we randomly split the data into K folds in each of the ` cluster

dimensions, resulting in K` folds in total. Specifically, randomly partition [Ci] into K parts

{I1i , ..., IKi } for each i ∈ {1, ..., `}. We use the `-dimensional indices k := (k1, ..., k`) to index

the `-way fold Ik := Ik1 × · · · × Ik` and its complementary product Ick := Ick1 × · · · × I
c
k`

for each

k ∈ [K]`. Let

η̂k = η̂(((Wι,j)ι∈[Nj])j∈Ick )

be a machine learning estimate of η using the subsample ((Wι,j)ι∈[Nj])j∈Ick for each k ∈ [K]`. Let

Ĵ :=
1

K`

∑
k∈[K]`

En,k
[ ∑
ı∈[Nj]

ψa(Wı,j; η̂k)
]

where

En,k
[ ∑
ı∈[Nj]

f(Wı,j)
]

:=
1

|Ik|
∑
j∈Ik

∑
ı∈[Nj]

f(Wı,j) for each k ∈ [K]`

14
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for any Borel measurable function f , the sum
∑
ı∈[Nj]

is treated as zero when Nj = 0, and

|Ik| := b
∏`
i=1 Ci
K` c. With these setup and notations, the multiway DML estimator is defined by

θ̃ =− Ĵ−1 1

K`

∑
k∈[K]`

En,k
[ ∑
ı∈[Nj]

ψb(Wı,j; η̂k)
]
. (C.3)

Let |Ik| = min{|Ik1 |, ..., |Ik` |} for a short-hand notation. Also let I(j) denote the multiway fold

containing the j-th multiway cluster, i.e., I(j) ⊂ ×`i=1[Ci] satisfies Ik = I(j) for some k ∈ [K]`

and j ∈ I(j). With these additional notations, we propose to estimate the asymptotic variance

of
√
C(θ̃ − θ0) by

σ̂2 =Ĵ−1
[ 1

K`

∑
k∈[K]`

|Ik|
|Ik|2

∑̀
i=1

∑
j,j ′∈Ik

Ii(j)=Ii(j
′)

∑
ı∈[Nj]

∑
ı′∈[Nj ′ ]

ψ(Wı,j; θ̃, η̂k)ψ(Wı,j ′ ; θ̃, η̂k)
′
]
(Ĵ−1)′. (C.4)

Example 1, Continued. The two-way DML in Section 3 is a special case of the current general

methodological framework with {I11 , ..., IK1 } = {I1, ..., IK}, {I12 , ..., IK2 } = {J1, ..., JK}, η̂(k1,k2) =

η̂((Wj1j2)(j1,j2)∈([N ]\Ik1 )×([M ]\Jk2 ), Ĵ = 1
K2

∑
(k1,k2)∈[K]2 En,(k1,k2)[ψa(Wj1j2 ; η̂(k1,k2))] where En,(k1,k2)

[f(Wj1j2)] = 1
|Ik1 ||Jk2 |

∑
(j1,j2)∈Ik1×Jk2

f(Wj1j2), θ̃ = −Ĵ−1 1
K2

∑
(k1,k2)∈[K]2 En,(k1,k2)

[
ψb(Wj1j2 ; η̂(k1,k2))

]
,

and σ̂2 = Ĵ−1Γ̂(Ĵ−1)′ where

Γ̂ =
1

K2

∑
(k1,k2)∈[K]2

{ |Ik1| ∧ |Jk2|
(|Ik1||Jk2 |)2

∑
j1∈Ik1

∑
j2,j′2∈Jk2

ψ(Wj1j2 ; θ̃, η̂(k1,k2))ψ(Wj1j′2
; θ̃, η̂(k1,k2))

′

+
|Ik1 | ∧ |Jk2 |
(|Ik1||Jk2|)2

∑
j1,j′1∈Ik1

∑
j2∈Jk2

ψ(Wj1j2 ; θ̃, η̂(k1,k2))ψ(Wj′1j2
; θ̃, η̂(k1,k2))

′
}
.

We now state assumptions under which (C.4) is an asymptotically valid variance estimator

for
√
C(θ̃ − θ0) with the multiway DML estimator (C.3). We write a . b to mean a ≤ cb for

some c > 0 that does not depend on n. We also write a .P b to mean a = OP (b). For any

finite dimensional vector v, ‖v‖ denotes the `2 or Euclidean norm of v. For any matrix A, ‖A‖

denotes the induced `2-norm of the matrix. The following assumption concerns the multiway

clustered sampling.
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Assumption 1 (Sampling). The following conditions hold for each n.

(i) The array (Nj, (Wı,j)1≤ı≤N)j≥1 is an infinite sequence of separately exchangeable random

vector. That is, for any `-tuple of permutations (π1, ..., π`) of N, we have

(Nj, (Wı,j)1≤ı≤N)j≥1
d
= (Nπ1(j1),...,π`(j`), (Wı,π1(j1),...,π`(j`))1≤ı≤N)j≥1.

(ii) (Nj, (Wı,j)1≤ı≤N)j≥1 is dissociated. That is, for any c ≥ 1, (Nj, (Wı,j)1≤ı≤N)1≤j≤c is inde-

pendent of (Nj ′ , (Wı′,j ′)1≤ı′≤N)j ′≥c+1

(iii) E(N1) > 0 and Nj ≤ N for each 1 ≤ j ≤ C, where N ∈ N does not depend on n.

(iv) The econometrician observes (Nj, (Wı,j)1≤ı≤Nj
)1≤j≤C.

Remark 1. The dependence among (Wı,j)ı≥1 in each cell j is left unrestricted in this assump-

tion. Assumption 1 is similar to Assumption 1 of Davezies et al. (2018), except for N . We

introduce N to simplify some concentration arguments.

Let c0 > 0, c1 > 0, s > 0, q ≥ 4 be some finite constants with c0 ≤ c1. Let {δn}n≥1

(estimation errors) and {∆n}n≥1 (probability bounds) be sequences of positive constants that

converge to zero such that δn ≥ C−1/2. Let K ≥ 2 be a fixed integer. Let (N0, (Wı,0)0≤ı≤N)

denote an independent copy of (N1, (Wı,1)1≤ı≤N) and therefore is independent from the data

and the random set Tn of nuisance realization. With these notations, we state the following

assumptions for the model.

Assumption 2 (Linear Neyman Orthogonal Score). For all C ≥ 3 and P ∈ Pn, the following

conditions hold.

(i) The true parameter value θ0 satisfies (C.1).

(ii) ψ is linear in the sense that it satisfies (C.2).
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(iii) The map η 7→ EP

[ ∑
ı∈[N0]

ψ(Wı,0; θ, η)
]

is twice continuously Gateaux differentiable on T .

(iv) ψ satisfies the Neyman near orthogonality condition at (θ0, η0) as

λn := sup
η∈Tn

∥∥∥∂ηEP

[ ∑
ı∈[N0]

ψ(Wı,0; θ0, η0)[η − η0]
]∥∥∥ ≤ δnC

−1/2.

(v) The identification condition holds as the singular values of the matrix J0 := EP

[ ∑
ı∈[N0]

ψa(Wı,0; η0)
]

are between c0 and c1.

Assumption 3 (Score Regularity and Nuisance Parameter Estimators). For all C ≥ 3 and

P ∈ Pn, the following conditions hold.

(i) The realization set Tn contains η0, and the nuisance parameter estimator η̂k = η̂((Wι,j)ι∈[Nj])j∈Ick

belongs to the realization set Tn for each k ∈ [K]` with probability at least 1−∆n.

(ii) The following moment conditions hold:

mn := sup
η∈Tn

(EP

[∥∥∥ ∑
ı∈[N0]

ψ(Wı,0; θ0, η)
∥∥∥q])1/q ≤ c1,

m′n := sup
η∈Tn

(EP

[∥∥∥ ∑
ı∈[N0]

ψa(Wı,0; η)
∥∥∥q])1/q ≤ c1.

(iii) The following conditions on the rates rn, r′n and λ′n hold:

rn := sup
η∈Tn

∥∥∥EP

[ ∑
ı∈[N0]

ψa(Wı,0; η)
]
− EP

[ ∑
ı∈[N0]

ψa(Wı,0; η0)
]∥∥∥ ≤ δn,

r′n := sup
η∈Tn

(∥∥∥EP

[ ∑
ı∈[N0]

ψ(Wı,0; θ0, η)
]
− EP

[ ∑
ı∈[N0]

ψ(Wı,0; θ0, η0)
]∥∥∥2)1/2 ≤ δn,

λ′n = sup
r∈(0,1),η∈Tn

∥∥∥∂2rEP

[ ∑
ı∈[N0]

ψ(Wı,0; θ0, η0 + r(η − η0))
]∥∥∥ ≤ δn/

√
C.

(iv) All eigenvalues of the matrix

Γ :=
∑̀
i=1

µ̄iΓi =
∑̀
i=1

µ̄iEP

 N1∑
ı=1

N2i∑
ı′=1

ψ(Wı,1; θ0, η0)ψ(Wı′,2i ; θ0, η0)
′


17
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are bounded from below by c0, where 2i denotes the `-tuple vector with 2 in each entry

but for 1 in the i-th entry.

The following theorems generalize Theorems 1 and 2 to cover general `-way cluster sampling.

Their proofs are contained in Section D.

Theorem 1 (Main Result). Suppose that Assumptions 1, 2 and 3 are satisfied. If δn ≥ C−1/2

for all C ≥ 1, then

√
Cσ−1(θ̃ − θ0) =

√
C∏
C

C1∑
j1=1

...

C∑̀
j`=1

∑
ı∈[Nj]

ψ̄(Wı,j) +OP (ρn) N(0, Idθ)

holds uniformly for all P ∈ Pn, where
∏

C =
∏̀
i=1

Ci, the influence function takes the form

ψ̄(·) := −σ−1J−10 ψ(·; θ0, η0), the size of the remainder terms follows

ρn := C−1/2 + rn + r′n + C1/2λn + C1/2λ′n . δn,

and the asymptotic variance is given by

σ2 := J−10 Γ(J−10 )′. (C.5)

Theorem 2 (Variance Estimator). Under the assumptions required by Theorem 1, we have

σ̂2 = σ2 +OP (ρn).

Furthermore, the statement of Theorem 1 holds true with σ̂2 in place of σ2.

D Proofs of the Extended Results

D.1 Proof of Theorem 1

Proof. Let En denote the event η̂(k1,...,k`) ∈ Tn for all (k1, ...k`) ∈ [K]` and define k := (k1, ..., k`).

Assumption 3 (i) implies Pn(En) ≥ 1 −K`∆n. Let e ∈ {0, 1}`, and define Ae := {(j, j ′) : 1 ≤
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j, j ′ ≤ C : ∀i = 1, ..., `, ei = 1⇔ ji = j′i}, and εm := {e ∈ {0, 1}` :
∑`

i′=1 ei′ = m}.

Step 1. This is the main step showing linear representation and asymptotic normality for the

proposed estimator. Denote

Ĵ :=
1

K`

∑
k∈[K]`

En,k
[ ∑
ı∈[Nj]

ψa(Wı,j; η̂k)
]
, Rn,1 := Ĵ − J0,

Rn,2 :=
1

K`

∑
k∈[K]`

En,k
[ ∑
ı∈[Nj]

ψ(Wı,j; θ0, η̂k)
]
− 1∏

C

C1∑
j1=1

...

C∑̀
j`=1

∑
ı∈[Nj]

ψ(Wı,j; θ0, η0).

We will later show in Steps 2, 3, 4 and 5, respectively, that

‖Rn,1‖ = OPn(C−1/2 + rn), (D.1)

‖Rn,2‖ = OPn(C−1/2r′n + λn + λ′n), (D.2)∥∥∥√C
1∏
C

C1∑
j1=1

...

C∑̀
j`=1

∑
ı∈[Nj]

ψ(Wı,j; θ0, η0)
∥∥∥ = OPn(1), (D.3)

‖σ−1‖ = OPn(1). (D.4)

Then, under Assumptions 2 and 3, C−1/2 + rN ≤ ρn = o(1) and all singular values of J0 are

bounded away from zero. Therefore, with Pn-probability at least 1− o(1), all singular values of

Ĵ are bounded away from zero. Thus with the same Pn probability, the multiway DML solution

is uniquely written as

θ̃ = −Ĵ−1 1

K`

∑
k∈[K]`

En,k
[ ∑
ı∈[Nj]

ψb(Wı,j; η̂k)
]
,

and

√
C(θ̃ − θ0) =−

√
CĴ−1

1

K`

∑
k∈[K]`

(
En,k

[ ∑
ı∈[Nj]

ψb(Wı,j; η̂k)
]

+ Ĵθ0

)
=−

√
CĴ−1

1

K`

∑
k∈[K]`

En,k
[ ∑
ı∈[Nj]

ψ(Wı,j; θ0, η̂k)
]

=−
(
J0 +Rn,1

)−1
×
(√C∏

C

C1∑
j1=1

...

C∑̀
j`=1

∑
ı∈[Nj]

ψ(Wı,j; θ0, η0) +
√
CRn,2

)
. (D.5)
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Using the fact that (
J0 +Rn,1

)−1
− J−10 = −(J0 +Rn,1)

−1Rn,1J
−1
0 ,

we have

‖(J0 +Rn,1)
−1 − J−10 ‖ =‖(J0 +Rn,1)

−1Rn,1J
−1
0 ‖ ≤ ‖(J0 +Rn,1)

−1‖ ‖Rn,1‖ ‖J−10 ‖

=OPn(1)OPn(C−1/2 + rn)OPn(1) = OPn(C−1/2 + rn).

Furthermore, r′n +
√
C(λn + λ′n) ≤ ρn = o(1), it holds that

∥∥∥√C∏
C

C1∑
j1=1

...

C∑̀
j`=1

∑
ı∈[Nj]

ψ(Wı,j; θ0, η0) +
√
CRn,2

∥∥∥
≤
∥∥∥√C∏

C

C1∑
j1=1

...

C∑̀
j`=1

∑
ı∈[Nj]

ψ(Wı,j; θ0, η0)
∥∥∥+

∥∥∥√CRn,2

∥∥∥
=OPn(1) + oPn(1) = OPn(1),

where the first equality is due to (D.3) and (D.4). Combining above two bounds gives

∥∥∥(J0 +Rn,1

)−1
− J−10

∥∥∥× ∥∥∥√C∏
C

C1∑
j1=1

...

C∑̀
j`=1

∑
ı∈[Nj]

ψ(Wı,j; θ0, η0) +
√
CRn,2

∥∥∥
=OPn(C−1/2 + rn)OPn(1)

=OPn(C−1/2 + rn). (D.6)

Therefore, from (D.4), (D.5) and (D.6), we have

√
Cσ−1(θ̃ − θ0) =

√
C∏
C

C1∑
j1=1

...

C∑̀
j`=1

∑
ı∈[Nj]

ψ̄(Wı,j) +OPn(ρn).

The first term on the RHS above can be written as Gnψ̄. Applying Lemma 3, we obtain the

independent linear representation

Hnψ̄ :=

C1∑
j1=1

√
C

C1

EPn

[ ∑
ı∈[Nj]

ψ̄(Wı,j)
∣∣∣Uj1,0...0]+ ...+

C∑̀
j`=1

√
C

C`
EPn

[ ∑
ı∈[Nj]

ψ̄(Wı,j)
∣∣∣U0...0,j`

]

20



[Supplementary Material]

and it holds Pn-a.s. that

Vn(Gnψ̄) =Vn(Hnψ̄) +O(C−1) = J−10 Γ(J−10 )′ +O(C−1) and

Gnψ̄ =Hnψ̄ +OP (C−1/2),

where Vn(·) = EPn [(· − EPn [·])2]. Under Assumption 3 (iv). Recall that q ≥ 4, the third

moments of both summands of Hnψ̄ are bounded over n under Assumptions 2(v) and 3 (ii)

(iv). We have verified all the conditions for Lyapunov’s CLT. An application of Lyapunov’s

CLT and Cramer-Wold device gives

Hnψ̄  N(0, Idθ)

and an application of Theorem 2.7 of van der Vaart (1998) concludes the proof.

Step 2. Since K is fixed, it suffices to show for any k ∈ [K]`,∥∥∥En,k[ ∑
ı∈[Nj]

ψa(Wı,j; η̂k)
]
− EP

[ ∑
ı∈[N0]

ψa(Wı,0; η0)
]∥∥∥ = OPn(C−1/2 + rn).

Fix k ∈ [K]`, ∥∥∥En,k[ ∑
ı∈[Nj]

ψa(Wı,j; η̂k)
]
− EPn

[ ∑
ı∈[N0]

ψa(Wı,0; η0)
]∥∥∥ ≤ I1,k + I2,k,

where

I1,k :=
∥∥∥En,k[ ∑

ı∈[Nj]

ψa(Wı,j; η̂k)
]
− EPn

[ ∑
ı∈[Nj]

ψa(Wı,j; η̂k)
∣∣∣Ick1 × ...× Ick`]∥∥∥,

I2,k :=
∥∥∥EPn

[ ∑
ı∈[Nj]

ψa(Wı,j; η̂k)
∣∣∣Ick1 × ...× Ick`]− EPn

[ ∑
ı∈[N0]

ψa(Wı,0; η0)
]∥∥∥.

Notice that I2,k ≤ rn with Pn-probability 1 − o(1) follows directly from Assumptions 1 (ii)

and 3 (iii). Now denote ψ̃aj,m =
∑
ı∈[Nj]

ψam(Wı,j; η̂k) − EPn

[ ∑
ı∈[Nj]

ψam(Wı,j; η̂k)
∣∣∣Ick1 × ... × Ick`] and

ψ̃aj = (ψ̃aj,m)m∈[dθ], and |Ik| = min{|Ik1|, ..., |Ik` |}. Let us denote Ik := (Ik1 × ...× Ik`) and Ick :=

(Ick1× ...×I
c
k`

). Let j 7→ I(j) ∈ I, and define Be := {(j, j ′) : ∀i = 1, ..., `, ei = 1⇔ Ii(j) = Ii(j
′) :
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j, j ′ ∈ I}, where I := {I11 , ..., IK1 } × ...× {I1` , ..., IK` }, and εm := {e ∈ {0, 1}` :
∑`

i′=1 ei′ = m}.

To bound I1,k, note that conditional on Ick, it holds that

EPn [I21,k|Ick] =EPn

[∥∥∥En,k[ ∑
ı∈[Nj]

ψa(Wı,j; η̂k)
]
− EPn

[ ∑
ı∈[Nj]

ψa(Wı,j; η̂k)
∣∣∣Ick]∥∥∥2∣∣∣Ick]

=
1

|Ik|2
EPn

[ dθ∑
m=1

(∑
j∈Ik

ψ̃aj,m

)2∣∣∣Ick]

=
1

|Ik|2
∑
e∈ε1

∑
(j ′,j)∈Be

EPn

[ dθ∑
m=1

ψ̃aj,mψ̃
a
j ′,m

∣∣∣Ick]

+
1

|Ik|2
∑̀
r=2

∑
e∈εr

∑
(j ′,j)∈Be

EPn

[ dθ∑
m=1

ψ̃aj,mψ̃
a
j ′,m

∣∣∣Ick]

+
1

|Ik|2
∑
e∈ε0

∑
(j ′,j)∈Be

EPn

[ dθ∑
m=1

ψ̃aj,mψ̃
a
j ′,m

∣∣∣Ick]
=

1

|Ik|2
∑
e∈ε1

∑
(j ′,j)∈Be

EPn [〈ψ̃aj , ψ̃aj ′〉|I
c
k] +R + 0

.
1

|Ik|
EPn

[∥∥∥ ∑
ı∈[Nj]

ψa(Wı,j; η̂k)− EPn

[ ∑
ı∈[Nj]

ψa(Wı,j; η̂k)
∣∣∣Ick]∥∥∥2∣∣∣Ick]

≤ 1

|Ik|
EPn

[∥∥∥ ∑
ı∈[Nj]

ψa(Wı,j; η̂k)
∥∥∥2∣∣∣Ick] ≤ c21

|Ik|
.

In the third equility, the last term corresponds to the covariance between cells sharing no

common cluster. By independence, the last term is zero. Let us denote the second term in the

third equality by R. Under Cauchy-Schwarz inequality and Assumption 1 (ii),

|R| ≤ 1

|Ik|2
∑

e∈∪`l=2εl

|Be|EPn

[ dθ∑
m=1

(ψ̃aj,m)2
∣∣∣Ick]. (D.7)

For r ≥ 1 and e ∈ εr, we have

|Be| = |Ik| ×
∏
i:ei=0

(|Iki | − 1). (D.8)

Therefore, R = O(|Ik|−2). Note that C . |Ik| . C. Hence an application of Lemma 2 (i)

implies I1,k = OPn(C−1/2). This completes a proof of (D.1).
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Step 3. It again suffices to show that for any k ∈ [K]`, one has

∥∥∥En,k[ ∑
ı∈[Nj]

ψ(Wı,j; θ0, η̂k)
]
− 1

|Ik|
∑
j∈Ik

∑
ı∈[Nj]

ψ(Wı,j; θ0, η0)
∥∥∥ = OPn(C−1/2r′n + λn + λ′n).

Denote

Gn,k

[ ∑
ı∈[Nj]

φ(Wı,j)
]

=

√
C

|Ik|
∑
j∈Ik

∑
ı∈[Nj]

(
φ(Wı,j)−

∫
φ(w)dPn

)
.

Then

∥∥∥En,k[ ∑
ı∈[Nj]

ψ(Wı,j; θ0, η̂k)
]
− 1

|Ik|
∑
j∈Ik

∑
ı∈[Nj]

ψ(Wı,j; θ0, η0)
∥∥∥ ≤ I3,k + I4,k√

C
,

where

I3,k :=
∥∥∥Gn,k

[ ∑
ı∈[Nj]

ψ(Wı,j; θ0, η̂k)
]
−Gn,k

[ ∑
ı∈[Nj]

ψ(Wı,j; θ0, η0)
]∥∥∥,

I4,k :=
√
C
∥∥∥EPn

[ ∑
ı∈[Nj]

ψ(Wı,j; θ0, η̂k)
∣∣∣Ik]− EPn

[ ∑
ı∈[N0]

ψ(Wı,0; θ0, η0)
]∥∥∥.

Denote ψ̃j,m :=
∑
ı∈[Nj]

ψm(Wı,j; θ0, η̂k)−
∑
ı∈[Nj]

ψm(Wı,j; θ0, η0) and ψ̃j = (ψ̃j,m)m∈[dθ]. To bound I3,k,

notice that using a similar argument as for the bound of I1,k, one has

EPn [‖I3,k‖2|Ick]

=EPn

[∥∥∥Gn,k

[ ∑
ı∈[Nj]

ψ(Wı,j; θ0, η̂k)−
∑
ı∈[Nj]

ψ(Wı,j; θ0, η0)
]∥∥∥2∣∣∣Ick]

=EPn

[ C

|Ik|2
dθ∑
m=1

{∑
j∈Ik

(
ψ̃j,m − EPnψ̃j,m

)}2∣∣∣Ick]

=
C

|Ik|2
∑
e∈ε1

∑
(j,j ′)∈Be

EPn

[ dθ∑
m=1

(
ψ̃j,m − EPnψ̃j,m

)(
ψ̃j ′,m − EPnψ̃j ′,m

)∣∣∣Ick]

+
C

|Ik|2
∑̀
r=2

∑
e∈εr

∑
(j,j ′)∈Be

EPn

[ dθ∑
m=1

(
ψ̃j,m − EPnψ̃j,m

)(
ψ̃j ′,m − EPnψ̃j ′,m

)∣∣∣Ick]

+
C

|Ik|2
∑
e∈ε0

∑
(j,j ′)∈Be

EPn

[ dθ∑
m=1

(
ψ̃j,m − EPnψ̃j,m

)(
ψ̃j ′,m − EPnψ̃j ′,m

)∣∣∣Ick]
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=
C

|Ik|2
∑
e∈ε1

∑
(j,j ′)∈Be

EPn

[
〈ψ̃j − EPnψ̃j, ψ̃j ′ − EPnψ̃j ′〉

∣∣∣Ick]+R′ + 0

.EPn

[∥∥∥ ∑
ı∈[Nj]

ψ(Wı,j; θ0, η̂)−
∑
ı∈[Nj]

ψ(Wı,j; θ0, η0)− EPn

[ ∑
ı∈[Nj]

ψ(Wı,j; θ0, η̂)−
∑
ı∈[Nj]

ψ(Wı,j; θ0, η0)
]∥∥∥2∣∣∣Ick]

≤EPn

[∥∥∥ ∑
ı∈[Nj]

ψ(Wı,j; θ0, η̂)−
∑
ı∈[Nj]

ψ(Wı,j; θ0, η0)
∥∥∥2∣∣∣Ick]

≤ sup
η∈Tn

EPn

[∥∥∥ ∑
ı∈[N0]

ψ(Wı,0; θ0, η)−
∑
ı∈[N0]

ψ(Wı,0; θ0, η0)
∥∥∥2∣∣∣Ick]

= sup
η∈Tn

EPn

[∥∥∥ ∑
ı∈[N0]

ψ(Wı,0; θ0, η)−
∑
ı∈[N0]

ψ(Wı,0; θ0, η0)
∥∥∥2] = (r′n)2,

where the first inequality follows from Cauchy-Schwarz’s inequality, the second-to-last equality

is due to Assumption 1, and the last equality is due to Assumption 3 (iii). Using the similar

argument for R, we have R′ = O(C−1).

Hence, I3,k = OPn(r′n). To bound I4,k, let

fk(r) := EPn

[ ∑
ı∈[Nj]

ψ(Wı,j; θ0, η0 + r(η̂k − η0))
∣∣∣Ick]− EPn

[ ∑
ı∈[N0]

ψ(Wı,0; θ0, η0)
]
, r ∈ [0, 1].

An application of the mean value expansion coordinate-wise gives

fk(1) = fk(0) + f ′k(0) + f ′′k (r̃)/2,

where r̃ ∈ (0, 1). Note that fk(0) = 0 under Assumption 2 (i), and

‖f ′k(0)‖ =
∥∥∥∂ηEPn

[ ∑
ı∈[Nj]

ψ(W ; θ0, η0)[η̂k − η0]
]∥∥∥ ≤ λn

under Assumption 2 (iv). Moreover, under Assumption 3 (iii), on the event En, we have

‖f ′′k (r̃)‖ ≤ sup
r∈(0,1)

‖f ′′k (r)‖ ≤ λ′n.

This completes a proof of (D.2).

Step 4. Note that

EPn

[∥∥∥√C∏
C

C1∑
j1=1

...

C∑̀
j`=1

∑
ı∈[Nj]

ψ(Wı,j; θ0, η0)
∥∥∥2]
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=
C∏2
C

EPn

[ dθ∑
m=1

( C1∑
j1=1

...

C∑̀
j`=1

∑
ı∈[Nj]

ψm(Wı,j; θ0, η0)
)2]

=
C∏2
C

∑
e∈ε1

∑
(j,j ′)∈Ae

EPn

[ dθ∑
m=1

∑
ı∈[Nj]

∑
ı′∈[Nj ′ ]

ψm(Wı,j; θ0, η0)ψm(Wı′,j ′ ; θ0, η0)
]

+
C∏2
C

∑̀
r=2

∑
e∈εr

∑
(j,j ′)∈Ae

EPn

[ dθ∑
m=1

∑
ı∈[Nj]

∑
ı′∈[Nj ′ ]

ψm(Wı,j; θ0, η0)ψm(Wı′,j ′ ; θ0, η0)
]

+
C∏2
C

∑
e∈ε0

∑
(j,j ′)∈Ae

EPn

[ dθ∑
m=1

∑
ı∈[Nj]

∑
ı′∈[Nj ′ ]

ψm(Wı,j; θ0, η0)ψm(Wı′,j ′ ; θ0, η0)
]

.EPn

[∥∥∥ ∑
ı∈[Nj]

ψ(Wı,j; θ0, η0)
∥∥∥2] ≤ c21.

Step 5. Note that all singular values of J0 are bounded from above by c1 under Assumption 2

(v) and all eigenvalues of Γ are bounded from below by c0 under Assumption 3 (iv). Therefore,

we have ‖σ−1‖ ≤ c1/
√
c0 and thus ‖σ−1‖ = OPn(1). This completes a proof of (D.4).

D.2 Proof of Theorem 2

Proof. Step 2 of the proof of Theorem 1 proves ‖Ĵ − J0‖ = Op(C
−1/2 + rn) and Assumption 2

(v) implies ‖J−10 ‖ ≤ c−10 . Therefore, to prove the claim of the theorem, it suffices to show

∥∥∥ 1

K`

∑
k∈[K]`

|Ik|
|Ik|2

∑̀
i=1

∑
j,j ′∈Ik

Ii(j)=Ii(j
′)

∑
ı∈[Nj]

∑
ı′∈[Nj ′ ]

ψ(Wı,j; θ̃, η̂k)ψ(Wı′,j ′ ; θ̃, η̂k)
′

−
∑̀
i=1

µ̄iEP

[ N1∑
ı=1

N2i∑
ı′=1

ψ(Wı,1; θ0, η0)ψ(Wı′,2i ; θ0, η0)
′
] ∥∥∥ = OP (ρn).

Moreover, since K and dθ are constants and µi → µ̄i ≤ 1, it suffices to show that for each

k ∈ [K]` and l,m ∈ [dθ], it holds that

∣∣∣ |Ik||Ik|2 ∑
j,j ′∈Ik

Ii(j)=Ii(j
′)

∑
ı∈[Nj]

∑
ı′∈[Nj ′ ]

ψl(Wı,j; θ̃, η̂k)ψm(Wı′,j ′ ; θ̃, η̂k)− µiEP
[ N1∑
ı=1

N2i∑
ı′=1

ψl(Wı,1; θ0, η0)ψm(Wı′,2i ; θ0, η0)
]∣∣∣

= OP (ρn).
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Denote the left-hand side of the equation as Ik,lm. First, note that |I|/|Iki | = µi. We denote

i′ for Iki such that |Iki′ | = |Ik|, and apply the triangle inequality to get

Ik,lm ≤ Ik,lm,1 + Ik,lm,2,

where

Ik,lm,1 :=
∣∣∣ 1∏

i 6=i′ |Iki |2|Iki′ |
∑

j,j ′∈Ik
Ii(j)=Ii(j

′)

{ ∑
ı∈[Nj]

∑
ı′∈[Nj ′ ]

ψl(Wı,j; θ̃, η̂k)ψm(Wı′,j ′ ; θ̃, η̂k)

−
∑
ı∈[Nj]

∑
ı′∈[Nj ′ ]

ψl(Wı,j; θ0, η0)ψm(Wı′,j ′ ; θ0, η0)
}∣∣∣,

Ik,lm,2 :=
∣∣∣ 1∏

i 6=i′ |Iki |2|Iki′ |
∑

j,j ′∈Ik
Ii(j)=Ii(j

′)

∑
ı∈[Nj]

∑
ı′∈[Nj ′ ]

ψl(Wı,j; θ0, η0)ψm(Wı′,j ′ ; θ0, η0)

− EP [

N1∑
ı=1

N2i∑
ı′=1

ψl(Wı,1; θ0, η0)ψm(Wı′,2i ; θ0, η0)]
∣∣∣.

We first find a bound for Ik,lm,2. Since q > 4, it holds that

EP [I2k,lm,2] =
1∏

i 6=i′ |Iki |4|Iki′ |2
EP

[∣∣∣ ∑
j,j ′∈Ik

Ii(j)=Ii(j
′)

∑
ı∈[Nj]

∑
ı′∈[Nj ′ ]

ψl(Wı,j; θ0, η0)ψm(Wı′,j ′ ; θ0, η0)

− EP

[ N1∑
ı=1

N2i∑
ı′=1

ψl(Wı,1; θ0, η0)ψm(Wı′,2i ; θ0, η0)
]∣∣∣2]

≤ 1∏
i 6=i′ |Iki |4|Iki′ |2

EP

[ ∑
j,j ′,j′′,j′′′∈Ik

Ii(j)=Ii(j
′),Ii(j

′′)=Ii(j
′′′)

∑
Is(j)=Is(j

′′)
s 6=i

∑
ı∈[Nj]

∑
ı′∈[Nj ′ ]

∑
ı′′∈[Nj′′ ]

∑
ı′′′∈[Nj′′′ ]

ψl(Wı,j; θ0, η0)ψm(Wı′,j′ ; θ0, η0)ψl(Wı′′,j”; θ0, η0)ψm(Wı′′′,j”’; θ0, η0)
]

+
1∏

i 6=i′ |Iki |4|Iki′ |2
EP

[ ∑
j,j ′,j′′,j′′′∈Ik

Ii(j)=Ii(j
′)=Ii(j

′′)=Ii(j
′′′)

∑
ı∈[Nj]

∑
ı′∈[Nj ′ ]

∑
ı′′∈[Nj′′ ]

∑
ı′′′∈[Nj′′′ ]

ψl(Wı,j; θ0, η0)ψm(Wı′,j′ ; θ0, η0)ψl(Wı′′,j′′ ; θ0, η0)ψm(Wı′′′,j′′′ ; θ0, η0)
]

+ o(|Ik|−1) + 0

.
1

|Ik|
EP

[∥∥∥ ∑
ı∈[N0]

ψ(Wı,0; θ0, η0)
∥∥∥4] . c41/C = O(C−1).
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Now, to bound Ik,lm,1, we make use of the following identity coming from the proof of

Theorem 3.2 in CCDDHNR (2018): for any numbers a, b, δa, δb such that |a| ∨ |b| ≤ c and

|δa| ∨ |δb| ≤ r, it holds that |(a + δa)(b + δb) − ab| ≤ 2r(c + r). Denote ψj,h := ψl(Wı,j; θ0, η0)

and ψ̂j,h := ψl(Wı,j; θ̃, η̂k) for h ∈ {l,m} and apply the above identity with a =
∑
ı∈[Nj]

ψj,l,

b =
∑

ı′∈[Nj ′ ]

ψj ′,m, a+δa =
∑
ı∈[Nj]

ψ̂j,l, b+δb =
∑

ı′∈[Nj ′ ]

ψ̂j ′,m, r =
∣∣∣ ∑
ı∈[Nj]

ψ̂j,l−
∑
ı∈[Nj]

ψj,l

∣∣∣∨∣∣∣ ∑
ı′∈[Nj ′ ]

ψ̂j ′,m−∑
ı′∈[Nj ′ ]

ψj ′,m

∣∣∣ and c =
∣∣∣ ∑
ı∈[Nj]

ψj,l

∣∣∣ ∨ ∣∣∣ ∑
ı′∈[Nj ′ ]

ψj ′,m

∣∣∣. Then

Ik,lm,1 =
∣∣∣ 1∏

i 6=i′ |Iki |2|Iki′ |
∑

j,j ′∈Ik
Ii(j)=Ii(j

′)

{ ∑
ı∈[Nj]

∑
ı′∈[Nj ′ ]

ψ̂j,lψ̂j ′,m −
∑
ı∈[Nj]

∑
ı′∈[Nj ′ ]

ψj,lψj ′,m

}∣∣∣
≤ 1∏

i 6=i′ |Iki |2|Iki′ |
∑

j,j ′∈Ik
Ii(j)=Ii(j

′)

∣∣∣ ∑
ı∈[Nj]

∑
ı′∈[Nj ′ ]

ψ̂j,lψ̂j ′,m −
∑
ı∈[Nj]

∑
ı′∈[Nj ′ ]

ψj,lψj ′,m

∣∣∣
≤ 2∏

i 6=i′ |Iki |2|Iki′ |
∑

j,j ′∈Ik
Ii(j)=Ii(j

′)

(∣∣∣ ∑
ı∈[Nj]

ψ̂j,l −
∑
ı∈[Nj]

ψj,l

∣∣∣ ∨ ∣∣∣ ∑
ı′∈[Nj ′ ]

ψ̂j ′,m −
∑

ı′∈[Nj ′ ]

ψj ′,m

∣∣∣)

×
(∣∣∣ ∑

ı∈[Nj]

ψj,l

∣∣∣ ∨ ∣∣∣ ∑
ı′∈[Nj ′ ]

ψj ′,m

∣∣∣+
∣∣∣ ∑
ı∈[Nj]

ψ̂j,l −
∑
ı∈[Nj]

ψj,l

∣∣∣ ∨ ∣∣∣ ∑
ı′∈[Nj ′ ]

ψ̂j ′,m −
∑

ı′∈[Nj ′ ]

ψj’,m

∣∣∣)
≤
( 2∏

i 6=i′ |Iki |2|Iki′ |
∑

j,j ′∈Ik
Ii(j)=Ii(j

′)

∣∣∣ ∑
ı∈[Nj]

ψ̂j,l −
∑
ı∈[Nj]

ψj,l

∣∣∣2 ∨ ∣∣∣ ∑
ı′∈[Nj ′ ]

ψ̂j ′,m −
∑

ı′∈[Nj ′ ]

ψj ′,m

∣∣∣2)1/2

×
( 2∏

i 6=i′ |Iki |2|Iki′ |
∑

j,j ′∈Ik
Ii(j)=Ii(j

′)

{∣∣∣ ∑
ı∈[Nj]

ψj,l

∣∣∣ ∨ ∣∣∣ ∑
ı′∈[Nj ′ ]

ψj ′,m

∣∣∣
+
∣∣∣ ∑
ı∈[Nj]

ψ̂j,l −
∑
ı∈[Nj]

ψj,l

∣∣∣ ∨ ∣∣∣ ∑
ı′∈[Nj ′ ]

ψ̂j ′,m −
∑

ı′∈[Nj ′ ]

ψj ′,m

∣∣∣}2)1/2
≤
( 2∏

i 6=i′ |Iki |2|Iki′ |
∑

j,j ′∈Ik
Ii(j)=Ii(j

′)

∣∣∣ ∑
ı∈[Nj]

ψ̂j,l −
∑
ı∈[Nj]

ψj,l

∣∣∣2 ∨ ∣∣∣ ∑
ı′∈[Nj ′ ]

ψ̂j ′,m −
∑

ı′∈[Nj ′ ]

ψj ′,m

∣∣∣2)1/2

×
{( 2∏

i 6=i′ |Iki |2|Iki′ |
∑

j,j ′∈Ik
Ii(j)=Ii(j

′)

∣∣∣ ∑
ı∈[Nj]

ψj,l

∣∣∣2 ∨ ∣∣∣ ∑
ı′∈[Nj ′ ]

ψj ′,m

∣∣∣2)1/2
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+
( 2∏

i 6=i′ |Iki |2|Iki′ |
∑

j,j ′∈Ik
Ii(j)=Ii(j

′)

∣∣∣ ∑
ı∈[Nj]

ψ̂j,l −
∑
ı∈[Nj]

ψj,l

∣∣∣2 ∨ ∣∣∣ ∑
ı′∈[Nj ′ ]

ψ̂j ′,m −
∑

ı′∈[Nj ′ ]

ψj ′,m

∣∣∣2)1/2},
where the second to the last inequality follows from Cauchy-Schwarz’s inequality and Minkowski’s

inequality. Notice that∑
j,j ′∈Ik

Ii(j)=Ii(j
′)

∣∣∣ ∑
ı∈[Nj]

ψj,l

∣∣∣2 ∨ ∣∣∣ ∑
ı′∈[Nj ′ ]

ψj ′,m

∣∣∣2 ≤ max
1≤i≤`
{|Iki |}

C1∑
j1=1

...

C∑̀
j`=1

∥∥∥ ∑
ı∈[Nj]

ψ(Wı,j; θ0, η0)
∥∥∥2,

∑
j,j ′∈Ik

Ii(j)=Ii(j
′)

∣∣∣ ∑
ı∈[Nj]

ψ̂j,l −
∑
ı∈[Nj]

ψj,l

∣∣∣2 ∨ ∣∣∣ ∑
ı′∈[Nj ′ ]

ψ̂j ′,m −
∑

ı′∈[Nj ′ ]

ψj ′,m

∣∣∣2

≤ max
1≤i≤`
{|Iki |}

C1∑
j1=1

...

C∑̀
j`=1

∥∥∥ ∑
ı∈[Nj]

ψ(Wı,j; θ̃, η̂k)−
∑
ı∈[Nj]

ψ(Wı,j; θ0, η0)
∥∥∥2.

Thus, the above bound for Ik,lm,1 implies that

I2k,lm,1 .Rn ×
( 1

|Ik|
∑
j∈Ik

∥∥∥ ∑
ı∈[Nj]

ψ(Wı,j; θ0, η0)
∥∥∥2 +Rn

)
,

where

Rn :=
1

|Ik|
∑
j∈Ik

∥∥∥ ∑
ı∈[Nj]

ψ(Wı,j; θ̃, η̂k)−
∑
ı∈[Nj]

ψ(Wı,j; θ0, η0)
∥∥∥2.

Notice that

1

|Ik|
∑
j∈Ik

∥∥∥ ∑
ı∈[Nj]

ψ(Wı,j; θ0, η0)
∥∥∥2 = OP (1),

which is implied by Markov’s inequality and the calculations

EP

[ 1

|Ik|
∑
j∈Ik

∥∥∥ ∑
ı∈[Nj]

ψ(Wı,j; θ0, η0)
∥∥∥2] =EP

[∥∥∥ N0∑
ı=1

ψ(Wı,0; θ0, η0)
∥∥∥2] ≤ c21

under Assumptions 1 and 3 (ii). Finally, to bound Rn, using Assumption 2 (ii),

Rn .
1

|Ik|
∑
j∈Ik

∥∥∥ ∑
ı∈[Nj]

ψa(Wı,j; η̂k)(θ̃ − θ0)
∥∥∥2

+
1

|Ik|
∑
j∈Ik

∥∥∥ ∑
ı∈[Nj]

ψ(Wı,j; θ0, η̂k)−
∑
ı∈[Nj]

ψ(Wı,j; θ0, η0)
∥∥∥2.
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The first term on RHS is bounded by( 1

|Ik|
∑
j∈Ik

∥∥∥ ∑
ı∈[Nj]

ψa(Wı,j; η̂k)
∥∥∥2)× ‖θ̃ − θ0‖2 = OP (1)×OP (C−1) = OP (C−1)

due to Assumption 3 (ii), Markov’s inequality, and Theorem 1. Furthermore, given that

(Wı,j)j∈Ick satisfies η̂k ∈ Tn,

EP

[∥∥∥ ∑
ı∈[Nj]

ψ(Wı,j; θ0, η̂k)−
∑
ı∈[Nj]

ψ(Wı,j; θ0, η0)
∥∥∥2∣∣∣Ick]

≤ sup
η∈Tn

EP

[∥∥∥ ∑
ı∈[Nj]

ψ(Wı,j; θ0, η)−
∑
ı∈[Nj]

ψ(Wı,j; θ0, η0)
∥∥∥2∣∣∣Ick] ≤ (r′n)2

due to Assumptions 1 and 3 (iii). Also, the event η̂k ∈ Tn happens with probability 1 − o(1),

we have Rn = OP (C−1 + (r′n)2). Thus we conclude that

Ik,lm,1 = OP (C−1/2 + r′n).

This completes the proof.

E Additional Lemma

In this section, we establish a multiway generalization of Lemma 1, which is a minor mod-

ification of Lemma D.2 in Davezies et al. (2018). We include its proof for completeness

purpose. For any r = 1, ..., `,we let Ir(C) =
{
c = j � e : e ∈ Er,1 ≤ j ≤ C

}
and

εm = {e ∈ {0; 1}` :
∑`

i=1 ei = m} , with � the Hadamard product on R`.

For each n ∈ N, let (Nn
j , (W

n
ı,j)1≤ι≤N)j≥1 be a set of random variables. For any f :

supp(W n)→ Rd for a fixed d ∈ N, let us define the multiway empirical process

Gnf :=
√
C
{ 1∏

C

∑̀
i=1

Ci∑
ji=1

∑
ι∈Nn

j

f(W n
ı,j)− EP [

∑
ı∈[Nn

1 ]

f(W n
ı,1)]
}
.

Lemma 3 (Independentization via Hájek Projections). For each n ∈ N, suppose that (Nn
j , (W

n
ı,j)1≤ι≤N)j≥1

satisfies Assumption 1. Let Fn, |Fn| = d, be a family of functions f : supp(W n) → R that
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satisfies E
[( ∑

ı∈[Nn
1 ]

f
(
W n
ı,1

))2]
< K < ∞ for some K independent of n. In addition, assume

that C → ∞ and for every e ∈ ε1, C∏
C
→ µi ≥ 0, where i is the nonzero coordinate of e.

Then there exists a family of mutually independent standard uniform r.v.’s (Uc)c>0 such that

the Hnf , the Hájek projection of Gnf on the set of statistics of the form
∑

c∈Ir(C) gc(Uc) (with

gc(Uc) square integrable, satisfies

Hnf =
∑

c∈I1(C)

√
C∏

i:ci 6=0Ci

E

Nn
c∨1∑
ı=1

f
(
W n
ı,c∨1

) ∣∣∣Uc

− E

 ∑
ı∈[Nn

1 ]

f
(
W n
ı,1

) . (E.1)

In addition, it holds uniformly over Fn that

V (Gnf) = V (Hnf) +O(C−1) =
∑
e∈ε1

µ̄iCov(

Nn
1∑

ı=1

f(W n
ı,1),

Nn
2-e∑
ı=1

f(W n
ı,2−e)) +O(C−1).

Proof. Throughout the proof, we drop the superscript n for simplicity. Under Assumption 1(i)

and (ii), for each n, one can apply Lemma 7.35 of Kallenberg (2006) and obtain a measurable

function τn such that

(Nj, (Wı,j)1≤ι≤N)j≥1 =
(
τn(Uj�e)1≺e�1

)
j≥1 (E.2)

where (Uc)c≥0 denote a family of mutually independent uniform random variables on [0, 1].

The rest of our proof closely follows that of Lemma D.2 in Davezies et al. (2018) with

r = r = 1. The Hájek projection Hnf is characterized by

E
[

(Gnf −Hnf)×
∑

c∈I1(C)

gc (Uc)
]

= 0 for any (gc)c∈I1(C) ∈
(
L`([0; 1])

)|I1(C)|
.

As a result,we have

E [Gnf |Uc] = E [Hnf |Uc] for any c ∈ I1(C).

Because the range Hn is closed subspace of square integrable random variables,

Hnf =
∑

c∈I1(C)

E (Hnf |Uc) .
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Next

Hnf =
∑

c∈I1(C)

E (Gnf |Uc) .

Note that for any c ∈ I1(C), c∧1 is the unique element ε1 such that c = j�e for some j (note

that j is not unique). Moreover, for any c ∈ I1(C) independence between the U ′ s ensures that∑
ı∈[Nj]

f (Wı,j) ⊥⊥ Uc if j� e 6= c. This implies

E (Gnf |Uc) =

√
C

ΠC

∑
1≤j≤C

E

∑
ı∈[Nj]

f (Wı,j)− E

∑
ı∈[N1]

f (Wı,1)

 ∣∣∣Uc


=

√
C

ΠC

∑
1≤j≤C

1{j� e = c}E

∑
ı∈[Nj]

f (Wı,j)− E

∑
ı∈[N1]

f (Wı,1)

 ∣∣∣Uc

 .
The representation of (Nj, (Wı,j)1≤ι≤N)j≥1 in terms of the U ’s implies that

E

 Nj∑
ı=1

f (Wı,j)− E

∑
ı∈[N1]

f (N1,Wı,1)

 ∣∣∣Uc

 = E

Nc∨1∑
ı=1

f (Wı,c∨1)− E

∑
ı∈[N1]

f (Wı,1)

 ∣∣∣Uc


for any j such that j� e = c. Moreover,

E (Gnf |Uc) =

√
C

ΠC

∑
1≤j≤C

1{j� e = c}E

Nc∨1∑
ı=1

f (Wı,c∨1)− E

∑
ı∈[N1]

f (Wı,1)

 ∣∣∣Uc


=

√
C
∏

i:ci=0Ci

ΠC

E

Nc∨1∑
ı=1

f (Wı,c∨1)− E

∑
ı∈[N1]

f (Wı,1)

 ∣∣∣Uc


=

√
C∏

i:ci 6=0Ci

E

[
Nc∨1∑
ı=1

f (Wı,c∨1)
∣∣∣Uc

]
− E

∑
ı∈[N1]

f (Wı,1)

 .

It follows that

Hnf =
∑

c∈I1(C)

√
C∏

i:ci 6=0Ci

E

[
Nc∨1∑
ı=1

f (Wı,c∨1)
∣∣∣Uc

]
− E

∑
ı∈[N1]

f (Wı,1)

 .

This shows the first claim of the lemma.
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Since Fn is a finite family, we are left to prove that for each f ∈ Fn,

V (Gnf) = V (Hnf) +O(C−1) =
∑̀
i=1

µ̄iCov(

N1∑
ı=1

f(Wı,1),

N2i∑
ı=1

f(Wı,2i)) +O(C−1),

where 2i denotes the `−tuple vector with 2 in each entry but for 1 in the i−th entry. Note that

V (Hnf) =
∑
e∈ε1

C∏
i:ei=1Ci

V

E

∑
ı∈[N1]

f (Wı,1)
∣∣∣Ue

 . (E.3)

To conclude, it suffices to show that for each e ∈ ε1,

V

E

∑
ı∈[N1]

f (Wı,1)
∣∣∣Ue

 = Cov

∑
ı∈[N1]

f (Wı,1) ,

N2−e∑
ı=1

f (Wı,2−e)

 .

As (Nj, (Wı,j)1≤ι≤N)j≥1 =
(
τ
(

(Uj�e)e∈∪`r=1εr

))
j≥1

with i.i.d. U ’s, we have E

[ ∑
ı∈[N1]

f (Wı,1)
∣∣∣Ue

]
=

E

[ ∑
ı∈[Nj]

f (Wı,j)
∣∣∣Ue

]
for any j such that j � e = 1 � e = e. Because 2 − e � e = e, we have

V

(
E

[ ∑
ı∈[N1]

f (Wı,1)
∣∣∣Ue

])
= Cov

(
E

[ ∑
ı∈[N1]

f (Wı,1)
∣∣∣Ue

]
,E
[
N2−e∑
ı=1

f (Wı,2−e)
∣∣∣Ue

])
. For any

e ∈ ε1, we have 2− e 6= 1. The independence of the U ’s ensures

(U1�e′)e′∈∪`r=1εr\e
⊥
(
U(2−e)�e′

)
e′∈∪`r=1εr\e

|Ue

and thus
N1∑
ı=1

f (Wı,1) ⊥⊥
N2−e∑
ı=1

f (Wı,2−e) |Ue. Hence, for e ∈ ε1

E

Cov
∑
ı∈[N1]

f1 (Wı,1) ,

N2−e∑
ı=1

f2 (Wı,2−e)
∣∣∣Ue

 = 0.

By the law of total covariance, we obtain

V

E

∑
ı∈[N1]

f(Wı,1)
∣∣∣Ue

 = Cov

∑
ı∈[N1]

f (Wı,1) ,

N2−e∑
ı=1

f (Wı,2−e)

 .

This establishes the second claim of the lemma.
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F Additional Details on Discussions in Section 3.1.1

In this section, we provide additional details on (3.1) in the discussion in Section 3.1.1. Letting

En = n−1
∑n

i=1, we have the following concrete expression for the influence function represen-

tation (3.1) in the main text.

√
n(θ̂ − θ0)

=E[(D − g20(X))(Z −m0(X))]−1
√
n(En − E)[(Y − (D − g20(X))θ0 − g10(X))(Z −m0(X))]︸ ︷︷ ︸

A∗

+ E[(D − g20(X))(Z −m0(X))]−1
√
nEn[(m̂(X)−m0(X))(ĝ1(X)− g10(X))]︸ ︷︷ ︸
B∗1

− E[(D − g20(X))(Z −m0(X))]−1
√
nEn[(m̂(X)−m0(X))(ĝ2(X)− g20(X))]θ0︸ ︷︷ ︸

B∗2

− E[(D − g20(X))(Z −m0(X))]−1
√
nEn[(m̂(X)−m0(X))(Y − (D − g20(X))θ0 − g10(X)]︸ ︷︷ ︸

C∗1

− E[(D − g20(X))(Z −m0(X))]−1
√
nEn[(ĝ1(X)− g10(X))(Z −m0(X))]︸ ︷︷ ︸
C∗2

+ E[(D − g20(X))(Z −m0(X))]−1
√
nEn[(ĝ2(X)− g20(X))(Z −m0(X))θ0]︸ ︷︷ ︸
C∗3

+op(1).

Term A∗ above is the part that is asymptotically normal as mentioned in the main text. Terms

B∗1 and −B∗2 above consist B∗ in the main text. Terms −C∗1 , −C∗2 and C∗3 consist C∗ in the

main text.
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