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Appendix A. Proof of Proposition 1

Proposition 1. Let Yb = 1
L

∑bL
i=(b−1)L+1 f(xi.), the mean estimator using a single batch of

sFFLHD. Then

E(Yb) = µ and E(Y ) = µ. (A.1)

For a continuous function f , as L→∞

V ar(Yb) =
∑
|u|≥2

Sb(u, |u|)L−2V ar(αu(x)) + o(L−1). (A.2)

At stages where the big grid design is an OA, as L→∞ we also have

V ar(Y ) =
∑
|u|≥3

S(u, |u|)n−2V ar(αu(x)) + o(n−1). (A.3)

Let Lb be the number of levels of M. At stages where n = LD
b , the sequential design is an

FFLHD, and as n→∞ we have

V ar(Y ) = O(L−D−2b ). (A.4)

Proof. It can be verified in the algorithm that each possible batch in the space is equally likely

to be sampled. With each batch being an LHD, the expectation of the mean estimator from
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a single run is an unbiased estimator for the true average. Therefore, the mean estimator

from the sequential design is unbiased and (A.1) is true.

Whenever the big grid design is an OA, it is of the form OA(λL2, D, L, 2), λ ∈ N+. He

and Qian (2011) showed the variance structure as L→∞ when λ is fixed. (A.2) and (A.3)

follow their proof.

To show (A.4), notice that when the intermediate grid design, M, is a full factorial design

with Lb levels, the variance of the mean estimator can be expressed as

V ar(Y ) =
1

L2D
b

 LDb∑
i=1

V ar(Yi) +
∑
i,j

Cov(Yi, Yj)

 .
The first part of the variance decomposition is the same as the lattice sampling variance

under the uniform rectangle rule

xij = xcij + (uij −
1

2
)/LD

b , i = 1, . . . , LD
b , j = 1, . . . , D

where xij is the element in the ith row and the jth column of the design matrix, X; xcij’s

are the centers of the grid defined by the small grid design,V; and the uij’s are independent

random uniform (0, 1] numbers. If Yi = f(xi.), where xi. is the ith row of X, then Owen

(1994) has shown the variance of lattice sampling is O(L−D−2b ) under continuous f , which is

smaller than that of random sampling O(L−Db ).

Let mih denote the element in the ith row and hth column of M. For i and j with

mih 6= mjh,∀h ∈ 1, . . . , D, we have Cov(Yi, Yj) = 0.

For i and j, with mik = mjk for a particular dimension k and mih 6= mjh, ∀h ∈

1, . . . , D, h 6= k,

Cov(Yi, Yj) = E[(Yi − τi)(Yj − τj)] = E[(Yi − τi)E[(Yj − τj)|xi.]]
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where τi and τj are E(Yi) and E(Yj), respectively.

E[(Yj − τj)|xi.] = E[(Yj − τj)]− E[(f(xj.)− τj)|bLD
b xjkc = vik]× P (bLD

b xjkc = vik)

= − Lb

LD
b − Lb

E[(f(xj.)− τj)|bLD
b xjkc = vik]

where vik is the element in the ith row and the kth column of V.

Given continuous f , E[(f(xj.)−τj)|bLD
b xjkc = vik] = O(L−1b ). Therefore E[(Yj−τj)|xi.] =

O(L−Db ) and Cov(Yi, Yj) = E[(Yi − τi)E[(Yj − τj)|xi.]] = O(L−1b )O(L−Db ) = O(L−D−1b ). So

1

L2D
b

∑
R1

Cov(Yi, Yj) =
1

L2D
b

D(Lb − 1)D−1LD
b O(L−D−1b ) = O(L−D−2b )

where R1 denotes the set of all i and j with mik = mjk for a particular dimension k and

mih 6= mjh,∀h ∈ 1, . . . , D, h 6= k. Using the above approach for i and j with mik = mjk on

more than one dimension, we found the covariance is o(L−D−2b ). Therefore we have proven

the variance of the mean estimator at FFLHD stage is O(L−D−2b ).

Appendix B. Generating Non-overlapping OAs

Let A1 be an OA(L2, D + 1, L, 2) (L ≥ D > 2) that serves as the initial OA and let

Ai. denote the ith row of A1 with elements ai1, ai2, . . . , aiD. Let v be a 1 × D vector,

v = [v1, v2, . . . , vD]. Set v1 and v2 equal to zero; the other elements can take values from

0, 1, 2, . . . , L−1. There are LD−2 unique vectors, v1, . . . ,vLD−2
. From these, we can generate

LD−2 new orthogonal arrays Bj, where the ith row of Bj has elements bjik = (aik+vjk)mod(L)

(k = 1, . . . , D).

Proposition 2. If j1 6= j2, then Bj1 and Bj2 do not share a common row. Furthermore, the

concatenation of B1,B2, . . . ,BLD−2
forms a full factorial design.
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Proof. We have bj1ik = (aik + vj1k )modL and bj2ik = (aik + vj2k )modL. Therefore

bj1ik = bj2ik + (vj2k − v
j1
k ) mod L. By construction, the first two elements of row i1 from Bj1

and row i2 from Bj2 both agree (i.e., bj1i10 = bj2i20 and bj1i11 = bj2i21) only if i1 = i2, so the

only way that Bj1 and Bj2 can have a row in common is if (vj2k − v
j1
k )modL = 0 ∀k > 2.

This cannot occur, since vjk ∈ {0, . . . , L} ∀{j, k} and vj1 6= vj2 . Therefore, for any j1 6= j2,

Bj1 and Bj2 do not share a common row. Because this holds for all j1 6= j2, and because

the concatenation of B1,B2, . . . ,BLD−2
has LD rows, D columns, and L levels within each

column, this concatenation forms a full factorial design.

Note 1: Without loss of generality, let v1
j = 0 ∀j, then B1 = A1 (the original OA). This

means it is possible to generate LD−2 − 1 additional non-overlapping OAs from A1 while

retaining the original design.

Note 2: Each remaining new OA, Bj for j 6= 0, can be partitioned into L slices of L rows

each; these slices should be randomly reordered. Finally, the new OAs A2,A3, . . . ,ALD−2

can be selected by randomly choosing (without replacement) from the set of reordered new

OAs {B2, . . . ,BLD−2}.

Note 3: For D = 2, the original OA (A1) is already a full factorial design, and no additional

OAs need to be generated.

Appendix C. Generating Non-overlapping Fractional Factorials

Let X denote an L-level, LD-run sFFLHD for D factors, and suppose r satisfies rq =

L, r ∈ N+ for some q ∈ N+. Define M = brLXc, i.e., M is the projection of X onto a grid

of levels 0, . . . , rL − 1 and forms an LD-run orthogonal array that is a fraction of a new

sFFLHD with rL levels and (rL)D runs. Let Mi. denote the ith row of M with elements

mi1,mi2, . . . ,miD. Let v be a 1 × D vector, v = [v1, v2, . . . , vD], where each element can

take values from 0, 1, 2, . . . , r − 1. There are rD unique vectors, v1, . . . ,vrD . From these,
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we can generate rD new fractional factorials Fj, where the ith row of Fj has elements

f j
ik = rbmik/rc+ [(mik + vjk) mod r] (i = 1, . . . , rD and k = 1, . . . , D).

Proposition 3. If j1 6= j2, then Fj1 and Fj2 do not share a common row. Furthermore, the

concatenation of F1,F2, . . . ,FrD forms a full factorial design.

Proof. The proof is similar to that of Proposition 2.

Note 1: Without loss of generality, let v1
j = 0 ∀j, then F1 = M (the original OA). This

means it is possible to generate (rL)D−2 − 1 additional non-overlapping OAs from F1 while

retaining the original design.

f j1
ik = f j2

ik + (vj2k −v
j1
k ) mod r. The only way that Fj1 and Fj2 can have a row in common

is if (vj2k −v
j1
k ) mod r = 0 ∀k. This cannot occur, since vjk ∈ {0, . . . , r} ∀{j, k} and vj1 6= vj2 .

Therefore, for any j1 6= j2, F
j1 and Fj2 do not share a common row. Because this holds for

all j1 6= j2, and because the concatenation of F1,F2, . . . ,FLD−2
has (rL)D rows, D columns,

and rL levels within each column, this concatenation forms a full factorial design.

Appendix D. Probability Mass Functions of the Small Grid Design Elements

Let lb denote the number of levels in the small grid design, V, at the stage when batch b is

to be observed. Let Zlb denote the set {1, 2, . . . , lb}. If i is restricted to (b−1)L+1 ≤ i ≤ bL,

then vij represents an element in the small grid design for batch, b and

P (vij = s) =
1

lb
, s ∈ Zlb . (D.1)

For every i, k in batch b, such that (b−1)L+ 1 ≤ i ≤ bL and (b−1)L+ 1 ≤ k ≤ bL, if i 6= k,

then

P (vij = s, vkj = t) =


L

l2b(L−1)
s, t ∈ Zlb and bsL/lbc 6= btL/lbc

0 otherwise.
(D.2)
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Consider two batches b and b′ and, without loss of generality, let b > b′. Now let (b−1)L+1 ≤

i ≤ bL and (b′ − 1)L+ 1 ≤ k ≤ b′L so that vij is in batch, b and vkj is in batch, b′, then

P (vij = s, vkj = t) =


1
l2b

s, t ∈ Zlb and bsL/lbc 6= btL/lbc
1

lb(lb−L)
s, t ∈ Zlb , s 6= t and bsL/lbc = btL/lbc

0 otherwise.

(D.3)

Proof. To prove (D.1), i is restricted to (b− 1)L+ 1 ≤ i ≤ bL, so wij represents an element

in the big grid design for batch b. For some integer s ∈ Zlb , wij = bsL/lbc. Because the first

OA is randomly shuffled and the algorithm selects every possible OA with equal probability,

wij can take on any value from {0, 1, . . . , L − 1} with equal likelihood. Furthermore, given

wij, vij is randomly selected from all available choices. Therefore, (D.1) holds.

To prove D.2, since i 6= k and both (b−1)L+1 ≤ i ≤ bL and (b−1)L+1 ≤ k ≤ bL, then

wij and wkj represent elements in different rows of the same column in the big grid design

for batch b. Note that P (wij = wkj) = 0 because wij and wkj are two distinct elements from

the set {0, 1, . . . , L−1}. All other possible pairs of (vij, vkj) are equally likely to be obtained

because of symmetry. Fixing j, there are lb choices of vij. Given vij, since wij 6= wkj, there

are lb − lb/L choices of vkj. The number of all possible pairs of (vij, vkj) is lb(lb − lb/L) and

(D.2) holds.

To show D.3, i and k are such that (b− 1)L+ 1 ≤ i ≤ bL and (b′− 1)L+ 1 ≤ k ≤ b′L so

that vij is in batch, b and vkj is in batch, b′. Without loss of generality, b > b′. Consider the

following three sets,

S1 = {(vij = s, vkj = t)|s, t ∈ Zlb and bsL/lbc 6= btL/lbc}

S2 = {(vij = s, vkj = t)|s, t ∈ Zlb , s 6= t and bsL/lbc = btL/lbc}

S3 = {(vij = s, vkj = t)|s, t ∈ Zlb , s = t}

S1, S2, and S3 have (lb− lb/L)lb, (lb/L− 1)lb, and lb pairs respectively. The design algorithm

prohibits S3, and therefore P (S3) = 0. For S1, {vij = s} and {vkj = t} are independent by
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the nature of the design algorithm. P ((vij = s, vkj = t)|S1) = P (vij = s)P (vkj = t) = 1/12
b .

By symmetry, we have P (S1) = (L − 1)/L and P (S2) = 1/L. Thus, P ((vij = s, vkj =

t)|S3) = 1/lb(lb − L), and (D.3) holds.

Appendix E. Rastrigin Example

The Rastrigin function is:

f(x) = 10D +
D∑
i=1

[x2i − 10cos(2πxi)].

D is the dimensionality of the Rastrigin function and xi ∈ [−5.12, 5.12] in each dimension.

We use D = 4, 6, and 8 to compare the two designs, and scale the Rastrigin function to

fit [0, 1]D. Confidence intervals of RMSE differences are shown in Figure E.1. After the

first batch, sFFLHD performs much better than MmDist in terms of RMSEs in the 6- and

8-dimensional cases, with the largest advantage around 6–7 batches. For the 4-dimensional

case, differences between the two designs are not significant.

Rastrigin 4D Rastrigin 6D Rastrigin 8D

2 4 6
Batch
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0

1
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0

1
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0
1
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Batch
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Batch
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0
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8 12 16
Batch
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Batch
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Figure E.1: Rastrigin Examples: 95% confidence intervals for RMSE(sFFLHD)−RMSE(MmDist) vs. number
of batches completed, for batches 1–6 (top) and 7–16 (bottom). Dashed lines indicate differences of zero.
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Appendix F. Computer Model Mean Estimation Example

Consider a computer model given by

f = x1 + x2 + x1x2 + x21 + x22 +min(e3x2 , 10)− 1.5x1x2x3 + x23 (F.1)

x1 ∼ Unif[−2, 0], x2 ∼ Unif[0, 1], x3 ∼ Unif[0.5, 1.5].

We adopt a final run size of 64 using batches of size 4 and calculate µ̂ for each scheme

at each batch stage over 2,000 replications. RMSE s of µ̂ at selected batch stages are shown

in Table 1. The result shows that in terms of RMSE, sFFLHD has the best mean estimator

at all batch stages except for the very first batch when bLHS and MmDist have essentially

equivalent RMSE. After batch one, the mean estimator of sFFLHD is significantly superior

to all the designs except rsFFLHD. At stages where the sFFLHD is an OALHD (shown in

bold), sFFLHD and rsFFLHD are equivalent designs.

Batch 1 4 8 12 16
Design Points 4 16 32 48 64

sFFLHD 0.213 0.004 0.001 0.003 0.00012
bMmLHD 3.512 0.704 0.238 0.077 0.00047

MmDist 0.206 0.146 0.049 0.031 0.02372
rsFFLHD 3.006 0.004 0.001 0.003 0.00012

bLHD 0.208 0.051 0.026 0.017 0.01305

Table F.1: Computer Model Example: Comparison of RMSE of µ̂ for each design scheme.
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