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Proof of Proposition 1. To prove statement C1, observe first that EPh

[
N̂h(x)

]
= Np(x),

and

VPh

(
N̂h(x)

)
=

N∑
i=1

(
1

πi,h
− 1

)
I(xi=x) +

N∑
i=1

N∑
j=1

(
πij,h
πi,hπj,h

− 1

)
I(xi=x)I(xj=x), h = 1, 2.

Assumption A5 implies that the sampling design Ph is of asymptotically maximal entropy, so

that the inequalities

∣∣∣∣ πij,h
πi,hπj,h

− 1

∣∣∣∣ 6 C

N
i 6= j (1)

hold, C being an absolute constant (cfr. Hájek (1981), p. 74). From (1) and Chebyshev

inequality, statement C1 follows.

The proof of statement C2 is based on the same arguments as in Conti (2014) (Lemmas

1-4 and Proposition 1). First of all, from a first order Taylor expansion and statement C1, it is

seen that the asymptotic law of W x
h,N (y) coincides with the asymptotic law of

√
N

p(x)

{
1

N

N∑
i=1

Di,h

πi,h
I(xi=x)

(
I(yhi6y) − FhN (y |x)

)
− 1

N

N∑
i=1

I(xi=x)

(
I(yhi6y) − FhN (y |x)

)}
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=

√
N

p(x)

{
1

N

N∑
i=1

(
Di,h

πi,h
− 1

)
I(xi=x)

(
I(yhi6y) − FhN (y |x)

)}
.

Define now

Zi,N = I(xi=x)

(
I(yhi6y) − FhN (y |x)

)
− πi,h

∑N
i=1(1− πi,h)I(xi=x)(I(yhi6y) − FhN (y |x))∑N

i=1 πi,h(1− πi,h)

S2
N =

N∑
i=1

(
1

πi,h
− 1

)
Z2
i,N .

Using the same arguments as in Conti (2014) (Lemmas 1-2), and taking into account that

E
[
I(xi=x)

(
I(yhi6y) − FhN (y |x)

)]
= 0

it is immediate to see that, as N goes to infinity,

1

N

N∑
i=1

1

πi,h
I(xi=x)

(
I(yhi6y) − FhN (y |x)

) a.s.→ 0 (2)

1

N

N∑
i=1

(1− πi,h)I(xi=x)

(
I(yhi6y) − FhN (y |x)

) a.s.→ 0 (3)

Zi,N − I(xi=x)

(
I(yhi6y) − FhN (y |x)

) a.s.→ 0 (4)

S2
N

N

a.s.→ (ςh − 1)p(x)Fh(y |x)(1− Fh(y |x)). (5)

At this point the claimed result can be obtained by using the same technique as in Conti (2014)

(Lemmas 3-4 and Proposition 1). Independence of W x
1 (·) and W x

2 (·) follows from independence

of W x
1,N (·) and W x

2,N (·) for each N .

Finally, statement C3 is a consequence of C2 and the Glivenko-Cantelli theorem.

Proof of Proposition 2. From Theorem 4.2 in Gietl and Reffel (2013), it follows that if IPF

converges than the solution matrix of IPF continuously depends on the starting matrix and on

the marginals. Hence, using Proposition 1 and C3, p̂∗(yl11 , y
l2
2 |x) converges in probability to the

solution of IPF procedure that uses pST (yl11 , y
l2
2 |x)s as entries of the starting matrix, and with
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marginals ph(·|x), i.e. to p∗(yl11 , y
l2
2 |x), say. This proves the first claim of Proposition 2. The

same arguments also proves that p∗N (yl11 , y
l2
2 |x) converge a.s. to p∗(yl11 , y

l2
2 |x), from which the

second claim of Proposition 2 follows.

Proof of Proposition 3. The technique of proof is identical to that of Proposition 3 in Conti

et al. (2015), by applying the Skorokhod representation theorem to the processes W x
h,N (·), W x

h (·)

in Proposition 1. As far as the asymptotic variance is concerned, define first the sets

T x
1 =

{
(y1, y2) : Kx

+(y1, y2) = F2(y2|x)
}
, T x

2 =
{

(y1, y2) : Kx
+(y1, y2) = F2(γy1(ax)|x)

}
,

T x
3 =

{
(y1, y2) : Kx

+(y1, y2) = F1(y1|x)
}
, T x

4 =
{

(y1, y2) : Kx
+(y1, y2) = F1(δy2(bx)|x)

}
,

Sx
0 =

{
(y1, y2) : Kx

−(y1, y2) = 0
}
, Sx

1 =
{

(y1, y2) : Kx
−(y1, y2) = F1(y1|x) + F2(y2|x)− 1

}
,

Sx
2 =

{
(y1, y2) : Kx

−(y1, y2) = F1(δy2(bx)|x) + F2(y2|x)− 1
}
,

Sx
3 =

{
(y1, y2) : Kx

−(y1, y2) = F1(y1|x) + F2(γy1(ax)|x)− 1
}
,

Sx
4 =

{
(y1, y2) : Kx

−(y1, y2) = F1(δy2(bx)|x) + F2(γy1(ax)|x)− 1
}

and the functions

τx1 (y1, y2) =
{
I((y1,y2)∈Tx

3 ) − I((y1,y2)∈Sx
1 )
− I((y1,y2)∈Sx

3 )

}
τx2 (y1, y2) =

{
I((y1,y2)∈Tx

4 ) − I((y1,y2)∈Sx
2 )
− I((y1,y2)∈Sx

4 )

}
τx3 (y1, y2) =

{
I((y1,y2)∈Tx

1 ) − I((y1,y2)∈Sx
1 )
− I((y1,y2)∈Sx

2 )

}
τx4 (y1, y2) =

{
I((y1,y2)∈Tx

2 ) − I((y1,y2)∈Sx
3 )
− I((y1,y2)∈Sx

4 )

}
βx(J ; a, b) = min(J(a |x), J(b |x))− J(a |x) J(b |x); J = F1, F2

Rx(y1, y2) = Kx
−(y1, y2)−Kx

+(y1, y2)

Then, V (F1, F2; x) possesses the form stated in Proposition 3, with

V1(F1, F2; x) =

∫
R4

F2(y2|x)F2(z2|x)βx(F1; y1, z1) dR
x(y1, y2) dR

x(z1, z2)
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+

∫
R4
τx1 (y1, y2) τ

x
1 (z1, z2)β

x(F1; y1, z1) d[F1(y1|x)F2(y2|x)] d[F1(z1|x)F2(z2 |x)]

+

∫
R4

τx2 (y1, y2) τ
x
2 (z1, z2)β

x(F1; δy2(bx), δz2(bx)) d[F1(y1|x)F2(y2|x)] d[F1(z1|x)F2(z2|x)]

+2

∫
R4

F2(y2|x) τx1 (z1, z2)β
x(F1; y1, z1) d[Rx(y1, y2) d[F1(z1|x)F2(z2|x)]

+2

∫
R4

F2(y2|x) τx2 (z1, z2)β
x(F1; y1, δz2(bx)) dRx(y1, y2) d[F1(z1|x)F2(z2|x)]

+ 2

∫
R4

τx1 (y1, y2) τ
x
2 (z1, z2)β

x(F1; y1, δz2(bx)) d[F1(y1|x)F2(y2|x)] d[F1(z1|x)F2(z2 |x)] (6)

and

V2(F1, F2; x) =

∫
R4

F1(y1|x)F1(z1|x)βx(F2; y2, z2) dR
x(y1, y2) dR

x(z1, z2)

+

∫
R4

τx3 (y1, y2) τ
x
3 (z1, z2)β

x(F2; y2, z2) d[F1(y1|x)F2(y2|x)] d[F1(z1|x)F2(z2|x)]

+

∫
R4

τx4 (y1, y2) τ
x
4 (z1, z2)β

x(F2; γy1(ax), γz1(ax)) d[F1(y1|x)F2(y2|x)] d[F1(z1|x)F2(z2|x)]

+2

∫
R4

F1(y1|x) τx3 (z1, z2)β
x(F2; y2, z2) d[Rx(y1, y2) d[F1(z1|x)F2(z2|x)]

+2

∫
R4

F1(y1|x) τx4 (z1, z2)β
x(F2; y2, γz1(ax)) dRx(y1, y2) d[F1(z1|x)F2(z2 |x)]

+ 2

∫
R4

τ3(y1, y2) τ
x
4 (z1, z2)β

x(F2; y2, γz1(ax)) d[F1(y1|x)F2(y2|x)] d[F1(z1|x)F2(z2|x)]. (7)

Proof of Proposition 4. A first order Taylor expansion shows that the asymptotic distribution

of
√
N(p̂h(x)− pN (x)) coincides with the asymptotic distribution of

1√
N

N∑
i=1

(
Di,h

πi,h
− 1

)
(I(xi=1) − pN (x)), h = 1, 2. (8)

Define next:

Zi,N = (I(xi=1) − pN (x))− πi,h
∑N

i=1(1− πi,h)(I(xi=1) − pN (x))∑N
i=1 πi,h(1− πi,h)

,
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S2
N =

N∑
i=1

(
1

πi,h
− 1

)
Z2
i,N .

It is immediate to see that, as N goes to infinity,

Zi,N − (I(xi=1) − pN (x))
a.s.→ 0,

1

N
S2
N

a.s.→ p(x)(1− p(x))(ςh − 1).

Hence, the same arguments as in the proof of Proposition 1 lead to:

√
N(p̂h(x)− pN (x))

d→ N(0, τ2(ςh − 1)p(x)(1− p(x))), h = 1, 2. (9)

From the independence of p̂1(x) and p̂2(x), Proposition 4 follows.

Finally, the asymptotically optimal value of τ is the value of τ minimizing τ2(ς1− 1) + (1−

τ)2(ς2 − 1), that turns out to be equal to (ς1 − 1)/(ς1 + ς2 − 2).

Proof of Proposition 6. First of all, the equality

(
n̂−11 + n̂−12

)−1/2 (
∆̂H −∆(F1N , F2N )

)
= L̃1N + L̃2N (10)

holds, where

L̃1N =
(
n̂−11 + n̂−12

)−1/2 K∑
k=1

p̂12(x
k)
(

∆̂xk −∆xk
(F1N , F2N )

)
(11)

L̃2N =
(
n̂−11 + n̂−12

)−1/2 K∑
k=1

∆xk
(F1N , F2N )

(
p̂12(x

k)− pN (xk)
)
. (12)

From Propositions 3 - 5 it is argued that (11), (12) are asymptotically independent, as N

increases. Hence, we just have to study separately the asymptotic behavior of (11) and (12). As

far as (11) is concerned, using the symbol ∼ for asymptotic equivalence, in view of Propositions
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1 - 5 we have:

L̃1N ∼
(
n̂−11 + n̂−12

)−1/2 K∑
k=1

p(xk)
(

∆̂xk −∆xk
(F1N , F2N )

)

∼
K∑
k=1

√
n̂1(xk)n̂2(xk)

n̂1(xk) + n̂2(xk)

√
n̂1(xk) + n̂2(xk)

n̂1 + n̂2

(
∆̂xk −∆xk

(F1N , F2N )
)

∼
K∑
k=1

√
p(xk)

(
n̂1(x

k)−1 + n̂2(x
k)−1

)−1/2 (
∆̂xk −∆xk

(F1N , F2N )
)

d→ N

(
0,

K∑
k=1

p(xk)V (F1, F2; x
k)

)
. (13)

The quantity L̃2N can be dealt with similarly, from which the proposition follows.
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