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Supplementary materials of the article ‘Nonparametric
Estimation and Inference for Spatiotemporal Epidemic

Models’

In this document, we provide proofs of the main asymptotic results and some technical details
used in the proofs.

B.1. Notations

To facilitate the proof, we first introduce some notations to make the model more general. Sup-
pose there are n locations, where Ui ∈ Ω are the spatial coordinate of the i-th location. Let
Yit be the response variable observed at time t, and in the STEM models, Yit is the number
of new infected cases or new fatal cases on day t for county i. To simplify our proof, here we
abuse our notations from the main article and let Zit = (Zit1, . . . , Zitp1)

> be a p1-dimensional
vector of time-varying explanatory variables which are linearly associated with the response
variable. In the STEM-infection model, Zit1 = log(Sit−1/Ni) and Zitj’s, j = 2, . . . , p1, are
the mobility information and dummy variables of interventions or control measures observed
on day t − 7 for county i. In addition, let Xi = (Xi1, . . . , Xip2)

> be a p2-dimensional vec-
tor of explanatory variables, which are not varying with time, and have nonlinear effect on the
response, and in the STEM models, Xik’s are the time invariant county-level features. Finally,
let Wit = (1,Wit1, . . . ,Witp3)

> be a (p3 + 1)-dimensional vector of explanatory variables,
which have a varying relationship with the response across different locations. For example, in
the STEM models proposed in the main paper, Wit1 can be the logarithm of the first lagged
value of the cumulative number of active cases at time t, i.e.,Wit1 = log(Ii,t−1 +1). We assume
{(Yit,Z>it ,X>i ,W>

it )}ni=1 are independent and identically distributed across all the locations, but
correlation may exist for the time series observed at the same location. The following proof stud-
ies the theoretical properties of the discrete-time spatial epidemic model at any fixed time point
t. The results hold for all the time points within the studying period. For notation simplicity, we
drop the time index t for αt, γ1t, . . ., γp2t, β0t, . . ., βp3t and spline coefficients ξ1t, . . . , ξp2t,
θ1t, . . . ,θp3t , and θ∗1t, . . . ,θ

∗
p3t.

Furthermore, in the proof, we assume that the conditional mean of Yit depends only on the
covariate vector for the tth observation. We consider the following spatiotemporal generalized
partially linear model, and we assume that µ0

it can be modeled via a link function g as follows:

g(µ0
it) = α0>Zit +

p2∑
k=1

γ0
k(Xik) +

p3∑
`=0

β0
` (Ui)Wit`

and rewrite the quasilikelihood as the following:

Ln(α;γ,β) =

n∑
i=1

t2∑
s=t1

L

[
g−1

{
α>Zis +

p2∑
k=1

γk(Xik) +

p3∑
`=0

β`(Ui)Wis`

}
, Yis

]
.

First we introduce the general notations that we use in the following proof. Without loss of
generality, let xk ∈ [ak, bk] = [0, 1], for k = 1, · · · , p2, and the area of the domain Ω be
1, A(Ω) = 1, in the rest of the article. For the univariate splines, we consider equally-spaced
knots in our theoretical derivation, and denote h as the length of the equally-spaced subintervals,
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then it is clear h � |J |−1. For a real value vector a ∈ Rn, we define its Euclidean norm
as ‖a‖22 =

∑n
i=1 a

2
i and its supremum norm as |a| = max1≤i≤n |ai|. For any real symmetric

matrix A = (aij)
n,n
i=1,j=1, denote by λmin (A) and λmax (A) its smallest and largest eigenvalues,

and its L2 norm as ‖A‖2 = maxa∈Rn,a6=0 ‖Aa‖2 ‖a‖
−1
2 . For any Lebesgue measurable function

ψ(u) on a domain Ω, let ‖ψ‖∞ = supu∈Ω |ψ(u)|, and ‖ψ‖2L2
=
∫

Ω ψ
2(u)du. For any bivariate

function g : Ω→ R, denote |g|υ,∞,Ω = maxi+j=υ ‖∇is1∇
j
s2gj(u)‖∞,Ω. Let v be a nonnegative

integer, and δ ∈ (0, 1] such that % = δ + v ≥ 1. Let H(%)([0, 1]) be the class of functions ψ
on [0, 1] whose vth derivative exists and satisfies a Lipschitz condition of order δ: |ψ(v)(x) −
ψ(v)(x′)| ≤ Cv|x− x′|δ, for x, x′ ∈ [0, 1]. Let

D0
k([0, 1]) = {g : Eg(Xk) = 0,Eg2(Xk) <∞}

be the functional space defined on [0, 1] and

Sd+1,∞(Ω) = {g : |g|k,∞,Ω <∞, 0 ≤ k ≤ d+ 1}

be the standard Sobolev space.
Define the model space G as

G =

η =

p1∑
j=1

αjzj +

p2∑
k=1

γk(xk) +

p3∑
`=0

β`(u)w` : αj ∈ R, γk ∈ H(%) ∩ D0
k, β` ∈ Sd+1,∞(Ω)

 .

We define the norm on the space G. For functions η1, η2 ∈ G, define their theoretical inner
product as

〈η1, η2〉 = E{η1(Z,X,W,U)η2(Z,X,W,U)},

and define their empirical inner product as

〈η1, η2〉n =
1

nT

n∑
i=1

t2∑
s=t1

η1(Zis,Xi,Wis,Ui)η2(Zis,Xi,Wis,Ui),

where nT = n(t2 − t1 + 1).
Consequently, ‖η‖2 = 〈η, η〉 and ‖η‖2n = 〈η, η〉n.
Denote the corresponding empirical and theoretical norms ‖ · ‖n and ‖ · ‖. Furthermore, let
‖ · ‖E be the norm introduced by the inner product 〈·, ·〉E , where, for β(1)(u) and β(2)(u),

〈
β(1),β(2)

〉
E

=

p3∑
`,`′=0

∫
Ω

 ∑
i+j=2

(
2

i

)
(∇iu1

∇ju2
β

(1)
` )


∑
i+j=2

(
2

i

)
(∇iu1

∇ju2
β

(2)
`′ )

 du1du2.

For the notation simplicity, let ġ−1(x) = {g−1(x)}′. For the quasi-likelihood function
L{g−1(x), y}, let q1(x, y) = ∂

∂xL{g
−1(x), y} and q2(x, y) = ∂2

∂x2L{g−1(x), y}. It is clear that

q1(x, y) = {y − g−1(x)}ρ1(x), q2(x, y) = {y − g−1(x)}ρ′1(x)− ρ2(x),
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where ρj(x) = {ġ−1(x)}j/[σ2V {g−1(x)}], and σ2 is the dispersion parameter, j = 1, 2. More-
over, let

η(z,x,w,u;α,β,γ) =

p1∑
j=1

zjαj +

p2∑
k=1

γk(xk) +

p3∑
`=0

β`(u)w`,

and denote η0
is = η(Zis,Xi,Wis,Ui;α

0,γ0,β0), and εi = Yis − g−1(η0
is) be the error term.

Recall that ΦkJ(xk), J ∈ J , are the standardized B-spline basis functions for the kth covari-
ate, where J is the index set of the basis functions. Thus, EΦkJ(Xk) = 0 and EΦ2

kJ(Xk) = 1.
Similarly, we define the standardized Bernstein basis polynomials asB∗M (u) = BM (u)/‖BM‖,
M ∈ M, whereM is the index set of Bernstein basis functions. Define the approximate space
as

A =

η∗ : η∗(x, z,w,u) =

p1∑
j=1

zjαj +

p2∑
k=1

∑
J∈J

ξkJΦkJ(xk) +

p3∑
`=0

∑
M∈M

θ`MB
∗
M (u)w`,

xk ∈ [0, 1],u ∈ Ω, ξkJ , θ`M , αj ∈ R} .

Let εis = Yis − g−1{α0>Zis +
∑p2

k=1 γ
0
k(Xik) +

∑p3
`=0 β

0
` (Ui)Wis`} be the error term.

B.2. Assumptions

The following are the technical assumptions needed to facilitate the technical details, though
they may not be the weakest conditions.

(A1) For k = 1, . . . , p2, γ
0
k ∩ D0

k. For ` = 0, . . . , p3, β0
` ∈ Sd+1,∞(Ω).

(A2) The density function fU (u) of U is bounded away from zero and infinity on Ω. The density
function fX(x) of X is absolutely continuously and bounded away from zero and infinity on
[0, 1]p2 .

(A3) The function q2(x, y) < 0, c1 < |q2(x, y)| < C1 and c2 < | ∂∂xq2(x, y)| < C2 for x ∈ R and y
in the range of the response variable. The functions V (·), g−1(·), the first order derivative of
g−1(·) are continuous, and there exist positive constants cρ and Cρ such that cρ ≤ ρ2(·) ≤ Cρ.
For each (x, z,w,u), Var(Y |X = x,Z = z,W = w,U = u) and g′(µ(x, z,w,u)) are
nonzero.

(A4) The errors satisfy E{εis|Xi = x,Zis = z,Wis = w,Ui = u} = 0 and E(|εis|2+ι|Xi =
x,Zis = z,Wis = w,Ui = u) <∞ for some ι ∈ (1/2,∞).

(A5) For any ` = 0, . . . , p3, there exists a positive constant C` such that |W`| ≤ C`. Denote
Q(x,u) = E

{
(1,Z>,W>)>(1,Z>,W>)

∣∣∣X = x,U = u
}

. The eigenvalues ψ0(x,u) ≤
ψ1(x,u) ≤ · · · ≤ ψp1+p3+1(x,u) of Q(x,u) are bounded away from 0 and infinity uni-
formly for all x ∈ [0, 1]p2 , u ∈ Ω; that is, there are positive constants C1 and C2 such that
C1 ≤ ψ0(x,u) ≤ ψ1(x,u) ≤ · · · ≤ ψp1+p3+1(x,u) ≤ C2 for all x ∈ [0, 1]p2 , u ∈ Ω.

(A6) The triangulation 4 is π-quasi-uniform, that is, there exists a positive constant π such that
|4|/ρ4 ≤ π, where |4| = max{|T |, T ∈ 4} and ρ4 = min {ρT } with ρT being the radius
of the largest circle inscribed in T .

(A7) The length of subintervals h for the univariate spline and the triangulation size |4| for bivari-
ate spline satisfy that (log n)2/5n−1/5 � h � n−1/(4%+1), % > 1, (log n)1/5n−1/10 �
|4| � n−1/(4d−2), d > 3; and the smoothness penalty parameter satisfies λ �
min{n3/4h3/4|4|4, n3/4|4|11/2}.
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(A8) Let η0(X,Z,U,W) = Z>α0
t +

∑p2
k=1 γ

0
k(Xk) +

∑p3
`=0 β

0
` (U)W`. Define

Γ(x,u,w) =
E
[
ρ2{η0(Z,X,U,W)}Z|X = x,U = u,W = w

]
E[ρ2{η0(Z,X,U,W)}|X = x,U = u,W = w]

, Z̃ = Z−Γ(X,U,W),

(B.1)
and Σ = E{ρ2(η0)Z̃Z̃>}. The matrix Σ is positive definite.

The above assumptions are mild conditions that can be satisfied in many practical situations.
Assumption (A1) is frequently used in the literature of nonparametric estimation. It illustrates
the smoothness requirement on the true functional components. The first part of Assumption
(A2) requires that the locations of the observations are randomly scattered over the domain Ω.
The second part of Assumption (A2) is a mild condition on the joint density of X1, . . . , Xp2 .
Assumption (A3) is a standard condition for the quasi-likelihood method; see, for example, Car-
roll et al. (1997), Wang et al. (2011) and Wang and Cao (2018). Assumptions (A2) and (A4) are
similar to Assumptions (A3) and (A4) in Liu et al. (2013). Under Assumption (A5), the vector
(Xi1, . . . , Xip2)

> is not multicolinear. Assumption (A6) imposes basic regularity conditions for
the triangulation in BPST; see Lai and Wang (2013), Wang et al. (2020) and Mu et al. (2020).
The class of triangulations whose smallest angles are larger than some positive constant satisfy
this condition. The requirements of smoothing parameters and triangulation size in the BPST
estimation are given in the Assumption (A7).

B.3. Preliminaries

LEMMA B.1 Under Assumptions (A2) and (A6), for k = 1, · · · , p2, J, J ′ ∈ J , M,M ′ ∈ M
and r ≥ 1,

E|ΦkJ(Xik)ΦkJ ′(Xik)|r � h−rE|ϕkJ(Xik)ϕkJ ′(Xik)|r �

{
0, |J − J ′| > %+ 1,

h1−r, |J − J ′| ≤ %+ 1,

E |B∗M (Ui)B
∗
M ′(Ui)|r �

{
0, dM/d∗e 6= dM ′/d∗e,
|4|2−2r, dM/d∗e = dM ′/d∗e,

E |ΦkJ(Xik)B
∗
M (Ui)|r � |4|2−rh(2−r)/2,

where d∗ = (d+ 1)(d+ 2)/2.

Proof. By Assumptions (A2) and (A6), ‖ϕ0
kJ‖ � ‖ϕkJ‖L2

� h1/2 and ‖BM‖ � ‖BM‖L2
�

|4|, which imply that ΦkJ � h−1/2φkJ and B∗M � |4|−1BM . Then, we have

E|ΦkJ(Xik)ΦkJ ′(Xik)|r � h−rE|ϕkJ(Xik)ϕkJ ′(Xik)|r �

{
0, |J − J ′| > %+ 1,

h1−r, |J − J ′| ≤ %+ 1,

E |B∗M (Ui)B
∗
M ′(Ui)|r � |4|−2rE |BM (Ui)BM ′(Ui)|r �

{
0, dM/d∗e 6= dM ′/d∗e,
|4|2−2r, dM/d∗e = dM ′/d∗e,

E |ΦkJ(Xik)B
∗
M (Ui)|r � |4|−rh−r/2E |ϕkJ(Xik)BM (Ui)|r � |4|2−rh(2−r)/2.

Thus, the desired results are established. �
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LEMMA B.2 Under Assumption (A6), there exist positive constants ck, Ck, cs, Cs, such that,
for k = 1, · · · , p,

ck
∑
J∈J

ξ2
kJ ≤

∥∥∥∥∥∑
J∈J

ξkJΦkJ

∥∥∥∥∥
2

L2

≤ Ck
∑
J∈J

ξ2
kJ , cs

∑
M∈M

θ2
`M ≤

∥∥∥∥∥ ∑
M∈M

θ`MB
∗
M

∥∥∥∥∥
2

L2

≤ Cs
∑
M∈M

θ2
`M .

LEMMA B.3 Let η =
∑p1

j=1 αjzj+
∑p2

k=1

∑
J∈J ξkJΦkJ(xk)+

∑p3
`=0

∑
M∈M θ`MB

∗
M (u)w`.

Under Assumptions (A2), (A5) and (A6), there exist positive constants c, C such that

c
(
‖α‖22 + ‖ξ‖22 + ‖θ‖22

)
≤ ‖η‖2 ≤ C

(
‖α‖22 + ‖ξ‖22 + ‖θ‖22

)
,

where α = (α1, . . . , αp1)
>, ξ = {ξkJ , k = 1, . . . , p2, J ∈ J }>, and θ =

{θ`M , ` = 0, . . . , p3,M ∈M}>

Proof. Denote

a(X,U) =

{
p2∑
k=1

∑
J∈J

ξkJΦkJ(Xk),α,
∑
M∈M

θ1MB
∗
M (U), . . . ,

∑
M∈M

θp3MB
∗
M (U)

}
,

Q(x,u) = E
{

(1,Z>,W>)>(1,Z>,W>)
∣∣∣X = x,U = u

}
.

By Assumptions (A2), (A5) and (A6) and Lemma B.2, we have

‖η‖2 = E

E


p1∑
j=1

αjZj +

p2∑
k=1

∑
J∈J

ξkJΦkJ(Xk) +

p3∑
`=0

W`

∑
M∈M

θ`MB
∗
M (U)


2 ∣∣∣(X,U)


= E

{
a(X,U)Q(X,U)a(X,U)>

}
≤ C

p1∑
j=1

α2
j + C

∥∥∥∥∥
p2∑
k=1

∑
J∈J

ξkJΦkJ

∥∥∥∥∥
2

L2

+ C

p3∑
`=0

∥∥∥∥∥ ∑
M∈M

θ`MB
∗
M

∥∥∥∥∥
2

L2

≤ C
(
‖α‖22 + ‖ξ‖22 + ‖θ‖22

)
.

Similarly, we have ‖η‖2 ≥ c
∑p1

j=1 α
2
j + c

∥∥∑p2
k=1

∑
J∈J ξkJΦkJ

∥∥2

L2
+

c
∑p3

`=0

∥∥∑
M∈M θ`MB

∗
M

∥∥2

L2
. According to Lemma 1 by Stone (1985), we have

∥∥∥∥∥
p2∑
k=1

∑
J∈J

ξkJΦkJ

∥∥∥∥∥
2

≥c0

p2∑
k=1

∥∥∥∥∥∑
J∈J

ξkJΦkJ

∥∥∥∥∥
2

.

Then, ‖η‖2 ≥ c
(
‖α‖22 + ‖ξ‖22 + ‖θ‖22

)
holds. The lemma follows. �

LEMMA B.4 (Lemma B.4, Yu et al. (2020)) For any k = 1, . . . , p2, γk ∈ H(%)∩D0
k, there exist

a constant c and a function γ∗k ∈ U0
k such that ‖γk − γ∗k‖∞ ≤ c‖γ

(%+1)
k ‖∞h%+1.
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LEMMA B.5 (Theorem 10.2, Lai and Schumaker (2007)) Suppose that |4| is a π-quasi-
uniform triangulation of a polygonal domain Ω, and β(·) ∈ Sd+1,∞(Ω).

(i) For bi-integer (a1, a2) with 0 ≤ a1 + a2 ≤ d, there exists a spline β∗(·) ∈ S0
d(4) such that

‖∇a1
z1∇

a2
z2 (β − β∗) ‖∞ ≤ C|4|d+1−a1−a2 |β|d+1,∞, where C is a constant depending on d,

and the shape parameter π.
(ii) For bi-integer (a1, a2) with 0 ≤ a1 + a2 ≤ d, there exists a spline function β∗∗(·) ∈ Srd(4)

(d ≥ 3r + 2) such that ‖∇a1
z1∇

a2
z2 (β − β∗∗) ‖∞ ≤ C|4|d+1−a1−a2 |β|d+1,∞, where C is a

constant depending on d, r, and the shape parameter π.

Lemma B.5 shows that S0
d(4) has full approximation power, and Srd(4) also has full approx-

imation power if d ≥ 3r + 2.
Define basis functions of the approximation space A as ηZj (z,x,w,u) = zj , j = 1, . . . , p1,

ηXkJ(z,x,w,u) = ΦkJ(xj), k = 1, . . . , p2, J ∈ J , and ηW`M (z,x,w,u) = B∗M (u)w`, ` =
0, . . . , p3,M ∈M. Notice that for any η ∈ A can be expressed as the linear combination of the
above functions.

LEMMA B.6 Suppose that Assumptions (A2), (A5) and (A6) hold. Then, we have

max
0≤`,`′≤p3
M,M ′∈M

|〈ηW`M , ηW`′M ′〉n − 〈ηW`M , ηW`′M ′〉| = Oa.s.{n−1/2|4|−1(log n)1/2}, (B.2)

max
1≤k,k′≤p2
J,J ′∈J

|〈ηXkJ , ηXk′J ′〉n − 〈ηXkJ , ηXk′J ′〉| = Oa.s.{n−1/2h−1/2(log n)1/2}, (B.3)

max
1≤j,j′≤p1

|〈ηZj , ηZj′〉n − 〈ηZj , ηZj′〉| = Oa.s.

{
n−1/2(log n)1/2

}
, (B.4)

max
1≤k≤p2,1≤`≤p3
M∈M,J∈J

|〈ηW`M , ηXkJ〉n − 〈ηW`M , ηXkJ〉| = Oa.s.

{
n−1/2(log n)1/2

}
, (B.5)

max
1≤j≤p1,0≤`≤p3

M∈M

|〈ηW`M , ηZj 〉n − 〈ηW`M , ηZj 〉| = Oa.s.

{
n−1/2(log n)1/2

}
, (B.6)

max
1≤j≤p1,1≤k≤p2

J ′∈J

|〈ηZj , ηXkJ ′〉n − 〈ηZj , ηXkJ ′〉| = Oa.s.

{
n−1/2(log n)1/2

}
. (B.7)

Proof. Notice that

max
0≤`,`′≤p3
M,M ′∈M

|〈ηW`M , ηW`′M ′〉n − 〈ηW`M , ηW`′M ′〉|

= max
0≤`,`′≤p3
M,M ′∈M

∣∣∣∣∣ 1

nT

n∑
i=1

t2∑
s=t1

B∗M (Ui)B
∗
M ′(Ui)Wis`Wis`′ − E {B∗M (Ui)B

∗
M ′(Ui)Wis`Wis`′}

∣∣∣∣∣
≤ max

t1≤s≤t2
max

0≤`,`′≤p3
M,M ′∈M

∣∣∣∣∣ 1n
n∑
i=1

B∗M (Ui)B
∗
M ′(Ui)Wis`Wis`′ − E {B∗M (Ui)B

∗
M ′(Ui)Wis`Wis`′}

∣∣∣∣∣ .
Thus, in the following, we derive the order of terms

max
0≤`,`′≤p3
M,M ′∈M

∣∣∣∣∣ 1n
n∑
i=1

B∗M (Ui)B
∗
M ′(Ui)Wis`Wis`′ − E {B∗M (Ui)B

∗
M ′(Ui)Wis`Wis`′}

∣∣∣∣∣ .
6
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For simplicity, we consider the case ` = `′. Let

Uis`MM ′ = n−1B∗M (Ui)B
∗
M ′(Ui)W

2
is` − n−1E

{
B∗M (Ui)B

∗
M ′(Ui)W

2
is`

}
,

uis`MM ′ = n−1BM (Ui)BM ′(Ui)W
2
is` − n−1E

{
BM (Ui)BM ′(Ui)W

2
is`

}
.

Then Uis`MM ′ = ‖BM‖−1‖BM ′‖−1uis`MM ′ , as the basis function is bounded by a constant.
Notice that EUis,`MM ′ = Euis`MM ′ = 0, and

E|Uis`MM ′ |r = ‖BM‖−r‖BM ′‖−rE|uis`MM ′ |r ≤ (cn−1‖BM‖−1‖BM ′‖−1)r−2E|Uis,`MM ′ |2

≤ (Cn−1|4|−2)r−2E|Uis,`MM ′ |2.

Thus, Uis`MM ′ satisfies the Cramér’s condition with constant Cn−1|4|−2. Applying Bernstein
inequality to

∑n
i=1

∑t2
s=t1
Uis,`MM ′ , for any δ > 0, one has

P

{∣∣∣∣∣
n∑
i=1

Uis`MM ′

∣∣∣∣∣ ≥ δn−1/2|4|−1 log1/2 n

}
≤ 2 exp

{
−δ2 log n

4 + C|4|−1n−1/2 log1/2 n

}
.

Assume |M| � nτ for some 0 < τ <∞. Under Assumption (A6), we have

∞∑
n=1

P

{
max
`,M,M ′

∣∣∣∣∣
n∑
i=1

Uis`MM ′

∣∣∣∣∣ ≥ δn−1/2|4|−1 log1/2 n

}
≤
∞∑
n=1

p3∑
`=0

|M|n−2−τ <∞.

Thus,

max
`,M,M ′

∣∣∣∣∣
n∑
i=1

Uis`MM ′

∣∣∣∣∣ = Oa.s.{n−1/2|4|−1 log1/2 n}.

Similarly, under Assumptions (A5) and (A6), we have (B.3) and (B.5). The desired results are
obtained. �

LEMMA B.7 Suppose that Assumptions (A2), (A5) and (A6) hold. Then, we have

Rn = sup
η1,η2∈A

∣∣∣∣〈η1, η2〉n − 〈η1, η2〉
‖η1‖‖η2‖

∣∣∣∣ = Oa.s.

{
h−1/2|4|−1n−1/2 log1/2 n

}
, (B.8)

and consequently,

sup
η∈A

∣∣‖η‖2n/‖η‖2 − 1
∣∣ = Oa.s.

{
h−1/2|4|−1n−1/2 log1/2 n

}
. (B.9)

Proof. Without loss of generality, let

η1 =

p1∑
j=1

α
(1)
j zj+

p2∑
k=1

∑
J∈J

ξ
(1)
kJ ΦkJ+

p3∑
`=0

∑
M∈M

θ
(1)
`MB

∗
M , η2 =

p1∑
j=1

α
(2)
j zj

p2∑
k=1

∑
J∈J

ξ
(2)
kJ ΦkJ+

p3∑
`=0

∑
M∈M

θ
(2)
`MB

∗
M .

7
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Denote α(b) = (α
(b)
1 , . . . , α

(b)
p1 )>, ξ(b) =

{
ξ

(b)
kJ , k = 1, . . . , p2, J ∈ J

}>
and θ(b) ={

θ
(b)
`M , ` = 0, . . . , p3,M ∈M

}>
, for b = 1, 2. By Lemma B.3, we have

‖η1‖‖η2‖ �
(
‖α(1)‖22 + ‖ξ(1)‖22 + ‖θ(1)‖22

)1/2 (
‖α(2)‖22 + ‖ξ(2)‖22 + ‖θ(2)‖22

)1/2
.

Also, notice that

〈η1, η2〉n − 〈η1, η2〉 =

p2∑
k,k′=1

∑
J,J ′∈J

ξ
(1)
kJ ξ

(2)
k′J ′(〈η

X
kJ , η

X
k′J ′〉n − 〈ηXkJ , ηXk′J ′〉)

+

p3∑
`,`′=0

∑
M,M ′∈M

θ
(1)
`Mθ

(2)
`′,M ′(〈η

W
`M , η

W
`′M ′〉n − 〈ηW`M , ηW`′M ′〉) +

p1∑
j,j′=1

α
(1)
j α

(2)
j′ (〈ηZj , ηZj′〉n − 〈ηZj , ηZj′〉)

+

p2∑
k=1

p3∑
`=0

∑
J∈J ,M∈M

(ξ
(1)
kJ θ

(2)
`M + ξ

(2)
kJ θ

(1)
`M )(〈ηW`M , ηXkJ〉n − 〈ηW`M , ηXkJ〉)

+

p1∑
j=1

p3∑
`=0

∑
M∈M

(θ
(1)
`Mα

(2)
j + θ

(2)
`Mα

(1)
j )(〈ηW`M , ηZj 〉n − 〈ηW`M , ηZj 〉)

+

p1∑
j=1

p2∑
k=1

∑
J∈J

(ξ
(1)
kJ α

(2)
j + ξ

(2)
kJ α

(1)
j )(〈ηZj , ηXkJ〉n − 〈ηZj , ηXkJ〉)

=I1 + I2 + I3 + I4 + I5 + I6.

By Lemma B.6, we have

I1 ≤
p2∑

k,k′=1

∑
|J−J ′|≤%+1

|ξ(1)
kJ ξ

(2)
k′J ′ | max

1≤`,`′≤p,J,J ′∈J
|〈ΦkJ ,Φk′J ′〉n − 〈ΦkJ ,Φk′J ′〉|

= ‖ξ(1)‖2‖ξ(2)‖2 ×Oa.s.(n
−1/2h−1/2 log1/2 n).

Similarly, we have

I2 = ‖θ(1)‖2‖θ(2)‖2×Oa.s.(n
−1/2|4|−1 log1/2 n), I3 = ‖α(1)‖2‖α(2)‖2×Oa.s.(n

−1/2 log1/2 n).

By the Cauchy Schwarz inequality, we have

p2∑
k=1

p3∑
`=0

∑
J∈J ,M∈M

(|ξ(1)
kJ θ

(2)
`M |+ |ξ

(2)
kJ θ

(1)
`M |)

=

(
p2∑
k=1

∑
J∈J
|ξ(1)
kJ |

)(
p3∑
`=0

∑
M∈M

|θ(2)
`M |

)
+

(
p2∑
k=1

∑
J∈J
|ξ(2)
kJ |

)(
p3∑
`=0

∑
M∈M

|θ(1)
`M |

)
≤ Ch−1/2|4|−1

(
‖ξ(1)‖2‖θ(2)‖2 + ‖ξ(2)‖2‖θ(1)‖2

)
,

8
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which implies that

I4 =
(
‖ξ(1)‖2‖θ(2)‖2 + ‖ξ(2)‖2‖θ(1)‖2

)
×Oa.s.(h

−1/2|4|−1n−1/2 log1/2 n).

Similarly, we obtain

I5 =
(
‖α(1)‖2‖θ(2)‖2 + ‖α(2)‖2‖θ(1)‖2

)
×Oa.s.(h

−1/2n−1/2 log1/2 n),

I6 =
(
‖α(1)‖2‖ξ(2)‖2 + ‖α(2)‖2‖ξ(1)‖2

)
×Oa.s.(|4|−1n−1/2 log1/2 n).

Combining I1 − I6, we obtain (B.8). As a direct result of (B.8), we obtain that (B.9) �

Next, denote

B∗(Ui) = {B∗M (Ui),M ∈M}, B̃(Wis,Ui) = Wis ⊗Q>2 B∗(Ui), (B.10)

and

Fis =

 Ais

Φ(Xi)

B̃(Wis,Ui)

 , Dλ = λ

0 0 0
0 0 0
0 0 Q>2 PQ2

 . (B.11)

Denote

H∗n,0 =
1

nT

n∑
i=1

t2∑
s=t1

FisFis, H∗n ≡ H∗n,λ =
1

nT

n∑
i=1

t2∑
s=t1

FisFis + Dλ. (B.12)

LEMMA B.8 Under Assumptions (A2) and (A5)–(A7), there exist constants 0 < cH < CH <
∞, such that cH ≤ λmin(H∗n,λ) ≤ λmax(H∗n,λ) ≤ CH , almost surely, for large enough n.

Proof. It is easy to see that for any vector ϑ = (α>, ξ>,θ∗>)>,

ϑH∗n,0ϑ
> =

1

nT

n∑
i=1

t2∑
s=t1

ϑFisF
>
isϑ
> = ‖gϑ‖2n,

where g(Z,X,W,U;ϑ) = α>Z + ξ>Φ(X) + θ∗>B̃(W,U). By Lemmas B.3 and B.6, we
have

c(1−Rn)‖ϑ‖22 ≤ (1−Rn)‖gϑ‖2 ≤ ‖gϑ‖2n,
‖gϑ‖2n ≤ (1 +Rn)‖gϑ‖2 ≤ C(1 +Rn)‖ϑ‖22.

By Assumption (A6), Rn → 0, as n→∞, therefore,

c‖ϑ‖22 ≤ ϑH∗n,0ϑ ≤ C‖ϑ‖22, (B.13)

almost surely, for large enough n.

9
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The (M,M ′)th element of P is PM,M ′ =
∫
∇2
u1
B∗M (u)∇2

u1
B∗M ′(u) +

∇2
u2
B∗M (u)∇2

u2
B∗M ′(u) + 2∇2

u1u2
B∗M (u)∇2

u1u2
B∗M ′(u)du. By Theorem 2.19 in Lai and

Schumaker (2007), we have

PM,M ′ �

{
|4|−4, dM/d∗e = dM ′/d∗e,
0, dM/d∗e 6= dM ′/d∗e.

(B.14)

Then, by the Assumption (A6), we have

ϑDλϑ> = O{λ|4|−4n−1‖ϑ‖22} = o(‖ϑ‖22). (B.15)

The desired result follows (B.13) and (B.15). �

B.4. Consistency of Penalized Quasi-likelihood Estimators

By Lemmas B.4 and B.5, there exist

γ̃k(xk) = Φk
>(xk)ξ̃k, β̃`(u) = B̃>(u)θ̃∗` , (B.16)

which are the best approximation to γk’s and β with the approximation rate at ‖γk − γ̃k‖∞ ≤
Ck‖γ

(%+1)
k ‖∞h%+1 and ‖β` − β̃`‖∞ ≤ Cβ`

|β`|d+1,∞|4|d+1. Denote ξ̃ = (ξ̃>1 , · · · , ξ̃>p2)
> and

θ̃ = (θ̃∗>0 , · · · , θ̃∗>p3 )>.
Denote that ηis(ϑ) = Z>isα+ Φ(Xi)

>ξ+ B̃(Wis,Ui)
>θ∗ = Fisϑ, which is a function with

respect to subject i at time s, where ϑ = (α>, ξ>,θ∗>)>. We have

∇LP
n(ϑ) = −

n∑
i=1

t2∑
s=t1

q1 (ηis(ϑ), Yis) Fis + Dλϑ,

∇2LP
n(ϑ) = −

n∑
i=1

t2∑
s=t1

q2(ηis(ϑ), Yis)FisF
>
is + Dλ.

For the notation simplicity, we denote η0
is =

∑p1
j=1 Zisjαj +

∑p2
k=1 γk(Xik) +∑p3

`=0 β`(Ui)Wis`, η̂is = ηis(ϑ̂) and η̃is = ηis(ϑ̃).

LEMMA B.9 Under Assumptions (A1)–(A7), we have∣∣∣∣ 1

nT
∇LP

n(ϑ̃)

∣∣∣∣ = Oa.s

{(
log n

n

)1/2

+ h%+3/2 + |4|d+2 + h%+1|4|+ h1/2|4|d+1 +
λ

n|4|3

}
,

∥∥∥∥ 1

nT
∇LP

n(ϑ̃)

∥∥∥∥ = Oa.s

{
(h−1/2 + |4|−1)

(
log n

n

)1/2

+ h%+1 + |4|d+1 +
λ

n|4|4

}
.

Proof. Let η̃(Z,X,W,U; ϑ̃) = Z>α̃+Φ(X)>ξ̃+B̃(W,U)>θ̃∗, then ‖η̃−η‖∞ = O(h%+1+

10
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|4|d+1). By Assumption (A2), we have

n−1
T ∇L

P
n(ϑ̃) = − 1

nT

n∑
i=1

t2∑
s=t1

q1 (η̃is, Yis) Fis +
1

nT
Dλϑ̃

= − 1

nT

n∑
i=1

t2∑
s=t1

Yis − g−1(η̃is)

σ2V (g−1(η̃is))
ġ−1(η̃is)Fis +

1

nT
Dλϑ̃

= − 1

nT

n∑
i=1

t2∑
s=t1

Yis − g−1(η̃is)

σ2V (g−1(η0
is))

ġ−1(η0
is) {1 + o(1)}Fis +

1

nT
Dλϑ̃

= Vv {1 + o(1)}+ Vb {1 + o(1)}+ Vp,

where

Vv = − 1

nT

n∑
i=1

t2∑
s=t1

Yis − g−1(η0
is)

σ2V (g−1(η0
is))

ġ−1(η0
is)Fis,

Vb = − 1

nT

n∑
i=1

t2∑
s=t1

g−1(η0
is)− g−1(η̃is)

σ2V (g−1(η0
is))

ġ−1(η0
is)Fis, Vp =

1

nT
Dλϑ̃. (B.17)

For the vector Vv, we have

E

[
Yis − g−1(η0

is)

σ2V (g−1(η0
is))

ġ−1(η0
is)ΦkJ(Xik)

]
= 0, E

[
Yis − g−1(η0

is)

σ2V (g−1(η0
is))

ġ−1(η0
is)ΦkJ(Xik)

]2

= O(1).

According to Assumption (A3) and applying the Bernstein inequality, for any k = 1, . . . , p2 and
J ∈ J , we obtain

1

nT

n∑
i=1

t2∑
s=t1

Yis − g−1(η0
is)

σ2V (g−1(η0
is))

ġ−1(η0
is)ΦkJ(Xik) = Oa.s.

{(
log n

n

)1/2
}
. (B.18)

Similarly, for any M ∈M,

1

nT

n∑
i=1

t2∑
s=t1

Yis − g−1(η0
is)

σ2V (g−1(η0
is))

ġ−1(η0
is)Wis`B

∗
M (Ui) = Oa.s.

{(
log n

n

)1/2
}
. (B.19)

For the vector Vb, we focus on the term

n−1
T

n∑
i=1

t2∑
s=t1

g−1(η0
is)− g−1(η̃is)

σ2V (g−1(η0
is))

ġ−1(η0
is)ΦkJ(Xik).

11
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We write

1

nT

n∑
i=1

t2∑
s=t1

g−1(η0
is)− g−1(η̃is)

σ2V (g−1(η0
is))

ġ−1(η0
is)ΦkJ(Xik) =

n∑
i=1

t2∑
s=t1

ξis

+ E

[
g−1(η0

is)− g−1(η̃is)

σ2V (g−1(η0
is))

ġ−1(η0
is)ΦkJ(Xik)

]
,

where

ξis =
g−1(η0

is)− g−1(η̃is)

nσ2V (g−1(η0
is))

ġ−1(η0
is)ΦkJ(Xik)− E

[
g−1(η0

is)− g−1(η̃is)

nσ2V (g−1(η0
is))

ġ−1(η0
is)ΦkJ(Xik)

]
.

Note that,

E

[
g−1(η0

is)− g−1(η̃is)

σ2V (g−1(η0
is))

ġ−1(η0
is)ΦkJ(Xik)

]
= O

{(
h%+1 + |4|d+1

)
h1/2

}
. (B.20)

As we have, for any r ≥ 3,

E|ξis|r ≤
{
Cn−1|g−1(η0

is)− g−1(η̃is)|‖ΦkJ‖∞
}r−2

E|ξis|2 ≤
{
Cn−1(h%+1 + |4|d+1)h−1/2

}r−2
E|ξis|2,

{ξis}ni=1 satisfy the Cramér’s condition with constant Cn−1(h%+1 + |4|d+1)h−1/2. Also,

E|ξis|2 =E

∣∣∣∣g−1(η0
is)− g−1(η̃is)

nσ2V (g−1(η0
is))

ġ−1(η0
is)ΦkJ(Xik)

∣∣∣∣2 − [E{g−1(η0
is)− g−1(η̃is)

nσ2V (g−1(η0
is))

ġ−1(η0
is)ΦkJ(Xik)

}]2

=O
{
n−2(h2%+2 + |4|2d+2)

}
.

Applying the Bernstein inequality, we have

P

{∣∣∣∣∣
n∑
i=1

t2∑
s=t1

ξis

∣∣∣∣∣ ≥ δ(h%+1 + |4|d+1)n−1/2 log1/2 n

}
≤ 2 exp

{
−δ2 log n

4 + Ch−1/2n−1/2 log1/2 n

}
.

Consequently,

n∑
i=1

t2∑
s=t1

ξis = Oa.s.

{
(h%+1 + |4|d+1)n−1/2 log1/2 n

}
. (B.21)

Combining (B.20) and (B.21), we obtain

1

nT

n∑
i=1

t2∑
s=t1

g−1(η0
is)− g−1(η̃is)

σ2V (g−1(η0
is))

ġ−1(η0
is)ΦkJ(Xik)

= Oa.s.

{
(h%+1 + |4|d+1)n−1/2 log1/2 n+

(
h%+1 + |4|d+1

)
h1/2

}
. (B.22)

12
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Similarly,

1

nT

n∑
i=1

t2∑
s=t1

g−1(η0
is)− g−1(η̃is)

σ2V (g−1(η0
is))

ġ−1(η0
is)Wis`B

∗
M (Ui)

= Oa.s.

{
(h%+1 + |4|d+1)n−1/2 log1/2 n+

(
h%+1 + |4|d+1

)
|4|
}
. (B.23)

For the vector Vp, by (B.14) and |θ̃∗| � |4|, then we have

|Vp| = O(λn−1|4|−3), ‖Vp‖ = O(λn−1|4|−4). (B.24)

Combining (B.18), (B.19), (B.22), (B.23) and (B.24), we obtain∣∣∣∣ 1

nT
∇LP

n(ϑ̃)

∣∣∣∣ = Oa.s

{(
log n

n

)1/2

+ h%+3/2 + |4|d+2 + h%+1|4|+ h1/2|4|d+1 +
λ

n|4|3

}
,

∥∥∥∥ 1

nT
∇LP

n(ϑ̃)

∥∥∥∥ = Oa.s

{
(h−1/2 + |4|−1)

(
log n

n

)1/2

+ h%+1 + |4|d+1 +
λ

n|4|4

}
.

Therefore, Lemma B.9 has been established. �

LEMMA B.10 If ϑ̄ is the vector that satisfies
∥∥∥ϑ̄− ϑ̃∥∥∥ = Oa.s.(h

1/2 + |4|), then, under
Assumptions (A2), (A3), and (A5) – (A7), there exists constants c and C, such that

cI ≤
{
n−1
T ∇

2LP
n(ϑ̄)

}−1 ≤ CI,

almost surely, for large enough n.

Proof. Let η̄is = ηis(ϑ̄), we have

n−1∇2LP
n(ϑ̄) =− 1

nT

n∑
i=1

t2∑
s=t1

q2(η̄is, Yis)FisF
>
is + n−1

T Dλ

=− 1

nT

n∑
i=1

t2∑
s=t1

{Yis − g−1(η0
is)}ρ′1(η̄is)

+ {−g−1(η̄is) + g−1(η0
is)}ρ′1(η̄is)− ρ2(η̄is)FisF

>
is + n−1

T Dλ

=− 1

nT

n∑
i=1

t2∑
s=t1

[
ρ2{g−1(η̄i)}FisF

>
is

]
{1 + oa.s(1)}+ n−1

T Dλ.

By the boundedness of ρ2(η̄i) and Lemma B.8, we have

cI ≤

[
1

nT

n∑
i=1

t2∑
s=t1

ρ2(η̄i)FisF
>
is + n−1

T Dλ

]
≤ CI,

almost surely, for large enough n. �
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Proof of Theorem 3.1. We now prove that

∥∥∥ϑ̂− ϑ̃∥∥∥ = Oa.s.

{
(h−1/2 + |4|−1)

(
log n

n

)1/2

+ h%+1 + |4|d+1 +
λ

n|4|4

}
. (B.25)

As ϑ̂ is the minimizer of LP
n(ϑ), we have ∇LP

n(ϑ̂) = 0. Then by the mean value theorem, we
obtain

ϑ̂− ϑ̃ = −
{
∇2LP

n(ϑ̄)
}−1∇LP

n(ϑ̃),

where ϑ̄ is some value between ϑ̂ and ϑ̃. Then (B.25) is obtained from Lemmas B.9 and B.10.
Theorem 3.1 is obtained from Lemma B.2 and Assumption (A6). �

For any Φ ∈ Uk, ψ ∈ Srd, , one has ‖Φ‖∞ ≤ Ch−1/2‖Φ‖, ‖ψ‖∞ ≤ C|4|−1‖ψ‖. Then

p2∑
k=1

‖γ̂k−γ̃k‖∞+

p3∑
`=0

‖β̂`−β̃`‖∞ = Oa.s.

{
(h−1 + |4|−2)

(
log n

n

)1/2

+ h%+1/2 + |4|d +
λ

n
|4|−5

}
.

Notice that ‖γ̂k − γ0
k‖∞ ≤ ‖γ̂k − γ̃k‖∞ + ‖γ̃k − γ0

k‖∞, for k = 1, . . . , p2, and ‖β̂` − β0
` ‖∞ ≤

‖β̂` − β̃`‖∞ + ‖β̃` − β0
` ‖∞, for ` = 0, . . . , p3. Consequently,

p2∑
k=1

‖γ̂k−γ0
k‖∞+

p3∑
`=0

‖β̂`−β0
` ‖∞ = Oa.s.

{
(h−1 + |4|−2)

(
log n

n

)1/2

+ h%+1/2 + |4|d +
λ

n|4|5

}
.

B.5. Normality for linear coefficients

We denote the score function and hessian matrix by

Sn(ϑ) = − 1

nT

n∑
i=1

t2∑
s=t1

q1 (ηis(ϑ), Yis) Fis + Dλϑ,

Hn(ϑ) =
1

nT

n∑
i=1

t2∑
s=t1

q2(ηis(ϑ), Yis)FisF
>
is + Dλ,

respectively, where Dλ is defined in (B.11).
Let ϑ̃0 = (α0>, ξ̃>, θ̃∗>)> and %̃ = (ξ̃>, θ̃∗>)>, and Ξis ≡ Ξ(Xi,Ui) =(
Φ(Xi)

>, B̃(Wis,Ui)
>
)>

, then we can rewrite

Sn(ϑ) =

(
Sn,α(ϑ)
Sn,%(ϑ)

)
= − 1

nT

n∑
i=1

t2∑
s=t1

q1 (ηis(ϑ), Yis)

(
Zis

Φ(Ξis)

)
+

(
0

D∗λ%

)
, (B.26)

Hn(ϑ) =

(
Hn,αα(ϑ) Hn,α%(ϑ)
Hn,%α(ϑ) Hn,%%(ϑ)

)
(B.27)

=

( 1
nT

∑
i,s q2(ηis(ϑ), Yis)ZisZ

>
is

1
nT

∑
i,s q2(ηis(ϑ), Yis)ZisΞ

>
is

1
nT

∑
i,s q2(ηis(ϑ), Yis)ΞisZ

>
is

1
nT

∑
i,s q2(ηis(ϑ), Yis)ΞisΞ

>
is

)
+

(
0 0
0 D∗λ

)
,
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where

D∗λ = λ

(
0 0
0 Q>2 PQ2

)
, Dλ =

(
0 0
0 D∗λ

)
.

The inverse of Hn(ϑ) can be represented as

H−1
n (ϑ) ≡ V =

(
V11 −V11Hn,α%H

−1
n,%%

−V22H
>
n,α%H

−1
n,αα V22

)
,

where

V−1
11 =Hn,αα −Hn,α%H

−1
n,%%H

>
n,α% =

 1

nT

∑
i,s

q2(ηis(ϑ), Yis)ZisZ
>
is


−

 1

nT

∑
i,s

q2(ηis(ϑ), Yis)ZisΞ
>
is


 1

nT

∑
i,s

q2(ηis(ϑ), Yis)ΞisΞ
>
is + D∗λ


−1

×

 1

nT

∑
i,s

q2(ηis(ϑ), Yis)ΞisZ
>
is

 ,

and V−1
22 = Hn,%% −H>n,α%H

−1
n,ααHn,α%.

Then, by the mean value theorem, we obtain

ϑ̂− ϑ̃0 = −
{
∇2LP

n(ϑ̄)
}−1∇LP

n(ϑ̃0),

α̂−α0 =
(
1> 0>

)(
ϑ̂− ϑ̃0

)
= −

(
1> 0>

)( V11 −V11Hn,α%H
−1
n,%%

−V22Hn,%αH−1
n,αα V22

)
×{(

1
nT

∑
i,s q1(ηis(ϑ̃

0), Yis)Zis
1
nT

∑
i,s q1(ηis(ϑ̃

0), Yis)Ξis

)
+

(
0

D∗λ%̃

)}

= −V11

(
I −Hn,α%H

−1
n,%%

){( 1
nT

∑
i,s q1(ηis(ϑ̃

0), Yis)Zis
1
nT

∑
i,s q1(ηis(ϑ̃

0), Yis)Ξis + D∗λ%̃

)}

= −V11

 1

nT

∑
i,s

q1(ηis(ϑ̃
0), Yis)Zis

−
 1

nT

∑
i,s

q2(ηis(ϑ̄), Yis)ZisΞ
>
is


×

 1

nT

∑
i,s

q2(ηis(ϑ̄), Yis)ΞisΞ
>
is + D∗λ


−1 1

nT

∑
i,s

q1(ηis(ϑ̃
0), Yis)Ξis + D∗λ%̃



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Recall that

∇LP
n(ϑ) = −

∑
i,s

q1 (ηis(ϑ), Yis) Fis + Dλϑ,

∇2LP
n(ϑ) = −

∑
i,s

q2(ηis(ϑ), Yis)FisF
>
is + Dλ.

∂

∂ϑj
∇2LP

n(ϑ) = −
∑
i,s

q3(ηis(ϑ), Yis)
(
FisF

>
is

)
Fisj .

Let dn be the length of the vector ϑ. By abuse of notation, we have

(ϑ− ϑ̃0)> ∇3LP
n (ϑ)

∣∣
ϑ=ϑ∗

(ϑ− ϑ̃0) =

(ϑ− ϑ̃0)>
{
∂3LP

n (ϑ)

∂ϑj∂ϑk∂ϑl

}dn dn

k=1,l=1

∣∣∣∣∣
ϑj=ϑ∗j

(ϑ− ϑ̃0)

dn
j=1

where ϑ∗ = {ϑ∗j}
dn
j=1, ϑ∗j = tjϑj + (1− tj)ϑ̃0

j for some tj , j = 1, . . . , dn.
By Taylor expansion,

∇LP
n(ϑ̂)−∇LP

n(ϑ̃0) = ∇2LP
n(ϑ̃0)(ϑ̂− ϑ̃0) +

1

2
(ϑ̂− ϑ̃0)> ∇3LP

n (ϑ)
∣∣
ϑ=ϑ∗

(ϑ̂− ϑ̃0).

Since ∇LP
n(ϑ̂) = 0,

−∇LP
n(ϑ̃0) = ∇2LP

n(ϑ̃0)(ϑ̂− ϑ̃0) +
1

2
(ϑ̂− ϑ̃0)> ∇3LP

n (ϑ)
∣∣
ϑ=ϑ∗

(ϑ̂− ϑ̃0).

According to the Cauchy-Schwarz inequality, one has

∥∥∥∥ 1

nT
(ϑ̂− ϑ̃0)>∇3LP

n (ϑ) (ϑ̂− ϑ̃0)

∥∥∥∥2

≤ ‖ϑ̂− ϑ̃0‖4 1

n2
T

dn∑
j,k,l=1

{
∂3LP

n (ϑ)

∂ϑj∂ϑk∂ϑl

}2

.

Equation (B.25) implies that∥∥∥∥ 1

nT
(ϑ̂− ϑ̃0)>∇3LP

n (ϑ) (ϑ̂− ϑ̃0)

∥∥∥∥2

≤ ‖ϑ̂− ϑ̃0‖4 ×OP (d3
n)

= Oa.s.

{
(h−2 + |4|−4)

(
log n

n

)2

+ h4(%+1) + |4|4(d+1) +
λ4

n4|4|16

}
×OP (d3

n)

= oP (n−1).

Similarly, we have

−
{

Sn(ϑ̃0) +OP
(
n−1dn

)}
=
{

Hn(ϑ̃0) + oP (1)
}

(ϑ̂− ϑ̃0) + oP (n−1/2),
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where Sn(ϑ) and Hn(ϑ) are defined in (B.26) and (B.27). Thus,

(
α̂−α0

%̂− %̃

)
=−

[(
Hn,αα(ϑ̃0) Hn,α%(ϑ̃0)

H>n,α%(ϑ̃0) Hn,%%(ϑ̃0)

)
+ oP (1)

]−1

×
[
Sn(ϑ̃0) +OP

(
n−1dn

)]
+ oP (n−1/2),

which leads to

α̂−α0 =
{

Hn,αα(ϑ̃0)−Hn,α%(ϑ̃0)H−1
n,%%(ϑ̃0)H>n,α%(ϑ̃0)

}−1 (
I Hn,α%(ϑ̃0)H−1

n,%%(ϑ̃0)
)

Sn(ϑ̃0)

+OP
(
n−1dn

)
+ oP (n−1/2).

Note that(
I Hn,αρ (ϑ) H−1

n,%% (ϑ)
)
Sn (ϑ) = Sn,α(ϑ)−Hn,α% (ϑ) H−1

n,%% (ϑ) Sn,%(ϑ).

Hence, the asymptotic distribution of
√
n(α̂−α0) is the same as that of

√
n
{

Hn,αα(ϑ̃0)−Hn,α%(ϑ̃0)H−1
n,%%(ϑ̃0)H>n,α%(ϑ̃0)

}−1

×
{

Sn,α(ϑ̃0)−Hn,α%

(
ϑ̃0
)

H−1
n,%%

(
ϑ̃0
)

Sn,%(ϑ̃0)
}
.

The desired result follows from Lemmas B.11 and B.12.

LEMMA B.11 Under Assumptions (A1)–(A8),

Hn,αα(ϑ̃0)−Hn,α%(ϑ̃0)H−1
n,%%(ϑ̃0)Hn,%α(ϑ̃0)

=− 1

nT

n∑
i=1

t2∑
s=t1

ρ2(η0
is)(Zis − Ẑis)(Zis − Ẑis)

>{1 + oP (1)},

Sn,α(ϑ̃0)−Hn,α%

(
ϑ0
)
H−1
n,%%

(
ϑ0
)
Sn,%(ϑ̃0) =

1

nT

n∑
i=1

t2∑
s=t1

q1(η0
is, Yis)(Zis − Ẑis){1 + oP (1)}

where ϑ̃0 = (α0>, %̃>)> and Ẑis is given in (B.28).

Proof. According to the notations in (B.26) and (B.27), one has

Hn,αα(ϑ)−Hn,α%(ϑ)H−1
n,%%(ϑ)Hn,%α(ϑ)

=

{
1

nT

n∑
i=1

t2∑
s=t1

q2(ηis(ϑ), Yis)ZisZ
>
is

}
−

{
1

nT

n∑
i=1

t2∑
s=t1

q2(ηis(ϑ), Yis)ZisΞ
>
is

}

×

{
1

nT

n∑
i=1

t2∑
s=t1

q2(ηis(ϑ), Yis)ΞisΞ
>
is + D∗λ

}−1{
1

nT

n∑
i=1

t2∑
s=t1

q2(ηis(ϑ), Yis)ΞisZ
>
is

}
.
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Note that

Hn,αα(ϑ̃0) =
1

nT

n∑
i=1

t2∑
s=t1

q2(ηis(ϑ̃
0), Yis)ZisZ

>
is

=
1

nT

n∑
i=1

t2∑
s=t1

q2(η0
is, Yis)ZisZ

>
is(1 +O(h%+1 + |4|d+1))→ −E{ρ2(η0

is)ZisZ
>
is},

Similarly, we can show that

Hn,α%(ϑ̃0) =
1

nT

n∑
i=1

t2∑
s=t1

q2(ηis(ϑ̃
0), Yis)ZisΞ

>
is

=
1

nT

n∑
i=1

t2∑
s=t1

q2(η0
is, Yis)ZisΞ

>
is{1 +O(h%+1 + |4|d+1)},

Therefore, letting

Ẑis = Ξis

{
1

nT

n∑
i=1

t2∑
s=t1

q2(η0
is, Yis)ΞisΞ

>
is + D∗λ

}−1{
1

nT

n∑
i=1

t2∑
s=t1

q2(η0
is, Yis)ΞisZ

>
is

}
,

(B.28)
we have

Hn,αα(ϑ̃0)−Hn,α%(ϑ̃0) H−1
n,%%(ϑ̃0)H>n,α%(ϑ̃0)

=

{
1

nT

n∑
i=1

t2∑
s=t1

q2(η0
is, Yis)(Zis − Ẑis)(Zis − Ẑis)

>

}
{1 + oP (1)}

→ lim
n→∞

− 1

nT

n∑
i=1

t2∑
s=t1

E
{
ρ2(η0

is)(Zis − Ẑis)(Zis − Ẑis)
>
}

= −E{ρ2(η0
is)Z̃

>Z̃},

as in (B.1). Thus,

Sn,α(ϑ̃0)−Hn,α%

(
ϑ̃0
)

H−1
n,%%

(
ϑ̃0
)

Sn,%(ϑ̃0)

= −

[{
1

nT

n∑
i=1

t2∑
s=t1

q1(ηis(ϑ̃
0), Yis)Zis

}
−

{
1

nT

n∑
i=1

t2∑
s=t1

q2(ηis(ϑ̃
0), Yis)ZisΞ

>
is

}

×

{
1

nT

n∑
i=1

t2∑
s=t1

q2(ηis(ϑ̃
0), Yis)ΞisΞ

>
is + D∗λ

}−1{
1

nT

n∑
i=1

t2∑
s=t1

q1(ηis(ϑ̃
0), Yis)Ξis + D∗λ%̃

}
=

1

nT

n∑
i=1

t2∑
s=t1

q1(η0
is, Yis)(Zis − Ẑis){1 + oP (1)}.

The desired result follows. �
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To study the asymptotic properties of α̂, we consider the case that β0
` and γ0

k can be estimated
at reasonable accuracy, for example, we can approximate γ0

k and β0
` by the spline smoother γ̃0,k

and β̃0
` in (B.16). We begin our proof by replacing γ0

k and β0
` with γ̃0,k and β̃0

` , respectively, and
defining an intermediate estimator for α0.

Let α̃ be the minimizing solution of

L̃n(α; %̃) =

n∑
i=1

t2∑
s=t1

L

[
g−1

{
α>Zis +

p2∑
k=1

γ̃0
k(Xik) +

p3∑
`=0

β̃0
` (Ui)Wis`

}
, Yis

]
.

LEMMA B.12 Under Assumptions (A2)–(A8), as n→∞,

√
n(α̃−α) −→ N(0,A−1Σ1A

−1),

where A = −E
{
ρ2(η0

is)ZisZ
>
is

}
, and Σ1 = E

{
q2

1(η0
is, Yis)ZisZ

>
is

}
.

Proof. Let∇L̃n and∇2L̃n be the gradient vector and Hessian matrix of L̃n(α; %̃0). By Taylor’s
expansion,

∇L̃n(α̃)−∇L̃n(α0) = ∇2L̃n(α)(α̃−α0) +
1

2
(α̃− α̃0)>

∂∇L̃n(α)

∂α∂α>

∣∣∣∣∣
α=α∗

(α̃− α̃0),

where α∗ = {α∗j}j , α∗j = tjα̃j + (1− tj)α0
j for some tj ∈ [0, 1]. Note that ∇L̃n(α̃) = 0 since

α̃ is the minimizer of L̃n(α), thus we have

−n−1
T ∇L̃n(α0) = n−1

T ∇
2L̃n (α∗) (α̃−α0) +

1

2n
(α̃− α̃0)>

∂∇L̃n(α)

∂α∂α>

∣∣∣∣∣
α=α∗

(α̃− α̃0).

According to the Cauchy-Schwarz inequality, one has∥∥∥∥∥n−1
T (α̃− α̃0)>

∂∇L̃n(α)

∂α∂α>
(α̃− α̃0)

∥∥∥∥∥
2

= OP (d2
n/n

2)Op(d
3
n) = oP (n−1).

By Wang et al. (2014),

n−1
T ∇L̃n(α) = S̃n(α) +OP

(
n−1dn

)
=0, n−1

T ∇
2L̃n(α) = H̃n(α) + oP (1),

where S̃n(α) and H̃n(α) are defined in

H̃n(α) =

{
n−1
T

n∑
i=1

t2∑
s=t1

q2(ηis(ϑ), Yis)ZisZ
>
is

}−1

, n−1
T S̃n(α) =

{
n∑
i=1

t2∑
s=t1

q1 (ηis(ϑ), Yis) Zis

}
.

Thus,

−
{

S̃n(α0) +OP
(
n−1dn

)}
=
{

H̃n

(
α0
)

+ oP (1)
}

(α̃−α0) + oP (n−1/2).
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Thus, the asymptotic distribution of
√
n(α̃ − α0) is the same as the asymptotic distribution√

nH̃−1
n (α0)S̃n(α0). Law of large numbers implies that H̃n

(
α0
)
→ A in probability, and

Var
{
q1(η0

is, Yis)Zis
}

= E
{
q2

1(η0
is, Yis)ZisZ

>
is

}
= Σ1.

We can derive the asymptotic normality of
√
nH̃−1

n (α0)S̃n(α0) by using the Cramér-Wold
device and checking the Linderberg Condition. �
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