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Assumptions for Theorems

Let (-,-) and || || be the L?*(7) inner product and norm, respectively. For notational simplicity, let
Zai(t) = (g7 (1)) and define the covariance of the curve @q;(t) as K, (s,t) = Cov|®a;(s), Zai(t)]

, where K, (s,t) is continuous on the interval [0, 1]. Then by Mercer’s Theorem we have
Kxa (57 t) = Z Aal¢al(5)¢al<t>7
=1

where \g; > Ao > ... > 0 are eigenvalues and ¢q1(t), Paa(t) . . . are eigenfunctions of the covariance

operator corresponding to K, (s,t). Then by the Karhunen-Loéve representation, the process &,;
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and the functional coefficient 3,(t) follows the following eigen decompositions
jai@) = Zpail¢al(t> /Ba(t) = Z eal¢al<t)7
=1 =1

where puy = (Zai, da1) are uncorrelated random variables with zero mean and variance A, and

€al = </3a7 gbal)-

In practice, K, (s,t) is unknown and we can take the empirical version by
‘[A(l'a (s,t) = Z 5‘al(/gal(*9)9;5[11@)7
=1

where (Xal, éal) is the estimator of (Ay, ¢q) with Ml > Agn ... > 0.

Therefore, the systematic component in equation (12) can be rewritten as

n; = ’UZTb + / .’il(t)ﬁ(t)dt = ’U;Fb + Z Zﬁaﬂeal = 'UlTb + Z Zﬁaileal -+ Ri,
0

a=1 =1 a=1 I=1

" 2 00
where Pair = (€ai, Gar), Ri = >, Y. Daiew and K, is the tuning parameter which is set to be

a=11=K;+1
sufficiently large.
For notational snnphmty, we define ﬁz = (ﬁrﬂ, ﬁgJT = (]511‘1, . ,ﬁlz‘Km,ﬁgﬂ, R ,ﬁgiKm)T,
e = (ef, eg)T = (6117 sy C1K L €21 - - 762KE)T, Y = (3/1, R ,yN)T, v = (’Uir, e ,’U};[)T, X =

(il(t)> s 753N(t))7 n= (7717 s anN)T'
Let D = (v, X) and 0 = (b, €")" be the unknown parameter vector of the models defined in
equation (11) and equation (12). Then the estimation 8 = (b, )T is obtained by maximizing

the following log-likelihood function

08) = U(Y;n) = Z&(?/z‘; m) = Y {viC(vi, @) + Bl¢(vi, )] + Clys) }

i=1

For simplicity, let C' be a constant whose value might change according to different circum-
stances. Denote [fiyd(y,-; d) and Eivd(yi; d) as the first- and second-order derivative of ¢;(y;; d) with
respect to d, respectively. Also, similar to [1], we define

N

(D) = —E[,(Y;n)|D] = =E[ > _ fi, (yi; m)| D],

=1

where n; = v7b + [ @;(t)3(t)dt.



In model (11), the response variable y; is related to both the scalar variables and the functional
variables. So, the main complicated issue comes from the dependence between v; and &;(t). To

solve this problem, similar to [2], we define

. E(vl,(Y;n)|X) and v = ¥ X
G(X) = E(0,(Y;n)X) frmrre

where @ = (y,...,7,11)P" is a zero mean (p 4 1)-dimensional random vector and G(X) =
(G1(X),...,Gp1(X))" is a (p + 1)-dimensional functional vector with G;(X) € L*(T) for j =
1,....p+ 1.

Suppose that the following assumptions hold

(A1) For each i € {1,..., N}, E|j&;]|* < oc.

(A2) Foreacha € [1,2] and [, E(p?,) < C)N?, with the eigenvalue \,; satisfies C1~* < \,; < CI™
and Ay — A1) > C7H7*7 ! for [ > 1 and some constant o > 1. In addition, |ef,| < ClI™7

for some constant v > a/2 + 1.

(A3) The tuning parameter K, satisfies
K, = N7,

where the notation ay =< by means that there exist constants 0 < L < M < oo such that

L <ayn/by < M for all N.

(A4) For each i, the scalar covariates v; satisfies E|v;||* < oo.
(A5) E(v) =0,
N .. N .
0 = E{ ZEW? (yi;mi)0:0; } and Qy = E{ Zfinf (yi; m; )00 },
i=1 i=1

where ©; and Q; are assumed to be positive definite matrices and 7} = vb*+ [ &;(t)3*(t).
(A6) |I(D)| < C and I(D) satisfies the first-order Lipschitz condition.
(A7) The true value @ of 0, is unique and 0, > 0 where 0, is the MLE of 0,.

(A8) For ¢« = 1,..., N, the likelihood function ¢;(0,) is thrice continuously differentiable with

respect to 0.



(A9) There exist positive definite matrices A(0%) and B(6}) such that

lim — — 289 0;), lim — Z@g (02)0p,0:(0;)" = B(0;).

N—>oo

Remark 1. Assumptions (A1)-(A3) are quite usual in the settings of functional linear model(see
[3] and [4]). Assumption (A1) requires that &; has a finite fourth moment and is necessary to get
the L? convergence of the estimated functional coefficients. In particular, the condition E(pt,;) <
CM2, in Assumption (A2) holds if the random process &; is a Gaussian Process. The requirements
of the eigenvalues in Assumption (A2) prevent the spacings between adjacent eigenvalues from
being too small and ask that the slope function B(t) is smoother than the sample path of &; [2].
They are of great importance in ensuring the rate of convergence in Theorem 2.3. The last part
of Assumptions (A2) prevents the coefficients €, from decreasing too slowly. To optimize the
convergence rate of the functional coefficients, requirement of smoothing parameter in Assumption
(A3) is needed. Assumptions (A4)-(A6) are used to deal with the linear part with scalar variables.
Assumption (A4) is analogy to Assumption (A1). The condition of the Fisher information I(D)
in Assumption (A6) is analogous to [1]. Assumptions (A7)-(A8) are commonly used conditions in

parametric models, and they are applied here to develop the asymptotical consistency of the MLE

for the functional nonlinear mized effects model for curve alignment.

Technical lemmas and proofs.

Let 1; = v/b* + p]e*, where b* and e* denote the true values of b and e, respectively.

Lemma 1. Let R; = [, &;(t)3"(t)dt—p;e* fori=1,...,N. Then under Assumptions (A1)-(A6),
we have

IR = ;= 2 = O, 7ot/ (es20),

Thus
n;k . 77@ — Op(N7(2'y+afl)/2(a+2'y))'



Proof. Note that

1
R, — / F:()B" (Hdt — pre
2

2 [e’s)
= 3N (@ai, 0) (B, Sat) ZZ%%! B bal)

a=1 =1 a=1 =1
2 K 2
= Zz<jai7¢al aa¢al ZZ mazagbaj aa¢al>
a=1 =1 a=1 =1
2 00
+ Z Z <iaia¢al></6:,7¢al>
a=1I1=K,+1
2 Ky 2 00
= ZZ@M,%Z — Qal)eq + Z Z (Zais Par) e
a=1 (=1 a=1[=K,+1
= L+
2 K. A
where Iy = Y > (@i, Par — Par)el;, and
a=11=1
2 [e) 2 o]
12 - Z Z <5~caia¢al> Z Z pailezl-

a=11=K, +1 1 I=Kot1
Since ||¢a; — Gar||* = O, (N711?), then it follows from Assumptions (A1)-(A3) that

2 K
ILIP = 1)) (@i bat — da)eiull’

a=1 [=1

Ky
< 2K, Y ([ @ais Sut — Gat)elyl?
=1
Ky R
< QK;E Z ||¢al - ¢all|2|621|2
=1
Ky
< K,)Y NP
=1
Ky
< Op(NT'Ey) Y 170+
=1
< Op(N'K,) = Op(N~ i)

For I, note that p,;; are uncorrelated random variables with zero mean and variance \,;, then



we have

E(ILI) = EQ_ Y pacy)’

a=1 =K +1

2 0o
*2
= E E : Cal Aal

a=1I=K,.+1

< 20 Z l7(2’y+o¢)

I=K,+1
- OP<K:;(2’Y+Q71)) - OP(N_ﬁ)

Then B, = I, + I, = O (N %at7)) + O, (N %et#1) = O,(N %at7) holds, which indicates
that ||R;||2 = || — 7:]|* = O,(N~*rFe=D/(@+27)) "thus Lemma 1 holds. O
Let ’EJZ =vV; — G(QEZ) and

b=arg maXZE Yi;0; b+ p e’ + G(x;)b").
b —

Then the following Lemma says that the estimation bis asymptotically distributed as normal

distribution.

Lemma 2. Under Assumptions (A1)-(A9), we have
VN(b—b*) — N0, ;.0 1),
N . N .
where ) = E{ > Emz(yi;nj)'bif)g}, Q, = E{ > Ein* (yi; nj‘)i},i}f} and v; = v; — G(&;).
i=1 =1

Proof. Let w = v/N(b—b*) and @ = v/ N (b — b*), which according to the definition of b, is
obtained by maximizing the following function

N N
M(w) = li(y; ®]b" + ple’ + G(&)b" + 0w /VN) = Y " li(yi; v b" + pie”).

=1 =1

Taking a second-order Taylor’s expansion of M (w) yields

1

N
Z&m Yi; 7)), w—|—§w Yw,
=1

%F



where
1 X
=N Z Ci.gi (Yi3 i + Vi) 00
i=1
with v; lies between 0 and @,w/v/N. Tt follows from [5] that 3 = —Q + 0,(1).
On the other hand,

N

N
1 |
z iy Tfi = gz i 15 T = 7 i 1; )U; _:(
o (Vi3 70 \/NZ e (Wi )0 \/—Z:: e (Wi m)OF (3 — )

i=1

||Mz

+ 0y(1)

=I5+ 11+ 0,(1),

where
1 M. 1 M.
Iy=—= > lig(ysn))v; and Ly = —= > Li e (yi;n;) 07 (0 — ;)
It is easy to find that Iy = o0,(1). By the Lindeberg-Feller central limit theory, we have

I3 — I\I(O7 Qg) Then,
1
Mw) =I{w— §wTﬂlw + 0,(1).

The results of [6] and [7] show that
o= Q'3+ 0,(1),
then Lemma 2 holds from the Slutsky Theorem. U
Lemma 3. Under Assumptions (A1)-(A9), we have

2y

16— 6]> = O, (N~==7),

where @ = (i)T, &) and = (ET, e")T.
Proof. Taking a first-order Taylor’s expansion of () = ag_(;)’ o; at 8 yields
= ((8) = ((8) + ((6)(6 — 0) + 0,(1),

where 6 lies between 0 and 6, £(8) = %@]615 and ((0) = %(;) 0—-



Then we have

Denote 5 N
o ol(0) ACNA .
(0) = * * = gz (ERAL )
@ = {0 (g} = S liatusiotel. B0
where 7; = vTb + ple*
Note that
20(0) & o
% = Z 1,1t (Y3 7)) vs Zﬁzn Yi; M7 )vi + Z&,ﬁi(yi; i) (v; (b —b") + Ri)v,
i=1 i=1
and
o0(0) . N N
de D i Wi i) =Y i Wi 19 )Ps + Y Lin (i ) (B (€ — €7) + Ri),
i=1 i=1 i=1
where 7); lies between 7 and 7);.
Similar to [8], we have
N
E(1 D fi: (wis m)oill) = O(N'3), (S1)
i=1
The Assumption (A2) and Lemma 1 indicate that
N .. .
I35 T (B = ) 4 Ruill = O,V 4 O,V N-erserzessyy
i=1
— 0,(V/NK,).

Equation (S1) and (S2) show that 9¢(8)/db = O,(v/NK,). Similarly, we have 8/(8)/de =
O,(VNK,). Therefore, 0(0) = O,(VNK,).
Similar to Lemma A.3 of [9], we have || (%40 H = 1/2 Op(Kf/Q), which yields

o=l = ll%ﬂ@»*nu%am
- OP(K§/2)Op(N_(QW"'O‘_l)/?(a—I—QW))
= O, (N~@r=1)/2a+27)

Thus, the result ||@ — ]2 = O, (N~*=1/(+2)) Kolds. O

Proof of Theorem 2.1. The identifiability proof goes as follows. By assumptions in model (1),

the random effects and the random error can be integrated into a new (Gaussian process error

8



denoted as €} (t) with E{¢;(t)} = 0. Then we have that € (t) = z;(t) — 7(g:(t)), thus there
is no ambiguity about the error term. Suppose that E{z;(t)} = 71(g1;(t)) = T2(g2:(t)) for all
i=1,..., N, then we have 71 (t) = 75(g2i(g;; (t))). Since the left-hand side of this equation doesn’t
depend on i, we have that gy;(gy;* (t)) = [(t) for all i some function I(-). Then g;;'(t) = g5, (I(t)) for
all . The assumption in Theorem 1 shows that E(g1;) = E(g2;), then we have I(t) = t. Therefore,
g1i(t) = go;(t) for all 7 and the warping functions are identifiable. O

Proof of Theorem 2.2. Let#); = v]b+plé and for any z € RP*!, define #;(z) = vl b+pTé+o] z,
where ¥; = v; — G(&;). Obviously, when z = 0,
n(z) = arg max{(Y;n(z)).
n(z)

Then the following equation follows from a Taylor’s expansion

0 = iz

N |
9z |z7 = Zézm(yﬁﬁi)vi

5“7 (yzy n; )’Uz + Z 6”1 (yw n; )'vz(nz 77:) + Op<1>7

.
Il
—

[
Mz

.
I
—

Applying Lemma 2 and Lemma 3, the second term on the right hand side of the above equation

can be rewritten as
1 & 1 &
2 - * 1/2
NE_ i (Vs 7)) 03 (M — —NE_ (i) 07 (b — b") + 0, (N'/?),

Then we have

N N
. LA I Ay o .
(b—b") = _[N E L (Y317 0;0] | I[N E i (Y m7)Bi] + 0p(NTV2).

i=1 i=1
Therefore, by Central Limit Theory and Slutsky’s Theorem, we have

VN(b—b*) = N(0, Q.07 1),

where €2, and €2, are defined in Lemma 2. O



Proof of Theorem 2.3. Similar to [2], for any a € [1, 2], we have

H/Ba /8 H - H Zeal¢al Zeal¢al||
< 2“ Zeal¢al Zeal¢al | + 2” Z Zl¢al||2

I=K,+1
as ~ *\ 1 2 o * /] 2 - *
< 4“ Z(eal — eal)¢al” + 4H Zeal(¢al — %l)H +2 Z e
= I=Ky+1
<4H€a—€a‘|2+8K Ze Hgbal (balH +2 Z €
=1 I=Kz+1
Note that
Z 2 < ¢ Z =2 — 27 1)) O(N—(2v—1)/(04+2v)), (S3)
I=Kz+1 I=Kz+1
and by ||¢a — dall|? = O,(N~12), we have
8K, Z €21 uj — Gusl® < Op(NT1K,) = 0, (N~21-D/et2). (54)

In addition, from Lemma 3 we have ||é — e*||? = O,(N~*7=1/(@+29)) "then Theorem 2.3 holds
by combining this with equations (S3) and (S4). O

Proof of Corollary 2.4. Let 7); = v’b+ fo &;(t)B(t)dt, where b and B(t) are obtained from our

proposed estimation procedure. Then, we have

1 1
i — nf :v36+/0 &;(t)B(t)dt — [’U;Fb*—i-/o &;(1)B*(t)dt]
2 e’}

2 oo
b - b*> +ZZ<3~3aiy¢al><Bm§£al> - ZZ mam(bal a7¢al>

a=1 I=1 a=1 =1

2 o]

—b") + Z Z(fﬁai, Gar)(Ear — €q)

a=1 [=1

= [5 +I67

10



Wherezéal = (Ba, dat), er = <6a,¢al) I5 = V] (b b*) and
Io = 3 5 s b = €)= 32 3~ (e = 5

Given Theorem 2.2, the fact that ||b — b*| = O,(N~%2) holds. Then under Assumption (A4)
we have E||I;]|2 = ||b — b*||*Ev2 = O,(N1).

Since (@, ¢q) are uncorrelated random variables with zero mean and variance \,;, and by

Lemma 3 we have ||é — e*||? = O,(N~#7=1/(2+27)) Then under Assumption (A2), we have

2 00

B = > D Mallw — eiall® < 20,( a+2~/CZza— (N,

a=1 =1

Thus

i — 0" = I+ Is = Op(N~V?) 4+ O (N~ =D/ @ty — o (N~1/2).
Note that the functional logistic regression model is a special case of model (11) and (12) with
a logistic link function, i.e. n; = logit(m;). Since the inverse link function h~'(n;) is continuous
and differentiable in n;, then h=1(%;) — h=(n}) = O,(N~Y/2) holds, which indicate that #; — 7} =
Op(N~12). O

Proof of Theorem 2.5. 6, is the MLE of the second level model obtained through conditional
models described in Section 2.2, then under Assumptions (A7)-(A9), the theorem follows from

[10] immediately, to save space, we omit the proof here. O
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