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1 Proofs in Section 2.2

Proof of Theorem 1. Let (p, A) € P be a set of parameters such that P(g|p, A) = P(g|p, A)

for all g. Forallt =1,...,ny, k = ny + 1,...,n, consider the probability that only ¢



appears under parameterizations (p, A) and (p, A), respectively

pl—Ay) I 0-A)=p-4w) ] -4y,

j=1,..,n,j#i,j#k J=1 g #i,j#k

and the probability that only ¢ and k appear

ﬁzfl,k H (1- /Lg) = piAix H (1—- Aij)-
G=1,...,n,j#1,j#k J=1,...,n,j#i,j#k
As A;; < 1 in condition (i), dividing the second equation by the first, we obtain A/ (1 —
flzk) = Au/(1 — Ay,) and hence A=Ay fori=1,....n,, k=n,+1,...,n

-/

For any i = 1,...,ny, ¢ =1,...,ng, i # i, suppose that k is the follower such that

Ay # Ay Consider the probability that only ¢ and ¢ appear

J=1n,g#e,j# Y G #k J=1,...,n,g#8,5#1 j#k
:/%'Au"(l - Aik) H (1 - Az‘j) + Pz”Ai’i<1 - Az”k) H (1 - Ai’j);
j:17"'7n7j¢i7j¢il7j¢k j:17"'7n7j¢i7j¢i/7j¢k

and the probability that ¢, /' and k appear

ﬁzlzlu’fzilk H (1- Az]) + ﬁi’Ai’iAi’k H (1- Ai’j)
G=1,...,n,j#0,j74 j#k J=1,n, #0571 5 #k

=piAiir Aig H (1= Ay) + pir AviAwy, H (1 — Airj).
G=1, i A Ak G=1, i j A Ak



As Ay, = Ay fori=1,....np, k=n, +1,...,n, the above two equations become

G=1,...,n,j#0,j#i j#k G=1,..m, A0, 2 £k
=piAir (1 — A H (1— Aij) + pir Airi(1 — Ay, H (1- Ai/j)a
g=1,...,n,j#,j#i £k J=1,...,n,3#8,5#1 j#k

piAin Aiy 11 (1— Ay) + pirAvi Ak 11 (1-Ay))
j=1,...,n, A1, jF# , £k j=1,...,n,j#1,5F# ,j £k
j=1,...m,j#,j#i 2k J=1, 50,5 # 5 #k

(1) and (2) can be viewed as a system of linear equations with unknown variables

pildi 11 (1—Ay),

F= L 528 K

and

P Avi H (1— Ayy).

j:17"'7n7j#i7j¢il7j¢k

By condition (ii), as A, # Ay, the system has full rank and hence has one and only one

solution:

piii I1 (1— Ay) = pida 11 (1= Ay),

G=1,em, #0570 Ak G=1en,j0, G Ak
,51-//11-/1- H (1- /L'j) = pirAwi H (1= Ayj). (3)
J=1, om0 A jER J=1en,gFegF g Fk



Combining (3) with

pi(1 = Air) 11 (1= Ay) = pi(1 = Air) 11 (1= Ay),

=1, i A Gk =L, i A Gk
we obtain A;; = Ay for i = 1,...,np,7 =1,...,ny by a similar argument to that at the
beginning of the proof. It follows immediately that p; = p; fort =1,... ng. O]

Remark Neither conditions in Theorem 1 can be removed. That is, if either condition is

removed, then there exists (p, A) € P such that (p, A) is not identifiable. In fact,

1 1/2 0
p=(1/2,1/2), A=
1 1 1/2
and
1 0 0
1 1 1/3

give the same probability distribution, which implies condition (i) is necessary.
Moreover,
1 1/2 1/2

p=(1/2,1/2), A=
12 1 1/2



and

1 0 1/2
P = (1/473/4)7 A=

2/3 1 1/2

give the same probability distribution, which implies condition (ii) is necessary.

Proof of Theorem 2. Let (p, A) € P be a set of parameters of the hub model with the null

component such that P(g|p, A) = P(g|p, A) for all g. Consider the probability that no one

appears:

n

po [ T(1=75) = po H(l — ;).

J=1

For k =ng +1,...,n, consider the probability that only k appears:

porn [ (-7)=pm [ -m)

J=1,m#k J=1,m, 5k

From the above equations, we obtain

T, =7, k=nr+1,...,n,

Po H(l—ﬁj) =P0H(1—7Tj)- (4)

By condition (iii), for i = 1,...,ny, let k and &’ be the nodes from {n; +1,...,n} such
that Tk 7é Azk and T 7é Aik’-

Consider the probability that i appears but no other nodes from {1,...,n;} appears



(the rest do not matter)

PoT; H (1 —75) + pi H (1-A4;)

J=1,...np,j#i J=1,...np,j#i
=poT; H (1—m)+pi H (1—Ay); (5)
J=1,...np,j i J=1,...np,j#i

the probability that i and k appear but no other nodes from {1,...,ny} appears (the rest

do not matter)

PoT; H (1 — 7)) + pi H (1 — Aij) Ay,

j=1,..,np,j#i J=1,...,np,j#
=pomi [ (—m)m+p [ (01— Ay)Au; (6)
j=1,...,n1,j#i Jj=1,...,np,j#4

the probability that ¢ and k&’ appear but no other nodes from {1,...,n,} appears (the rest

do not matter)

PoT; H (1 —7j)me + pi H (1= Ayj) A

j=1,..,np,j#i Jj=1,..,np,j#i
—pomi [ Q=mme+p ] (10— ApAus (7)
j:17"'7nL7j7éi j:17"'»nL7j7éi

and the probability that i,k and k" appear but no other nodes from {1,...,n.} appears



(the rest do not matter)

PoT; H (1 — 7)) memw + pi H (1— Ay) A A

j=1,...,np,j#i I=1,...,np,j#i
=pPoT; H (1 — 7Tj)7Tk7Tk/ + Pi H (1 — Azg)AzkAzk/ (8)
j=1,...,np,j#i I=1,...,np,j#i

Note that the above equations are not probabilities of a single realization g but are sums

of multiple P(g). Moreover, we put 7y, 7 instead of 7, T on the LHS of the equations,
since we have proved 7y, =,k =nr +1,...,n.

Let

T = PoT; H (1 =),

jzl""yn’lnj;éi

F=por [ (-7,

J=1,np, i
y=p JI -4y,
J=1,np,j#i
g=p [ -4y
I=1,...,mp, j#i
Then (5), (6) (7) and (8) become
Ty =z+y,

i+ A = omp + yAu,
iy + JAw = oy + yAu,

Ty + gAzkAzk;’ = TMETg + yAzkAzk;’



Plugging & — x = y — ¢ into the last three equations, we obtain

GAy = gme + y(Au — ), 9)
GAi = Gm + y(Ag — ), (10)
YT + GARAgy = G + yAg A (11)

Multiplying (11) by g, and plugging the right hand sides of (9) and (10) into the resulting

equation, we obtain

YT + §Pmeme + gy (A — m) + 9y (As — ) + y° (A — ) (A — 7o)
= Pmpme + YT Ak Air,

:>y(AZk — Wk)(Aik’ — 7Tk/> = g(Azk — Wk)(Aik’ — 7Tk/>.

Therefore, § = y since m, # A, and m # Ay It follows that & =z, i.e.,

m=m, 1=1,...,np,

Note that P(g) = P(g|z = 0)P(z = 0) + P(g]z # 0)P(z # 0). So far we have proved



parameters of P(g|z = 0) and P(z = 0) are identifiable. We only need to prove the
identifiability of P(g|z # 0), which is the case of the asymmetric hub model and has been

proved by Theorem 1. O]

Remark No conditions in Theorem 2 can be removed. Here we only give a counterexample

when condition (iii) is not satisfied since the other two are similar to the case of Theorem

1. In fact,
/2 0 1/2
p=(1/2,1/2), A=
1 1/2 1/2
and
0 0 1/2
p=(1/4,3/4), A=
1 1/3 1/2

give the same probability distribution.

2 Proofs in Section 2.3

We start by recalling notations defined in the main text. Recall that z, is the true label
assignment, z is an arbitrary label assignment, and 2 is the maximum profile likelihood
estimator. Furthermore, t;, = >, l(zit) =i),and t; = >, 1(zW = i), t;w = Y, l(z£t) =

i, 20 = ).



Proof of Lemma 1. We first prove a fact: under H; and Hy, for 0 < 1 < e,

Note that Z must be feasible (the estimated hub must appear in the group as we assume

A;; = 1), we have

tiz
P <— < 51 Z*>
1 .
= PBECE | | (- Gy <6z |. (12)
t=1 ke{l,...,np },k#i
Now since
E H (1 — Gl(gt)) Z£t) = = H (1 — Azk) 2 (1 — C(]/TLL)nL Z eico,
ke{l ..... nL},k;éi ke{l ..... TLL},k;éi

(12) <P 721(2,@:@') [T a-¢H- J] a-4w|<o-e|a

t=1 ke{l ..... TLL},k;éi kG{l ..... TLL},k#Z'

<exp{—2t; (e~ — §,)*}.

10



Hence

ot

ﬁ<5
#(Of =o)))
=1

tii .
( {t_ < 51 {tz* Z cmmT/nL,for all Z}
i=1

%

+ P (U {ﬁ < 51} Atix < cminT/np, for some i}

<ZIP><—<51

Z*> 1(tz* 2 CminT/nL)
+ 1(ti < cminT' /0y, for some 1)

<npexp{—2cminT/(n)(e™® — 61)*} + 1(tiy < cmin/nz, for some 7).
It follows that
Lt
P L6
(Ul <o)
e
P 26§ .
(U <a}-)

<npexp{—2cminT/(n)(e™® — 61)*} + P(tix < cminT /0y, for some i) — 0.

—FE,

*

Therefore, tt— > 601 for i = 1,...,ny with probability approaching 1.

Let & = {% > 0y and t; > cpinT/np,i = 1,...,np}. We have shown P(£) — 1. The

inequalities below are proved within the set £, and thus hold with probability approaching

1.

11



Fori=1,....np, k=1,....,np, k #1,

lik lik < lik tik/tis 1

bk _ < - <
tk Zk/Lzl tk’k tzkz + tkk tzk/tz* + tkk/tk* : tk*/tz* 1 + (51 : Cmin/cmax

=0y < 1.

Under Hy and Hs, min, j—1 izt jev, Aij — Ayj = 7d, where 7 is bounded away from 0.

-----

Now we give a lower bound for A4;; — flkj for j € V; and k # 1,

) A — P10 = &
%_%:E(Jj)w )

w1 (Aij — Awj)tios

Ly,

Td ’ t !/
N D ki Uk
2

> (1 — 8)d. (13)

Next, we show the following fact: if p = pid, g = pad where p; > py are fixed positive

numbers, then there exists d3 > 0 such that KL(p, q) > d3d, where KL(p, ¢) = plog § +(1-

p)log 2.

I—p
1—g¢q

p pP—q
KL(p,q) = plog’ + log(1 — Tq) +plog
g, pP—q
= —plog * + — + o(d) + prdo(1
Pogp+1_q+0()+P1 o(1)
q
2—plog]—9+(q—p)+0(d)

:p[iig—kg<1+2§£)}+d®

> d3d.

The last line holds for sufficiently small d5 because ©F —log(1 + ) = ¢,, ,, > 0 where

12



L € (—1,0) and ¢y, 5, is a constant depending on p; and ps.

- (=5
As Ay = LB 1ET=) D>, Az(t>j1(z(t) = j)]/t; < d, combining the above fact and

t;

(13), we have

Lp(z) = Lp(2) = 3 Y KL(P", A )

t g

>3 > S KL(Ay, A y)

i=1 k#i t:z£t)=i,2(t)=k JEV;

> D D (1= 6)dsd

=1 ki (0 ()=, JEVi

> 7(1 — d9)d3dvnT,/ny.

Letting 6 = 1/[7(1 — d2)d3],

5nL
donT

(Lp(z.) — Lp(2)) =

S|

with probability approaching 1. O]
To prove Theorem 3, we need the following lemma.

Lemma S1.

P(max|Lo(z) — Lp(=)| > 20) <

2/4
nE(T/ng + 1)""e™" + 2nT exp {— — 7 @ — }
> Zj(log Ajij)*Var(G;57) + max;; [ log Ay {n/6
/4

+ 2n£ exp § — — 0 -
S iager ((0g(1 = 45))2 50, Var(G)) + max.s, < log(1 = Aiy)ln/6

13



Proof of Lemma S1.

La(z) — Lp(z) = (i t; Y Aylog Aj + (1 — Ajj)log(1 — Am)
i=1 J
- (i ‘Z/Lj log A;; 4 (1 — A;;)log(1 — Ay)
(Z Z Aylog A + (1 — Aj)log(1 — Ay)
(Zt ZAZ] log Ai; + (1 — Ay ) log(1 — Ay)
Z > DAyl Ay) + Buynr.
=1

To bound 3 7%t ), D(A,;|A;;), we adopt the approach in ( ), which is
based on a heterogeneous Chernoff bound in ( ). Let v be any

realization of A.

~

P(A,Lj = V,L'j|Z*) S eitiD(Vi”Aij).

By the independence of flij conditional on z,,

P(A = v|z,) <exp{ ZZtD vij| Aij) }

Let A be the range of A for a fixed z. Then |A| < T[/ (6 + )" < [t + 1) <

(T/ny, +1)"" as A can only take values from 0/t;,1/t;, ..., t:/t;.

14



For all n > 0,

veA i=1 3
nr, B nr
< Z exp {— Z Z tzD(VZ]|Aij)} 1 {— Z thD(yﬂA”) < 77}
veA =1 7 =1 3
<D e <Al < (Tng 4 1),
veA
and then
nr, o
P (maxz ZtiD(A|Aij) > n) <ni(T/ng + 1)"E"e, (14)
i=1 j

Next, we bound B,,, »,v. Let By, o = Biy, o1 + B2y, nr, Where

Bl,nL,n,T = Z (Z Z G(t log Az]) 3

J otiz()=;

BQ,nL,n,T = Z (Z Z G(t) log(l — A )) .

Jootiz() =4

As (G(t )log A;;| < ]log Aj|, by Bernstein’s inequality, we have
2/4
P(| By nrl > 0/2) < 2expd - 1L
Dot Z (log Aw) Var(G ) + max;; | log Aw|77/6
2/4
P(max | By, nr| > 1/2) < 2n] exp {— — 1 ({) — } )
Z Zt Zj (IOg AZJ) Var(Gj ) + max;; | lOg AZ]|7]/6
(15)

15



In addition, if A;; = 1, Zt;z(ﬂ:i(Gg‘t) - Pj(t)) = 0, which implies the term Ztiz<t):i(G§t) —

P(t log(1—A;;) in Bap, n7 can be dropped. As G( logl—Ai' < |log(1—A;;)|,
j L J j

by Bernstein’s inequality,

P(‘BZM,H,T’ > 77/2)

/4
S iayer ((0g(1 = A))2 X0, Var(GY)) + maxs, < |log(1 — Aiy)ln/6

< 2expg —

P(max|Bsp,nr| 2 1/2)
/4
Zij:gij<1 ((log(l - )) Zt 2(t)=; Var(G(t))> + maXij:Aij<1 | 1Og<]‘ - AU)|T’/6

(16)

< 2ntexp{ —

Finally, combining (14), (15) and (16), we obtain

P(max|La(z) — Lp(2)| > 21)

<P (maXZZt D(A|Ay) > + P(max | By n, nr| > 1/2) + P(max |Bap, nr| > n/2)

2/4
<np(T/ng+1)" """ + 2nt exp {— 7 5 }
> Z (log A;;)? Var(G ) + max;; | log A;;|n/6

/4
Zij:Aij<1 <(10g(1 = Ai))? X0 Var(G t))) +max;;. 4, <1 |log(1 — Ajj)In/6

+2n] exp { —

]

Proof of Theorem 3. First we show the following fact: under Hy; — Hy, if n% log T/(dTv) —

16



0, (log d)*n? log ny,/(dnv?) — 0 and (log T')*n?% logny/(dnv?) — 0, then

nr
max

: dvnT|LP(Z) — Lg(2)| = 0,(1), asng — oo,n— 00, T — 0. (17)

Letting = dvnT'e/ny, the LHS in Lemma S1 becomes P(max, 5= |La(2) — Lp(2)| > 2¢).
To prove the above fact, we need to show each term in the RHS of Lemma S1 goes to 0.
For the first term, it is easy to check that if ny logny,/(dvn) — 0 and n? log T/(dvT) —

0, then

dvnTe

ni(T/ng)™ " e L — 0.

Under H,, A;; < d and |log A;;| = O(]logd|) for i # j. We can therefore find a constant

C such that

Ro2n2T2e2 ) (An2
P(| By nr| > donTe/(2ng)) < Qexp{ v*n*T?e*/(4n]) }’

~ C2Tn(log d)2d + Cy|log d|dvnTe/(6ny)

and

Po2n2T2e2 ) (An2
P(max | By, nr| > donTe/(2ng)) < 2nk exp{ v'nT e/ (4ng) }

~ C2Tn(log d)2d + Cy|log d|dvnTe/(6ny)

Then if (logd)?*n? lognz/(dnv?) — 0,

P(max | By, nr| > donTe/(2n)) — 0.

17



For the third term, when /_lij < 1, we have

) t;— 1)+ pPY
Azg S ( ) 2 )
t;
1—-p® 1_pW
1— A, ] ]
iy Z tz - T )

which imply |log(1 — A;;)| < Cylog T for some constant Cy > 0. Therefore,

d2 2 2T2 2 4 2
P(max | By, nr| > donTe/(2n1)) < 20 exp{ V0?12 /(4n}) } |

 C2(log T)?Tnd + Cy(log T)dnvTe/(6ny)

Furthermore, if (logT)?n? lognz/(dnv*) — 0,
P(max | By, nr| > donTe/(2ng)) — 0.

Combining the inequalities of the above three terms, we have proved (17).

Finally, for all € > 0,

(
=P < onr [(Lp(z:) — La(24)) + (La(zs) — La(2)) + (La(2) — Lp(2))] > e) +0o(1)
(

(ILp(2) = La(z)] + [La(2) — Le(2)]) = €> +o(1)

18



O

We now give the result of label consistency for fixed n;. We make the following as-

sumptions similar to H; — Hy.
Hi: cpinT <ty < cpaxI fori=1,... ng.

H): Ajj=sdfori=1,...,n,,j5=1,...,nand i # j where s;; are unknown constants

satisfying 0 < syin < 5ij < Smax < 00 while d goes to 0 as n goes to infinity.

HY: There exists a set V; C {ny +1,...,n} for i = 1,...,ny with |V;| > vn such that

T = Min, y—1,__n, iz jevi(Sij — S#j) is bounded away from 0.
H): A,y is bounded away from 1 fori=1,...,npd =1,...,ny and i # 7.

Theorem 3'. Under Hj—H), iflogT/(dTv) = o(1), (logd)?/(dnv?*) = o(1) and (log T)?/(dnv?*) =

o(1), then

T.)T = 0,(1), asn— 00, T — 0.

We omit all the proofs for fixed n; because they are trivial corollaries of the results for

growing nr,.

Proof of Theorem /. First we show the following fact: under the conditions in Theorem 4,

niT.)T = o0,(1), as ny, — oo,n — 00, T — 0.

19



According to the proof in Theorem 3, we need

P(ﬁzxwﬂawigan+wda—LﬂawzQ-»a

which holds if we can show

2

dv T

[La(z) = Le(2)| = 0p(1).

maX

As in the proof of Lemma S1, this holds by letting n = dvnTe/n3.

Then we bound ‘flfj —

e P10 =i) 3, 6MNE =)
iy~ “hig

b ti
_|Z Gl =i ¥.G (”1( |Z G z(f> =i) ¥,G1E =)
bty 2 1B =1) —1( = 1)
< p + ; < 577,[/72/777

where 0 is a constant. The last line holds by Hj.

Furthermore,

A2 A

1] )

P <maX

ij

)

> 6/2) + P (max ’Aff — Ay
ij

> ¢f2)),

<P (max ‘A Af]*

> e/2>

<P (5TLLT6/T 2 6) + P <max ‘AZZ; — Az]
v

20



The second term vanishes by Hoeffding’s inequality: for all € > 0,

P(M?—AM

:p<

<2exp{—e*t;/2}.

>€/2

-)

1Y = i)(GY - Ay)

t

Therefore, if ny logn/T — 0,

AZ* ..
P (mi?x ‘Aij — A

> e/2>

<2nnyp exp{—e2cminT/(2nL)} + P(tin < cminT /0y, for some i) — 0.

The following theorem is on estimation consistency for fixed n.

Theorem 4'. Under H|—H}, iflogn/T = o(1), log T/(dTv) = o(1), (logd)?/(dnv?*) = o(1)

and (logT)?/(dnv?) = o(1), then

Ag—A

max

=0,(1), asn — o0, T — oo.
le{l 7777 nL}7je{1 7777 n}

ij

Finally, we give the simplest version of the estimation consistency result, which only

considers the rates of n and T" but treats ny, d, and v as fixed.

Theorem 4”. Under H, — H}, for fived d and v, if logn/T = o(1) and (logT)?/n = o(1),

21



then

A= A

max i ij

i€{l,...,n},j€{1,...,n}

=0,(1), asn —o00,T — oo.

The first condition means n can grow faster than 7" as long as logn/T — 0. Such a

condition is common in the literature of high-dimensional statistics. The second condition

is more of a technical one: for proving the label consistency, we need an upper bound of

the growth rate of T" due to the concentration bound in Lemma S1.

Proof of Lemma 2. By the proof of Lemma 1, there exists 9; > 0 such that

tii +tio > 01tie, i=1,...,np,

too > O1tos,

with probability approaching 1.

Therefore!, fori =1,...,nz, j €V,

YAy — P10 = 0)

Ajj— Agy =
J ¥ tO
_ 2nmo(Ai — Akj)tro
to
> (Asj — Aogj)too > Td@ > rd too > Tdein51‘
to T (nr + 1)tos/Cmin nr,

1Some inequalities below hold with probability approaching 1. We omit this sentence occasionally.

22



Using the same argument in Lemma 1, it follows that

o
Z Z:Ilryla?;L Z Z KL(AU, Aoj)

t:z M= 5(=0 JEVi

TdCpmind103 VN

Z max ———715o
i=1,...,np, nr nr
Tdcmin5153 vn tiO CminT
Z ~max ————
i=1,...,nL ny, nrtis NI

donT tiO
> max Te—j—_—,
i=1,...np, nL tz*

(20)

where € is a positive constant and 7 is bounded away from 0.

Next, we show the following fact: under the conditions in Lemma 2,

3

n
max dmiT|Lg(z) — Lp(2)] = 0,(1).

As in the proofs of Lemma S1 and Theorem 3, the above statement holds by letting n =
dvnTe/n3. Combining (20) and the above fact, by the same argument in Theorem 3, we

have

t:
P ( max £ < 77) — 1. (21)

23



Proof of Theorem 5. Due to (18) and (21), there exists d; > 0 such that

tii Z 52ti* for 1 = O, ...y,

with probability approaching 1. By the same argument in Lemma 1,

T n
Lp(z) = Lp(2) =) Y KL(P", A0 )
t=1 j=1
Z > > > KL(Ay, Ay)
=10

0<k<np,k#i. z(t)—z S0 = L JEV:

Z > tut(1— 62)0sd,

i=1 0<k<np,k#i

which implies that there exists 0 > 0 such that with probability approaching 1,

5nL

. - Lik
T (Lo L) 2 Y Y 2

i=1 0<k<ny, k#i

By the same argument in Theorem 3, this further implies

tik
Z E = =0,(1), asnp—oo,n— o0, T — o0,
=1 0<k<np ki

(22)

(23)

if n2logT/(dvT) = o(1), n2(logT)?lognr/(dnv?) = o(1) and n2(logd)*logny/(dnv?) =

o(1).

24



As in the proof of Theorem 4,

nr, tz
Z Z (nL—{—l)Tk:op(l), as ny, — 0o,n — 00, T — oo, (24)

i=1 0<k<np ki

if n3 logT/(dvT) = o(1), n}(logT)?lognr/(dnv?) = o(1) and n}(logd)*logny/(dnv?) =
o(1).

Now we bound to;, i = 1,...,np. From (24), 37 1, psitei = 0p(T/(nr +1)). And
from 09T erin/ (N + 1) < 0oty < Ly, ZlngnL,k;ﬁi tr; < t;;, with probability approaching 1.
Moreover, from (19), to; < (1 — d1)t0s.

Therefore, there exists d, > 0 such that fori=1,...,n5, j € V;,

S (A — P10 = i)

Ayj — Aij = -
. (Aij — Agj)toi
=
Tdtoi
T top ity + ZlgkgnL,k;éi thi
> Tdtoi
o (1 — (51)t0* + 2t
Tdto; Tdnrto;

= (L= 6)tor + 2ts = 04T
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It follows that

Lp(z) — Lp(2) > _max Z Z KL(A;;, Aj;)
12— 5()—=; I€Vi
Tdnrtods vn

> max tii
Ti=lmg, 04T np+1"

dnrty; wvn

> max — TO903t s
Ti=l..np 04 T np+1 2

dnrty; vn Cmin
> max — 702031
Ti=l..n, 0y T np+1 27 ny,+1

dvnT nrto;
> ma ——, 25
- i:rlral---?;L n% T ( )

where § = 70203Cmin /04 is positive constant.
By using the same argument in Theorem 3,
M0 0,(1) (26)

e, T W)

if n1logT/(dvT) = o(1), (logT)?n8 logny,/(dnv?) = o(1) and nS (logd)?logny /(dnv?) =
L L L

o(1). It follows that

Combining (23) and (26),

1e
T =0,(1), asn —o00,T — oo.
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For label consistency under the hub model with the null component with fixed np, we

make the following assumptions:
HY: Tegin/np <ty < Tepax/np fori=0,...,np.

Hy': Ay =sydfori=0,...,n5,j=1,...,n and i # j where s;; are unknown constants

satisfying 0 < syin < 5ij < Smax < 00 while d goes to 0 as n goes to infinity.

H}': There exists a set V; C {ny +1,...,n} for i = 1,...,ny with |V;| > vn such that

T =MiNi1_n, =0, ng it jevi(8ij — Sirj) is bounded away from 0.
H}': A is bounded away from 1 for i =0,...,n.,0' =1,...,ny and i # 7'.

Theorem 5'. Under Hy'—H}', iflogT/(dTv) = o(1), (log d)?/(dnv?) = o(1) and (log T')*/(dnv?) =

o(1), then
T.)T = o0,(1), asn — o0, T — oo.

Proof of Theorem 6. By the same argument in Theorem 4, it is sufficient to show

(nL + 1)Te

T =0,(1), asny — oco,n — 00, T — oo. (27)

From (24), we have shown

- Dt
Z Z w:op(l), as ny — oo,n — 00, T — .
i=1 0<k<npk#i
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From (25), there exists ' > 0 such that

T sl 0'n} T ’

which further implies

if n? logT/(dTv) = o(1), (logd)*n% lognr/(dnv?) = o(1) and (logT)?*n% logny/(dnv?) =
o(1).

It follows that

nr

Y e ),

i=1
Eq. (27) is therefore proved and so is the theorem. O

Finally, we give the result for estimation consistency under the hub model with the null

component with fixed ny:

Theorem 6'. Under HY — Hy', iflogn/T = o(1), logT/(dTv) = o(1), log T/(dTv) = o(1),

(logd)?/(dnv*) = o(1) and (logT)?/(dnv*) = o(1), then

max |A;; — Aijl = 0,(1), as n— 00, T — oc.
1€{0,...,n },7€{1,....,n}
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3 Additional Discussion of the Hub Model with the

Null Component and Unknown Hub Set

We give a new identifiability result for the hub model with the null component and unknown
hub set. Recall that Vj is the true hub set with [Vy| = ny. Let Vi be another potential hub

set with the corresponding parameters (5, A) € P such that P(g|p, A) = P(g|p, A).

Theorem S1. The parameters (p, A) of the hub model with the null component and un-

known hub set are identifiable under the following conditions:
(i') Aij <1 forie VyU{0} andflij <1 forieVou{0},j=1,...,n,j #1i;
(ii') for alli € Vi,i' € Vy,i #4', there exists k € V' \ Vy such that Ay # Au;
(iii") for alli € Vy, there exist k, k' € V\ Vo and k # k' such that 7, # Ay and mp # Ay

(iv') there exists k ¢ Vo U Vo such that for any i € Vi, mx %+ Ay, and for any | € Vo,

e # A

Conditions (i’) - (iii’) are identical to those in Theorem 1 and Theorem 2. Condition

(iv’) requires there exists at least one node that can only play a role as a follower.

Proof of Theorem S1. Theorem 2 shows when Vy = Vjp, the parameters in the hub model

with null component are identifiable. Therefore, we only need to show Vi = V; if P(g|p, A) =

P(g|p, A) for all g.

Suppose there exist (p, A) # (p, A) such that P(g|p, A) = P(g|p, A) for any g. Let

By = Vo \ Vo and B, = V \ (Vo U Vp). First, we consider the probability that no node
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appears

pOII 1— Ay) = II 1— Ay), (28)

and the probability that only & € By appears,

podor [ [(1 = Aoj) = poAo [ (1 = Aoy). (29)
Jok ok

Dividing (29) by (28), since Agr, < 1, we have Ao, = Ay, for any k € B,

Next we show that By = V; \ Vo = 0. Suppose B; # (). By condition (iv’), for any

1 € By, there exists a k € By such that flok #* Asx. Consider the probability that only i

appears,

podo [ (=4 +s I -4y =podu(i-Ax) [[  (1-4y), (30)
J=1,mj i G=1,m,j i j=1,..n.j¢{ik}

and the probability that only ¢ and k appear

podoAe [ (0—Ay)+pdn [ -4y =pedode [ (1-A4g). (1)
Jj=L.., nng{ivk} Jﬁé{lvk} ]%{ka}

Let

Then (30) and (31) can be viewed as a system of linear equations with unknown variables
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s
o
>
}
=

=2

poAoiAok [T pjgriny (1 — Aoj)

1—Ap 1—Ay ) \9 poAoi(L = Aow) ITjz1, ey (1 — Aoy)

Since Ag, = flok #+ flik, the system is full rank and hence has a unique solution:

poAo; H (1-— Aoj‘) = poAo; H (1 — Ag;),
j=1,...,n,j¢{i,k} Jj=L,...,nj¢{i,k}

o ] -4y =0

j=1,..n,j¢{i,k}

Combining with (28), we have

pol—Aw) I (=Ay) =pl-40) J[ (-4

Jj=1,..., n,j¢{l,k} Jj=1,.., n,]&{l,k}

As /L-j <1, Ay = 12101- for any i € By C ‘70 and p; = 0, which contradicts the assumption
that 0 < p; < 1 for any ¢ € f/o. Therefore, \70 \ Vo = 0 implies that \70 does not contain any
redundant component.

By the same argument, we obtain Ay = Ay for any i € Vj \ Vo and p; = 0, which
contradicts the assumption 0 < p; < 1 for ¢ € V. Therefore, V4 \ % = (). Hence, V) = %.

By Theorem 2, we have (p, A) = (p, A). O

We close this section by a discussion on how the penalized log-likelihood function (Sec-
tion 3.2 in the main text) can result in sparse solutions. Maximizing the Lagrangian form

of the penalized log-likelihood function is equivalent to maximizing L(A, p) under the fol-

31



lowing constraints

M M
pi>0,1=0,1,..., M, Z 1,Zloge+p2 —loge] <'t.
=0

=1

To show how the constraints can result in sparse solutions, we consider a toy model con-
taining only two nodes, both of which are potential hub set members, that is, M = 2. The

constraints become

p1 >0, po >0, p1 +p2 <1, (32)

log(1 + £ ) + log(1 + '02) <t.

) - - -boundary

—t=3 1
1.2 t=4
—1t=5

Figure 1: Feasible regions of the log penalty with different values of .

Figure 1 shows the feasible regions of the log penalties for ¢ = 3,4,5 and ¢ = 0.01,
where the crosses mark the intersection of log(1 4 p1/€) + log(1 4 p2/€) =t and the axes,

and the dashed line indicates p; + p2 = 1. For t = 3 and 4, p; (resp. ps2) can potentially

32



reach 0 with gy (resp. p1) being non-zero, indicated by the cross markers within the region
defined by (32). For t = 5 (corresponding to a smaller \), this cannot happen because
log(1 + p1/€) + log(1 + pa/€) = 5 intersects with the axes outside of the region defined by

(32).

4 Additional Simulation Results

To further study the performance of the estimates under the setting of sparse A, we in-
troduce a scale factor a to control the density of A. Specifically, A;; ~ U(0.2a,0.4c) for
j€V;and A;; ~ U(0,0.2c) for j ¢ V;, where o = 0.1,0.2,...,1. We study how the ratios
of the RMSEs when the hub labels are unknown to those when the hub labels are known
ie., RMSE(AZ-]-) /RMSE*, change with the degree of sparsity. We present the results for the
case when n = 100. Other simulation settings are the same with those in Section 4.1.

Figure 2 and 3 show the results of ratio versus « for the asymmetric hub model and the
hub model with the null component, respectively. As « decreases, the ratio typically first
increases and then decreases. This suggests that the estimators in both cases perform well
when A is dense, and the problem becomes more difficult for the estimator with unknown
hubs as A becomes sparser. However, when A becomes too sparse, the matrix A cannot be
well estimated even for the case of known hub labels (i.e., the baseline).

Moreover, Figure 2 and 3 show that the turning point, i.e., the maximizer of the ratio,
comes earlier when A is more difficult to estimate, which corresponds to the cases with

larger ny, smaller T', and the hub model with the null component. The turning point

corresponds to the a value that gives the largest gap between the RMSE for the estimator
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Figure 2: The asymmetric hub model results. The ratio is RMSE(A;;)/RMSE*".
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Figure 3: The hub model with the null component results. The ratio is RMSE(A;;)/RMSE*".

34



with unknown hub labels and the baseline, and when the settings become more difficult,

the estimator with unknown hub labels starts to face challenges on a denser graph.

5 Additional Analysis of Passerine Data

We bootstrap 1,000 samples from the original data to evaluate the stability of the proposed
hub set selection method. Specifically, we perform our method on each bootstrapped sample
under A from 0.045 to 0.065 and compute the proportion of each node being selected as a
hub set member. Table 1 demonstrates the stability of the proposed method: the majority
of the birds are not selected as a hub set member in any bootstrap sample, and vg, v39 and
V42, the three birds identified from the original data dominate in the selection proportions

across the bootstrapped samples.

6 Analysis of Extended Bakery Data

We apply the hub model with the null component to the extended bakery dataset (available
at http://wiki.csc.calpoly.edu/datasets/wiki/ExtendedBakery) to find the hub items
and relationships among all the items. The dataset is a collection of purchases in a chain of
bakery stores. The stores provide 50 items including 40 bakery goods (1-40) and 10 drinks
(41-50). The goods can be divided into five categories: cakes (1-10), tarts (11-20), cookies
(21-30) and pastries (31-40). Each purchase contains a collection of items bought together.
The extended bakery data was used as a benchmark dataset to test certain machine

learning methods. For example, ( ) used association rule mining
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to extract the hidden relationships of items and ( ) applied a multino-
mial logit (MNL) model to address the problem of collaboratively learning representations
of the users and the items in recommendation systems.

In our experiment, we use the 5,000 receipts in the dataset. Since drinks are typically
purchased as affiliated items of food, we use the 40 bakery goods as the potential hub set,

ie, Vo={1,...,40}. We use A = 0.025,0.030,...,0.045 to estimate the hub set.

Table 2: Estimated hub set for extended bakery data
A Selected hub nodes

0021 4 5 6 12 13 25 29 33
00301 4 5 15 23 29 33

0035 | 5 15 23 29 34

0.040 | 15 16 23 29 34

0.045 | 15 23 29 34

Table 2 shows the estimated hub sets. As A increases, nodes are removed gradually from
the hub set. According to the BIC criteria, the optimal A is 0.045, at which the estimated
hub set contains wvy5, v93, Vo9 and w34, where vy5 is tart, ve3 and wvog are cookies, and wvsy is
pastry.

In addition, if the data was fitted by the hub model without the null component, then
the entire node set has to be used as the hub set. In fact, each of the 50 items was purchased
individually for at least once, and therefore must serve as a hub if the hubless groups are
not assumed. When the hub model with the null component is used, the corresponding

items may be removed from the hub set, which greatly reduces the model complexity.
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