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S1 Proof of Main Results

Lemma 1. Under the conditions of Theorem 1, we have
√
n(α̃−α) = Op(1).

Proof. Similar to the procedure of Lemma 2 in the supplement materials of
Liu et al. (2022), we can show that

1

n

n∑
i=1

ŜiŜ
τ
i =

1

n

n∑
i=1

SiS
τ
i +Op

(
sup

1≤k≤p
sup

x∈[ak,bk]

|β̂k − βk|
)
,

which implies that limn→∞
1
n

∑n
i=1 E[ŜiŜ

τ
i ] = Ω. Under Assumption T2, it

holds that 1
n

∑n
i=1 ŜiŜ

τ
i is invertible with probability approaching to one.

According to the formula of α̃ given by (3) in the main body, we obtain that

α̃ =
( n∑
i=1

ŜiŜ
τ
i

)−1
n∑
i=1

Ŝiδi = α+
( n∑
i=1

ŜiŜ
τ
i

)−1
n∑
i=1

Ŝiδi,

where δi = (δi1, ..., δimi
)τ . Let Ŝ⊗2

i,j be the (i, j)-element of the matrix∑n
i=1 ŜiŜ

τ
i . Employing Theorem 3 in Liu et al. (2022), we have

Var
( 1

n

n∑
i=1

Ŝiδi

)
=

1

n2

n∑
i=1

n∑
i=1

E[δτi ŜiŜ
τ
i δi]

=
1

n2

n∑
i=1

mi∑
k=1

E
[
δikŜ

⊗2
k,k

]
+

1

n2

n∑
i=1

mi∑
k 6=l

E
[
δikδilŜ

⊗2
k,l

]
=

1

n2

n∑
i=1

mi∑
k=1

E
[
E[δ2

ik|Tij]Ŝ⊗2
k,k

]
+

1

n2

n∑
i=1

mi∑
k 6=l

E
[
E[δikδil|Tij]Ŝ⊗2

k,l

]
≤ c1

1

n
trE
[ 1

n

n∑
i=1

ŜiŜ
τ
i

]
+ c2

1

n

∥∥∥∥∥ 1

n

n∑
i=1

ŜiŜ
τ
i

∥∥∥∥∥
F

= Op (1/n) + op(1),
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which completes the proof. �

Proof of Theorem 1.

Proof. Denote Yi =
{
Yi1 , ..., Yimi

}τ
, ẽi = g̃0,i − g0,i, where

g0,i = {g0(Ti1,Zi1,Xi1;α), ..., g0(Timi
,Zimi

,Ximi
;α,β(x))}τ and

g̃0,i = {g0(Ti1,Zi1,Xi1; α̃), ..., g0(Timi
,Zimi

,Ximi
; α̃, β̂(x)}τ .

Since êi = Yi − g̃0,i = δi − (g̃0,i − g0,i) = δi − ẽi, we can write Ĵn =

Ĵn,1 − 2Ĵn,2 + Ĵn,3, where

Ĵn,1 =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

δτiWijδj, (S1.2)

Ĵn,2 =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

δτiWij ẽi, (S1.3)

Ĵn,3 =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

ẽτiWij ẽi. (S1.4)

It suffices to show that

n2N̄2
H√

N2 − nN̄2

√
|H|Ĵn,1/σ1

D−→ N(0, 1), (S1.5)

Ĵn,2 = op

(
1

nN̄H

√
|H|

)
, (S1.6)

Ĵn,3 = op

(
1

nN̄H

√
|H|

)
and (S1.7)

σ̂2
1

p−→ σ2
1 (S1.8)

under H0,C.
On the other hand, the condition limn sup N̄2/(N̄H)2 < ∞ implies N̄2 =

O(N̄2
H). By the convex inequality, it holds that(

1

n

n∑
i=1

mi

)2

≤ 1

n

n∑
i=1

m2
i = O(N̄2

H),
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which means N = O(nN̄H), and N2 − nN̄2 = O
(
n(n− 1)N̄2

H

)
. Therefore,

n2N̄2
H√

N2 − nN̄2

√
|H|Ĵn/σ̂1 =

σ1

σ̂1

n2N̄2
H√

N2 − nN̄2

√
|H|Ĵn,1/σ1 + op(1)

D−→ N(0, 1),

which completes the proof. �

Proof of (S1.5)

Proof. We write Ĵn,1 = 1
n2N̄2

H|H|
∑n

i=1 ηin, where ηin =
∑n

j 6=i δ
τ
iWijδj =

2
∑

j<i δ
τ
iWijδj. It is easy to see that ηin is a martingale difference (MD)

process w.r.t. the filtration Fni = σ((Ti, Xi)
n
i=1, δ1, ..., δn) and

s2
n :=

n∑
i=1

E[η2
in] = 4

n∑
i=1

n∑
j<i

E[E(δτiWijδj)
2|Ji,Jj]]

= 4
n∑
i=1

n∑
j<i

(Ĵn,11 + Ĵn,12 + Ĵn,13 + Ĵn,14),

where

Ĵn,11 =

mi∑
l=1

mj∑
v=1

E
[
E[δ2

il|Ji]E[δ2
jv|Jj]

(
w

(l,v)
ij

)2]
,

Ĵn,12 =

mi∑
l=1

mj∑
v 6=v′

E
[
E[δil|Ji]E[δjvδjv′|Jj]w(l,v)

ij w
(l,v′)
ij

]
Ĵn,13 =

mi∑
l 6=l′

mj∑
v=1

E
[
E[δilδil′ |Ji]E[δ2

jv|Jj]w
(l,v)
ij w

(l′,v)
ij

]
Ĵn,14 =

mi∑
l 6=l′

mj∑
v 6=v′

E
[
E[δilδil′ |Ji]E[δjvδjv′ |Jj]w(l,v)

ij w
(l′,v′)
ij

]
According to (C.8) and (C.9) in the supplement materials of Liu et al. (2022),
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after a straightforward computation, we obtain that

Ĵn,11 = mimjκ
p+1|H|E

[
{γ(T, T ) + σ2(T )}2fT(T )

] p∏
k=1

E [fk(Xk(T );T )]

4
= mimjκ

p+1|H|∆1,

Ĵn,12 = mimj(mj − 1)|H|2E[{γ(T, T ) + σ2(T )}γ(T, T )f 2
T(T )]

p∏
k=1

E
[
f 2
k (Xk(T );T )

]
4
= mimj(mj − 1)|H|2∆2,

Ĵn,13 = mimj(mi − 1)|H|2E[{γ(T, T ) + σ2(T )}γ(T, T )f 2
T(T )]

p∏
k=1

E
[
f 2
k (Xk(T );T )

]
4
= mimj(mi − 1)|H|2∆3,

Ĵn,14 = mimj(mi − 1)(mj − 1)|H|2E[γ2(T, T )fT(T )]

p∏
k=1

(E[fk(Xk(T );T )])2

4
= mimj(mi − 1)(mj − 1)|H|2∆4.

Note that 2
∑n

i=1

∑n
j 6=imimj = N2 − nN̄2, where N̄2 = 1

n

∑n
i=1m

2
i . Fur-

thermore,

n∑
i=1

n∑
j 6=i

mimj(mi − 1) ≤
n∑
i=1

m2
i

n∑
j=1

mj = nNN̄2 = O(n2N̄3
H),

n∑
i=1

n∑
j 6=i

mimj(mi − 1)(mj − 1) ≤

(
n∑
i=1

m2
i

)2

= (nN̄2)2 = O(n2N̄4
H).

Therefore,

s2
n = 2

n∑
i=1

n∑
j 6=i

mimjκ
p+1|H|∆1 + 2

n∑
i=1

n∑
j 6=i

mimj(mi − 1)|H|2∆2

+ 2
n∑
i=1

n∑
j 6=i

mimj(mj − 1)|H|2∆3 + 2
n∑
i=1

n∑
j 6=i

mimj(mi − 1)(mj − 1)|H|2∆4

= (N2 − nN̄2)κp+1|H|∆1 +O(n2N̄3
H|H|2) +O(n2N̄4

H|H|2)

= (N2 − nN̄2)|H|σ2
0 + s.o.
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since N̄2
H|H| = o(1). Hence,

Var(Ĵn,1) =
N2 − nN̄2

n4N̄4
H|H|

σ2
0

with σ2
0 = κp+1E [{γ(T, T ) + σ2(T )}2fT(T )] Πp

k=1E[fk(Xk(T );T )].

Now, we consider
n2N̄2

H√
N2−nN̄2

√
|H|Ĵn/σ0 =

∑n
i=1 ζin, where ζin = ηin/sn

and s2
n = (N2−nN̄2)|H|σ2

0. To derive the asymptotic normality of
∑n

i=1 ζin,
it remains to show the following three conditions in Lemma D1 of Jun and
Pinkse (2012):

(i) supn E [maxi ζ
2
in] <∞,

(ii)
∑n

i=1 ζ
2
in

p−→ 1, and

(iii) maxi |ζin|
p−→ 0.

It is obvious that (i) holds since maxi ζ
2
in ≤

∑n
i=1 η

2
in/s

2
n and s2

n =
∑n

i=1 E[η2
in]+

o(1). By Markov’s inequality, it follows that

P(max
i
|ζin| > ε) ≤

n∑
i=1

P(|ζin| > ε) ≤ 1

εr

n∑
i=1

E[|ζin|r]. (S1.9)

Note that

E [|ζin|r] =
1

srn
E [|ηin|r] =

1

srn
E
[∣∣∣ n∑

j<i

δτiWijδj

∣∣∣r].
Obviously, srn = O({N2 − nN̄2)|H|}r/2) = O({n(n − 1)N̄2

H|H|}r/2). On the
other hand, using Cr inequality and Assumption E3, we obtain that∑

j<i

E [|δτiWijδj|r] =
n∑
j<i

E
∣∣∣ mi∑
l=1

mj∑
v=1

δilw
(l,v)
ij δjv

∣∣∣r
≤

n∑
j<i

mi∑
l=1

mj∑
v=1

E
∣∣δilw(l,v)

ij δjv
∣∣r

≤ C

n∑
j<i

mi∑
l=1

mj∑
v=1

E
[
krhC(Til, Tjv)K

r
hA

(Xil,Xjv)
]

= O
( n∑

j<i

mimj|H|
)
.
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Therefore,

n∑
i=1

E[|ζin|r] = O({n2N̄2
H|H|}−

r−2
2 ) = o(1) (S1.10)

for r > 2, which shows that (iii) from (S1.9). Furthermore, by Burkholder
inequality and Cr inequality, we have that

P
(∣∣∣ n∑

i=1

ζ2
in − 1

∣∣∣ > ε
)

= P
(∣∣∣ n∑

i=1

ζ2
in − E

[
ζ2
in|Ji

]∣∣∣ > ε
)

≤ 1

εr/2
E
[∣∣∣ n∑

i=1

ζ2
in − E

[
ζ2
in|Ji

]∣∣∣r/2]
≤ 1

εr/2
E
[{ n∑

i=1

ζ2
in

}r/2]
≤ 1

εr/2
E
[∣∣∣ n∑

i=1

ζin

∣∣∣r]
≤ 1

εr/2

n∑
i=1

E[|ζin|r]→ 0

which shows condition (ii). Hence, we complete the proof of (S1.5). �

Proof of (S1.6)

Proof. Let ẽi,j be the j-th element of ẽi, which is given by

ẽi,j = Zτ
ij(α̃0 −α0) +

p∑
k=1

(α̃k − αk)βk(Xijk)

+

p∑
k=1

αk[β̂k(Xijk)− βk(Xijk)] +

p∑
k=1

(α̃k − αk)[β̂k(Xijk)− βk(Xijk)].

(S1.11)

Represent β̂i,k = {β̂k(Xi1k), ..., β̂k(Ximik)}τ and βi,k = {βk(Xi1k), ..., βk(Ximik)}τ ,
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then we can write Ĵn,2 = Ĵn,21 + Ĵn,22 + Ĵn,23 + Ĵn,24, where

Ĵn,21 =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

δτiWijZ
τ
ij(α̃0 −α0),

Ĵn,22 =
1

n2N̄2
H|H|

p∑
k=1

n∑
i=1

n∑
j 6=i

δτiWij(α̃k − αk)βj,k,

Ĵn,23 =
1

n2N̄2
H|H|

p∑
k=1

n∑
i=1

n∑
j 6=i

δτiWijαk(β̂j,k − βj,k), and

Ĵn,24 =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

δτiWij(α̃k − αk)(β̂j,k − βj,k).

Using Lemma 1, we get

Var(Ĵn,21) =
1

n5N̄4
H|H|2

n∑
i=1

n∑
j 6=i

E
[
δτiWijZ

τ
ij1mj

]2
≤ C

1

n5N̄4
H|H|2

n∑
i=1

n∑
j 6=i

mi∑
l=1

mj∑
v=1

mi∑
l′=1

mj∑
v′=1

E
[
δilδil′w

(l,v)
ij w

(l′,v′)
ij

]
= Op

(
n(n− 1)N̄2

H|H|
n5N̄4

H|H|2

)
= op

(
1

n2N̄2
H|H|

)
,

which implies that Ĵn,21 = op

(
1

nN̄H

√
|H|

)
. Similarly, it holds that Ĵn,22 =

op

(
1

nN̄H

√
|H|

)
.

Next, according to (C.26) and (C.29) in the supplement materials of Liu
et al. (2022), we obtain that

Ĵn,23 =
1

n2N̄2
H|H|

p∑
k=1

n∑
i=1

n∑
j 6=i

δτiWijαk

 eτ1{r̂k(Xj1)− rk(Xj1)}
...

eτ1{r̂k(Xjmj
)− rk(Xjmj

)}


=

1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

δτiWijαk

{
O
(
h2

A

)
+Op

(√
1

nN̄HhA

+
1

n

)}

= op

(
1

nN̄H

√
|H|

)
.
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Here, the last step uses the fact that
∑n

i=1

∑n
j 6=i δ

τ
iWij = Op

(√
n(n− 1)N̄2

H|H|
)
.

Similarly, Ĵn,24 = op

(√
n(n− 1)N̄2

H|H|
)
. Hence, (S1.6) is shown. �

Proof of (S1.7)

Proof. From the definition of ẽi,j given in (S1.11), we can write Ĵn,3 =

Ĵn,31 + Ĵn,32 + Ĵn,33 + Ĵn,34 + Ĵn,35 + (s.o.), where

Jn,31 =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

(α̃0 −α0)τ Zij1
τ
mi
WijZ

τ
ij (α̃0 −α0) 1mj

,

Jn,32 =
1

n2N̄2
H|H|

p∑
k=1

n∑
i=1

n∑
j 6=i

(α̃k − αk)2 βτi,kWijβj,k,

Jn,33 =
1

n2N̄2
H|H|

p∑
k=1

n∑
i=1

n∑
j 6=i

α2
k

(
β̂i,k − βi,k

)τ
Wij

(
β̂j,k − βj,k

)
,

Jn,34 =
2

n2N̄2
H|H|

p∑
k=1

n∑
i=1

n∑
j 6=i

(α̃0 −α0)τ Zij1mi
Wij

(
β̂j,k − βj,k

)
αk

Jn,35 =
2

n2N̄2
H|H|

p∑
k=1

n∑
i=1

n∑
j 6=i

(α̃k − αk)βi,kWij

(
β̂j,k − βj,k

)
.

After direct computation, we obtain that Ĵn,31 = Op(1/n), Ĵn,32 = Op(1/n),

Ĵn,33 = Op(h
4
A), Ĵn,34 = op(1/

√
n), and Ĵn,35 = op(1/n). By Assumption T3,

we have that Ĵn,3 = op

(
1

nN̄H

√
|H|

)
, which shows that (S1.7) holds. �

Proof of (S1.8)

Proof. By the proof of (S1.5), the leading term of σ̂2
1 is given by

σ̃2
1 =

1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

mi∑
l=1

mj∑
v=1

δ2
ilδ

2
jv

{
w

(l,v)
ij

}2

=
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

Hi,j,

where the form of Hi,j is obvious.
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After straightforward computation, we obtain that

Var
(
σ̃2

1

)
≤ E

[
σ̂4

1

]
=

1

n4N̄4
H|H|2

n∑
i=1

n∑
j 6=i

H2
i,j =

n(n− 1)N̄2
H

n4N̄4
H|H|2

|H|+ op(1)

= Op

(
1

n2N̄2
H|H|

)
= op(1), and

E
[
σ̃2

1

]
=

1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

mi∑
l=1

mj∑
v=1

E
[
δ2
ilδ

2
jv

{
w

(l,v)
ij

}2 ]
=
n(n− 1)N̄2

H

n2N̄2
H|H|

|H|σ2
1 + op(1).

Therefore, σ̃2
1 = E[σ̃2

1] + op(1)
p−→ σ2

1. Since σ̂2
1

p−→ σ̃2
1, we finish the proof. �

Proof of Theorem 2.

Proof. Under H1,C,

êij = Yij − g0(Tij,Zij,Xij; α̃, β̂(Xij)) = ∆(Tij,Zij,Xij)− ẽij + δij,

where ∆(t, z,x) = g(t, z,x;α(t),β(x))−g0(t, z,x;α,β(x)). Let ∆i = (∆i1, ...,∆imi
)τ

with ∆ij := ∆(Tij,Zij,Xij), then

Ĵn =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

êτiWij êj =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

(∆i − ẽi + δi)
τWij(∆j − ẽj + δj)

= Ĵn,1 − 2Ĵn,2 + Ĵn,3 + In,1 − 2In,2 + 2In,3,

where Ĵn,i, i = 1, 2, 3 are given by (S1.2)–(S1.4), and

In,1 =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

∆τ
iWij∆j,

In,2 =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

∆τ
iWijδj, and

In,3 =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

∆τ
iWij ẽj.
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In combination with the obtained results given in (S1.5)-(S1.7), it remains
to show that

In,1
p−→ C∆ > 0, (S1.12)

In,2 = Op

(
1

nN̄H

√
|H|

)
, (S1.13)

In,3 = op

(
1

nN̄H

√
|H|

)
, and (S1.14)

σ̂2
1

p−→ C∆ > 0 (S1.15)

under H1,C. Therefore,

nN̄H

√
|H|Ĵn/σ̂1 = nN̄H

√
|H|

(
In,1 +Op

(
1

nN̄H

√
|H|

))
→∞

at the rate of nN̄H

√
|H|. Hence, the proof is finished. �

Proof of (S1.12)

Proof. It is easy to see that

Var(In,1) ≤ 1

n4N̄4
H|H|2

E
[ n∑
i=1

n∑
j 6=i

∆τ
iWij∆j

]2

=
1

n4N̄4
H|H|2

n∑
i=1

n∑
j 6=i

n∑
i′=1

n∑
j′ 6=i

E [∆τ
iWij∆j∆

τ
i′Wi′j′∆j′ ]

= V1 + V2 + V3 + V4,

where

V1 =
1

n4N̄4
H|H|2

n∑
i=1

n∑
j 6=i

E [∆τ
iWij∆j]

2 ,

V2 =
1

n4N̄4
H|H|2

n∑
i=1

n∑
j 6=i

n∑
j′ 6=i

E [∆τ
iWij∆j∆

τ
iWij′∆j′ ] ,

V3 =
1

n4N̄4
H|H|2

n∑
i=1

n∑
i′=1

n∑
j 6=i
j 6=i′

E [∆τ
iWij∆j∆

τ
i′Wi′j∆j] , and
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V4 =
1

n4N̄4
H|H|2

n∑
i=1

n∑
i′=1

n∑
j 6=i

n∑
j′ 6=i′

E [∆τ
iWij∆j∆

τ
i′Wi′j′∆j′ ] .

It is not difficult to show that the leading term of V1 is given by

1

n4N̄4
H|H|2

n∑
i=1

n∑
j 6=i

mi∑
l=1

mj∑
v=1

E
[
∆2
il∆

2
jv

(
w

(l,v)
ij

)2
]

= O

(
(N − nN̄2)κp+1

22 |H|
n4N̄4

H|H|2

)
= O

(
1

n2N̄2
H|H|

)
which yields V1 = O

(
1

n2N̄2
H|H|

)
. In the same vein, we obtain that Vi =

o
(

1
n2N̄2

H|H|

)
for i = 2, 3, 4. Therefore, Var(In,1) = Op

(
1

n2N̄2
H|H|

)
= o(1), which

implies that In,1 = E[In,1] + op(1). Furthermore, we can write E[In,1] as

E[In,1] =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

E [∆τ
iWij∆j]

=
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

mi∑
l=1

mj∑
v=1

E
[
∆ilw

(l,v)
ij ∆jv

]
,

and obtain

E
[
∆ilw

(l,v)
ij ∆jv

]
= E [∆(Til)∆(Tjv)khC(Til, Tjv)KhA(Xil, Xjv)]

=

∫
∆(t1)∆(t2)k

(t1 − t2
hC

) p∏
k=1

k
(x1,k − x2,k

hA

)
fT(t1)fT(t2)

p∏
k=1

fk(x1,k)fk(x2,k)dt1dt2

p∏
k=1

dx1,kdx2,k

= |H|
∫

∆(t2 + hCz)∆(t2)k(z)

p∏
k=1

k(vk)fT(t2 + hCz)fT(t2)dzdt2

p∏
k=1

dvkdX2,k

= |H|E
[
∆2(T,Z,X)fT(T )

∏p
k=1 f

2
k (Xk)

f(X1, ..., Xk)

]
:= |H|C∆.

Since C∆ is positive under H1, we obtain that E[In,1] =
n(n−1)N̄2

H|H|
n2N̄2

H|H|
C∆ →

C∆ > 0, which yields (S1.12). �

11



Proof of (S1.13)

Proof. It is easy to see that

Var(In,2) ≤ E
[
I2
n,2

]
=

1

n4N̄4
H|H|2

E
[ n∑
i=1

n∑
j 6=i

∆τ
iWijδj

]2

=
1

n4N̄4
H|H|2

n∑
i=1

n∑
i′=1

mi∑
j 6=i

mj∑
j′ 6=i′

E
[
∆τ

iWijδj∆
τ
j′Wi′j′δj′

]
.

Similar to the proof of (S1.12), it can be shown that Var(In,2) = Op

(
1

n2N̄2
H|H|

)
.

Hence, (S1.13) holds because E [In,2] = 0. �

Proof of (S1.14)

Proof. From (S1.11), we can write In,3 = In,31 + In,32 + In,33 + In,34, where

In,31 =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

∆τ
iWijZ

τ
ij(α̃0 −α0),

In,32 =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

∆τ
iWij(α̃k − αk)βj,k,

In,33 =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

∆τ
iWijαk(β̂j,k − βj,k), and

In,34 =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

∆τ
iWij(α̃k − αk)(β̂j,k − βj,k).

By Lemma 1, we have

Var(In,31) ≤ 1

n5N̄4
H|H|2

n∑
i=1

n∑
j 6=i

E
[
∆τ

iWijZij1mj

]2
≤ C

1

n5N̄4
H|H|2

n∑
i=1

n∑
j 6=i

mi∑
l=1

mj∑
v=1

mi∑
l=1

mj∑
v=1

E
[
∆il∆il′w

(l,v)
ij w

(l′,v′)
ij

]
= Op

(
n(n− 1)N̄2

H|H|
n5N̄4

H|H|2

)
+ op(1)

= op

(
1

n2N̄2
H|H|

)
.

12



It follows that E|In,31| ≤ op

(
1

nN̄H

√
|H|

)
, which leads to In,31 = op

(
1

nN̄H

√
|H|

)
.

Similarly, we get In,32 = op

(
1

nN̄H

√
|H|

)
. Combining with Theorem 3 in Liu

et al. (2022), we obtain that

In,33 =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

∆τ
iWijαk

{
O(h2

A) +Op

(√
1

nN̄HhA

+
1

n

)}

= op

(
1

nN̄H

√
|H|

)
, (S1.16)

which is also implies that In,34 = op

(
1

nN̄H

√
|H|

)
. Thus, we complete the proof

of (S1.14). �

Proof of (S1.15)

Proof. From the proof of above, the leading term of σ̂1 under H1 is decided
by

1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

mi∑
l=1

mj∑
v=1

∆2
il∆

2
jv

{
w

(l,v)
ij

}2
=
n(n− 1)N̄2

H|H|
n2N̄2

H|H|
C + op(1)

p−→ C > 0,

(S1.17)

where C = κp+1
22 E

[
∆4(T,Z,X)fT(T )

∏p
k=1 f

2
k (Xk)

f(X1,...,Xk)

]
> 0 under H1,C. Hence the

proof. �

Proof of Theorem 3

Proof. Let d̃i = h̃0,i − h0,i, where

h0,i = {h0(Ti1,Zi1,Xi1;α), ..., h0(Timi
,Zimi

,Ximi
;α)}τ and

h̃0,i = {h0(Ti1,Zi1,Xi1; α̃), ..., h0(Timi
,Zimi

,Ximi
; α̃)}τ .

Notice that ς̂ i = Yi − h̃0,i = δi − (h̃0,i − h0,i) = δi − d̃i, then, we can write

În = Ĵn,1 − 2În,2 + În,3, where Ĵn,1 is defined in the proof of Theorem 2, and

În,2 =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

δτiWijd̃j, and

În,3 =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

d̃τiWijd̃j.

13



We have show that
n2N̄2

H√
N2−nN̄2

√
|H|Ĵn,1/σ1

D−→ N(0, 1). Since the j-th ele-

ments of d̃i is given by Zτ
ij (α̃0(Tij)−α0(Tij))+

∑p
k=1 (α̃k (Tij)− αk (Tij))Xij,k,

we can write În,2 = În,21 + În,22 with

În,21 =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

mi∑
l=1

mj∑
j=1

δilZ
τ
jv (α̃k (Tjv)−α0(Tjv))w

(l,v)
ij and

În,22 =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

mi∑
l=1

mj∑
j=1

δil (αk (Tjv)− αk (Tjv))Xjv,kw
(l,v)
ij .

Similar to the procedure of Zhang and Wang (2016), it can be shown that

α̃0(t) − α0(t) = Op

(√
1

nN̄HhC
+ 1

n

)
and α̂k(t) − αk(t) = Op

(√
1

nN̄HhC
+ 1

n

)
.

Similarly, we obtain that În,21 = op

(
1

nN̄H

√
|H|

)
and În,22 = op

(
1

nN̄H

√
|H|

)
.

That is, În,2 = op

(
1

nN̄H

√
|H|

)
.

Furthermore, we can rewrite În,3 = În,31 + În,32 + În,33, where

În,31 =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

mi∑
l=1

mj∑
j=1

(α̃0(Til)−α0(Til)) Zτ
ilw

(l,v)
ij (α̃0(Tjv)−α0(Tjv)) Zjv,

În,32 =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

mi∑
l=1

mj∑
j=1

(α̃k(Til)− αk(Til))w(l,v)
ij (α̃k(Tjv)− αk(Tjv)) , and

În,33 =
1

n2N̄2
H|H|

p∑
k=1

n∑
i=1

n∑
j 6=i

mi∑
l=1

mj∑
j=1

(α̃0(Til)−α0(Til))
τ Zilw

(l,v)
ij (α̃k(Tjv)− αk(Tjv)) .

It is routine to show that În,3l = op

(
1

nN̄H

√
|H|

)
for l = 1, 2, 3, which means

that În,3 = op

(
1

nN̄H

√
|H|

)
. Therefore, it follows that

n2N̄2
H√

N2 − nN̄2

√
|H|În/σ̂1 =

σ1

σ̂1

n2N̄2
H√

N2 − nN̄2

√
|H|În,1/σ1 + op(1)

D−→ N(0, 1),

which completes the proof. �

Proof of Theorem 4.
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Proof. Under H1,A,

ς̂ij = Yij − h0 (Tij,Zij,Xij; α̃(Tij)) = ∆̃(Tij,Zij,Xij)− d̃ij + δij,

where ∆̃(t, z,x) = g (t, z,x;α(t),β(x))−h0 (t, z,x;α(t)) . Let ∆̃i = (∆̃i1, ..., ∆̃imi
)τ

with ∆̃ij := ∆̃(Tij,Zij,Xij), then

În = Ĵn,1 − 2În,2 + În,3 + Ĩn,1 − 2Ĩn,2 + 2Ĩn,3,

where

Ĩn,1 =
1

n2N̄2
H|H|

p∑
k=1

n∑
i=1

n∑
j 6=i

∆̃τ
iWij∆̃j,

Ĩn,2 =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

∆̃τ
iWijδj, and

Ĩn,3 =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

∆̃τ
iWij d̃i.

In the vein of Theorem 2, we can show that

Ĩn,1 = E[Ĩn,1] + op(1)→ E

[
∆̃2(T,Z,X)fT(T )

∏p
k=1 f

2
k (Xk)

f(X1, ..., Xk)

]
> 0

and Ĩn,2 = Op

(
1

nN̄H

√
|H|

)
. On the other hand, note that Ĩn,3 = Ĩn,31 + Ĩn,32

with

Ĩn,31 =
1

n2N̄2
H|H|

n∑
i=1

n∑
j 6=i

∆̃τ
iWijZ

τ
ij (α̃0(Tij)− α0(Tij)) and

Ĩn,32 =
1

n2N̄2
H|H|

p∑
k=1

n∑
i=1

n∑
j 6=i

∆̃τ
iWij (α̃k(Tij)− αk(Tij))Xijk.

Along with the line of (S1.14), we have Ĩn,3i = op

(
1

nN̄H

√
|H|

)
for i = 1, 2,

which yields În,3 = op

(
1

nN̄H

√
|H|

)
. In combination with (S1.5) and (S1.8), we

obtain that

nN̄H

√
|H|În/σ̂1 = nN̄H

√
|H|

(
Ĩn,1 +Op

(
1

nN̄H

√
|H|

))
→∞

at the rate of nN̄H

√
|H|. �
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