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The supplementary gives the proof of Proposition 2.1:

Proof. (1) If X; is independent of Y, then X, will be independent for any H, and
so f(X|H =1) = f(X),forany I € {1,---, 5}, thus w§ = 0. Now suppose w§ = 0

for all choices of S, say |g7(z;) — ¢%(x;)| = 0 a.s.for any I,m € {1,---,5}. We

consider H = 1if Y <y and H = 2 otherwise for any y. Because wf =0 and X is
independent of H, f(X,|Y <y) = f(X;|Y > y) for all y, that is, if Pr(Y <y) =0
or Pr(Y > y) = 0,the result holds naturally and if Pr(Y <y) > 0 and Pr(Y > y) >

0,then

[ Y <y) (XY >y)

Pr(Y <y)  1-Pr(Y <y)
S(f(X,Y <y)+ f(X;,Y > ) Pr(Y <y) = f(X;,Y <y)
SPr(Y <y)f(X;) = f(X;,Y <y)
SPr(Y <y)f(X;) = (XY <y)Pr(Y <y)

S f(X;) = (XY <y) for any y.
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Consequently, X; is independent of Y.
(2) Suppose wf = 0, then Xj is independent of H according to the previous
proposition. Therefore, Pr(Y < a;|X;) = Pr(H = 1|X;) = P(H = 1) is a constant

irrelated to z;, which contradicts with our assumption. As a result, we must have

S
wj.

(3) For the last conclusion, we define

wj = SUP/|9§1(%‘) = gy, (x;)|daj, (1)
Y1,Y2
where
() = f@lY =wy), ;€€
Y1 J 0’ x] G ng \le.
9 (z;) = f(]Y = 4a), ;5 €6y,
vy 0, T € Qyy \ Q.
and
Wi = “?ax/ |97 () — g (25)]da;;, (2)
m QU
where
] flzj|H =1), z; €
g (x])
O, X5 S Qm \ Ql
. fla|H =m), z; € Qp
gm (i) =

0, z; € Y\ Q.

It is noteworthy that gy and gy, corresponds to the random variable Y, but g7
and g, corresponds to the random variable H, however we abuse the notation a
little by writing the g” for both two cases. We can obtain wj > 0 in that X; is not
independent of Y,w? > 0. So we just need to prove wf — wj as S — oo. By the

definition w7, for V € > 0, there exists yy, y5 such that
‘w; -/ |QZ;<%’) - 9;’;(%‘)|d%\ <é&
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Because f(z;]y) is continuous in y and is bounded by a fixed constant M and

[ 165262 = gpas)ldes < [ [l )] + b )y =2

there exists § > 0 such that [ |gJ(z;) — 9y (xj)|dz; for any |y — yi| < 4. Take
A = Pr(ly — yi| < 0), due to max;_; .. s Pr(H = 1) — 0, there exists Sy such that
Pr(H =1) < £ for S > Sp. In such cases, there exists [a;,, ai,41) C (yf — 6,4} + 0).

We can easily prove that

JE R A 3
Similarly,there exists [y such that

[ st t) = g (el < & ()

In addition,
[ 16t2) = st alde, < uf <o

Hence,
wj — wf| =w; — ws

< | Vo ) = gyl +2 = [ lai (a5) = gy ol

< / |gy: (25) = gys (25) — a7, (5) + gp, ()| dz; + €

< / gk () — s )| + Lo () — i ) +

L (1) = Gy (x;)|dx; + ¢

i=1,2

<3e.

Due to ¢ is arbitrary, the conclusion follows. ]



