Supplemental Material for “Estimation of
Optimal Treatment Regimes Using Lists”

1 Introduction

In Section 2, we present the proofs of Theorems 1 and 2 in the main text. In Section 3,
we describe our estimation algorithm in detail and prove Proposition 1. We also briefly
discuss the extension of our algorithm to handle an arbitrary number of covariates per clause
and summarize the algorithm proposed by Zhang et al. (2015). In Section 4, we present
additional simulation results, including the computation time and the optimal treatment

selection rate. In Section 5, we describe the covariates used in the real data example.

2 Proofs of the Theorems

2.1 Overview

An overview of our proofs is as follows. We first derive risk bounds on @T and 7 and then
recursively derive bounds for t =T — 1,7 — 2,...,1. In deriving each of these bounds,
we first establish a bound on the difference @t — @y, and subsequently infer bounds on
the distance between 7, and 7r;. Due to their discrete nature, there is no natural distance
between two decision lists. Instead, we make a clause-by-clause comparison between T,
and 7}, starting with the first clause. At each clause, we examine the distance between

(Eg,aw) and (R}, aj,), as measured by the p;-distance defined in Section 3 of the main



text. We are thereby able to obtain the bound

Lmax

Prxc{7(X) # m (X0} < {Pra # ai) + (R By }
(=1

where Prx is the probability measure with respect to X1,..., X7 only. An upper bound
on the reduction in value V;(w}) — V(7;) is obtained similarly. In the following paragraphs,
we provide an overview of the derivation of the risk bounds for the estimated )-functions
and the distance between (Ry, dy) and (RY, aly).

In order to establish the risk bound for Q\t, which is estimated via kernel ridge regres-
sion, we first present some auxiliary results on the properties of the RKHS induced by
Gaussian kernel with multiple scaling factors (in Section 2.4). Though most of the results
are straightforward extensions of known results for the Gaussian kernel with a single scaling
factor, to the best of our knowledge they are not found elsewhere in the literature and so
we include them for completeness. After reviewing these auxiliary results, we decompose
the difference between @t and @), into two terms, known as the approximation error (in
Section 2.5) and the estimation error (in Section 2.6), which we bound separately. Our
bounds employ a technique similar to that used in Steinwart and Christmann (2008), ex-
cept to for two major changes to accommodate the following issues:

(1) the estimation of @t(-, a) only utilizes a random subset of samples with A; = a, and
hence the randomness in A;; must be handled properly;

(2) the estimation of @t(-, a) with t < T is based on the extrapolated responses using the
estimated @Q-functions in later stages, rather than based on the (unobserved) true responses.

In order to derive the convergence properties of the estimated list (étg,atg), we first
transform the criterion function so that the estimation of (Ry,ay) falls into the M-
estimation framework (in Section 2.7). We emphasize that optimization with respect to

R € R, involves the form of R, the indexes ji,jo and the threshold values 7y, . Thus,



it will not only determine which variables should be used to define R, but also the corre-
sponding threshold values and the direction of the inequalities. Therefore, the variables
used in each clause are chosen in a data-driven way, and different variables may be chosen
for different clauses.

Though we put the computation of (Etg,?itg) into an M-estimation formulation, we
observe the following facts that prevents us from using the well established theory of M-
estimator:

(1) at each stage t, the product space R; x A; is neither a vector space not equipped with
a natural definition of norm or distance;

(2) except for the first clause, the M-function involves estimated quantities such as previ-
ously estimated clauses. Because the estimated clauses do not have an influence function
expansion, they must be handled using new techniques.

In order to handle these two issues, we establish a few auxiliary inequalities for decision
lists (in Section 2.8).

After laying the groundwork as described above, the proofs of Theorem 1 (in Section 2.9)
and Theorem 2 (in Section 2.10) follow directly.

2.2 Notation

For vectors u,v € R?, define component-wise operations u? = (uf, ... ,uZ)T, p € R, and
wov = (uvy,...,uw,)". For V.C RY defineuoV = {uowv:v eV} In addition, u is
said to be positive if each of its components is positive.

Let O; be the collection of random variables associated with the ith subject. For any
function f, define P,(f) = n='>"", f(O;). For any measurable function f defined on
D C R?, we write || fl. = ([, de,u)l/Z and || f|lee = inf{t € R : u(|f] > t) = 0}, where p is
the Lebesgue measure on D. Let (7', d) be a metric space and S be a subset of T'. For e > 0,



the e-covering number of S is defined by NV (S,d,e) = inf{n > 1: there exists t;,--- ,t, €
T such that S C J, B(t;,€)}, where inf() = oo and B(t,e) = {u € T : d(u,t) < e} is
the a ball with center ¢ and radius €. If (7', |-]|) is a normed vector space, the e-covering
number is defined by viewing T as a metric space with induced metric d(s,t) = ||s — t||.
Let (7 ||-||) be a normed vector space. The unit ball of 7" is defined by By = {t : ||t|| < 1}.
Given a scalar w € R and a set S C 7', define wS = {ws : s € S}.

In the following proofs, ¢ and ¢; denote generic constants.

2.3 Concentration inequalities

We first state Talagrand’s inequality (Bousquet, 2002, Theorem 2.3; see also Massart, 2000,
Theorem 3 and Boucheron et al., 2013, Theorem 12.5).

Proposition 1. Let F be a countable set of functions. Suppose E(f) = 0, E(f?) <V,
| fllo < B forall f € F. Denote Z = sup;cx |Py(f)|. Then for all 7 > 0,

Pr <e .

2V 7+ 4B7 - E(Z) }1/2 LB

3n

ZZE(Z)+{

n

Corollary 2. Under the conditions in Proposition 1,

2vr\'? 2B
Pr{ZzzE(ZH(ﬁ) +—T}<e_7.

n

Proof. 1t is clear that

{2vr +4B7 - E(2) }1/2 < (2‘/_7)1/2 + {ZLBT'—E(Z)}W < (2‘/—7)1/2 + 22

n n n n n

Note that we use a larger constant for simplicity. O

When the variance of f is not available, we have the following proposition (Boucheron

et al., 2013, Theorem 12.1).



Proposition 3. Let F be a countable set of functions. Suppose E(f) =0, ||f|lcc < B for
all f € F. Denote Z = sup ez | Pn(f)|. Then for all 7 >0, we have

2B2 1/2
Pr{ZZE(Z)Jr( T) <e
n

Next, we establish bounds on E(Z).

Proposition 4. Let F be a countable set of functions which contains the zero function.

Assume

sup log N(F, |||l 2(q), €) < ¥(e)

for some function 1 (-), where the supremum is taken over all discrete probability measures

Q. Suppose E(f) =0, E(f?) <V, ||fllc < B for all f € F. Denote Z = sup;cr | Pn(f)|.

B 1/2
E(Z) < 1024 (i) + 64 (&) ,
n n

Then we have

where Jy = fol P(V2%e) de.

Proof. Without loss of generality, we assume B = 1. The general case can be obtained by
scaling f. The proof extends the idea in Boucheron et al. (2013, Lemma 13.5).

Let oy,...,0, be i.i.d. Rademacher random variables, i.e., Pr(c = 1) = Pr(oc = —1) =
1/2. By the symmetrization inequality (van der Vaart and Wellner, 1996, Lemma 2.3.1),
we have E(n'/2Z) < 2E { sup; [n'/* P, (o f)|}.

Conditional on all random variables except o;s, by Hoeffding’s inequality, the process
n'/?P,(cf) is subgaussian with respect to the metric || f — gllr2@,) = [Pa{(f — 9)*}] 2,
Hence the chaining technique (van der Vaart and Wellner, 1996, Corollary 2.2.8) implies

Mn
E, {S?p ynl/z Pn(af)|} < 4/ {log/\/(]—‘, ||-|yL2(Pn),g)}1/2 de,
0



where E,, denote the expectation with respect to oy, . .., 0, only and > = max{sup, P,(f%),V}.

Hence, we obtain
n 1 1
Eg{supml/?m(afn}szx [ e de = n [ o) de < an, [0 e
! 0 0 0

Because log N (F, ||| r2p,), €) < ¥(e) and 9(¢) is a decreasing function in e.

Taking the other layer of expectation, we get
1
B(n22) < 8{Bm) [ 0/20%) de < 81 G
0

by Jensen’s inequality. Also, we have E(n2) < E { sup; |P,(f*)—E(f?)[}+V, since E(f?) <
V for all f. By the symmetrization inequality (van der Vaart and Wellner, 1996, Lemma
2.3.1), we have E {sup;|P,(f?) —E(f?)|} < 2E{sup;|P,(cf?)|}. By the contraction
inequality (van der Vaart and Wellner, 1996, Proposition A.3.2) and ||f||« < 1, we have
E {sup; |P,(of?)|} <4E{sup;|P,(cf)|}. By the desymmetrization inequality (van der
Vaart and Wellner, 1996, Lemma 2.3.6), we have E{sup; |P,(cf)|} < 2E{sup,|P,(f)|}.
Combining these inequalities yields E(n?) < 16 E(Z) + V.
Therefore,

1/2
n'?E(Z) < 8{16 E(Z) + V}"/2.J./%.

Solving for E(Z), shows E(Z) < (2n)""{a + (a® 4 4nb)'/?} < n~'a + n~'/?b'/? with a =
1024.Jy and b = 64V Jy.. Hence, E(Z) < 1024n~1Jy + 64n~ 12V 1/2 /2 0

Proposition 5. Let F be a countable set of functions which contains the zero function.

Assume

sup log N (F, ||l r2(@) €) < ¥(e)

for some function 1(-), where the supremum is taken over all discrete probability measures

Q. Suppose E(f) = 0, [|fllec < B for all f € F. Denote Z = sup;cz|Pn(f)|. Then we

6



have

2 1/2
EZ <38 ( B JB) ,
n
1
where Jg = [, ¥(Be) de.
Proof. Just apply the trivial bound |n,| < B in the proof of Proposition 4. O

Though all the propositions in this subsection assume that F is countable, they all
apply if F is uncountable and separable as Pr {sup;c | Pu(f)| = supsez | Po(f)|} =1 for

some countable subset F' C F.

2.4 Properties of the RKHS

We establish several useful properties of the RKHS H induced by the Gaussian kernel with

individual scaling factors for each dimension

Ky (z,z) = exp {— Z%‘(%‘ - Zj)2} ,

where ,z € D C R?% When all ;s are identical, the properties of H are well studied
(see, e.g., Steinwart and Christmann, 2008). The lemmas below extend those properties to
RKHS induced by Gaussian kernel with multiple scaling factors.

From here to Section 2.6, we use ¢ to denote dimension, whose value will depends on the
context. For example, when we analyze the estimated Q)-function at stage t, then ¢ = d;.

We may omit v and write K (-, -) when the value of 7 is clear from the context. Similarly,
to emphasize the dependence of H on the parameter v and the domain D, we may write
H,, H(D), or H,(D).

The following lemma provides a feature map of the Gaussian kernel.



Lemma 6. Define the function ¢3 : R? — L*(R?) by

4 q/4 q 1/4 q
¢ (u) = (%) (H fyj> exp {— 22%(@ - uj)z} ,x €D, ueR.
j=1 j=1

Then ¢3 is a feature map of K, (x, 2).

Proof. Straightforward calculation similar to Steinwart and Christmann (2008, Lemma 4.45)

gives (@7, ¢Z) r2re) = K4 (2, 2). By definition, ¢7 is a feature map. O
The following lemma shows that H. (D) can be embedded into Hx (D) if ; < 7; for all

7=1,...,q.

Lemma 7. Let v, 7 be two positive vectors satisfying v; < ; for all j. If f € H,, then

o\ 1/4 -1/4
fets and | flls, < (T2 %) (Tm) 1)y

Proof. We follow the same strategy as in Steinwart and Christmann (2008, Theorem 4.46).
Because f € H,, by Steinwart and Christmann (2008, Theorem 4.21), there exists g €
L? (RY) such that f(x) = (¢%, g) L2(re) for all & € D.

Given s € R? with s; > 0 for all j, define the operator W : L* (R?) — L? (RY) by

(ng)(v):/RqW_q/Q(ljlsj)UQexp{ Zs v — ;) }(u)du, for v € RY.

For any g € L*(R?) and any v € RY, straightforward calculation using properties of normal
densities shows (Wg, Ws,9)(v) = (Ws,1s,9)(v), hence, Wy W, = W, 1, .
Define 7 = (7,...,7,)" and 7 = (74,...,7,)", where 7; = 1/, and 7, = 1/7;. The

assumption «; < 7; implies 7; > 7;,. We observe that

q —1/4
f =05, 9)r2ay = (Wajag) - 7/ (H ) |

8



Because

. 1/4
H%) 7

j=1

Wr 29 = WepnWir—s) 29 = (62, Wir—5)29) 2ray - 7/ (

it follows that
~1/4 4, 1/4
f = (85, Wir—7)29) L2 (ra) <H %) <H %‘) :
j=1

By Steinwart and Christmann (2008, Theorem 4.21), f € Hs.

—1/4 A\ 1/4
Moreover, || s, = llgllz2cea) and || flls, = IWermygllize (M) (Tt %) -
By Young’s inequality, ||Wr—#)/29||r2re) < [|9]|L2(re). Hence,

. “1/4 4y, 1/4 . “1/4 4 1/4
£y < llgllz2ga) (H’YJ) (H%) < [/ e, (H%’) <H%‘> :
j=1 j=1

j=1

The following lemma establishes an isometric isomorphism between Hy-20(cco D) and

HL, (D) for any fixed cx.

Lemma 8. Let o be an arbitrary positive vector. We define a mapping 1o : L>®(D) —
L>(aoD) as follows: given a function f € L>(D), let 7o (f)(x) = f(a"tox) forx € aoD.
Then, for all f € H, (D), we have 7o(f) € Hy-20(cx 0 D) and HTa(f)HHa_zo,y(aoD) =
| flle, ) -

Proof. Tt is easy to verify that the arguments in Steinwart and Christmann (2008, Propo-
sition 4.37) remain valid when scalar multiplication is replaced by component-wise multi-

plication between vectors. [

The following lemma computes the covering number of the unit ball in H, (D).



Lemma 9. Suppose D C sBgrq. For any integer m > 1,

q
log N{ B, () [|llcc: €} < €mogs H(l + 7j)1/257Q/mv

j=1
where ¢y s s a constant that depends on m, q and s only.

Proof. Let 1 be the vector of ones. By Lemma 3, HL, (D) is isometric isomorphic to Hjy (/2o

D). Thus, it suffices to compute the covering number for Hy (y'/? o D).

Define D =420 D. It is shown that H; (D) can be embedded into C™(D) (Steinwart
and Christmann, 2008, Theorem 6.26). By Steinwart and Christmann (2008, Corollary
4.36), the embedding map from Hj (D) to C™(D) is continuous, and hence bounded. Thus,
there exists a constant ¢; which depends only on m such that || fllcmz) < el fllg, 5 for

all f € Hy(D). Hence, we have
N{Bu, by Illocs €} SN (e1Bem gy lI-loos €} = N (B [I-llocs €/¢1)-

By Theorem 2.7.1 in van der Vaart and Wellner (1996), there exists a constant ¢y that

depends only on m and ¢ such that
log N{Bern () [Illoc: €) < cop({ : || — DI| < 1})e=/™,

where 1 is the Lebesgue measure on R?. Because D C sBgs and (1+su'/?) < (14-s)(1+u)"/?

for all u > 0,

q q
p({z e —D| <1}) < I +s0/%) < (1 +s) [+ 2)">
7=1 7j=1

10



2.5 Approximation error in kernel ridge regression

Define Yy = Yy and Y, = Y, + Qui1{Xiy1, 71 (Xyq1)} for t < T. Then, Qi(x,a) =
E(Y,|X, = x, A, = a) for all t. Fix a stage t and a treatment a € A;. For notational
simplicity, we shall omit the subscripts ¢ and a hereafter. Let ¢ be the dimension of X.

Given a function f € L*>(D), we define

L) =B [1A=a{¥ - F(X)}]
and

fo= argmin  L(f).

f:D—R, measurable
Simple calculations show that fo(z) = E(Y|X = @, A = a) almost surely with respect to
the distribution of X, say Px. Hence, f; is exactly Q;(+,a). In addition,

L(f) = L(fo) = E [I(A=a) {/(X) — fu(X)}] .

The function fo need not belong to the RKHS H,,. Nevertheless, the estimator must
belong to H,. The following proposition shows that it is always possible to find an f € H,
such that f and f; are close. The following proposition is a stronger version of Eberts and
Steinwart (2013, Theorems 2.2 and 2.3) which allows multiple scaling factors and separates

signal and noise variables.

Proposition 10. Suppose fq satisfies the modulus of smoothness condition w,(fy,s) < c18"
for some positive integer  and || fo|lco < B for some constant B. Let S denote the indices
of signal variables in fo, i.e., the value of f(x) only depends on xs. Then, there exists

some f € Hy such that

M, +1f = follis < e {A(gle%xvj)"s'”(mamj)SC'/Q + (mimj)""}

JjES® jeES

and || flleo < 2" B, where ¢ is some constant that depends on ¢y, r, B and |S| only.

11



Proof. Define

Wiz, u) = er; (:) (=1~ (%)qﬂ (ﬁ %‘) N i Texp {— 2‘1; 2y;(j — Uj)Q/Z'Q} :

7=1
where x, u € R%. Let f(x) = [,, W fo(u)du, z € D.

Then, for every x € D,

=5 () () (I0) [ rron]-Sonte e} o

=1

Apply the change of variables h; = (u; — z;)/7 so that

f(x) = ; (’Zf)(—ni—l (%)m ( : ) exp{ ql 2y }fo z + ih)dh
_ /R (%)q/z (ﬁl%) 1/2exp (—2@@) ;1 (Z) Y1 fo(z + ih)dh.

Note that
2 q/2 q 1/2
fola) = [ (;) (m) exp( 22% ) h.
Ra 1 :
therefore

|f(x) — fo(z)] < /Rq (%)qﬂ (ﬂlfy]) " exp ( 22% ) AL (fo, )| dh.

J

Because fy(x) = fi(xs) for some function f¢ : RISl — R,

|A2(f07 {Ahs f(]?wS)‘ < wr(f(;: Hh’SHQ) - WT(f07 Hh’5“2>

Thus,

51/2 12
- el < [ (2) (Hm) exp< Z%]hsj) (o s dhs.

12



Because w,(fo,t) < (1 +1t/s) w,(fo,s) for all s,t > 0, it follows that

ot hsle) < {1+ (migy) sl b { o (migny) ™
S (1 + H"}’S (¢} hSHQ)T Wy {fo, (%1;17])—1/2} .

Combining these inequalities,

1f(x) — folx)| < w, {fm (?16?%)1/2} .

IS1/2 1/2
2 T
/S (;) <H %xj) exp {— Z 275,jh§7j} (1+ ||vs o hsll2)" dhs
R J 7

Using the change of variables t; = vs jhs,;, we can see that the integral above is a constant

that depends only on |S|. Denote this integral by c,, then
: ~1/2 . —1/2
f(x) = folx)| < cow, {fo, (lg,nelgvj) } < clcz(rjrgg%) :

. 1 4 ‘

Note that W (z,u) = Y1_, (1) (—1)"ta—9/4i-9/2 < i 1'yj> ¢Z 2 (u), where ¢ is the
feature map defined in Lemma 1. Let g;(x qu 2 /Z (u)du, then g; € H, /2. By
Lemma 2, we have g; € H, and the H, norm of g; is at most i7? times its H /2 norm.

Thus,

. g 1/4
™\ _- r_— IS1/4 S°l/4
Il < 35 () (Hw) Iolls < 2770/ (mas ) ™ () ol
i=1 j=1

Therefore,

AIFIE + L) = L(fo) = MFIE +E{f(X) — fo(X)}

< 22%—(1/232)\(%16? %)l W(g%%{? %’)‘SCW + c?cg(rjmn %)71.

13



In addition, for any @ € D, it follows that

f(@)| < Z () / (9/ (H w) 7 e {_ Z (s — ) /} o
=3 (il =2

2.6 Risk bounds for kernel ridge regression

Define Yy = Yy and 1//\; =Y, + @t+1{Xt+1,§r\t+1(Xt+1)} for t < T. By Assumption 1, we
have Y; € [—b,b]. Hence it is safe to restrict the estimated @Q-functions within the interval
[—B, B] for some sufficiently large but fixed B. To this end, define the truncation operator
Ts: L>®(D) — L>®(D) as

To(f)(@) = f(x)[{-B < f(x) < B} + BI{f(x) > B} + (-=B)I{f(x) < -B}, xe€D.

For any function f, g, we have |Tg(f)(x) — Tg(g)(x)| < |f(x) — g(x)|. Hence, we have
T5(f) — Ta(9)|leo < |If — gllo- As a consequence, for any B > || fo||eo, we have

L{Ts(f)} = L(fo) = E{Ta(f)(X) — fo(X)}* < E{f(X) — fo(X)}* = L(f) = L(fo)-
Given sequences v, and \,, the estimator of the Q-function is @t(-, a) = 7};(]1), where

fn = argmin P, [[(A = a){? — f(X)}Q} + )‘HfH]I%H-,

fEHy

To facilitate our analysis, we define

d, = argminlP, [I(A = a){?— f(X)}2] +)\||f||12H17.

feH,

14



Note that we omit the subscript n in «, and A, for simplicity. The difference between ]/”;
and d,, is that we use }2 =Y, + Q1 { X1, 1 (Xyq1) } for t <T when defining fn, which
is an unobserved quantity as it relies on 7;,; and ;1. In contrast, we replace 7, and
Q¢+1 by their estimates 7,1 and @t+1 to obtain ?t Hence @t(~, a) is based on observed
quantities only.

In this Section, we will show that the difference between 7};(1?”) and fo = Qi(+,a) is
small. To be precise, define £(f) = M| fl[f, + L{Ts(f)} — L(fo). Our goal is to show
that & (ﬁl) is small with large probability. The proof below follows the idea in Steinwart
and Christmann (2008, Theorem 7.20) while accounting for the error in the responses. For
notational convenience, define g = 1+max;cs7;, Vg = Miljes ;) and yg. = 1+maxecse ;.
For any f, define (; = I(A = CL){}N/—f(X)}2 and hy = ly—Ly,. Then, L(f)—L(fo) = E(hy).
Thus, E(hy) > 0 for all f.

Lemma 11. For any f € H,, we have
~ N2
E(F) < Ml + Bulhy) ~ Balhy) +E{hy o L 2B, (V7))
Proof. By the definition of ﬁ and d,,, we have

MFalle, + P [I(A = a){¥ = Fu(X)}’] < Mdallz, +Pu [1(A = a){¥ = du(X)}’] |

AldallE, +Po [1(A = a){Y = da(X)}] < AIFIE, +Pa [1(A = a){V = F(X)}’].

Therefore, we have

MIFallZ, < MIFIE, + Polhy) — Pa(ha,)
+P, [J(A = a){V - dn<X)}2} _P, [J(A —a){V - fn<X)}2} .

15



For any real number aq, as, by, b, it follows that
(&1 — b1)2 — (a1 — b2)2 = (2(11 — bl — b2)(b2 — bl)
= (2(12 — bl — bg)(bg — b1) + 2(&1 — ag)(bz — bl)
S (a2 — b1)2 — (CLQ - b2)2 + (Cbl — (12)2 + (bl - 52)2.

Hence,

P, [](A —a){V - dn(X)}2] _P, [](A —a){V - fn(X)}Q]
<P, (ha,) = Pn (hf) +P, [J(A —a)(¥ - 37)2} +P, [I(A = a){fu(X) - dn(X)}z} .
Let Y be the vector of ﬁ-, 1 € 1, Y the vector of 17;, 1 € I, and K the matrix of

K(X;,X;), i,j € Z,, where 7, = {i : A; = a}. By the representer theorem and the fact
that all the eigenvalues of K (K + AI)~! are less than one, it follows that

[{Fu(X) Yiez, — {da(X) bicz, ||, = IK(K + MY = Y) [ < [[Y = Y.

Thus, the inequality in the lemma follows from
P, [I(A = a){fu(X) - dn<X)}2} <P, [J(A —a)(V - y)z} .
O

Proposition 12. Suppose Pr {]P’n(? — }7)2 >cn ® + an_BT} < e 7 for some a, 5 > 0,

and fo satisfies the conditions in Proposition 10. Then for any 6 >0 and 7 > 0,
N 2
Pr | Ex {Tal 7)) - h(X) )} >
{Afylsl/Q |Sc‘/2 +7$ +7l§9|/2 |SC‘/2>\ n 1 a+nmin(6’1)7}:| S 6*‘1‘7

where ¢ is a constant that depends on 0, q, r, B and w only, and Ex denotes the expectation

with respect to X only.

16



Proof. By Proposition 10 and the inequality E [I(A = a) {f(X) — fo(X)}Q} <|f = follz,
there exists some function f,, € H, such that
Mfulfe, +E (hy,) <c {/\(r?e%ﬂj)3'/2(%?5%)'50'/2 n (r}gl%)_r} 1)
for some constant ¢ independent of n, and || f|l. < 2"B.
By the property of the truncation operator and the fact that ||Y || < B with probability
1, we have P, hTB(fn) <P, hfn‘ We apply Lemma 11 with f = f,, to obtain

E(fu) < MJulld, +Pu (hs) = Pu by} +E{hp 5y} + P {(¥ = V)%
< (Ml fall, +E(hy)} + | Pu (hy,) — E (hy,)]
+E iy} = Ba by} + Ba {(Y = Y)?}.

Note that E {hTB(fn)} is defined as first computing A7y and then plugging in f = fn
Thus, E {hTB (fn)} is a random variable.

We will consider the four terms in the right hand side of the above display formula
separately. The first term can be bounded above using equation (1). The fourth term is
controlled by the condition. So we will focus on the second and the third terms.

For the second term, we first observe that

g < HY = (X} —{Y = fo(X)}| = {fa(X) + fo(X) = 2V H{[u(X) = fo(X)}].

Because || follse < B and || fullse < B for B = 2"B, we have E(h3) < 16B2E [{f(X) —
fo(X)}¥] = 16§2E(hfn) and |hy,| < 8B2. By Bernstein’s inequality (Steinwart and
Christmann, 2008, Theorem 6.12), we obtain

1652
Pr | |Py(hy,) — E(hy,)| > 3n7+{

32B2r E(hy,) 2
- < 2e7.
n
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Using 2(uv)/? < u + v, it follows that

~ 1/2 ~ ~
32B%*r E(hy, 8B 8Bt
{%} < T ) < BT ) + A,
Therefore,
14B2r _
Pr {\Pn(hfn) —B(hy,)| 2 —— +E(hs,) + AHJ‘%JH%H} <2 (2)

Bounding the third term is a little bit more involved. Let s > 0 be fixed; for any
f € H,, define

o e —Elhragy  hrag) — Blhrag )
d E(f)+s M, + E{hrmp} +5°

Because ||Tg(f)llc < B, we have |[mg[ < 165%/s. Furthermore, because E{h7 } <

16B* E{h7;(s)}, we have

2
E(mQ) < E{hTB(f)} < 432’

"= 4sE{hpp} ~ s
when E{hr,(p)} > 0, and EhZ ;) =0 < 4B%/s when E{hry )} = 0.

Define F; = {f € H, : £(f) < s} U {0}, where 0 denotes the zero function. By
Corollary 2, it follows that

sB’r\'?  32p7
Pr{sup Imys| > 2E (sup |mf|) + ( T) + Tl<ce,

fEFs feFs ns ns

We shall derive an upper bound for E(supfeH7 \mf\) based on an upper bound for

E { Supser, [hys(n — EhTB(f)|}. To this end, we compute the covering number for G, =

{h1s(p) — E{hmmn} : f € Fi}-
For any f € F,, we have || f|m, < s'/2A71/2. Hence,

N(F IFloer €) < N{(2A72)Brs,, [-loon €} = N (Bry [-lloor 577201 %),
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By the fact that ||Ts(f) — T5(9)|lcc < ||f — 9|0, We have

1h7sr) — E{hrmnt — Prsie) + E{h1s0) Hleo < 8BI[f — glloe-

Hence, N (Gs, || |loo, €) < N{Fs, ||lloo, €/(8B)}. Combining these inequalities and applying

Lemma 9, shows
log N (Gs, || lloo» €) < log N{ B, ||| oo (8B)1sT12N\Y2e) < a5/ \ma/Cm)gma/m,

where m > 1 is an arbitrary integer, ¢; is a constant that depends on m, ¢, B, r only, and

—|S|/2—|S¢|/2
ay = TTio (L4 2)? < 755752

For any f € F, we have ||hr,(s) — E{hry(p o < 16B% and Varhyy,s) < ER ) <

16B%s. Apply Proposition 4 to obtain

E {sup ‘hTB(f) - E{hTB(f)}|:| < 1024(16B%Jn~ 1Y) + 64(16 B> Jsn~1)Y/2,
JEFs

where J = fol c1a,(16B2)9/@m) \=a/@m)g=a/m e < cya , A=9/™) . Thus,
E [Sup W) — E{hTB(f)H} < s {aq)\‘qmm)n—l + a.ly/2)\‘q/(4m)sl/2n‘1/2} ‘
fEFs
Hence, by the peeling technique (Steinwart and Christmann, 2008, Theorem 7.7), we obtain

E (sup |mf]> < ey {a.y)\_Q/(Qm)s_ln_l + a;/Q)\_Q/(‘lm)s_l/Qn_l/Q} :
fEH,

Combine the bound of E(sup ey [my|) and the tail bound of sup ey [my| to obtain

hra() — E{h 12 1/2
Pr | sup hrsin) — Blhmnld S Gy iy PG § P
feH, E(f)+s A/ @m)gp — Na/(4m)gl/2pl/2 = gl/2p1/2 " gp

where ¢4 > 0 is some constant that depends on m, ¢, B, r only. Without loss of generality,

we assume ¢4 > 1.
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Let
s= 64cimax{a—7 T},

Ciav < 0421@‘7 v < 1 Ci_T < 0421_7 v < l
N/ (2m) g — \ \a/(2m) gy — 8 sn ~ \sn -8

Therefore, we have

then

Pr[|Po{hryn} — E{hrup}| = E(f)/2+ s/2 for some f € H,| <e . (3)

Plug-in f = f, in equation (3) and combine equations (1), (2), (3) and the condition
on P,(Y — Y)? to obtain

Pr {S(fn) < ¢ (A_§|/QWL§C‘/2 + g T e AT @M e e n’57> } <e.

Because m can be arbitrarily large, § = ¢/(2m) can be arbitrarily small.

The final result follow from
£(12) = Bx [1(4 = ) {To(F)(X) — fo(X)}7]
= Ex [Pr(4 = al X){To(F)(X) — fo(X)}]
> @ Ex {Ta(f.)(X) = fo(X)}’,
where in the last inequality we use Pr(A = a|X) > @ in view of Assumption 2. O

Recall that Q(-,a) = 7}(};)() and Q(-,a) = fo(-). We immediately obtain the fol-

lowing corollaries.

Corollary 13. Assume the conditions in Proposition 12 hold. Furthermore, suppose ¥g =
Ogn?/ 2r+a), Ve = Osn? P+ 7o = 0gen? @+ and X\ = Oyn~!, where q is the dimension

of X and r is the degree of the modulus of smoothness of Q(-,a). Then, for any & > 0,
Pr (EX {@t(X, a) — Qu(X, a)}2 > c[n” min{2r/(2r+a)+6.0} 4 - min(ﬂ,l)T]> <e
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Corollary 14. Assume the conditions in Proposition 12 hold. Furthermore, suppose ¥g =
O gn?/ ISl Vg = O Cr+ISh m o = fge, and X\ = O\n~", where |S| is the number of signal
variables of Q(-,a) and r is the degree of the modulus of smoothness of Q(-,a). Then, for
any & > 0,

Pr <EX {@t(Xa (l) . Qt(Xa CL)}2 > ¢ [n— min{2r/(2r+|S|)+¢£,a} + n—min(ﬁ,1)7}> <e.

The convergence rate of @t depends on two factors. First, the term 2r/(2r + ¢q) or
2r/(2r + |S|) reflects the curse of dimensionality and the smoothness of @Q-function. If
the dimension is smaller and the Q)-function is smoother, the convergence is faster. More-
over, if the tuning parameters are chosen in a clever way in the sense of the conditions in
Corollary 14, then the number of noise variables won'’t affect the convergence rate. This
consequence is a major difference between Gaussian kernel with a single scaling factor and
that with multiple scaling factors. Second, the terms o and S reflects the non-random
errors in the response. The larger the values of a and [, the smaller the magnitude of
non-random errors and hence the faster the convergence rate.

Hereafter, we shall only presents results assuming the tuning parameters are chosen

following Corollary 13. Parallel results can be obtained by replacing ¢ by |S|.

2.7 Clause estimator as an M-estimator

In this Section, we will show that the estimator ﬁtg, aye can be expressed as an M-estimator.
Define Ut(ma CL) = MaXg/ec A, Qt(ma CLI> - Qt<w7 CL) and fjt(“” a’) = MaXg/ecA, @t(w7 (1,/) -

Qi(x,a). Because

Qi(x,d') — Qu(x,a)],

max Q(z, a') — max Qy(x, a)

< max
a’' €A a’ €At -

a' €A
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it follows that

Uy(z,a) — Uy(z, ‘<2
((@,0) — U@, a)| < 2max

@t(wa @/) - Qt(w7 a/)‘ .
Thus, for any p > 1

p

Pn l/jt(Xt,(l> — Ut(Xt, CL)

"< Z ‘@t(Xta a') — Qy( Xy, d)

a’eA;

(4)

By equation (4), we know that Corollaries 13 and 14 hold when @t,Qt are replaced by
[/]\t, U;, with a possibly larger constant ¢'.

Following the notation used in the main text, define
Qu(R,a) = I(X, € Gu, X, € R) {Ui(Xi,0) = ¢} = n{2 - V(R)}

and

Qu(R,a) = I(X, € Gi, X, € R) {Ui(X,a) — Y — {2 - V(R)}.

By the definition of (ﬁw,aw) in the main article, we have

(Ew,&w) = arg max ]Pn [(Xt € atg)@t{Xt,%tQ(Xt)}
RER:,aE AL

— Pn ](Xt € @tg, Xt € R)l/jt(Xt, CL)
+ P, CI{X, € Gy, X, € R} + {2 — V(R)}.

Thus, we observe that (R, Gy) = arg Milger, aea, Pn Qu(R,a). Similarly,

(R;;,a;,) = argmax Vy(R,a) = argmin EQu(R,a).
RER¢,ac A RER¢,a€A;

In addition, because 0 < l/jt < B, for any ( > B we will always end up with ﬁt = R%,

Thus, hereafter we assume ¢ € [0, B].
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2.8 Auxiliary results for the analysis of decision lists

Lemma 15. R; is a Vapnik-Cervonenkis class (VC class, hereafter).

Proof. Recall that R, consists of rectangles in R% defined using at most two variables.
Hence R; is a subset of the set of all the intervals {(a,b] : a,b € R%} where (a,b] =
{x e R" : a; < x; < for all j}. Hence R; is a Vapnik-Cervonenkis (van der Vaart and
Wellner, 1996, Example 2.6.1). O

The following lemma gives an upper bound for

sup | P, {Qu(R,a)} — E{Qu(R, a)}|

RER:

for any given a € A;.

Lemma 16. Let e = [E {l?t(Xt, a) — Uy (X, a)}Q] V2 BY o pt(ﬁtk, R;‘k) We have, for

any T > 0,

Pr { sup |Pn{§w(R, a)} — E{Qu(R,a)}| > c(e+ n1? 4+ n_l/er/z)} <e T,

ReER:

where ¢ is some constant independent of €, n and T.

Proof. We have

5375) | P, {Qu(R,a)} — B{Qu(R, a)}|

< sup |Pn{§w(R, a)} — P {Q(R, a)}| + 1;11712) ‘PH{QM(R, a)} — E{Qu(R, a)}|.

RER:
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For the first term, we observe that
sup | Po{Qu(R, a)} — Po{Qu(R, a)}]
RER:

< sup
ReR

+ sup P, [I(X; € Gy A Gy, Xi € R)|Ui(Xy,a) — ]

RER:

Pn [[(Xt € @tg N G:e,Xt S R){ﬁt(Xt,a) — Ut(Xt,a)}H

<P,

U,(X:,a) — Uy(X,, a)‘ +BP, {I(X, € Gy A G},
By the definition of Gy, we have

]P)n {[(Xt S étg A G:g)} < Z]P)n {[(Xt € Etk A R:tkk)}
k<t

This concludes the proof of the first inequality. Since functions (/J\'t, U, and indicator func-

tions are bounded, using concentration inequalities, we have

Pr | sup |Pn{ﬁt4(R, a)} = Po{Qu(R,a)}| > e+ en V22 < e
ReER:

For the second term, by the VC preservation properties (van der Vaart and Wellner,
1996, Lemma 2.6.18), the set
.F == {](.Xt S R)_[(Xt € G:e){Ut(Xt,a) — C} . R < Rt}

is also a VC class. Let v be its VC index. Then, by Theorem 2.6.7 in van der Vaart and
Wellner (1996),

SgPN(Q - z2(q), €) < cre™?,

where () is any probability measure and ¢; is a constant that depends on v only. For any

f € F, it can be seen that || f||sc < B. Thus, by Propositions 3 and 5, since fol log(e™?) <

1/2 1/2
Pr{sup|IP’n(f)—E(f)|20<B—2) +(B—) }s
fer n n
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for any 7 > 0, where c is a constant that depends on v.

Combining both terms and adjusting 7 leads to the final inequality. O

Recall that pi(R1, R2) = Pr{X; € (R1 A Ry)}. The following lemma gives an upper

bound on

sup
RERy,pt(R,R},)) <6

{Pn Qtf(Ra ay) — EQu(R, a;})} - {Pn Qtﬁ(RIe’ ag) — EQu(Ry, a;})}‘ :
This result will be useful for deriving the convergence rate of ﬁw.
Lemma 17. Let e = [E{U,(X,,a) — U(X1,0)}*]"* + B, {pe (R, R3) M7, and

Js = sup
ReR¢,pt(R,R},)<6

{Po Qu(R,aiy) — EQu(R, i) | = {0 Que( By aiy) = EQul(Bip i) .
We have, for any 8 >0 and T > 0,

Pr{Js > cd"* Ple+n 2+ n 272 4 5P (0 4+ n7lr) ) <e T,
where ¢ is a constant that is independent of €, n and .

Proof. We have

sup | { P Qu(R, ai) — EQu(R, i) b — { P Qur(Riy. ) — EQu( Ry, i) }
ReRy,pt(R,RY,)<6
< sup P Que(R, azp) — EQu(R, ayp) — Pr Que( Ry, afy) + E Que( Ry, agy)|

 RER4,pi(RRY)<6

+  sup ‘Pn Qu(R, a) — P Quo(Ry, a) — Py Qul(R, a) + P Qu(RY, a)| .

RERy,pt(R,R},)) <

The first term can be bounded above using properties of VC classes. For any 6 > 0,

define

Fs ={I(X, € RI(X, € G}) {U(Xy,a) — ¢}
—I(X; € Rj))[(X; € G;)) {Ui(Xy,a) — (} - R € Ry, p(R, Ry,) < 0}
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Because R; is a VC class, Fj is a VC class for any 0. In addition, supy N (Fs, |||/ 12(@), €) <

c1e7?" for some constants ¢; and v independent of §.

For any f € Fs, we have || f|loo < B and E f2 < B?j. Thus, by Propositions 1 and 3,

§21og"?(1/5) log(1/5) ~ &Y/271/?
{ 0g"*(1/) , log(1/8) | 87> =

<e T,

n1/2 n n1/2 n

Pr [sup|Pnf—Ef|202

f€Fs

where ¢y is some constant that depends on B. As § € (0, 1], it follows that log(1/8) < c30~7

for any 8 > 0, where c3 is same constant that depends on 3 only. Thus,

Pr { sup [P, f—E f| > T s (Tfl/2 + n71/271/2) + 077 (nil + an)} <e .
feFs

For the second term, define

I —

QR a) — P QR ) — By Qu(R, a) + By Quo( R, a)’ .
we observe that

‘IP (I(X, € R) — I(X: € R} (X, € Gu) {Ut (X,,a) }
¢

j]

(/jt(Xt,a) — Ut(Xtva)‘}

P, {I(X:€R)— (X, € R} (X, € G) {Ut(Xt, a) —

< P {I(X, € RAR)I(X, € GynG)

+P.{I(X, € RAR)I(X, € Gy A G,)B}.
Using the Cauchy-Schwarz inequality,

ﬁt(Xta CL) - Ut(Xt7 a’)

}

< e o gy [T 0 - vixa} ]

E {](Xt € RAR)I(X, € GGy

}

<E {](Xt e RA R |Ui(X,,0) — Ui(X,, a)
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and
E {[(Xt € RARNI(X, € Gy A G;)B}
~ 1/2
<BE{I(X, € RAR [BL{I(X e Gunci)}]|

Hence E(L) < §'/2¢. In addition, it is easy to see Var(L) < E(L?) < ¢s6.

Thus, by concentration inequalities,
Pr {L > 66(51/2_6 (n_1/2 + n_1/27'1/2) + 0P (n_l + n_lT)} <e .
Combining two terms together gives the final inequality. O]

The following lemma is useful for establishing the rate of convergence. It is a finite-
sample version of Theorem 3.2.5 in van der Vaart and Wellner (1996). Though we state the

lemma in terms of maximizing M,,, an analogous conclusion applies for minimizing M,,.

Lemma 18. Let {M,(0) : 0 € ©} be a stochastic process and M(0) a deterministic func-
tion. Suppose M(0) — M(0y) < —kd?(0,6y) for some non-negative function d : © x © — R
and positive number k. Let ¢y be some value that may depend on n. Suppose when 1 > cg,

we have

Pr{ sup |(Mg — M)(0) — (M,, — M)(6p)| > a5£7’1/2} <e,
6:d(6,00)<5

where £ € (0,1], a is an expression which is independent of 6 and T but may depend on n.

Let 6, = arg maxyco M, (6). Define
n = max {4k YOO 11/6-29 Y

Then,
Pr {d(@n,ﬁo) > 77} < 3e .
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Proof. Fix n > 0, define n; = n277, j > 0, then

Pr {d@,@o) > n} < iPr [ sup {M(0) — Mn(60)} = 0] .

0:n5—-1<d(0,00)<n;

We observe that
M, () — My (60) = {(M, — M)(6) — (M, — M)(6)} + {M(0) — M(6o)}

< |(My = M)(0) — (M — M)(60)| — rd*(0, 60)-

Hence, we have

0:nj—1<d(0,00)<n;

Pr sup {M,(0) — M, (00)} > 0]

6:d(0,00)<n;

< Pr{ sup  |(M, — M)(9) — (M, — M)(6)] > m?_l} |
Let B3 =1/(2—¢). Then n = 4k ?aP7P/2. Hence, n*~¢ > 4x'ar"/?. Because j277 < 1,
j>jY2>1forallj>1and £ —2< —1,
€ > 192 1/2 < 1o D42g 1/20/2,

That is, £n?2%72 > 1*2%€aj'/?71/2. By the definition of 7; and n;_;, we have rn?_; >
nf»ajl/QTl/Q. By the condition on M,, — M, we have

Pr{ sup  |[(M,, — M)(0) — (M,, — M)(6y)| > mﬁ-l} <e 7.
6:d(0,00)<n;

Therefore, we have Pr {d(é\n, 0o) > n} <Y el =eT/(1—eT7). Notethate™™/(1—e™") <
3¢~ " when 7 > 1 and Pr {d(@“eo) > 77} <1<3e ™ when 7 < 1.
[
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2.9 Proof of Theorem 1

Since we can always increase the constant terms ¢; and ¢y in Theorem 1 so that the bounds
become trivial when 7 < 1, we can safely assume that 7 > 1. In this subsection, £ and

denote arbitrary positive numbers. The value of £ or § may be different at each occurrence.

Stage t = T. We start at the last stage t = T. Define ¢r = r¢/(2r7 + dr). Because
?T = Yy for any a € Ap, under the conditions on ~p and A, by Proposition 12 and its

corollary, we have
~ 2
Pr [EX {QT(X, a) — Qr(X, a)} > ¢ (n’QWJrg +n7lr) | <e

This establishes the consistency and convergence rate for @T.

Next, we consider (fzn,an) for ¢ =1,2,.... In view of Assumption 4 (i) and (ii), by
reducing x, we can have Assumption 4 (i) hold for all R instead of only those R close to
the true value.

When ¢ = 1, we have Gri = G4, = Xp. Thus, for any a € Ap, by equation (4) and
Lemma 16, it follows that

Pr{ sup |P, Qri(R,a) — EQp(R,a)| > cln“”TJréT} <e .
RERr

By Assumption 4 (iii), we have infper . azaz, EQri1(R,a) > EQri(R7y, a7,) + . Thus,

Pr(ar # apy) < Z Pr{ sup P, Qri(R,a) > P, ﬁTl(R}l,a}l)}

a#a}l ReERT
< ZPr{ sup |P, QTl(R, a) —EQp(R,a)| > §/2} .
B ReRT

Hence,

Pr(ar # apy) < ¢ eXp(—CQn‘”T_g),
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where ¢; depends on |Ar| and ¢y depends on . Actually, as seen from the proof of The-
orem 2, we are able to obtain a faster convergence rate for ar;. However, this does not
affect the final result because }A%Tl converges at a much slower rate, as shown below.

We proceed to establish the convergence rate for }A%Tl. For any § > 0, by Lemma 17

and absorbing terms with faster convergence into those with slower convergence,

Pr { sup Po Qri(R, 5) = P O (R, a5) — E Qi (R, @5) + B Q1 (R, 0|
RERT:pT(RuRéj)Sa

> 0151/25n“’T+£T} <e .
Hence, by Lemma 18,
Pr{pr(Rri, Byy) > e @Perterd < e,

Note that we take § sufficiently small so that it can be absorbed into &.

We next proceed to £ = 2. By equation (4) and Lemma 16, for any a € Ar,

Pr{ sup |P, QTQ(R, a) — EQpr(R,a)| > Cln—(2/3)¢T+57_} <e .
ReRT
Similar to ar;, we obtain

Pr(drs # af) < ¢ exp { —con®/3er=¢1

By equation (4) and Lemma 17, for any § > 0, we have

Pr { sup P, Qra(R, @) — Pp Qro( Ry, @) — B Qra(R, afy) + E Qpo( R, aiy)

RERT,pr(R,R}5)<0
> 6151/2—671—(2/3)@#57} <o
Hence, by Lemma 18,

Pr {pT(ET% Rpy) > Cln_(2/3)2W+£T} < e .
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Again, f is chosen to be sufficiently small so as to be absorbed into &.

Using induction, for any ¢, we obtain

Pr(@r, # azy) < crexp {_CQn(2/3)2_1¢T}

and

Pr {pT(ﬁT& Riy) > Cln_@/s)%TT} < e .

Make the change of variables 7 — cin~ @31 1o obtain, for any /,

Pr{pr(Rre, Ryy) > 7} < 1 exp {_02n(2/3)£w} :

Since
Ly
Fr(rr) <3 {Pr(@re # i) + pu(Bre, B}
(=1
we obtain

Ly Ly
Pr{Fr(Fr) 2 7} <> Pr(are # ap) + Y Pr{pr(Rre, Riy) = 7/Li }
(=1 (=1

< exp(—62n¢T_5T),

where ¢ = (2/3)!7pr. In the last inequality, the terms with faster convergence are

absorbed into the term with the slowest convergence. Consequently,
Pr{Vp(n}) — Vi(7r) > 7} < Pr{Fr(7r) > 7/B} < cyexp(—can®™ 7).

By the change of variable 7 — c5n~?7*¢1 and putting ¢; and c3 into the exponential terms,

we conclude that

Pr {FT(%\T) > e T or Vp(ny) — Vip(7ir) > 02n_¢T+£7—} <e .
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Stage t =T —1,...,1. We now proceed to the earlier stages. Consider the (7" — 1)th
stage. By the risk bounds of @T and 77,

2
Pr {Pn (YT - YT) > canﬁT} < e
Hence, by Proposition 12, for any a € Ar_;, we have

~ 2
Pr |:EX {QT—1<X7 a) — Qr-1(X, a)} > C1n_2‘pT1+£T} < e,

where or_1 = min{¢r/2,rr_1/(2rr—1 +dr_1)}, i.e., the convergence rate of @T—l depends
on two factors: the kernel regression convergence rate assuming the true response Y is
observed, and the convergence rate of the surrogate response Y towards Y.

The analysis of clauses, (}A%T_M,ET_M), ¢=1,...,L5 | are in the same manner as in

the last stage. Thus, with similar calculations we obtain
Pr{Fr_(Tr_1) > en” T or Vi (mh ) — V1 (Fp_y) > cgn"ﬁT—l*&T} <e .
where ¢r_1 = (Q/S)L*T*@T—L

Using induction, the same inequality hold when 7" — 1 is replaced by t =T —2,..., 1.

2.10 Proof of Theorem 2

Stage t =T. At the last stage, by Proposition 12,
~ 2
Pr [EX {QT(X, a) — QT(X,a)} > (n_Q“’TJFE + TL_lT)} <e T,

where @1 = rp/(2rr + dr) and € > 0 is arbitrary. Using a similar argument to the proof

of Theorem 1,

Pr{ sup |P, (AZTl(R, a) —EQr(R,a)] > ¢ (n_“"TJr£ + n_l/ZTl/Q)} <e,
ReRT
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and

Pr(ar # apy) < ZPr{ sup |P, Q71 (R, a) — EQr (R, a)’ > g/2} .

ReERT
Note that < is a fixed number independent of n. Let 7/2 = n'/2max(cos — n™%7+¢,0) and

choose ¢y such that 2¢;co < 1. Note that o € (0,1). Then we have
Pr(ar, # az;) < czexp(—cqn).

Define ¢ = infg.p.(r,rs,)>0 pr(R, R7,). Because the covariates are discrete, o) is strictly
positive. This is a major difference between the continuous covariates and the discrete

covariates. By Assumption 4 (i), using an argument similar to that for Pr(ar # afy), we

have
Pr {pT(ﬁTl, R;"l) > 0} S Pr { sup Pn ﬁTl(R, a}l) 2 Pn @TI(R}I, a}l)}
RER7:pr (R, R )>0
< Pr{ sup |P, SAITI(R, ar) —EQr(R,ar)| < /{192/2}
RERT

< cyexp(—cgn).
We next analyze (fiTg,aTg). For any a € Ar,

Pr{ sup | P, Qra(R,a) — EQpo(R, )| > ¢ (n=erte 4 nl/QTl/Q)} <e .
ReRT

Similar to (Rz1, dr1),
Pr(are # apy) < ¢ exp(—can)
and
Pr {pT(ﬁTg, Ryy) > 0} < czexp(—cqn).
As seen from this inequality, a notable difference is that the estimation error does not

propagate along the list, compared to the general case where covariates can be continuous.
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The tail probability decays at the same exponential rate for every ¢. Therefore, we have

L; L

T
Pr{Fr(77) > 0} < Z Pr (ary # ap,) + ZPF {pT(RTg, Ry,) > 0} < ¢y exp(—can),
=1 =1
and consequently,

Pr{Vp(n}) — Vr(7r) > 0} < Pr{F(77) > 0} < ¢y exp(—can).

Stage t =T —1,...,1. We then move to the (7" — 1)th stage. Conditional on the event
{Fr(7r) = 0}, which occurs with probability 1 — ¢; exp(—can),

Pr [@{XT,%T(XT)} _ @{XT,W;(XT)}} — 1.

Hence,

~ ~ 2
Pr {Pn (YT—I — YT—I) Z C1 (TL72§0T+£ + an)} S e .

Namely, the error in the pseudo response }A/T,l only comes from the non-parametric kernel
regression. The error due to the estimation of regime is of higher order and can be absorbed.

Define 71 = min {ry_1/(2rr_1 + dr_1), pr}. By Proposition 12 and its corollaries,
~ 2
Pr [EX {QT—1<X7 a) — QT—I(-Xa CL)} > C1 (n_2¢T71+5 + n_lT):| < e .

Compared to the counterpart inequality in the last stage, nothing is changed except that
T is replaced by T'— 1. Using the same approach as in the T'th stage, conditional on the

event { Fr(7r) = 0}, we obtain
Pr{Fr_1(77_1) > 0} < ¢ exp(—can),

and

Pr {VT—l(W;_l) — VT—l(%T—l) > 0} <c exp(—CQn).

34



Because the event { Fr(7r) = 0} occurs with probability 1 —c¢; exp(—can), both inequalities
hold unconditionally with larger constants ¢; and c,.

Using induction, we can establish analogous inequalities for t =T — 2, ..., 1.

3 Algorithm Discussions

3.1 Details of the Proposed Algorithm and Proof of Proposition 1

Fix an t and ¢. Define

Uiatf = |:©t {Xzb%tQ( zt)} Qt( ity @ ) C:| I (th € éTY\tf) .
For notational simplicity, we shall omit the subscript ¢ and ¢ and write U;, and X;. By
definition of (fitg,iitg),

(Rtg,atg) = argmin — Z U (X; € R) —n{2 - V(R)}.
RERy, aE.Az i—1

We will first fix the treatment a and the covariates involved in R, and focus on the computa-
tion of the optimal thresholds. Then we will loop over all covariate pairs and all treatment

options.

Finding the threshold when R involves one covariate Without loss of generality,
we assume R = {x : x; < 7}. The other situation R = {x : x; > 7} can be handled

similarly. We want to compute

7 = arg min Z Uital (Xij < 7),

T i=1

where X;; is the jth component of Xj.
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Let 41,...,4, be a permutation of 1,...,n such that X;; < --- < X, ;. Because the

objective function is piecewise constant, we only need to compute
n
F(r)=> Ull(X; <7)
i=1
when 7 equals to some X; ;. We observe that
F<Xzs]) - Z Uiha'

h<s

Thus, it follows that when s > 2
F(Xzsj> — F(Xlé_u) + Uisa'

Hence, by starting at s = 1 and using the recursive relationship, we can compute
F(X;,;) for all s and pick the smallest one in O(n) time.
Dealing with ties If X; ; = X,  ; for some s > 1, then F(X, ;) should not be counted
when picking the minimum. This is because F'(X; ;) has not included all subjects with
Xi; = X,,; yet.

To avoid this problem, when there are ties, we first aggregate the U;, values for subjects
having the same value of X;;. Similar action can be taken when R involves two covariates,
in which case the U,, values for subjects having the same value for both covariates are

aggregated.

Finding the threshold when R involves two covariates This situation is more
complicated. Without loss of generality, we assume R = {x : z; < 7 and 2}, < o}. We

want to compute

1 n
T,0) = in — Ui (Xij <7, Xy < 0).
(7,0) argmmnz (X <7, Xip < 0)

T,0 .
) =1
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We cannot utilize the idea for one covariate as there is no natural ordering in two-dimensional
space. Our solution is to sort in one dimension and to use binary tree for fast lookup and
insertion in the other dimension.

We start with constructing a complete binary tree of at least n leaves. The height of
such a tree is of order O(log, n).

Let ¢1,...,1, be a permutation of 1,...,n such that X; ; < ... X, ;. At each time
s, we will insert U, , into the binary tree and search for the optimal threshold o among
Xig,t = 1,...,n. Note that at time s, values U;, ., h < s are contained in the binary tree.
So we are looking at the threshold 7 = X, ;. Specifically, if the rank of X, ; among X;;s is
h, which means X;_ j is the hth smallest among X;;s, then we put U;_, in the hth leaf from
the left in the tree.

In the tree, each node is associated with a subtree in which that node serves as the
root. Each node contains two pieces of information. First, it computes the sum of all U;_gs
in the associated subtree. Second, it computes the best thresholding sum in the associated
subtree, which is the smallest value among the sum of all U;_,s that satisfies X, < o for
some o, where o can take the value of any X, ; in the associated subtree.

The binary tree structure enables us to update these two pieces of information effectively
when a new value, U,_,, is inserted into the tree. We move from the leaf node to its parent,
and then its ancestors, and finally the root. At each node, the sum of all U, ,s in the
associated subtree is increased by U;_,. As for updating the best thresholding sum, because
the thresholding condition is X; ; < o, the best thresholding sum of a node can only be
either the best thresholding sum in its left child, or, the sum of all U;_, values in the left
child plus the best thresholding sum in the right child, whichever is smaller.

Because the height of the tree is O(logyn), the updating process involves at most

O(log, n) nodes and the time complexity at each node is constant. Therefore, when U;_, is
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inserted into the tree, we are able to find the optimal o that minimizes Zhgs Uinal (Xi i <
o) in O(logy, n) time.

Then we let s run from 1 to n, and find the s that gives the minimum. In this way, we
find the minimum of Y, U, oI(X;,k < 0, X;,; < X,,;) with respect to o and s, which is
exactly the minimum of Y " | U; ./ (Xi < 0,X;; < 7) with respect to o and 7. And the

time complexity for finding both 7 and o is O(nlog, n).

Finding the covariate(s) and treatment Heretofore, we have discussed how to find
the optimal thresholds when the covariates to use Xj;, X;;, and the treatment a are given.
Certainly we need to explore all Rs defined using only one covariate, and all Rs defined
using some pair of X;; and X;;. We also need to loop over all treatment options a € A;.
Therefore, the overall time complexity is O(nlognd?m;), where d; is the dimension of

X, and m; = | A4 is the number of available treatment options.

3.2 Extension of the Proposed Algorithm

We present an extension of the proposed algorithm which is able to handle an arbitrary
number of covariates per if-then clause. Let g be the number of covariates in each clause.
Recall that

5 RN
(R, ay) = argmin — Z Uid(X; € R) —n{q—V(R)},
ReRyacA TV

and A; is the set of treatment options. In general, any element in R, can be written as
R={x:sp(xj, —m%) <0, k=1,...,q}, where s, € {—1,1}, j, € {1,...,d;} and 7, € R.
The important observation is that, since the objective function is piecewise constant, the
maximum with respect to 7, € R is the same as the maximum with respect to 7, € A},
where the set X}, consists of all unique values in Xy, ..., X,.

Hence, we can compute (Ry,ay) as follows.
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1. Loop a over A,;.
2. For each a, loop j; < --- < j, over all possible d;-choose-¢ combinations in {1, ..., d;}.

3. For each a and each j; < --- < j,, loop (sy,...,s,)" over {—1,1}9. The usage of sy

is to control the direction of the inequality.

4. For each a, each j; < --- < j,, and each (sq,...,s,)", loop (71,...,7)" over the

Cartesian product X x --- x & .

5. Construct R as R = {x : si(z;, — 1) <0, k=1,...,¢} and evaluate the objective

function at R, a; keep track of the minimizer.

This algorithm has a time complexity of O(29n?d{m;).

3.3 A Description of the Algorithm in Zhang et. al. (2015)

For the sake of completeness, we present the algorithm in Zhang et al. (2015) using the

notations in our paper.

Step 1. Choose a maximum list length L., and a critical level a € (0,1). Set ¢ =1,
and IIy = {7} with T = {(X},@)}, where @, = argmax,c4,n 'Y 1, @t(X,-t,a).
Note that 7 is just the best single treatment. Define

ilm) == 30 3 H{r(Xi) = 0} (X )

i=1 acA;

Step 2. Fix 7 € IIy. Then 7 can be represented by

{(Et17atl>7 ey (Et,ffluat,fflh (Xtaatf)}-
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Let Gy = &, Gy = X, \ (de}_%tk) for ¢ > 2. Compute

n

~ 1 — ~
(Ryip, Qe, aye) € arg max — Z |:[(Xit € Gy, Xit € R)Q+(X 4, a)
RER:,aE AL, a’ €At n i=1

+ (Xt € G, Xyt & R)@t(X,-t,a’) . (5)

Note that the maximizer won’t be unique, since if (R, Gy, age) is a maximizer, then
(Rye, Gy, aye) is also a maximizer. Let {2y be the sets that consists of all the maximiz-

ers. For each (R, ay, ay) in 4y, define a regime 7 represented by

{(Etlaatl)a Y (Et,fflaat,ffl>7 (étfaatf)a (Xt7at€)}-

Roughly speaking, 7 adds one more layer of personalization to 7, because 7 is a
regime that has the same first (¢ — 1) if-then clauses as T and has one more if-then

clause. Let II; o1 be the set
(7 :7ellyand V(@) = V(T) > 24075},

where 2, is the upper a-quantile of standard normal, and 0z=}? is some quantity
that approximates the variance of V() — V(7). The purpose of the inequality is to

avoid scenarios that the additional if-then clause only captures random fluctuations.

Step 3. Increase ¢ by 1. If ¢ < L., and Il is not an empty set, repeat Step 2;
otherwise, go to Step 4.

Step 4. Compute 7; = argmax, .y, \Z(W) and output 7; as the estimated optimal

regime.
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4 Additional Simulation Results

In Section 4 in the main text, we present the mean outcome under the estimated treatment
regime. In this section, in order to provide more insights, we shall present the probability
that the estimated regime selects the best treatment option and the computation time of
the proposed algorithm. The scenarios considered are the same as those in the main text.

The probabilities of correct treatment selection under regimes estimated by different
methods are given in Table 1. We say that the treatment selection is correct if at every
stage, the treatment dictated by the estimated regime coincides with the best option in
that stage. The pattern in treatment selection accuracy is qualitatively very similar to that
in the mean outcome. Special caution should be given to Scenario V, because there are
ten stages in total, and seven treatment options per each stage. Hence there are altogether
719 possible choices of treatment. Consequently, it is extremely difficult for the estimated
regime to get treatment recommendations at all stages correct.

The computation time of the proposed algorithm are given in Table 2. In each cell,
we report the time in seconds for estimating a dynamic treatment regime, which consists
on T regimes, one per each stage. All tunings are included in the timing. Admittedly,
due to the complexity of estimating a discrete structure, the proposed algorithm run the
slowest among all approaches. Though slow, the proposed algorithm is able to estimate
a dynamic treatment regime within a few minutes, which won’t cause much burden in
practice. Moreover, we believe that the interpretability brought by the if-then clauses

outweigh such a computation burden.

5 Covariates in Real Data Example

In the first stage, we have the following variables:
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Table 1: Simulation results. The number in each cell is the probability that the estimated
regime selects the best treatment option, averaged over 1000 replications, with standard

deviation in parentheses.

Scenario n DL Q-lasso Q-RF BOWL SOWL
I 100 0.36 (0.05) 0.45 (0.08) 0.36 (0.04) 0.35 (0.06) 0.36 (0.06)
I 200 0.41 (0.08) 0.52 (0.05) 0.36 (0.03) 0.35 (0.06) 0.36 (0.05)
I 400 0.50 (0.11) 0.54 (0.04) 0.36 (0.02) 0.35 (0.06) 0.36 (0.05)
I1 100 0.88 (0.04) 0.89 (0.04) 0.81 (0.05) 0.74 (0.01) 0.69 (0.11)
IT 200 0.91 (0.03) 0.92 (0.03) 0.87 (0.04) 0.75(0.02) 0.70 (0.08)
II 400 0.93 (0.02) 0.94 (0.02) 0.91 (0.02) 0.79 (0.03) 0.71 (0.06)
I11 100 0.76 (0.11) 0.42 (0.21) 0.64 (0.10) 0.58 (0.12) 0.56 (0.15)
I11 200 0.86 (0.08) 0.55 (0.10) 0.77 (0.07) 0.66 (0.07) 0.70 (0.08)
I11 400 0.92 (0.05) 0.59 (0.06) 0.88 (0.04) 0.74 (0.05) 0.83 (0.06)
v 100 0.73 (0.15) 0.35(0.22) 0.52 (0.10) 0.45 (0.10) 0.38 (0.12)
v 200 0.88 (0.07) 0.50 (0.15) 0.64 (0.09) 0.50 (0.07) 0.47 (0.10)
v 400 0.94 (0.05) 0.58 (0.08) 0.75 (0.08) 0.55 (0.04) 0.54 (0.10)
\Y 100 0.01 (0.01) 0.00 (0.00) 0.00 (0.00) - —
\Y 200 0.04 (0.02) 0.00 (0.00) 0.00 (0.00) — —
\Y 400 0.08 (0.03) 0.00 (0.00) 0.01 (0.00) - —
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Table 2: Simulation results. The number in each cell is the computation time in seconds,

averaged over 1000 replications, with standard deviation in parentheses.

Scenario n DL Q-lasso Q-RF BOWL SOWL
I 100 35.97 (4.53) 0.49 (0.08) 0.96 (0.05) 0.97 (0.09) 7.19 (0.35)
I 200  110.09 (9.89) 0.36 (0.05) 2.67 (0.17)  1.24 (0.14) 10.37 (0.52)
I 400 275.93 (37.54) 0.24 (0.02) 8.31 (0.65) 2.32 (0.11) 13.00 (0.61)
IT 100 21.91 (1.42) 0.39 (0.06) 0.79 (0.03)  1.10 (0.07)  7.73 (0.30)
II 200 53.08(3.97) 0.39 (0.11) 2.20 (0.06) 1.18 (0.06) 11.13 (1.23)
II 400 136.10 (12.38) 0.30 (0.02) 4.98 (0.23)  2.49 (0.07) 12.04 (1.19)
I11 100 0.80 (0.22) 0.26 (0.06) 0.33 (0.07) 0.60 (0.04) 6.32 (0.64)
I11 200 3.51 (1.45) 0.23 (0.03) 0.73 (0.08) 0.91 (0.09) 6.47 (1.35)
I11 400 18.88 (9.50) 0.23 (0.01) 2.11 (0.26)  1.37 (0.09)  7.34 (0.63)
v 100 37.20 (7.89) 1.11 (0.30) 1.18 (0.10)  1.53 (0.07) 12.89 (0.67)
IV 200 82.39 (11.16) 1.25(0.16) 3.46 (0.13) 3.36 (0.54) 24.30 (1.84)
IV 400 193.65 (18.48) 1.06 (0.13) 7.86 (0.73) 12.04 (1.66) 32.14 (4.26)
\Y 100 47.03 (7.31) 3.38 (0.45) 1.00 (0.15) — —
V200 9240 (12.74) 9.07 (1.14) 2.78 (0.30) - -
\Y 400 195.55 (24.05) 4.45 (1.15) 6.50 (1.16) — —
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1. age: integer;
2. gender: 1 for male, 0 for female;
3. race: 1 for white, 0 for others;
4. education level: 1 for high school or below, 2 for some college, 3 for bachelor or up;
5. work status: 1 for full time, 0.5 for part time, 0 for no work;
6. bipolar type: 1 or 2;
7. status prior to the onset of the current episode: 1 for remission longer than 8 weeks;
8. status prior to the onset of the current episode: 1 for manic/hypomanic;
9. status prior to the onset of the current episode: 1 for mixed/cycling;
10. SUM-D at week 0;
11. SUM-ME at week 0.
In the second stage, we have the following variables:
1. binary indicator for adverse effect tremor;
2. binary indicator for adverse effect dry mouth;
3. binary indicator for adverse effect sedation;
4. binary indicator for adverse effect constipation;

5. binary indicator for adverse effect diarrhea;
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6. binary indicator for adverse effect headache;

7. binary indicator for adverse effect poor memory;

8. binary indicator for adverse effect sexual dysfunction;

9. binary indicator for adverse effect increase appetite;
10. SUM-D at week 6;

11. SUM-ME at week 6.
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