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1 Simulations

1.1 Univariate Simulations

Skew-Normal Distribution In the following, Figures for the simulation studys pre-

sented in the article are given. These are

« Histograms of the estimated effective number of parameters (Skew-normal, direct

parameterization: 1, 2 and 3; Skew-normal, centered parameterization:5, 6 and 7)

« Coverage rates for all considered combinations (Skew-normal, direct parameteriza-

tion: 4; Skew-normal, centered parameterization: 8)

The second aspect of the simulations was to analyze whether the connections between
the parameters creates problems for the estimation. To do so, we look at the coverage rates
of the nonlinear effects. Overall the average coverage rates are above the considered level
of 0.95. The setup leads to lower and less stable coverage rates for the effects of x5. With
more observations, the coverage rates get more stable and higher overall, if they were low
at certain points (typically extrema of the effects).

The coverage rates are a little more stable for the centered parameterization than for
the direct parameterization when looking at the first two parameters. For the skewness

parameter, the coverage rates are worse for small n but improve when n is larger.
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Figure 1: Histograms of the estimated effective number of parameters of the DIC for both

the skew-normal and the normal distribution using the direct parameterization.
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Figure 2: Histograms of the estimated effective number of parameters of the DIC, for both
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Figure 3: Histograms of the estimated effective number of parameters of the WAIC for

both the skew-normal and the normal distribution using the direct parameterization.
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Figure 5: Histograms of the estimated effective number of parameters of the DIC for both

the skew-normal and the normal distribution using the centered parameterization.
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Figure 6: Histograms of the estimated effective number of parameters of the DIC, for both

the skew-normal and the normal distribution using the centered parameterization.
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Figure 7: Histograms of the estimated effective number of parameters of the WAIC for

both the skew-normal and the normal distribution using the centered parameterization.
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Skew-t Distribution The simulations for the skew-t distribution use the following non-

linear effects:

f=art 5 = cos(202)y/2,
[y = 2arctan(xy), fs = cos(xq),
it = cslog(xy), fs' = cssin(zs),
fi = —0.1z; + 0.025x7, f¥ = 0.4 cos(0.5z)

where ¢, = 0,0.5,1 and 2. We used 250 repetitions and n = 250,500 and 1000 ob-
servations. The results of the comparison of the t and the skew-t distribution are given
in Table 1. Histograms of the estimated number of parameters are given in Figure 9 for
the DIC, Figure 10 for the DCI; and Figure 11 for the WAIC. It is noteworthy that, even
though the direct parameterization is used, the DIC performs reasonably well to decide
whether the t or the skew-t distribution is more suitable if the number of observations is
large. The DIC, tends towards the skew-t models, as before due to the high ppic,. The
WALIC is nevertheless more likely to choose the true model. Overall, as for the skew-normal
distribution, the estimation is problematic for both DICs, especially for smaller numbers
of observations.

Considering the coverage rates given in Figures 12 and 13, it is interesting to note, that
the nonlinear effects of the degrees of freedom parameter are relatively stable, possibly due
to the small effect. Otherwise, the same observations as for the skew-normal distributions

can be made.

Skew-t Distribution
DIC DIC, WAIC
n | 250 500 1000 | 250 500 1000 | 250 500 1000
0132 392 639| 90 90 727|728 82 835
0.5 4 3.2 0| 8.8 932 756|424 22 24
1 0 0 01923 796 88| 6.9 0 0
0 0 0]8.5 10.4 0 0 0 0

Table 1: Simulation results for comparison of the information criteria. The values given in the table are

the share of the simulations for which the t distribution is chosen.

11
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the skew-t and the t distribution.
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Figure 10: Histograms of the estimated effective number of parameters of the DIC, for

both the skew-t and the t distribution.
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both the skew-t and the t distribution.
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Model with Spatial Effect The model with a spatial effect is based on the model for
the direct paramtereization of the skew-normal distribution. The nonlinear effects for the
covariate x; stay the same as in the models used in the main article. The second covariate

is now a spatial variable with effects (for ¢, = 1) given in Figure 14. The values use for ¢

are 0, 0.5, 1 and 2.

DIC DIC, WAIC
n | 250 500 1000 | 250 500 1000 | 250 500 1000
0} 06 12 1.8 1675 674 716|464 51.3 63.5
05|19 27 31727 75 742 60 43.2 289
1114 06 0773 876 963|529 204 34
2103 0 089.7 99.1 758|382 27 0

Table 2: Simulation results for the spatial model. The values given in the table are the

percentages of the simulations for which the normal distribution is chosen.

In Table 2 the results of the comparison of the information criteria are given. The
results are not very different from those for the nonlinear models. It is noteworthy that the
DICs increases for higher values of ¢,. This might be a consequence of the higher difficulty
to estimate the values in this model, especially for the parameter a. The coverage rates

highlight this as well (Figures 18, 19, 20 and 21).
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the skew-normal and the normal distribution using the direct parameterization.
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1.2 Bivariate Simulations

Skew-Normal Distribution The predictors for the parameters of the bivariate skew-

normal distribution are given by

for=art f5 = cos(222) /T2,
12 =22, — 3log(z1)?, $2 — 0.1sin(z,) exp(0.525),
W= 0.77; — 0.1a73, 52 = cos(xz2),
©2 = 0.02525 — 0.1527, 2 = 0.1 cos(zz) 2o,
ff =0.6log(xy), 15 = 0.5cos(z3),
M = ¢, log(wy — 0.127), 5" = ¢;0.5sin(xs),
2 = ¢,1.827%°, 52 = cgtanh <§—;) :

As for the univariate case, we used ¢, = 0,0.5,1,2, but due to the high number of
paramters we omit simulations for n = 250 observations and only use n = 500 and n = 1000.
The results for the comparison of the information criteria are given in Table 3. While the
DIC favours the skew-normal distribution independend of the choice of ¢g, the DICy
favours the normal distribution as long as ¢s and n are small. The WAIC is best suited
to choose the adequate distribution. For n = 1000 the results improve considerably. As
before this is due to the estimation of the number of effective parameters (c.f. Figures 22,

23 and 24).

In Figures 25, 26 and 27 the coverage rates for the nonlinear effects are given. Overall
the coverage rates are above the desired level. In some cases the coverage rates fall on the
upper and lower ends of the range of the covariates. This could be due to the smoothing

of the effects.
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Figure 22: Histograms of the estimated effective number of parameters of the DIC for both

the bivariate skew-normal and the bivariate normal distribution.
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DIC DIC, WAIC

n | 500 1000 | 500 1000 | 500 1000

0.6 231948 932|751 8&84.6

05| 08 06]985 97.5]|67.8 614
1] 0.2 01982 9721419 126
2 0 01985 57 | 5.3 0

Cs

Table 3: Simulation results for the bivariate skew-normal model. The values given in the
table are the percentage of the simulations for which the bivariate normal distribution is

chosen.

Skew-t Distribution The predictors are given by

P=a, S = cos(212) /T2,
£ = 22, — 3log(z1)?, 152 = 0.1sin(z,) exp(0.525),
W= 0.77; — 0.1a7, 52 = cos(z2),
©2 = 0.0252° — 0.1527, 2 = 0.1 cos(zz) 2o,
ff =0.6log(xy), 18 =10.5cos(z3),
M = ¢, log(wy — 0.127), 5" = ¢;0.5sin(xy),
2 = c,1.82,%°, 52 = ¢y tanh <§—2) :
1
fi = 0.5z, s = T

As before we use ¢, = 0,0.5,1,2 and n = 500, 1000. For this distribution we restrict
ourselves to 250 repetitions due to the high computation times.

In Table 4 the results for the comparison of the information criteria are given and in
Figures 28, 29 and 30 histograms of the estimated effective number of parameters are given.
The general observations are the same as for the bivariate skew-normal distribution, but
the criteria perform slightly better. This is in line with the results for the univariate dis-

tributions.The same holds for the coverage rates given in Figures 31, 32, 33 and 34.
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both the bivariate skew-t and the bivariate t distribution.
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Figure 30: Histograms of the estimated effective number of parameters of the WAIC for

both the bivariate skew-t and the bivariate t distribution.
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Figure 31: Coverage rates of the nonlinear effects for different values of ¢, for both the

bivariate skew-t distribution. (1)
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Figure 32: Coverage rates of the nonlinear effects for different values of ¢, for both the

bivariate skew-t distribution. (2)
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Figure 33: Coverage rates of the nonlinear effects for different values of ¢, for both the

bivariate skew-t distribution. (3)
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Figure 34: Coverage rates of the nonlinear effects for different values of ¢, for both the

bivariate skew-t distribution. (4)
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DIC DIC, WAIC

n | 500 1000 | 500 1000 | 500 1000

35.8  38.5 95 96.8 | 80.1 88.3

0.5 249 221958 93.5]66.2 49.6
1 5 1.2 1683 948|347 64
2 0 0|77.8 575| 1.8 0

Cs

Table 4: Simulation results for the bivariate skew-t model. The values given in the table

are the percentage of the simulations for which the bivariate t distribution is chosen.

1.3 Random Effect Simulation

In this exemplary simulation for the estimation of the random effect we used the normal
distribution as the response distribution. The equations for the predictors consist of two

nonlinear effects and a random effect on p. The nonlinear effects are given by:

1 = cos(2x1)\/1,

f7 = sin(zy).

The random effect is based on ngr = 100 groups and the effects are skew-normally
distributed with e = 0, 2,4, 8 and w is chosen such that the variance is equal to one. Over-
all we have n = 1000 observations and we used a burnin of 10,000 iterations and 50,000

iterations for the estimation.

a | WAIC DIC,
0 0.20 0.21
2 0.20 0.18
4 0.09 0.08
3 0.05 0.04

The results of the model comparison are given in Table 1.3. It is noteworthy, that there

is a preference for the more flexible model in both criteria and that the results are very
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log(MSE)

Bias

o

Figure 35: Estimation results for the o parameter of the random effects.
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close. As a consequence the usability of the criteria for model choice in this framework are
very limited. In Figure 35 the results of the estimation of the parameter o are given. It is

worth noting, that this works reasonably well given the number of groups and observations.
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2 Application: Childhood Undernutrition in Nigeria

In the following additional plots for the application on undernutrition among children in

Nigeria are given:
+ Plots of the spatial effects in Figures 36, 37, 38, and 39.
+ A visualization of the linear effects in Figure 40.

+ Plots of the nonlinear effects in Figures 41 and 42.
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wasting stunting

-0.5 0 0.5

Figure 36: Estimated effects for the parameter w for the bivariate skew-t distribution in

the application to childhood undernutrition.

[ —
-04 O 0.4

Figure 37: Estimated effects for the parameter p for the bivariate skew-t distribution in

the application to childhood undernutrition.
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wasting stunting

|
-0.5 0 0.5

Figure 38: Estimated effects for the parameter « for the bivariate skew-t distribution in

the application to childhood undernutrition.

-1 0 1

Figure 39: Estimated effects for the parameter v for the bivariate skew-t distribution in

the application to childhood undernutrition.
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Figure 40: Estimated linear effects for all parameters in the application to childhood un-

dernutrition.
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Figure 41: Estimated nonlinear effects with 80 % and 95 % credible intervals for all pa-

rameters in the application to childhood undernutrition (1).

48



p p p
— ™
S .-~ N o
- — S -
— e o -
oS -7~ o - - | —======= ==
] L o === ]
— N
© N 2 ]
A T T T T T T T 1 T T T 1
0 10 30 50 20 30 40 50 15 20 25 30 35 40
cage mage mbmi
a — wasting a — wasting a — wasting
N
= Pt =} I
n / .-~ N ]
o T4 Qe - - © .-
|t o __‘/ B -ms2 PR
1) SSsFES; ~ N s
T IS ? T
1 T T T T T T 1 T T T 1
0 10 30 50 20 30 40 50 15 20 25 30 35 40
cage mage mbmi
o — stunting o — stunting o — stunting
o _| N
— . - o
I XN o :_ e — e e ==
0 ® -~ — Pr i
S T \\ — o —---
a ~ . — [—
10 AT EIRT 9 <
o o —
1 1 T T T T T T T 1 T T T 1
0 10 30 50 20 30 40 50 15 20 25 30 35 40
cage mage mbmi
\Y \Y \Y
™ ™
] o e |
b :\_—\ o - - e o | -
o B _ o = = o :— = ===
N o ™ ™
@ 7 o S
S | | ! | | | | ! T T T T 1
0 10 30 50 20 30 40 50 15 20 25 30 35 40
cage mage mbmi

Figure 42: Estimated nonlinear effects with 80 % and 95 % credible intervals for all pa-

rameters in the application to childhood undernutrition (2).
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3 Theory - Univariate Skew-Normal Distribution

In the following, the formulas used for the implementation will be given.

3.1 Direct Parametrization

The results given here can be found, for example, in Azzalini (1985).

The log-likelihood is given by

1(§,w, ) = const. — In(w) — (x =87, G <a1‘ - 5)

22

where
Co(x) = In(2®(x)).
Furthermore
_ 0G(z) _ ¢(x)
G == =30
and

_ ) = —G(2)? — 2G (2
G(r) = @) Gi() G ().

The first partial derivatives of the log-likelihood are given by

0 z o«

8_51( LW, Q) = o ;Q(az)
2

9, !

%0 (& ,w,a) = - + % — g(l(ozz)z

0

Fl(6w.0) = G a2)z.

The second partial derivatives of the log-likelihood are given by

0? 1 2
@Mé,&),&) = _E + %§2(&2)
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2

2z, @ G(az) + %Cg(az)z

2
feow &) = m 5t
! a{g(ozz)z

2
%l(&w’a) = 575
2

2

322 2a
+ EQ(@Z)Z + F@(az)z

0? 1
o) = T
0? 1
8w8al<€’w’a) = —;Q(az)z — g@(az)zg

2
0 SU(Ew,a) = Goaz) 22,

(9a)?
The expected Fisher information is given by
E(7§%Mwa0=1+f?m)

() -3 (S )

E <—%;al(f,w,a)) _ é ((1 +b&2)g _ om(a))
E (-%l(f,m )) — 24 Oj?(a)
(st -t
E (— (ai;l(f,w, a)) = ay(ev)

where
ar() = E (Z5¢(a2)?) . (1)
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As it is takes a lot of computation time to evaluate the expectations ax(«), modified
versions of the approximations given by Bayes and Branco in Bayes and Branco (2007). In

Bayes and Branco (2007) the approximations are given by

k1

. k! (1 2a2> ?
QA — T + 2
23717 (3)! T

if k£ is even and

W=

NS,

k-1 _
2 4 9 2
chaj (1 + :r)é )
=0 4

2
1
if k is odd, while
251

C; = 2]

are used as a replacement. The modified approximations for £ = 0,1, 2 are given by

2 96a)2\ ~
d0:_<1+8(096a)) |

Cji—1, Co = 1

(SIS

™ 2
3 3 —
2\ 2 8a2\ "2 a2\ !
i =—-0975 (=) a1+°% 1+a? 1+ %
s 2 2

a2 (1 . 8(0.96a)2)‘

2

W=

and

Nlw

The modifications are necessary to ensure positive values for the expected Fisher infor-
mation for all parameters in both parameterizations.

In the implementation the following link functions are used
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& identity
W : log
Q: identity

and therefore the first partial derivatives of the log-likelihood with respect to the pre-

dictors for the parameters are given by

(0%

z
Ve =~ EQ(OM)
1 2? «
Vy = —E + F - EC1(O&Z)Z

Vo = (i (az)z

and diagonal elements of the expected Fisher information are

1+ a?ag(a)
We = ———5——
w
wy, = 2+ o’ay(a)
We = ag(a)

which are all positive as each variable in the formulas is positive.

3.2 Centered Parametrization

The direct parameters can be obtained using;:

&= pu— bwd
B o
V1= 022

o R

VI — (1 - P)R?

27y 3
n=(:25)

5— Q

V1+a?
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The derivatives of the parameter transfomations are given by (only non-zero derivatives

are given):
23
9 =1
o W
do /1 — 022
95 _ 9% 99 9
dy 06 0a Oy
([ bo B b3 62 1
V1= (1-120%)2 ) \ (1 +a2)2
1 LR ( 2 >§1
VP — (1 —0)R2 (12— (1—b)R?)3 (4-m)2) 3
Ow __ 1
o /1= b252
Q0w 06 Oa
Oy 09 Oa Oy
B b2 1
(1—0262)2 ) \ (1+0a?)2
1 L a-mr ( 2 )él
VIR (12— (1—1?)R?)? 4-mn*) 3
da _ 00 dR
oy OR Oy

B 1 (1-b2)R? 2 i1
B <\/52 —(1-W)R? " 2 — (1 —b2)R2)3> (((4—7072) 3)

In the implementation the following link functions are used

[ identity
o log
Y YMAX 1 + 2

o4



where Yy ax &~ 0.9952716 is the maximum of the skewness. Using the derivatives given

above and results for the direct parametrization, the score function and expected Fisher

information for the predictors are given by

o8 ou zZ o«

ey, T 8

v (eg—f, +g—i) 0o _ #Z = bz—1-ohilaz)(z— )

v = (0,28 4, 0w, 0 Oy
"\ "oy T oy T 0y ) o,

:{ [ab{l(az) —zb+ 1_b;;262 ( — 2b0 + a(bd — 2)(i(az) — 1+ 22>

1 Oa Oy
et 2 (az) p——
(14 a)2 Gl )}878177
FA% 1+ a?ag(a)
Wy = Weg @ Wee = o2
w = % i +2 %a_w + a_w ’ a_g i
or =\ Vet | g Y ds 9o T Ve \ Bo o,

_ {b26 5 (1 + aaga) — 2(11%;;2)) —20%ay()

1 do \°
w?(1 —626%) \ On,

+2+ aQag(a)}
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2
0¢& Ow 0¢ o
o (“’ff (53) +2veeyay - 2uee

(&u) 2 Ow Oa
+ ww,w a_ + wa,a__
vy Y

- [aQ(a) + L‘; {baal(a) + (bdaay (o) — cvaz(a)) %}

(14 a?)3
3
— % (b6° + o?ai (@) + bd — béa*ag(ar))
b'5?
+ m(z — B262(1 + 262)

+ a2(as(a) — 2bda (@) + b252a0(a)) H

1 PS5
V= (1 =R (12— (1 —b2)R?)>
IEAREA A,
<<(4—7T)72> 3) (3777)
4 Theory - Bivariate Skew-Normal Distribution

The log-likelihood is given by

1
[(&,Q, ) =const. — 5 log (wiw3 (1 — p?))

1 {Wg(?h —&1)? = 2wiwap(yr — &) (Y2 — &) + wilys — 52)2}
2 wiws(1 — p?)

‘G (j—i@ 6+ 2, - @)) |

The first partial derivatives are given by
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9, y1— & _ p(y2 — &)

96, &) =BT 5 T (i )
—%ﬁ(%@rfﬁ+%@ﬁ&0
9 L =& ey — &) — &)
a—u}ll(ﬁ,ﬂ,a) —_w—l‘f'w%(l_pg) - Wl (1 — p2)

—%C ( (1 — &)+ (2—52)>

d (&) (e — &) p
L e {1_

w3 (y1 — &1)% — 2wiwap(yr — &) (12 — &2) + Wi (Y2 — &2)°
wiwi (1 — p?)

%Z(E’Q’a) M&C ( (y1 — &) + (2—52))

where the derivatives with respect to &;,ws; and ay can be obtained by exchanging the
ones and twos. Derivatives for vector valued parameters can be found, for example, in

Azzalini (2013) or Arellano-Valle and Azzalini (2008).

The necessary second partial derivatives are given by

0? 1 a? oy
D 1(§,Q,a) = D) + M—%Cz (w1( —&)+ 2( - 52))
0 1 (y1 — &)? py1 — &) (Y2 — &)
me@””*ﬂ?*Wﬂ—wﬁ” wFenll— 7P

+ 20, 2 = &C ( (1 — &)+ (2—52)>

1

g (B, )+ 2. - g)
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P enw | L W
G &) {1—p2+<1—p2>2}

) {1 (yl - 51)2 20(1/1 - 51)(3/2 - 52) (y2 - 52)2 }

- w?(l — p?) wiws (1 — p?) wi(1 - p?)
2 4p(y1 — &1)(y2 — &2)
(1—p?)? wiwz(1 — p?)?

2 RY)
O tle e =8l (2 )+ 2 - )

(8051)2 wl 1 2

Using

1
Ay () = E | = (UPppeptl, + Q.
where U ~ N(0, a?),
o T
1+ 22

i =1 = o + 2paias + a3,

fe = 1777

and

Q.= Q=720 Q

the diagonal elements of the expected Fisher information matrix are given by

0? 1 oF
E <—Wl(£, Q, a)) :m + W_%CQAO(p7 a)
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0? 1 1 0
El— 1(E.Q =——43 2
( o & ’“)> PRI R) S eTg ey
2
o
+ A (Qa)
1

0? 1 2p?

& 2
E (—WZ(E,Q,a)> IW—%A2(Q=O¢)(1,1)

The expectations Ag and A, are replaced by approximations in the implementation to

improve the speed of the algorithm.

5 Theory - Univariate Skew-t Distribution

In Azzalini (2013) the basis essentials of the following calculations can be found.

The log-likelihood is given by

(236, w, 0,v) =const. — In(w) — %m(y) n <F (u;1)) S (t(2))

v+1

2
In <1 + Z—) + In(T(azT;v + 1)).
v

The first derivatives are given by

—l(&w,a,v) = T ary
ag > w o w(z2+v)
1 2277 azTV
I — - _
9, (& w,a,v) R w(z?+v)
%l( L, W, L V) = ZTA
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2

0 1 v v 2v+1 z
El(ﬁ,w,a,u) 25{\1] (§+1> -V (5) RES —ln (1+ 7)

N 277 az(z?-1) L
v (v + 22)21 T(aztlv + 1)
where
) — t(azT|lv +1)
- T(aztlv+1)
and

- 7{ o (1’;(;“ _2321‘: - (1 4 Vlf 1> } tulv + 1)du.

6 Theory - Bivariate Skew-t Distribution

The log-likelihood is given by

1§, 9, o, v) =log(2) — log(v) — log(m) — log(w1) — log(wz) — %log(l — )
s (1 (452)) - (¢ () - 5 n (1)
o o £25)

The first partial derivatives are given by

0 1 5 0. o
—I(&Q,a,v) =—1 — v+ ZQl pza
&1 Wy 2 (1+9)v(1-p)
t(a’z V”j:é;u+2)
i +2
T(a/z V+Q;V—|—2>
(Oél v+ 2 . a/Z v+ 2 (Zl :5p22)>
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v+2 .
t(a’z ViQ,V—|—2>
+ =
/ v .
T(az V+Q,y+2
2 9 _
(Oél v — 'z v (Z1l5pz2))
v+ Q (r+ Q)

gl(gga’/):_{@—l—% 1 +t(a’z\/g;u+2>alz\/y—+2
gp o h 0 T (wa feme ) Q)

v+Q°
1 p

{ £ (Z%_szlzz—l-zg?)—1_p2zlz2}+1_p2

——

Oay T(a’z l‘/’ié,y+2) r+Q
g _ 11 v+ 2 v Q
51(5797‘1:’/)——;+§{¢< 7 >—¢<§)—log(l+;>
Q
—(r+2) (1—1—%)1/2
+t<alz 5132’”+2>
T(a/z ;’j:é;l/—l—2>
( a'z _O/Z\/V—-FQ)
V+2)r+Q)  (v+Q)3

L
T (a’z,/;’j:é;y+2> }

where



a/z v+42

= ) )

2
~log <1+ 12> }t(u;v—l—Q) du

v

The derivatives for &, ws and as are the same as for &, w; and a; when 1 and 2 change
places. In Azzalini (2013) the derivatives with respect to vector based parameters can be
found.

The diagonal elements of the expected Fisher information matrix are evaluated numer-

ically for a multitude of parameters combinations and stored to accelerate the algorithm.

7 MCMC Algorithm

The general structure of the algorithm is given as follows:

Algorithm

1. Find initial values for each parameter using a backfitting algorithm with all hyper-

parameters fixed at appropriate starting values.
2. For each MCMC iteration t = 1,...,T, complete the following steps:
(a) For every vector of coefficients ﬁ?k, 7 =1,...,Jg, of every parameter ¥y, k =
1,..., K, of the response distribution

- draw a new parameter from the proposal distribution ¢

g~ (g (P1) ).

Yk and P?’“ are given in the main part. To ensure identifiability, the

where p;
parameters are constrained to fulfill Aﬁ?k* = 0 using a suitable matrix A

as given in Rue and Held (2005).
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- Accept the new parameter with probability

p(82°1)a(8).8))
p(81)a (8. 80)

m=min ¢ 1,

- update the hyperparameters.
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