Supplementary Material for
“Extreme Quantile Estimation for

Autoregressive Models”
by Deyuan Li and Huixia Judy Wang

In this supplementary file, we provide the proofs of Propositions 2.1-2.2, Theorems

2.1-2.3 and Corollary 2.1 in the main paper.

Proof of Proposition 2.1.
We first prove that Uy(-) satisfies the first-order condition, i.e. as s — oo,

U(su) — Uy(s) R uY — 1'

ar(s) S (S.1)

We distinguish two different cases.

Case 1: there exists a unique ¢ € {0,1,...,p} such that 7; = . Define a,(s) = ao(s)
if i = 0 and y;_;a;(s) if i # 0. Without loss of generality, we assume that v; = . Then
ai(s) = yi—1a1(s) and by (2.1) we get

Up(su) — Uy(s)  Oo(su) — Oo(s) " ao(s)

a(s) o ao(s) Ye-101(s)
O1(su) — 01(s)  ~ b5(su) — 0;(s) o Yimd o, 4(5)
+ ai(s) +j; a;(s) Y1 ai(s)

Since a;(-) € RV (y;) for j = 0,1,...,p, and v > max{yo, V2, ..., 7V}, we have a;(s) =
o(ai(s)) as s — oo for j =0,2,...,p, and (S.1) is thus proven.

Case 2: there exist more than one i’s such that v; = ~. Without loss of generality,
assume that the first (k + 1) ~;’s are equal to v, that is, 70 = n = -+ = W% = 7,
where 1 < k < p — 1. Note that a;,(-) € RV(y) and p; < 0 for ¢ = 0,1,...,k. Then

a;(s)/ap(s) — ¢;, a non-zero constant, i = 1,... k. Now let

:
ar(s) = (1 + c1ye—1 + ... + cxle—r)ao(s) = (1 + chyt_j)ao(s).
j=1



On the other hand a;(s)/ag(s) = 0fori=k+1,...,p. So

Ui(su) — Uy(s)
ay(s)

lole) ~o(s) 5~ (Ol = 0ls) wals)

= % %
(1+ Zjﬂ ijt—j>a0(5) j=1 a;(s) (1+ Zj:l CjY—j)ao(s)
4 Z i(s) % ykt—jaj<5)
j=k+1 (1+ Zj:l CjYi—j)ao(s)
k
1 u” —1 Cillp_i u¥ —1 ul —1
S T e e
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Next, we will prove that U,(-) satisfies the second-order condition (2.3).We will only

provide the proof for Case 1, as the proof for Case 2 is similar. Without loss of generality,

suppose Yo = v > max{y1,72, ...,V Recall a;(s) = ao(s) and

Up(su) — Ui(s) _ Go(su) — bo(s) N zp: 0j(su) — 0;(s)  a;(s) Yo
a;(s) ap(s) = 77

a(5) wis)

Hence, by the second-order condition of y(-), we have

T Ao<s>§<“iiji;£—“”:;1>{1+0<1>}
D AT RIS

Note that Ay(-) € RV(po) and a;(-)/ao(-) € RV (y; — 7o) for j = 1,2,...,p. Define
p = max{po, 1 —Y0,72—"Y0s - - - » Vp — Yo There are three different cases: 1) py > max{y; —
Yo :j = 1,2,...,p}; ii) there is a unique j such that v, — 9 = p; iii) there exist several
elements that are equal to the maximum p.

Case i). po > max{y; —v,j = 1,2,...,p}. In this case, p = po. Take A;(s) = Ao(s).
Note that a;(-)/{Ao(-)ao(-)} € RV (v; — 0 — po) for j =1,2,....p with 7, — o — po < 0,
so a;(s)/{Ao(s)ao(s)} — 0 as s — oco. Therefore, Uy(-) satisfies the second-order condition
(2.3) with A;(s) = Ag(s) and p = po.

Case ii). There exists a unique j such that v; — 7 attains the maximum p. Without
loss of generality, suppose j = 1, i.e. 71 — v > max{po,v2 — Y0,--->7 — Yot Then
p=m—"7 < 0. Take A;(s) = a1(s)ys_1/ao(s). Similar to the proof for Case i), we can



show that

_ v n _ e _
U(su) = U(s) u 1> L 1w 1

{At<8)}71< ay(s) v mo ot

To change the above limit to be p~ ' {(u’™” — 1)/(y + p) — (v? — 1)/~} as stated in (2.3),

we need modify the definitions of a; and A; slightly. For example, let Aj(s) = pA;(s) and
a;(s) = (1 + p~tA;(s))as(s). Then by Taylor expansion, we have

EHON

U(su) = U(s)  u — 1> . l(uw" -1 - 1>
a;(s) v p\ y+p v
Case iii). There exist several elements that are equal to the maximum p. Without loss
of generality, suppose that pg = v1 —70 = ... =% — Y > max{y; —v,j =k+1,...,p},
where 1 < k < p. In this case, p = py. Take A;(s) = Ap(s). Without loss of generality,
we assume Ag(s) ~ cos for some ¢y # 0 as s — oo. Then a;(-)/ao(-) € RV (v; — 7o) for
j=1,...,p, and Ay(-) € RV(po). Hence a;(s)/{ao(s)Ao(s)} — ¢;/co for j =1,... &k and
a;j(s)/(ao(s)Ao(s)) = 0 for j =k +1,...,p. Consequently we have

(g { H ) =1y

a(s) v

1 y0tP0 — Y 1 P g, — 0. . »
— _(u _u ){1+0(1>}+Z i(su) —0,(s) % a;(8) Y-

Po N Yot Po Yo = a;i(s) ao(s)A4(s)
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Let A7(s) = (1/p+ Sl cimi/co) pAils) and af(s) = {1+ Aj(s)/pH1 = Ay(s)/p}ar(s).
It is easy to show that Uy(-) satisfies (2.3) with A;(-) replaced by A7 (-), and a.(-) replaced
by a; (:).

0J

Proof of Proposition 2.2.
By the second-order condition of 6; and its differentiability at the tail, it follows that,

as s — 00,
00 (su) 1
A, -1 ou _ 'yj—1> . Yit+pi—1 _ vi—1 g3
{ J(S)} (Zj(S) u pj (u u ) ( )



Similar to the proof of Proposition 2.1, we can show that

Uy (su)

1
_ 7—1> s Z(yte gt
s~ lay(s) b (u Y )’

{417 ( ;

where U, (s) = 0Uy(s)/0s. Therefore, we have
Up(su) = u s ag(s)}1 + p~  Ags){u” — 1+ o(1)}]

and

!

Up(s) = {s " ar(s)H1 + o(Ai(s))}-

Recall that

Fl{U(s)} = 572 (%S))ﬂ.

Hence

f{U(sw)}  (su){U; (su)}~"
UGs)y () Ui ()}

— .

The following Lemma 1 is needed in the proof of Theorem 2.1.

LEMMA 1. Let Uy(s) = Qi(1 — 1/s|uu,), where uu, = E(x¢) = (1, 1y, ..., )", Assume

the conditions in Proposition 2.1 hold, then Uy satisfies the second-order condition (2.2)

with parameters v and p. That is, there exist functions a,(-) > 0 and A,(-) € RV (p) such

that as s — 00

P

_ Ui(su) = Ui(s)  u? — 1) . 1(u7+’)— 1w — 1)
TP v/

S e

Further, functions a,(-) and A,(-) can be written as

ar(s) ~ c(ptys - py)als), and Ay(s) ~ d(py, ... py) A(s),

where functions a(-) > 0 and A(-) € RV (p) are defined as in Proposition 2.1.

Proof. Lemma 1 follows directly from Proposition 2.1 as a special case.

Proof of Theorem 2.1.

(S.5)

Let s = 1/(1 — 7). Recall 0;(s) = 5;(1 —1/s) for j = 0,...,p, and Us(s) = Q+(1 —
1/s|x;) = xIB(r). Define U(s) = Q;(1 — 1/s|p,) = puLB(r), where p, = E(x;) =
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(1, fayy - - )L Then a,(7) = (n/s)Y*{Uy(s) — Uy(hs)} L. For v > 0, U; € RV (7), so that
~+/n(1 =) {(1=m)U,(1/(1—7))}". In the case of v < 0, U;(c0) — Uy(-) € RV (%)
and thus Uy(s) — Uy(hs) ~ (b7 — 1){U(c0) — Uy(s)} and hence a, (1) ~ /n(1 — 7)[(h7 —
1){U(00) — Up(1/(1 — 7))} So an(7) ~ y/n(1 —7)(1 — 7)7 and hence by assumption
A4, a, (1) = 0.
In addition, define €(7) = y; — x! B(7) and

Mn<Z,T> mz Pr {et — X Z/a’n )} _pT{Gt(T)}} .
First, we would like to show that for a fixed 7 € T and z € R? such that ||z|| = O(y/logn),

M (2,7) + W (r) — - (1 _j”) 20z B 0, (S.6)

2
By the identity p-(u—v) — p;(u) = —vip;(u) + [{{I(u < s) — I(u < 0)}ds (Knight, 1998),

we can write

Mo (z,7) = =W, (1) 'z + G, (z,7), (S.7)
where
Gz, 7) = T‘Z‘zl(T_) . g /0 T ) < o) - Helr) < o)) do
Note that
[ [xi2/an(n) (1) <wvl — Hel(r
B{Gy(2,7)} = nin(r)E /0 Hea(r) < gu i)( )SO}] v

3 e IH{e(r) < v/an(T)} — I{e(r) < 0}
= na,(7)E dv
(7) /0 an(T)y/n(l —7) ]

. / Ft{XtTB(T)+v/@n(7)}—Ft{XtTﬁ(T)}]dv_ S8)

By the definition of a,(7), we have

v _v{@ilrlm) Q-0 =7)/hlw)}y _ 5o 5o
in(r) W=7 = 0 (Ui(s) = Ui(hs)) , (5.9)
where
Ui(s) — Ug(hs) = {0o(s) — Op(hs)} + Z{g 0;(hs) }iuy

= [08) ~ ) + YS0) — R}y — ). (S0

5



We consider two different cases. Case 1: if vy > 7, for j = 1,...,p, then the second term

of (S.10) will be dominated by the first term, thus

Ui(s) — Us(hs) = {Uy(s) — Up(hs)} + o (Us(s) — Uy(hs)) . (S.11)

.....

first term, so

U,(s) — U,(hs) = O (Uy(s) — Us(hs)) . (S.12)

By assumption A3, combining (S.12) with (S.11) and (S.9) gives

v
an(T)
Let Ay = o(U(hs) — Ui(s)). By the fact that Uy(s) — oo when v > 0 and U(s) —

} — FAXIB(1)} = = fi{Ui(s) + o(U(s) — Un(hs))}.  (S.13)

i (7)

R B0 +

a
constant when < 0, there exist two sequences l;5 T 1 and las | 1 such that Up(l1ss) <
Ui(s) + Ag < Uy(lass). On the other hand, by Proposition 2.2,

Je{Ui(hs)}

S 2 s 77 uniformly for m in any bounded interval.

f{Ui(s)}
Thus, we have fi{U;(s) + As} ~ fi{U:(s)}, which together with (S.13) gives

v

an(T)

fe{Us(s)} (S.14)

R84 — b - R B ~

Therefore,

B ~ o8| [

— nE __(XTZ)Q f{Ui(s)}
C G (r)/n(l = 1)
1 g os{Ui(s) — Ui(hs)}
A e il (5.15)

2
Since Fi{U(s)} =1 —1/s, we get fi{U;(s)}U!(s) = s72. Similarly, f,{U:(s)}U}(s) = s72,

ft{XtTB(T)}dv]




where f;(-) = fi(-|p,). Therefore,

s{Ui(s) — Uy(hs)} _ o1
{/:(Uu(s))} 7 {/e(U(s))} 7" Jns v2fi{Us(v)}

dv

dw

[
{A(U(s)}2 S w2sf{Up(ws)}
/1i{ t(Ut(ws))}_ldw

now? {fi(Ui(s))

/1 (ws) (S.16)

By (S.4), we have U/(s) = s~ ta;(s){1+0(A¢(s))}. Similarly, by Lemma 1, we have U} (ws) =
w " ts7a(s){1 + ptAy(s){w” — 1 + o(1)}}. Therefore,

Oiws) _ o yauls) | 1+ p~ As){w” — 1+ (1))
Ul(s) a(s) L+ o(A(s)) '

(S.17)

Note that A;(s) — 0 and A;(s) — 0. Then the last term of (S.17) converges to 1. Note

that a,(s)/a:(s) is some function of y, and x;. Define H(x;) = lim,_, as(s)/as(s). Then

! 1—h
N / W H () dw = H ()
h Y

Uy (ws)
Ui(s)

which together with (S.15) and (S.16) gives

E[Go (7)) ~ E [hx?z)?ﬂ

5 H(xt)] .

Similar to the proof of Lemma 9.6 (ii) in Chernozhukov (2005), we can show that Var|G,,(z, 7)] —

0asn — oo, 7 — 0 and n(1 — 7) — oo. Therefore, we get

Gn(z,7) = 1 (1 _fﬂ) 2" Quz + 0,(1). (S.18)

and this proves (S.6).

By going through the similar chaining arguments as in the proof of Lemma 3.1 of
Gutenbrunner et al. (1993), we can strengthen the convergence in (S.6) to uniformly over
z and 7 € T. Since B(7) minimizes 31, pr(y — %7 B), then Z,(7) = a,(7){B(r) — B(1)}
minimizes the convex function M,,(z, 7) with respect to z € RP. Therefore, uniformly in

TeT,

1 /1-h"
min ~ M,(z,7) = min {—Wn(T)TZ + = ( ) 7' Quz + op(l)} :
z=0(/logn) z=0(/logn) 2 Y

7



At the tail quantiles, equation (1.10) of Shorack (1991) implies that W, (7) has the
following probability bound
sup W, (1) < 0,(1) 4+ Csup{(1 — )" 2W (1)},
TET TET

where C' is some constant and W (7) is a Brownian Bridge Gaussian process. By Shorack
and Wellner (1986, p. 599), we have W,,(7) = O,(y/log n) uniformly in 7 € 7. Therefore,

uniformly over 7 € T,

argmin {—Wn(T)TZ + % (1 ;ﬁ”) ZTQHZ} =7 _’ym Q' Wi (1) = O,(y/logn).

zcRP

The Bahadur representation in Theorem 2.1 can then be proven by following the similar

arguments as in the proof of Theorem 3.1 of Gutenbrunner et al. (1993). O

Proof of Corollary 2.1.

Following the arguments in Portnoy (1984) and Gutenbrunner and Jureckova (1992),
the quantile autoregressive process is tight. In addition, note that E[¢,{e(7)}|x:} = 0,
x:0-{€:(7)} is a martingale difference sequence. Therefore, there exists a sequence of

(p + 1)-dimensional standard Brownian bridge B, (7) such that

VL= Walr) = 05 By (n) {1+ 0,(1)}-
Note that as 7 =1 — ku/n — 1,

5 L3

B,(1 = ku/n) = B,(ku/n) < B.(ku/n) — (ku/n)B,(1),

where B,, is a sequence of (p 4+ 1)-dimensional standard Brownian motions. Thus

Wo(1 = ku/n) £ (ku/n)"2Q5 *{ B, (ku/n) — (ku/n)Ba(1)}{1 + 0,(1)}

L Qg *um2 B, (u) + 0,(1).

Without loss of generality, we assume W,, and B, are on the same probability space.

Then by Theorem 2.1 the statement of Corollary 2.1 follows. 0

Proof of Theorem 2.2.



Let ¢; = x! 3(7;) denote the true conditional quantile at the quantile level 7; = j/n for

j=n—Fk,...,n—Fk. Note that, for j =k ..., k,

R - (1 + Gn—j—qn—j )

qn—j qn—j
log = = log ————
qn_k qnfk:(l + Qn—;n_‘in—k)
— log Qn—j i Gn—j — qn—j {1 1 op(l)} _ n—k — Qn—k{l 4 op(l)}
Qn—k qn—j qn—k

= By + Eo {1+ 0,(1)} — E3x{1 + 0,(1)},

and that
4N 2 N\ 2 o N\ 2 4 _ 2
(bg%ﬂ) _ (bg%J>_+{Ch] %%ﬁ +<%% qu)
Qn—k Gn—k Qn—j Qn—k
+2<10g Qn—j % Qn—j — anj) _ 2<10g Qn—j % Qn—k — qn%)
Qn—k qn—j Gn—k Gn—k
n—j n—k

= E@+(E%+E@+QEUE%—QEUEm—zgﬂ%Q{L+%Qn.

Therefore, we have

k

1
MY = = D (By + Ey{1+0,(1)} = Ese{1 +0,(1)}), (5-19)
=¥
Lk
M® = — Z (B} + (B3, + B3 4 2By By — 21 Es, — 2E5; Eg) {1+ 0,(1)}] .(S.20)
=K

We will approximate Ey;, Ep; and Esj, separately. By (3.5.11) in de Haan and Ferreira
(2006, p. 103), it follows that

k/j) -1

n—k —

o+ N /R)H_ (/)14 0(1D)}),

where v_ = min{0, v}, G:(s) = a:(s)/Us(s), A is defined as (2.10),

p, Y <p<0,
, v, p<7y=0,

-7, (0<y<—pandl#0),

0, 0<y<—pandl=0)ory>—p>0,

\



(for more details on p/, see page 398 in de Haan and Ferreira (2006)) and

1 (uwtr—1 w—1
P vEp gl

Note that ¢ (s) — v+ = max{0,~} (see (3.5.5) in de Haan and Ferreria, 2006, p. 101)
and A\(s) — 0 as s — oc.

By Corollary 1 in the supplementary file (i.e. Wy (Ta_;) = Q5 /*(j/k) 2B, (j /k){1 +
0p(1)}), we have

qn—j dn<7h—j)Qn—j

— {an(ru-)an-i} (T Qa0 G/ 2B /) {1 + 0p(1))

B, — QR—j'_’Qn—j . dn(Tﬁ—j>(QH—j'_'Qn—j)
27 —

and

By =TIk (G (g,
An—k

T,y Bu(1)) {1+ 0,1}

Hence

B = o/’ ({W”v—_l} R L L L o<1>}> ,

E22j - {an(Tn—j)qg—j}_2<1 jh’yX?QI_JIQ(;I/Q(j/k)_l/QBN(j/k)>2{1 +0p(1)},

_ - 2
B = {an(radbi} (7255 Q' % P Ba(1)) {1+ 0,(1)),

X {dN(Tn—j)Qn—j}_l (%}T/X?QI_JIQEUQ(j/k)_l/QBn(j/k)> {1 + Op(l)}7

By = /0 (L2 /) 1501+ 00}

By = o/ (L o ), (/5)1 4 0(0)})

< an(rato-r} (750 Qi 0 P Bu(L)) {1+ 0, (1)},

By B = {an(ra-)ans} (T30 Qi % /R B /0))

X {in (Ta-t) G} (1 _metTQ;le/QBn(l)){l +op(1)}-

Recall that a,(7) = /n(1 — 7){U(1/(1 — 7)) — U(h/(1 — 7))}~L. For v > 0, U, € RV (7),
so that a,(7) ~ v/n(1 —7){(1 — AMU(1/(1 — 7))}~ In the case of v < 0, U;(o0) —

10



Uy(-) € RV(y) and thus U,(s) — U(hs) ~ (A" — 1){U,(c0) — Uy(s)} and hence a, (1) ~
n(1 —7)[(R" = D{U:(00) — Uy(1/(1 — 7))} "
Next we establish the asymptotic representations of 4, (n/k) and b,(n/k) separately
by considering two different cases: v > 0 and v < 0.
(I) The asymptotic representation of 4.

Case 1: v > 0. In this case, 7= = 0, 74+ = 7, ¢(s) = v as s — oo and a,(7) ~

vl —7){(1—-~a)U(1/(1 — 7))}~ . Then,
Brj =~ 08 (i/k) + A(n/k) Ho,s { (/1) 7'} ) {1 + o(1)},

V n<1 - Tj)Qn—j

B = (i) (o o /R BaG/R )1+ 01)

o (D) H )N Q5 G ) B )L+ 0p(1),

since Uy (s)/Uy(s) ~ ay(s)/a,(s) — H(x,) as s — oo, and

By = yﬁH(xt)fol}lQal/QBn(l){l +0,(1)}. (S.21)

Hence, by (S.19), we have
MO = [/01 (~togu+ At(n/k)HO,,,«ul))du} {14 0(1)}
bk )] 03105 | [ Baw) = Ba)a] (14 0y (1)
= v [1 + M(n/k) /0 1 Hoy(u™")du + k1/2H<xt)xtTQH1901/211<Bn)} + Ay, (S.22)

where I1(B,) = fol{ulen(u) — B,(1)}du and A, = 0,(k7Y2V |\(n/k)]).
Similarly, we have
B}y =2 ({=log(j/k)}* = 2108(j /)N (n /K)o, {i/R) "} ) {1 + o(1)},
13, =77 (1) () Q7' % B/ + 0, (1),
B2, = 4 H(x)xT 05105 B (1)1 + 0, (1)},
Bi; Eyy = 7k 2( = log(j/k) + \(n/k) o, {(i/k)'})
x {H (x0)x] Q' 2 (5/k) 7 Ba(i k) H1 + 0,(1)},

11



Buy Bsi = k2 ( = 10g(j/ k) + A/ k) Ho, {i/K) '}
x {H(xe)x] Q' Q' Ba(1)H1 + 0,(1)},
BBy = vk~ { H(x0)x] Q' Q2 (j/k) " Bulj/k)}

x {H(x)x] Q5" Bu(1)H1 + 0,(1)}-

Let e > 0 be some small constant. By (S.20), we have
M®
= 2 Uol{(— logu)? + 2 (n/k)(—logu)Ho, (u_l)}du} {14+ 0(1)} + 0,(k71F) + 0, (k™)
+2~2 k12 [ /0 1{— log u + A (n/k)Ho  (u™ )V HH (x)x) Q51 Qy *u™" By (u) }du
[ gt A 0 B ) Q50 B (1)) 1+ (1) + 0,07
= 272{1 + N(n/k) /0 1(— log u)Ho y (u™")du + k=2 H (x,)x Q' Qg I(B,) + An},

where I5(B fo —logu){u™'B,(u) — B,(1)}du.
Then we have

(MM} {1+ 2M((n/k) fol Hy o (u=)du + 2k~ 2 H(x,)xT Q' ' ° [ (B,) + Ay}
MP 201+ M(n/k) [ (—logu)Ho y(u=)du + k=V2H (x)x Qi Qg 2 1n(B,) + A, }

= {1 nym) / (2 + log u) Ho,p (u™")du

R H (x)x] Q'O 20 (BL) = B(Ba)} + A b

Consequently,

(1 - {]\]\4471(12))}2>_1 = 2{1 + Ae(n/k) /01(2 +logu)Hy (u™")du

VR H (x)XT Q0 (O (By) — (Ba)) + An}. (S.23)

Plugging (S.22) and (S.23) to the definition of 4 gives

1
oy +1_1(1_ {M,s)}2>_1

1
=7+ M(n/k) / (v =2 = logu) Hoy(u™")du
0
+ K H )] Q' 0 P (r = )1 (B) + (Ba)} + A

12



Therefore,
\/E(’AY —7) =T +0,(1),

where (for v > 0)

1
r= )\/ (v — 2 — logu) Hop (u™Y)du + H(x,)x! Q' QU9 *{(y — 2)[1(By) + L(By)}. (S.24)

0
Case 2: 7 < 0. In this case, v = v < 0, 74 = 0. Obviously,
k)
o = /0 (LD 0 /) (G /17 1+ o1

In addition, in this case a,(s) ~ —y{U;(00) — Uy(s)}, a@s(s) ~ —y{Ui(c0) — Uy(s)}, and
Gi(s) = ay(s)/Us(s) € RV (). Thus

o CVH )} @)} where s = 1/(1 = 7).

Then we have
= {an(m- s} (7550 Qi % G/ 2B /R) {1+ 0,(1))
= k™12G,(n/k)H <xt>x?QHlﬂo V2GR T BRI + 0p(1)},
where the last step is due to ¢ (n/j) ~ G (n/k)(k/5)7, and
Ey, = k%G (n/k)H (x,)x{ Q' Q5 "* Bo(1){1 + 0,(1)}. (8.25)

Denote A, = 0,(k=*2 Vv |\(n/k)|). By (S.19),

qﬁ’(}l;) = Uol (“hlﬂt(n//ﬁ)ﬂ /(u_1)>du} {1+ 0(1)}

gl
—k"2H(x )X?QHIQ_I/Q/{ By (u) = Ba(1)bdu{l + 0,(1)}

= ——i—)\t n/k/

R H )X Qe / (B (w) — Bu(Dhdu+ A, (S26)
0
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Similarly, we have

GRT =1y /R

B} = n/k) [( YAl /K) Hy (/R {1+ o(1)),
B3, = k@ /) {H(x)xE Q% G/K) 7 Bai/R) Y {1+ 0,(1)},
B = kG (n/k){H (x)x Q' % B (1)} {1 + 0,(1)},
By = Ko { P a0
x {H(x)x] Q' Q" (3/k) 7 Buli/k) H1 + 0,(1D)},
By = k22 /) { L= ) (/)
x {H (x)x{ Q' "* Bu(1) {1 + 0,(1)},

BBy = k7' @ (n/k) {H (x)x] Q' Q0 * (5/k) ' Bl / k) }
x {H(x)xT Q31 2 B, (1) {1 + 0,(1)}.
By (S.20),

(2) Lo w7 =1, uY — )
o~ | {2 N H ) pu{1+ o(1))

w2 [ ™))

x {H(x)xP Q3 Q0 *u™ 771 By (u) Ydu{1 + 0,(1)}
=2 [/ G )
x {H(x)x] Q5" B (1) Ydu{1 + 0,(1)} + O, (k™)

u -1

2 ! -1
= =0 -2) + 2)\t(n/k)/0 ( ~ )H%p’(u )du
u 7 —1

v

F o 0310 [ () o B B0+ A

14



Denote I3(B fo (“—=1){u"'B,(u) — By(1)}du. We have

vy
{Mr(zl)}Q
M
(%)2 + 2= (n/k) oy Hyp(u Ydu — k=2 H (x)xP Q31 Q0 2 1 (By) + A,

e
1 fy—v— _ _ _ —
=iy T2 /k) fy (S Heyp(um ) du + 26712 H (x,)x] Q' Qg V2 I(By) + A,
1—2y

- 20 ) [1+(1—’y))\t(n/k)/0{2—(1_2V)U

1
YH.p (u™")du

(U R P () Q05 21 (B 4+ (L 29) (B} + A

and

= 21 =) 1= (== 2)M0/b) [ 2= (1= 2)

(1 =) (1= 29)k P H )X Q05 PRI (B) + (1= 20)Is(Ba)} + A (827)

Denote A, = 0,(k~2V |G (n/k)| V |\i(n/k)]). Therefore,

1(1 _ {MS)}2)1

(1,1
MY +1 -5 e

2>

N (”/];7) +9 4+ (1 =7)*(1 = 29)A(n/k) / 2-(1-29)= 1}H%p’(“71>du

1
—(1=7)*(1 = 29k~ H (x0)x{ Q' *(21(By) + (1 = 29) I5(By)) + A,

Note that in the case of v < 0, ¢(-) € RV(y) and hence ¢(s) — 0 as s — oo.
For v < p < 0, we have \(:) € RV(p) and G(s) = o(M\(s)); for p < v < 0, we have
Gi(s) = —Mi(s). Thus, as VN (n/k) = X, V(5 —7) =T + 0,(1), where (for v < 0)

T = 2= 4 N1 —9)2(1 = 29) [ {2 — (1 - 29) 2=} H () du
—(1—7)2(1 — 29)H (x)xF Q5" V2 {20 (B,) + (1 — 29)I5(B,)}. (S.28)

(IT) The asymptotic representation of a;(n/k). Define

~U(n/k), if v >0,

—v{Ui(0) — Uy(n/k)}, if v <O.

ap(n/k) =

15



Since a;(n/k) ~ ap(n/k), without loss of generality, we assume a;(n/k) = a;p(n/k). Oth-

erwise, we approximate at((’; //’Z)) 1.

Case 1: v > 0. By (S.21), (S.22) and (S.23), it follows that

ar(n/k) Gn— ’“MT(") (1_ {M(@))}Q)
a(n/k) Y-k
(n

M (Dy2, g
= () ()50 )

1
= (14 Es) {1+ M(n/k) /0 Ho o (u Ydu+ k=2 H(x)xF Q' P L(B,) + A}

1
X [1 + )\t(n/k)/ (2 + logu)Hy p (u™")du
0
R H (%] Q50 20 (B) = BB} {1+ 0,(1))

= 14k Y2H (x)x TQ;Q_l/QBn(l)

+(n/k) / Hyy(u™Vdu+ k™2 H(x,)x" Q710 VI (B,)

+\(n/k) / (2 + log u)Hy  (u™")du + k=2 H(x,)xF Q' 2 {21 (B,) — L(Ba)} + A,

0
1
=1 +)\t(n/k’)/ (3 +logu)Hy p(u™")du
0
V2 H(x)xT Q510 V{31 (B,) — Ly(B,) + vBa (1)} + A,.

Thus, as VEX(n/k) = A

@(% _ 1) = A +o0,(1),

where (for v > 0)
1
A=) / (3 + log u)Ho (™ )du + H(x)xF Q50 /2 {311(B,) — L(By) + vB,(1)}. (S.29)
0

Case 2: v < 0. By the facts that ¢,_x = Uy(n/k) and ¢:(n/k) = a;(n/k)/Ui(n/k), and by

16



(S.25), (5.26) and (S.27), it follows that, with notation I4(B,,) = fol(uﬂ*an(u)—Bn(l))du,

/) M3 (- B
a(n/k) (n//f>( )
- (Zz:i)(q“aff;%%(qf‘i/@)l(l %)
= (14 By +>\t n/k:/ Y2 H (x)xF Q5 Q0 P Iu(B,) + A, )

-1
Y. (u™)du

X(l—v){l—(l—v)(l—%w /) /O{z—a—m)“

H(1 = 9)(1 = 20k P H X! Q5 1B + (1 - 29)(Ba)} + A, )

= 14 (1 — ) Aln/E) / {4y — 14 (1— 272" Vv‘l}Hy,p«u—l)du

+(1 =)k H (xo)x! Q' Q{2 = 49) [(B) + (1 = 29)°I3(B,) — Ii(Ba)} + A,

since Fsj, = 0,(k~1/%). Thus

ﬁ{% —1} = A+ o0,(1),

where (for v < 0)

u ' —1

A= M=) [ =1 (= 2

+(1 = H(x)x! Q' {2 = 4 1(Ba) + (1 = 29)°[5(By) — Li(Ba)}. (S.30)
(III) The asymptotic representation of b,(n/k). By the definition, b,(n/k) = U,(n/k)

and by(n/k) = Go_r.
Case 1: 7 > 0. Note that

bi(n/k) — bi(n/k) _ <q“nk B 1) (M)l

at(n/k) An—k Gn—k
By ai(n/k)/qn—r ~ v and (S.21), we have

Vi { bt(n/:t)@/%)(n/k) } et

where (for v > 0)
B = H(x,)x" Q;'Q, '’ B,(1). (S.31)
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Case 2: 7 < 0. Note that

b/ = /) _ gy (ot ) {_ B

ay(n/k) n—k Gn—kGe(n/k
By the definition that ¢;(n/k) = a;(n/k)/q.—r and (S.25), we have

where (for v < 0)

B = —H(x)x' 95, B, (1). (S.32)

Proof of Theorem 2.3.
By the definition,

Qt(Tn|Xt) = lA)t(n/k:) + &t(n/k:){k/n(l —&Tn)}’Y - 1‘

Therefore, by Theorem 2.2 in this paper and Theorem 4.3.1 in de Haan and Ferreira (2006),

we can easily show that

Qt(Tn\Xt) — Q7 |xt)
“E{ ar(n/k)as (d)

Ay
V- +p

} 4T+ (7.)°B—~v_A—

Since a;(n/k)/ar(n/k) 2 1 and ¢5(d,)/q,(d,) 2 1, by Corollary 4.3.2 in de Haan and
Ferreira (2006), we have

\/E{Qt(Tnb(t) — Qt(Tn|Xt)} 4 (v )?B —~ A — Avy_ .

ay(n/k)qs(dn) V- +p
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