
Supplementary Material for
“Extreme Quantile Estimation for

Autoregressive Models”
by Deyuan Li and Huixia Judy Wang

In this supplementary file, we provide the proofs of Propositions 2.1-2.2, Theorems

2.1-2.3 and Corollary 2.1 in the main paper.

Proof of Proposition 2.1.

We first prove that Ut(·) satisfies the first-order condition, i.e. as s→∞,

Ut(su)− Ut(s)
at(s)

→ uγ − 1

γ
. (S.1)

We distinguish two different cases.

Case 1: there exists a unique i ∈ {0, 1, . . . , p} such that γi = γ. Define at(s) = a0(s)

if i = 0 and yt−iai(s) if i 6= 0. Without loss of generality, we assume that γ1 = γ. Then

at(s) = yt−1a1(s) and by (2.1) we get

Ut(su)− Ut(s)
at(s)

=
θ0(su)− θ0(s)

a0(s)
× a0(s)

yt−1a1(s)

+
θ1(su)− θ1(s)

a1(s)
+

p∑
j=2

θj(su)− θj(s)
aj(s)

× yt−j
yt−1

× aj(s)

a1(s)
.

Since aj(·) ∈ RV (γj) for j = 0, 1, . . . , p, and γ1 > max{γ0, γ2, . . . , γp}, we have aj(s) =

o(a1(s)) as s→∞ for j = 0, 2, . . . , p, and (S.1) is thus proven.

Case 2: there exist more than one i’s such that γi = γ. Without loss of generality,

assume that the first (k + 1) γi’s are equal to γ, that is, γ0 = γ1 = · · · = γk = γ,

where 1 ≤ k ≤ p − 1. Note that ai(·) ∈ RV (γ) and ρi < 0 for i = 0, 1, . . . , k. Then

ai(s)/a0(s)→ ci, a non-zero constant, i = 1, . . . , k. Now let

at(s) = (1 + c1yt−1 + ...+ ckyt−k)a0(s) = (1 +
k∑
j=1

cjyt−j)a0(s).
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On the other hand ai(s)/a0(s)→ 0 for i = k + 1, . . . , p. So

Ut(su)− Ut(s)
at(s)

=
θ0(su)− θ0(s)

(1 +
∑k

j=1 cjyt−j)a0(s)
+

k∑
j=1

{θj(su)− θj(s)
aj(s)

× yt−jaj(s)

(1 +
∑k

j=1 cjyt−j)a0(s)

}
+

p∑
j=k+1

θj(su)− θj(s)
aj(s)

× yt−jaj(s)

(1 +
∑k

j=1 cjyt−j)a0(s)

→ 1

1 +
∑k

j=1 cjyt−j
× uγ0 − 1

γ0
+

k∑
j=1

{ cjyt−j

1 +
∑k

j=1 cjyt−j
× uγj − 1

γj

}
=
uγ − 1

γ
.

Next, we will prove that Ut(·) satisfies the second-order condition (2.3).We will only

provide the proof for Case 1, as the proof for Case 2 is similar. Without loss of generality,

suppose γ0 = γ > max{γ1, γ2, . . . , γp}. Recall at(s) = a0(s) and

Ut(su)− Ut(s)
at(s)

=
θ0(su)− θ0(s)

a0(s)
+

p∑
j=1

θj(su)− θj(s)
aj(s)

× aj(s)

a0(s)
× yt−j.

Hence, by the second-order condition of θ0(·), we have

Ut(su)− Ut(s)
at(s)

− uγ − 1

γ
= A0(s)

1

ρ0

(uγ0+ρ0 − 1

γ0 + ρ0
− uγ0 − 1

γ0

)
{1 + o(1)}

+

p∑
j=1

θj(su)− θj(s)
aj(s)

× aj(s)

a0(s)
× yt−j. (S.2)

Note that A0(·) ∈ RV (ρ0) and aj(·)/a0(·) ∈ RV (γj − γ0) for j = 1, 2, . . . , p. Define

ρ = max{ρ0, γ1−γ0, γ2−γ0, . . . , γp−γ0}. There are three different cases: i) ρ0 > max{γj−

γ0 : j = 1, 2, . . . , p}; ii) there is a unique j such that γj − γ0 = ρ; iii) there exist several

elements that are equal to the maximum ρ.

Case i). ρ0 > max{γj − γ0, j = 1, 2, . . . , p}. In this case, ρ = ρ0. Take At(s) = A0(s).

Note that aj(·)/{A0(·)a0(·)} ∈ RV (γj − γ0 − ρ0) for j = 1, 2, . . . , p with γj − γ0 − ρ0 < 0,

so aj(s)/{A0(s)a0(s)} → 0 as s→∞. Therefore, Ut(·) satisfies the second-order condition

(2.3) with At(s) = A0(s) and ρ = ρ0.

Case ii). There exists a unique j such that γj − γ0 attains the maximum ρ. Without

loss of generality, suppose j = 1, i.e. γ1 − γ0 > max{ρ0, γ2 − γ0, . . . , γp − γ0}. Then

ρ = γ1 − γ0 < 0. Take At(s) = a1(s)yt−1/a0(s). Similar to the proof for Case i), we can
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show that

{At(s)}−1
(Ut(su)− Ut(s)

at(s)
− uγ − 1

γ

)
→ uγ1 − 1

γ1
=
uγ+ρ − 1

γ + ρ
.

To change the above limit to be ρ−1{(uγ+ρ − 1)/(γ + ρ) − (uγ − 1)/γ} as stated in (2.3),

we need modify the definitions of at and At slightly. For example, let A∗t (s) = ρAt(s) and

a∗t (s) = (1 + ρ−1A∗t (s))at(s). Then by Taylor expansion, we have

{A∗t (s)}−1
(Ut(su)− Ut(s)

a∗t (s)
− uγ − 1

γ

)
→ 1

ρ

(uγ+ρ − 1

γ + ρ
− uγ − 1

γ

)
.

Case iii). There exist several elements that are equal to the maximum ρ. Without loss

of generality, suppose that ρ0 = γ1 − γ0 = ... = γk − γ0 > max{γj − γ0, j = k + 1, . . . , p},

where 1 < k < p. In this case, ρ = ρ0. Take At(s) = A0(s). Without loss of generality,

we assume A0(s) ∼ c0s
ρ0 for some c0 6= 0 as s → ∞. Then aj(·)/a0(·) ∈ RV (γj − γ0) for

j = 1, . . . , p, and At(·) ∈ RV (ρ0). Hence aj(s)/{a0(s)A0(s)} → cj/c0 for j = 1, . . . , k and

aj(s)/(a0(s)A0(s))→ 0 for j = k + 1, . . . , p. Consequently we have

{At(s)}−1
{Ut(su)− Ut(s)

at(s)
− uγ − 1

γ

}
=

1

ρ0

(uγ0+ρ0 − 1

γ0 + ρ0
− uγ0 − 1

γ0

)
{1 + o(1)}+

p∑
j=1

θj(su)− θj(s)
aj(s)

× aj(s)yt−j
a0(s)At(s)

→ 1

ρ

(uγ+ρ − 1

γ + ρ
− uγ − 1

γ

)
+

k∑
j=1

cjyt−j
c0
× uγ+ρ − 1

γ + ρ

=
(1

ρ
+

k∑
j=1

cjyt−j
c0

)uγ+ρ − 1

γ + ρ
− 1

ρ

(
uγ − 1

γ

)
.

Let A∗t (s) =
(

1/ρ+
∑k

j=1 cjyt−j/c0

)
ρAt(s) and a∗t (s) = {1 + A∗t (s)/ρ}{1− At(s)/ρ}at(s).

It is easy to show that Ut(·) satisfies (2.3) with At(·) replaced by A∗t (·), and at(·) replaced

by a∗t (·).

�

Proof of Proposition 2.2.

By the second-order condition of θj and its differentiability at the tail, it follows that,

as s→∞,

{Aj(s)}−1
( ∂θj(su)

∂u

aj(s)
− uγj−1

)
→ 1

ρj

(
uγj+ρj−1 − uγj−1

)
(S.3)
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Similar to the proof of Proposition 2.1, we can show that

{At(s)}−1
( U

′
t (su)

s−1at(s)
− uγ−1

)
→ 1

ρ

(
uγ+ρ−1 − uγ−1

)
, (S.4)

where U
′
t (s) = ∂Ut(s)/∂s. Therefore, we have

U
′

t (su) = uγ−1{s−1at(s)}[1 + ρ−1At(s){uρ − 1 + o(1)}]

and

U
′

t (s) = {s−1at(s)}{1 + o(At(s))}.

Recall that

ft{Ut(s)} = s−2
(∂Ut(s)

∂s

)−1
.

Hence
ft{Ut(su)}
ft{Ut(s)}

=
(su)−2{U ′t (su)}−1

(s)−2{U ′t (s)}−1
→ u−1−γ.

�

The following Lemma 1 is needed in the proof of Theorem 2.1.

Lemma 1. Let Ūt(s) = Qt(1 − 1/s|uux), where uux = E(xt) = (1, µy, . . . , µy)
T . Assume

the conditions in Proposition 2.1 hold, then Ūt satisfies the second-order condition (2.2)

with parameters γ and ρ. That is, there exist functions āt(·) > 0 and Āt(·) ∈ RV (ρ) such

that as s→∞

Āt(s)
−1
( Ūt(su)− Ūt(s)

āt(s)
− uγ − 1

γ

)
→ 1

ρ

(uγ+ρ − 1

γ + ρ
− uγ − 1

γ

)
. (S.5)

Further, functions āt(·) and Āt(·) can be written as

āt(s) ∼ c(µy, . . . , µy)ã(s), and Āt(s) ∼ d(µy, . . . , µy)Ã(s),

where functions ã(·) > 0 and Ã(·) ∈ RV (ρ) are defined as in Proposition 2.1.

Proof. Lemma 1 follows directly from Proposition 2.1 as a special case.

Proof of Theorem 2.1.

Let s = 1/(1 − τ). Recall θj(s) = βj(1 − 1/s) for j = 0, . . . , p, and Ut(s) = Qt(1 −

1/s|xt) = xTt β(τ). Define Ūt(s) = Qt(1 − 1/s|µx) = µT
xβ(τ), where µx = E(xt) =
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(1, µy, . . . , µy)
T . Then ãn(τ) = (n/s)1/2{Ūt(s)− Ūt(~s)}−1. For γ > 0, Ūt ∈ RV (γ), so that

ãn(τ) ∼
√
n(1− τ){(1−~γ)Ūt(1/(1− τ))}−1. In the case of γ < 0, Ūt(∞)− Ūt(·) ∈ RV (γ)

and thus Ūt(s) − Ūt(~s) ∼ (~γ − 1){Ūt(∞) − Ūt(s)} and hence ãn(τ) ∼
√
n(1− τ)[(~γ −

1){Ūt(∞) − Ūt(1/(1 − τ))}]−1. So ãn(τ) ∼
√
n(1− τ)(1 − τ)γ and hence by assumption

A4, ãn(τ)→∞.

In addition, define εt(τ) = yt − xTt β(τ) and

Mn(z, τ) =
ãn(τ)√
n(1− τ)

n∑
t=1

[
ρτ
{
εt(τ)− xTt z/ãn(τ)

}
− ρτ{εt(τ)}

]
.

First, we would like to show that for a fixed τ ∈ T and z ∈ Rp such that ‖z‖ = O(
√

log n),

Mn(z, τ) +Wn(τ)− 1

2

(
1− ~γ

γ

)
zTQHz

p→ 0. (S.6)

By the identity ρτ (u− v)− ρτ (u) = −vψτ (u) +
∫ v
0
{I(u ≤ s)− I(u ≤ 0)}ds (Knight, 1998),

we can write

Mn(z, τ) = −Wn(τ)Tz +Gn(z, τ), (S.7)

where

Gn(z, τ) =
ãn(τ)√
n(1− τ)

n∑
t=1

∫ xTt z/ãn(τ)

0

[I{εt(τ) ≤ v} − I{εt(τ) ≤ 0}] dv.

Note that

E{Gn(z, τ)} = nãn(τ)E

[∫ xTt z/ãn(τ)

0

I{εt(τ) ≤ v} − I{εt(τ) ≤ 0}√
n(1− τ)

]
dv

= nãn(τ)E

[∫ xTt z

0

I{εt(τ) ≤ v/ãn(τ)} − I{εt(τ) ≤ 0}
ãn(τ)

√
n(1− τ)

]
dv

= nE

[∫ xTt z

0

Ft{xTt β(τ) + v/ãn(τ)} − Ft{xTt β(τ)}√
n(1− τ)

]
dv. (S.8)

By the definition of ãn(τ), we have

v

ãn(τ)
=
v{Qt(τ |µx)−Qt(1− (1− τ)/~|µx)}√

n(1− τ)
= o

(
Ūt(s)− Ūt(~s)

)
, (S.9)

where

Ūt(s)− Ūt(~s) = {θ0(s)− θ0(~s)}+

p∑
j=1

{θj(s)− θj(~s)}µy

= {Ut(s)− Ut(~s)}+

p∑
j=1

{θj(s)− θj(~s)}(µy − yt−j). (S.10)
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We consider two different cases. Case 1: if γ0 > γj for j = 1, . . . , p, then the second term

of (S.10) will be dominated by the first term, thus

Ūt(s)− Ūt(~s) = {Ut(s)− Ut(~s)}+ o (Ut(s)− Ut(~s)) . (S.11)

Case 2: if maxj=1,...,p γj > γ0, then the second term of (S.10) has the same order with the

first term, so

Ūt(s)− Ūt(~s) = O (Ut(s)− Ut(~s)) . (S.12)

By assumption A3, combining (S.12) with (S.11) and (S.9) gives

Ft

{
xTt β(τ) +

v

ãn(τ)

}
− Ft{xTt β(τ)} =

v

ãn(τ)
ft {Ut(s) + o(Ut(s)− Ut(~s))} . (S.13)

Let ∆s = o(Ut(~s) − Ut(s)). By the fact that Ut(s) → ∞ when γ > 0 and Ut(s) → a

constant when γ < 0, there exist two sequences l1s ↑ 1 and l2s ↓ 1 such that Ut(l1ss) ≤

Ut(s) + ∆s ≤ Ut(l2ss). On the other hand, by Proposition 2.2,

ft{Ut(~s)}
ft{Ut(s)}

→ ~−1−γ uniformly for m in any bounded interval.

Thus, we have ft{Ut(s) + ∆s} ∼ ft{Ut(s)}, which together with (S.13) gives

Ft

{
xTt β(τ) +

v

ãn(τ)

}
− Ft{xTt β(τ)} ∼ v

ãn(τ)
ft{Ut(s)}. (S.14)

Therefore,

E{Gn(z, τ)} ∼ nE

[∫ xTt z

0

v

ãn(τ)
√
n(1− τ)

ft{xTt β(τ)}dv

]

= nE

[
1

2
(xTt z)2

ft{Ut(s)}
ãn(τ)

√
n(1− τ)

]

= E

[
1

2
(xTt z)2

s{Ūt(s)− Ūt(~s)}
{ft(Ut(s))}−1

]
. (S.15)

Since Ft{Ut(s)} = 1 − 1/s, we get ft{Ut(s)}U ′t(s) = s−2. Similarly, f̄t{Ūt(s)}Ū ′t(s) = s−2,
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where f̄t(·) = ft(·|µx). Therefore,

s{Ūt(s)− Ūt(~s)}
{ft(Ut(s))}−1

=
s

{ft(Ut(s))}−1

∫ s

~s

1

v2f̄t{Ūt(v)}
dv

=
s

{ft(Ut(s))}−1

∫ 1

~

1

w2sf̄t{Ūt(ws)}
dw

=

∫ 1

~

1

w2

{f̄t(Ūt(ws))}−1

{ft(Ut(s))}−1
dw

=

∫ 1

~

Ū ′t(ws)

U ′t(s)
dw. (S.16)

By (S.4), we have U ′t(s) = s−1at(s){1+o(At(s))}. Similarly, by Lemma 1, we have Ū ′t(ws) =

wγ−1s−1āt(s){1 + ρ−1Āt(s){wρ − 1 + o(1)}}. Therefore,

Ū ′t(ws)

U ′t(s)
= wγ−1

āt(s)

at(s)
× 1 + ρ−1Āt(s){wρ − 1 + o(1)}

1 + o(At(s))
. (S.17)

Note that Āt(s) → 0 and At(s) → 0. Then the last term of (S.17) converges to 1. Note

that āt(s)/at(s) is some function of µy and xt. Define H(xt) = lims→∞ āt(s)/at(s). Then

Ū ′t(ws)

U ′t(s)
∼
∫ 1

~
wγ−1H(xt)dw = H(xt)

1− ~γ

γ
,

which together with (S.15) and (S.16) gives

E[Gn(z, τ)] ∼ E

[
1

2
(xTt z)2

1− ~γ

γ
H(xt)

]
.

Similar to the proof of Lemma 9.6 (ii) in Chernozhukov (2005), we can show that Var[Gn(z, τ)]→

0 as n→∞, τ → 0 and n(1− τ)→∞. Therefore, we get

Gn(z, τ) =
1

2

(
1− ~γ

γ

)
zTQHz + op(1). (S.18)

and this proves (S.6).

By going through the similar chaining arguments as in the proof of Lemma 3.1 of

Gutenbrunner et al. (1993), we can strengthen the convergence in (S.6) to uniformly over

z and τ ∈ T . Since β̂(τ) minimizes
∑n

t=1 ρτ (yt − xTt β), then Zn(τ) = ãn(τ){β̂(τ)− β(τ)}

minimizes the convex function Mn(z, τ) with respect to z ∈ Rp. Therefore, uniformly in

τ ∈ T ,

min
z=O(

√
logn)
Mn(z, τ) = min

z=O(
√
logn)

{
−Wn(τ)Tz +

1

2

(
1− ~γ

γ

)
zTQHz + op(1)

}
.
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At the tail quantiles, equation (1.10) of Shorack (1991) implies that Wn(τ) has the

following probability bound

sup
τ∈T

Wn(τ) ≤ Op(1) + C sup
τ∈T
{(1− τ)−1/2W (τ)},

where C is some constant and W (τ) is a Brownian Bridge Gaussian process. By Shorack

and Wellner (1986, p. 599), we have Wn(τ) = Op(
√

log n) uniformly in τ ∈ T . Therefore,

uniformly over τ ∈ T ,

argmin
z∈Rp

{
−Wn(τ)Tz +

1

2

(
1− ~γ

γ

)
zTQHz

}
=

γ

1− ~γ
Q−1H Wn(τ) = Op(

√
log n).

The Bahadur representation in Theorem 2.1 can then be proven by following the similar

arguments as in the proof of Theorem 3.1 of Gutenbrunner et al. (1993). �

Proof of Corollary 2.1.

Following the arguments in Portnoy (1984) and Gutenbrunner and Jurečková (1992),

the quantile autoregressive process is tight. In addition, note that E[ψτ{εt(τ)}|xt} = 0,

xtψτ{εt(τ)} is a martingale difference sequence. Therefore, there exists a sequence of

(p+ 1)-dimensional standard Brownian bridge B̃n(τ) such that√
τ(1− τ)Wn(τ) = Ω

−1/2
0 B̃n(τ){1 + op(1)}.

Note that as τ = 1− ku/n→ 1,

B̃n(1− ku/n)
d
= B̃n(ku/n)

d
= Bn(ku/n)− (ku/n)Bn(1),

where Bn is a sequence of (p+ 1)-dimensional standard Brownian motions. Thus

Wn(1− ku/n)
d
= (ku/n)−1/2Ω

−1/2
0 {Bn(ku/n)− (ku/n)Bn(1)}{1 + op(1)}

d
= Ω

−1/2
0 u−1/2Bn(u) + op(1).

Without loss of generality, we assume Wn and Bn are on the same probability space.

Then by Theorem 2.1 the statement of Corollary 2.1 follows. �

Proof of Theorem 2.2.
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Let qj = xTt β(τj) denote the true conditional quantile at the quantile level τj = j/n for

j = n− k, . . . , n− k′. Note that, for j = k′, ..., k,

log
q̂n−j
q̂n−k

= log
qn−j(1 +

q̂n−j−qn−j
qn−j

)

qn−k(1 + q̂n−k−qn−k
qn−k

)

= log
qn−j
qn−k

+
q̂n−j − qn−j

qn−j
{1 + op(1)} − q̂n−k − qn−k

qn−k
{1 + op(1)}

.
= E1j + E2j{1 + op(1)} − E3k{1 + op(1)},

and that(
log

q̂n−j
q̂n−k

)2
=

(
log

qn−j
qn−k

)2
+

{( q̂n−j − qn−j
qn−j

)2
+
( q̂n−k − qn−k

qn−k

)2
+2
(

log
qn−j
qn−k

× q̂n−j − qn−j
qn−j

)
− 2
(

log
qn−j
qn−k

× q̂n−k − qn−k
qn−k

)
−2
( q̂n−j − qn−j

qn−j
× q̂n−k − qn−k

qn−k

)}
{1 + op(1)}

= E2
1j +

(
E2

2j + E2
3k + 2E1jE2j − 2E1jE3k − 2E2jE3k

)
{1 + op(1)}.

Therefore, we have

M (1)
n =

1

k − k′
k∑

j=k′

(
E1j + E2j{1 + op(1)} − E3k{1 + op(1)}

)
, (S.19)

M (2)
n =

1

k − k′
k∑

j=k′

[
E2

1j +
(
E2

2j + E2
3k + 2E1jE2j − 2E1jE3k − 2E2jE3k

)
{1 + op(1)}

]
.(S.20)

We will approximate E1j, E2j and E3k separately. By (3.5.11) in de Haan and Ferreira

(2006, p. 103), it follows that

E1j = log
qn−j
qn−k

= q̃t(n/k)
((k/j)γ− − 1

γ−
+ λt(n/k)Hγ−,ρ′(k/j){1 + o(1)}

)
,

where γ− = min{0, γ}, q̃t(s) = at(s)/Ut(s), λt is defined as (2.10),

ρ′ =



ρ, γ < ρ ≤ 0,

γ, ρ < γ ≤ 0,

−γ, (0 < γ < −ρ and l 6= 0),

ρ, (0 < γ < −ρ and l = 0) or γ ≥ −ρ > 0,
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(for more details on ρ′, see page 398 in de Haan and Ferreira (2006)) and

Hγ,ρ(u) =
1

ρ

(
uγ+ρ − 1

γ + ρ
− uγ − 1

γ

)
.

Note that q̃t(s) → γ+
.
= max{0, γ} (see (3.5.5) in de Haan and Ferreria, 2006, p. 101)

and λt(s)→ 0 as s→∞.

By Corollary 1 in the supplementary file (i.e. Wn(τn−j) = Ω
−1/2
0 (j/k)−1/2Bn(j/k){1 +

op(1)}), we have

E2j =
q̂n−j − qn−j

qn−j
=
ãn(τn−j)(q̂n−j − qn−j)

ãn(τn−j)qn−j

=
{
ãn(τn−j)qn−j

}−1( γ

1− ~γ
xTt Q−1H Ω

−1/2
0 (j/k)−1/2Bn(j/k)

)
{1 + op(1)}

and

E3k =
q̂n−k − qn−k

qn−k
=
(
ãn(τn−k)qn−k

)−1( γ

1− ~γ
xTt Q−1H Ω

−1/2
0 Bn(1)

)
{1 + op(1)}.

Hence

E2
1j = q̃t(n/k)2

({
(k/j)γ− − 1

γ−

}2

+ 2

{
(k/j)γ− − 1

γ−

}
λt(n/k)Hγ−,ρ′(k/j){1 + o(1)}

)
,

E2
2j =

{
ãn(τn−j)q

0
n−j
}−2( γ

1− ~γ
xTt Q−1H Ω

−1/2
0 (j/k)−1/2Bn(j/k)

)2
{1 + op(1)},

E2
3k =

{
ãn(τn−k)q

0
n−k
}−2( γ

1− ~γ
xTt Q−1H Ω

−1/2
0 Bn(1)

)2
{1 + op(1)},

E1jE2j = q̃t(n/k)
((k/j)γ− − 1

γ−
+ λt(n/k)Hγ−,ρ′(k/j){1 + o(1)}

)
×
{
ãn(τn−j)qn−j

}−1( γ

1− ~γ
xTt Q−1H Ω

−1/2
0 (j/k)−1/2Bn(j/k)

)
{1 + op(1)},

E1jE3k = q̃t(n/k)
((k/j)γ− − 1

γ−
+ λt(n/k)Hγ−,ρ′(k/j){1 + o(1)}

)
×
{
ãn(τn−k)qn−k

}−1( γ

1− ~γ
xTt Q−1H Ω

−1/2
0 Bn(1)

)
{1 + op(1)},

E2jE3k =
{
ãn(τn−j)qn−j

}−1( γ

1− ~γ
xTt Q−1H Ω

−1/2
0 (j/k)−1/2Bn(j/k)

)
×
{
ãn(τn−k)qn−k

}−1( γ

1− ~γ
xTt Q−1H Ω

−1/2
0 Bn(1)

)
{1 + op(1)}.

Recall that ãn(τ) =
√
n(1− τ){Ūt(1/(1− τ))− Ūt(~/(1− τ))}−1. For γ > 0, Ūt ∈ RV (γ),

so that ãn(τ) ∼
√
n(1− τ){(1 − ~γ)Ūt(1/(1 − τ))}−1. In the case of γ < 0, Ūt(∞) −
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Ūt(·) ∈ RV (γ) and thus Ūt(s) − Ūt(~s) ∼ (~γ − 1){Ūt(∞) − Ūt(s)} and hence ãn(τ) ∼√
n(1− τ)[(~γ − 1){Ūt(∞)− Ūt(1/(1− τ))}]−1.

Next we establish the asymptotic representations of γ̂, ât(n/k) and b̂t(n/k) separately

by considering two different cases: γ > 0 and γ < 0.

(I) The asymptotic representation of γ̂.

Case 1: γ > 0. In this case, γ− = 0, γ+ = γ, q̃t(s) → γ as s → ∞ and ãn(τ) ∼√
n(1− τ){(1− ~γ)Ūt(1/(1− τ))}−1. Then,

E1j = γ
(
− log(j/k) + λt(n/k)H0,ρ′{(j/k)−1}

)
{1 + o(1)},

E2j =
( √

n(1− τj)qn−j
(1− ~γ)Ūt{1/(1− τj)}

)−1( γ

1− ~γ
xTt Q−1H Ω

−1/2
0 (j/k)−1/2Bn(j/k)

)
(1 + op(1))

= γ

√
1

k

( j
k

)−1/2
H(xt)x

T
t Q−1H Ω

−1/2
0 (j/k)−1/2Bn(j/k){1 + op(1)},

since Ūt(s)/Ut(s) ∼ āt(s)/at(s)→ H(xt) as s→∞, and

E3k = γ

√
1

k
H(xt)x

T
t Q−1H Ω

−1/2
0 Bn(1){1 + op(1)}. (S.21)

Hence, by (S.19), we have

M (1)
n = γ

[∫ 1

0

(
− log u+ λt(n/k)H0,ρ′(u

−1)
)
du

]
{1 + o(1)}

+γk−1/2H(xt)x
T
t Q−1H Ω

−1/2
0

[∫ 1

0

{u−1Bn(u)−Bn(1)}du
]
{1 + op(1)}

= γ

[
1 + λt(n/k)

∫ 1

0

H0,ρ′(u
−1)du+ k−1/2H(xt)x

T
t Q−1H Ω

−1/2
0 I1(Bn)

]
+ ∆n, (S.22)

where I1(Bn) =
∫ 1

0
{u−1Bn(u)−Bn(1)}du and ∆n = op(k

−1/2 ∨ |λt(n/k)|).

Similarly, we have

E2
1j = γ2

(
{− log(j/k)}2 − 2 log(j/k)λt(n/k)H0,ρ′{(j/k)−1}

)
{1 + o(1)},

E2
2j = γ2

1

k

( j
k

)−2
{H(xt)x

T
t Q−1H Ω

−1/2
0 Bn(j/k)}2{1 + op(1)},

E2
3k = γ2

1

k
{H(xt)x

T
t Q−1H Ω

−1/2
0 Bn(1)}2{1 + op(1)},

E1jE2j = γ2k−1/2
(
− log(j/k) + λt(n/k)H0,ρ′{(j/k)−1}

)
× {H(xt)x

T
t Q−1H Ω

−1/2
0 (j/k)−1Bn(j/k)}{1 + op(1)},
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E1jE3k = γ2k−1/2
(
− log(j/k) + λt(n/k)H0,ρ′{(j/k)−1}

)
× {H(xt)x

T
t Q−1H Ω

−1/2
0 Bn(1)}{1 + op(1)},

E2jE3k = γ2k−1{H(xt)x
T
t Q−1H Ω

−1/2
0 (j/k)−1Bn(j/k)}

× {H(xt)x
T
t Q−1H Ω

−1/2
0 Bn(1)}{1 + op(1)}.

Let ε > 0 be some small constant. By (S.20), we have

M (2)
n

= γ2
[∫ 1

0

{(− log u)2 + 2λt(n/k)(− log u)H0,ρ′(u
−1)}du

]
{1 + o(1)}+ op(k

−1+ε) + op(k
−1)

+2γ2k−1/2
[ ∫ 1

0

{− log u+ λt(n/k)H0,ρ′(u
−1)}{H(xt)x

T
t Q−1H Ω

−1/2
0 u−1Bn(u)}du

−
∫ 1

0

{− log u+ λt(n/k)H0,ρ′(u
−1)}H(xt)x

T
t Q−1H Ω

−1/2
0 Bn(1)du

]
{1 + op(1)}+Op(k

−1)

= 2γ2
{

1 + λt(n/k)

∫ 1

0

(− log u)H0,ρ′(u
−1)du+ k−1/2H(xt)x

T
t Q−1H Ω

−1/2
0 I2(Bn) + ∆n

}
,

where I2(Bn) =
∫ 1

0
(− log u){u−1Bn(u)−Bn(1)}du.

Then we have

{M (1)
n }2

M
(2)
n

=
{1 + 2λt(n/k)

∫ 1

0
H0,ρ′(u

−1)du+ 2k−1/2H(xt)x
T
t Q−1H Ω

−1/2
0 I1(Bn) + ∆n}

2
{

1 + λt(n/k)
∫ 1

0
(− log u)H0,ρ′(u−1)du+ k−1/2H(xt)xTt Q−1H Ω

−1/2
0 I2(Bn) + ∆n

}
=

1

2

{
1 + λt(n/k)

∫ 1

0

(2 + log u)H0,ρ′(u
−1)du

+ k−1/2H(xt)x
T
t Q−1H Ω

−1/2
0 {2I1(Bn)− I2(Bn)}+ ∆n

}
.

Consequently,(
1− {M

(1)
n }2

M
(2)
n

)−1
= 2

{
1 + λt(n/k)

∫ 1

0

(2 + log u)H0,ρ′(u
−1)du

+k−1/2H(xt)x
T
t Q−1H Ω

−1/2
0 {2I1(Bn)− I2(Bn)}+ ∆n

}
. (S.23)

Plugging (S.22) and (S.23) to the definition of γ̂ gives

γ̂ = M (1)
n + 1− 1

2

(
1− {M

(1)
n }2

M
(2)
n

)−1
= γ + λt(n/k)

∫ 1

0

(γ − 2− log u)H0,ρ′(u
−1)du

+ k−1/2H(xt)x
T
t Q−1H Ω

−1/2
0 {(γ − 2)I1(Bn) + I2(Bn)}+ ∆n.
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Therefore,
√
k(γ̂ − γ) = Γ + op(1),

where (for γ > 0)

Γ = λ

∫ 1

0

(γ − 2− log u)H0,ρ′(u
−1)du+H(xt)x

T
t Q−1H Ω

−1/2
0 {(γ − 2)I1(Bn) + I2(Bn)}. (S.24)

Case 2: γ < 0. In this case, γ− = γ < 0, γ+ = 0. Obviously,

E1j = q̃t(n/k)
((j/k)−γ − 1

γ
+ λt(n/k)Hγ,ρ′{(j/k)−1}

)
{1 + o(1)},

In addition, in this case at(s) ∼ −γ{Ut(∞)− Ut(s)}, āt(s) ∼ −γ{Ūt(∞)− Ūt(s)}, and

q̃t(s) = at(s)/Ut(s) ∈ RV (γ). Thus

ãn(τ)Ut(s) =

√
n(1− τ)Ut(s)

(~γ − 1){Ūt(∞)− Ūt(s)}

∼
√
n(1− τ)

~γ − 1
× (−γ)

at(s)

āt(s)
× Ut(s)

at(s)

∼
√
n(1− τ)

~γ − 1
(−γ){H(xt)}−1{q̃t(s)}−1, where s = 1/(1− τ).

Then we have

E2j =
{
ãn(τn−j)qn−j

}−1( γ

1− ~γ
xTt Q−1H Ω

−1/2
0 (j/k)−1/2Bn(j/k)

)
{1 + op(1)}

= k−1/2q̃t(n/k)H(xt)x
T
t Q−1H Ω

−1/2
0 (j/k)−γ−1Bn(j/k){1 + op(1)},

where the last step is due to q̃t(n/j) ∼ q̃t(n/k)(k/j)γ, and

E3k = k−1/2q̃t(n/k)H(xt)x
T
t Q−1H Ω

−1/2
0 Bn(1){1 + op(1)}. (S.25)

Denote ∆n = op(k
−1/2 ∨ |λt(n/k)|). By (S.19),

M
(1)
n

q̃t(n/k)
=

[∫ 1

0

(u−γ − 1

γ
+ λt(n/k)Hγ,ρ′(u

−1)
)
du

]
{1 + o(1)}

−k−1/2H(xt)x
T
t Q−1H Ω

−1/2
0

∫ 1

0

{u−γ−1Bn(u)−Bn(1)}du{1 + op(1)}

=
1

1− γ
+ λt(n/k)

∫ 1

0

Hγ,ρ′(u
−1)du

−k−1/2H(xt)x
T
t Q−1H Ω

−1/2
0

∫ 1

0

{u−γ−1Bn(u)−Bn(1)}du+ ∆n. (S.26)
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Similarly, we have

E2
1j = q̃2t (n/k)

[((j/k)−γ − 1

γ

)2
+ 2
((j/k)−γ − 1

γ

)
λt(n/k)Hγ,ρ′{(j/k)−1}

]
{1 + o(1)},

E2
2j = k−1q̃2t (n/k)

{
H(xt)x

T
t Q−1H Ω

−1/2
0 (j/k)−γ−1Bn(j/k)

}2{1 + op(1)},

E2
3k = k−1q̃2t (n/k)

{
H(xt)x

T
t Q−1H Ω

−1/2
0 Bn(1)

}2{1 + op(1)},

E1jE2j = k−1/2q̃2t (n/k)
{(j/k)−γ − 1

γ
+ λt(n/k)Hγ,ρ′((j/k)−1)

}
×
{
H(xt)x

T
t Q−1H Ω

−1/2
0 (j/k)−γ−1Bn(j/k)

}
{1 + op(1)},

E1jE3k = k−1/2q̃2t (n/k)
{(j/k)−γ − 1

γ
+ λt(n/k)Hγ,ρ′((j/k)−1)

}
×
{
H(xt)x

T
t Q−1H Ω

−1/2
0 Bn(1)

}
{1 + op(1)},

E2jE3k = k−1q̃2t (n/k)
{
H(xt)x

T
t Q−1H Ω

−1/2
0 (j/k)−γ−1Bn(j/k)

}
×
{
H(xt)x

T
t Q−1H Ω

−1/2
0 Bn(1)

}
{1 + op(1)}.

By (S.20),

M
(2)
n

q̃2t (n/k)
=

∫ 1

0

{(u−γ − 1

γ

)2
+ 2
(u−γ − 1

γ

)
λt(n/k)Hγ,ρ′(u

−1)
}
du{1 + o(1)}

+ 2k−1/2
∫ 1

0

{u−γ − 1

γ
+ λt(n/k)Hγ,ρ′((j/k)−1)

}
×
{
H(xt)x

T
t Q−1H Ω

−1/2
0 u−γ−1Bn(u)

}
du{1 + op(1)}

− 2k−1/2
∫ 1

0

{u−γ − 1

γ
+ λt(n/k)Hγ,ρ′((j/k)−1)

}
×
{
H(xt)x

T
t Q−1H Ω

−1/2
0 Bn(1)

}
du{1 + op(1)}+Op(k

−1)

=
2

(1− γ)(1− 2γ)
+ 2λt(n/k)

∫ 1

0

(u−γ − 1

γ

)
Hγ,ρ′(u

−1)du

+ 2k−1/2{H(xt)x
T
t Q−1H Ω

−1/2
0 }

∫ 1

0

(u−γ − 1

γ

)
{u−γ−1Bn(u)−Bn(1)}du+ ∆n.

14



Denote I3(Bn) =
∫ 1

0

(
u−γ−1
γ

)
{u−γ−1Bn(u)−Bn(1)}du. We have

{M (1)
n }2

M
(2)
n

=

(
1

1−γ

)2
+ 2

1−γ [λt(n/k)
∫ 1

0
Hγ,ρ′(u

−1)du− k−1/2H(xt)x
T
t Q−1H Ω

−1/2
0 I1(Bn) + ∆n]

2
(1−γ)(1−2γ) + 2λt(n/k)

∫ 1

0

(
u−γ−1
γ

)
Hγ,ρ′(u−1)du+ 2k−1/2H(xt)xTt Q−1H Ω

−1/2
0 I3(Bn) + ∆n

=
1− 2γ

2(1− γ)

[
1 + (1− γ)λt(n/k)

∫ 1

0

{2− (1− 2γ)
u−γ − 1

γ
}Hγ,ρ′(u

−1)du

−(1− γ)k−1/2H(xt)x
T
t Q−1H Ω

−1/2
0 {2I1(Bn) + (1− 2γ)I3(Bn)}+ ∆n

]
and (

1− {M
(1)
n }2

M
(2)
n

)−1
= 2(1− γ)

[
1− (1− γ)(1− 2γ)λt(n/k)

∫ 1

0

{2− (1− 2γ)
u−γ − 1

γ
}Hγ,ρ′(u

−1)du

+(1− γ)(1− 2γ)k−1/2H(xt)x
T
t Q−1H Ω

−1/2
0 {2I1(Bn) + (1− 2γ)I3(Bn)}+ ∆n

]
. (S.27)

Denote ∆̃n = op(k
−1/2 ∨ |q̃t(n/k)| ∨ |λt(n/k)|). Therefore,

γ̂ = M (1)
n + 1− 1

2

(
1− {M

(1)
n }2

M
(2)
n

)−1
=

q̃t(n/k)

1− γ
+ γ + (1− γ)2(1− 2γ)λt(n/k)

∫ 1

0

{2− (1− 2γ)
u−γ − 1

γ
}Hγ,ρ′(u

−1)du

−(1− γ)2(1− 2γ)k−1/2H(xt)x
T
t Q−1H Ω

−1/2
0 (2I1(Bn) + (1− 2γ)I3(Bn)) + ∆̃n.

Note that in the case of γ < 0, q̃t(·) ∈ RV (γ) and hence q̃t(s) → 0 as s → ∞.

For γ < ρ < 0, we have λt(·) ∈ RV (ρ) and q̃t(s) = o(λt(s)); for ρ < γ < 0, we have

q̃t(s) = −λt(s). Thus, as
√
kλt(n/k)→ λ,

√
k(γ̂ − γ) = Γ + op(1), where (for γ < 0)

Γ = −λI{ρ<γ<0}
1−γ + λ(1− γ)2(1− 2γ)

∫ 1

0
{2− (1− 2γ)u

−γ−1
γ
}Hγ,ρ′(u

−1)du

−(1− γ)2(1− 2γ)H(xt)x
T
t Q−1H Ω

−1/2
0 {2I1(Bn) + (1− 2γ)I3(Bn)}. (S.28)

(II) The asymptotic representation of ât(n/k). Define

at0(n/k)
.
=

γUt(n/k), if γ > 0,

−γ{Ut(∞)− Ut(n/k)}, if γ < 0.
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Since at(n/k) ∼ at0(n/k), without loss of generality, we assume at(n/k) = at0(n/k). Oth-

erwise, we approximate ât(n/k)
at0(n/k)

− 1.

Case 1: γ > 0. By (S.21), (S.22) and (S.23), it follows that

ât(n/k)

at(n/k)
=
q̂n−kM

(1)
n

1
2

(
1− {M

(1)
n }2

M
(2)
n

)−1
γqn−k

=
( q̂n−k
qn−k

)(M (1)
n

γ

)1

2

(
1− {M

(1)
n }2

M
(2)
n

)−1
= (1 + E3k){1 + λt(n/k)

∫ 1

0

H0,ρ′(u
−1)du+ k−1/2H(xt)x

T
t Q−1H Ω

−1/2
0 I1(Bn) + ∆n}

×
[
1 + λt(n/k)

∫ 1

0

(2 + log u)H0,ρ′(u
−1)du

+k−1/2H(xt)x
T
t Q−1H Ω

−1/2
0 {2I1(Bn)− I2(Bn)}

]
{1 + op(1)}

= 1 + γk−1/2H(xt)x
T
t Q−1H Ω

−1/2
0 Bn(1)

+λt(n/k)

∫ 1

0

H0,ρ′(u
−1)du+ k−1/2H(xt)x

T
t Q−1H Ω

−1/2
0 I1(Bn)

+λt(n/k)

∫ 1

0

(2 + log u)H0,ρ′(u
−1)du+ k−1/2H(xt)x

T
t Q−1H Ω

−1/2
0 {2I1(Bn)− I2(Bn)}+ ∆n

= 1 + λt(n/k)

∫ 1

0

(3 + log u)H0,ρ′(u
−1)du

+k−1/2H(xt)x
T
t Q−1H Ω

−1/2
0 {3I1(Bn)− I2(Bn) + γBn(1)}+ ∆n.

Thus, as
√
kλt(n/k)→ λ,

√
k
( ât(n/k)

at(n/k)
− 1
)

= Λ + op(1),

where (for γ > 0)

Λ = λ

∫ 1

0

(3 + log u)H0,ρ′(u
−1)du+H(xt)x

T
t Q−1H Ω

−1/2
0 {3I1(Bn)− I2(Bn) + γBn(1)}. (S.29)

Case 2: γ < 0. By the facts that qn−k = Ut(n/k) and q̃t(n/k) = at(n/k)/Ut(n/k), and by

16



(S.25), (S.26) and (S.27), it follows that, with notation I4(Bn) =
∫ 1

0
(u−γ−1Bn(u)−Bn(1))du,

ât(n/k)

at(n/k)
=
q̂n−kM

(1)
n

1
2

(
1− {M

(1)
n }2

M
(2)
n

)−1
at(n/k)

=
( q̂n−k
qn−k

)(qn−kq̃t(n/k)

at(n/k)

)( M
(1)
n

q̃t(n/k)

)1

2

(
1− {M

(1)
n }2

M
(2)
n

)−1
= (1 + E3k){

1

1− γ
+ λt(n/k)

∫ 1

0

Hγ,ρ′(u
−1)du− k−1/2H(xt)x

T
t Q−1H Ω

−1/2
0 I4(Bn) + ∆̃n}

×(1− γ)
{

1− (1− γ)(1− 2γ)λt(n/k)

∫ 1

0

{2− (1− 2γ)
u−γ − 1

γ
}Hγ,ρ′(u

−1)du

+(1− γ)(1− 2γ)k−1/2H(xt)x
T
t Q−1H Ω

−1/2
0 {2I1(Bn) + (1− 2γ)I3(Bn)}+ ∆̃n

}
= 1 + (1− γ)λt(n/k)

∫ 1

0

{4γ − 1 + (1− 2γ)2
u−γ − 1

γ
}Hγ,ρ′(u

−1)du

+(1− γ)k−1/2H(xt)x
T
t Q−1H Ω

−1/2
0 {(2− 4γ)I1(Bn) + (1− 2γ)2I3(Bn)− I4(Bn)}+ ∆̃n,

since E3k = op(k
−1/2). Thus

√
k
{ ât(n/k)

at(n/k)
− 1
}

= Λ + op(1),

where (for γ < 0)

Λ = λ(1− γ)

∫ 1

0

{4γ − 1 + (1− 2γ)2
u−γ − 1

γ
}Hγ,ρ′(u

−1)du

+(1− γ)H(xt)x
T
t Q−1H Ω

−1/2
0 {(2− 4γ)I1(Bn) + (1− 2γ)2I3(Bn)− I4(Bn)}. (S.30)

(III) The asymptotic representation of b̂t(n/k). By the definition, bt(n/k) = Ut(n/k)

and b̂t(n/k) = q̂n−k.

Case 1: γ > 0. Note that

b̂t(n/k)− bt(n/k)

at(n/k)
=
( q̂n−k
qn−k

− 1
)(at(n/k)

qn−k

)−1
.

By at(n/k)/qn−k ∼ γ and (S.21), we have

√
k

{
b̂t(n/k)− bt(n/k)

at(n/k)

}
= B + op(1),

where (for γ > 0)

B = H(xt)x
T
t Q−1H Ω

−1/2
0 Bn(1). (S.31)

17



Case 2: γ < 0. Note that

b̂t(n/k)− bt(n/k)

at(n/k)
= {q̃t(n/k)}−1

( q̂n−k
qn−k

− 1
){ at(n/k)

qn−kq̃t(n/k)

}−1
.

By the definition that q̃t(n/k) = at(n/k)/qn−k and (S.25), we have

√
k{ b̂t(n/k)− bt(n/k)

at(n/k)
} = B + op(1)

where (for γ < 0)

B = −H(xt)x
T
t Q−1H Ω

−1/2
0 Bn(1). (S.32)

�

Proof of Theorem 2.3.

By the definition,

Q̂t(τn|xt) = b̂t(n/k) + ât(n/k)
{k/n(1− τn)}γ̂ − 1

γ̂
.

Therefore, by Theorem 2.2 in this paper and Theorem 4.3.1 in de Haan and Ferreira (2006),

we can easily show that

√
k

{
Q̂t(τn|xt)−Qt(τn|xt)

at(n/k)qγ(dn)

}
d→ Γ + (γ−)2B − γ−Λ− λγ−

γ− + ρ
.

Since ât(n/k)/at(n/k)
p→ 1 and qγ̂(dn)/qγ(dn)

p→ 1, by Corollary 4.3.2 in de Haan and

Ferreira (2006), we have

√
k

{
Q̂t(τn|xt)−Qt(τn|xt)

ât(n/k)qγ̂(dn)

}
d→ Γ + (γ−)2B − γ−Λ− λγ−

γ− + ρ
.

�
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