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1 Front-door and Back-door Adjustment

For an outcome Y and a treatment /action A, we define the potential outcome under a generic
treatment as Y (a;) and the potential outcome under control as Y (ag). The ATE is defined as
E[Y (a1)] — E[Y (ag)]. In what follows we discuss the asymptotic bias in estimating E[Y (ao)]

and the ATE.

1.1 Asymptotic Bias in Estimating E[Y (a)]

As in VanderWeele and Arah (2011), we assume that E[Y (ag)] can be equated to the expec-
tations over observed outcomes by conditioning on observed covariates X and unobserved

covariates U. For simplicity in presentation we assume that X and U are discrete, such that

o = E[Y (a0)] = 3 37 E[Yag, 2, u] - Plulz) - P(), (1)
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but continuous variables can be easily accommodated.! We also assume that probabilistic
assignment holds such that there is a positive probability of both a; and aq for all values of
U and X among all units (Rubin, 2010).

If we have measured a set of post-treatment variables M, the front-door adjustment can

be written as the following:

ph =" " P(mlag,z) > E[Y]a,m,z]- P(alz) - P(x), (2)

where these sums are taken over values of x, m, and a with positive probability. The
asymptotic bias for E[Y (ag)] can be written as the following (see Appendix S.A.1 for a
proof):

B(J; 4= Méd — Mo

= Z P(x) Z Z P(m|ag,x) Z E[Yl|a,m,z,u] - P(ula,m,x) - P(a|z) (3)

- Z P(x) Z Z P(mlag, x,u) - E[Y |ag, m,z,u] - P(ul|x)

In this supplement as in the paper, we will use the term bias to refer to asymptotic bias.

The bias is zero when the following two conditions hold:

Assumption 1 (Y is mean independent of A conditional on M, X, and U). E[Y|a, m, z,u] =

E[Y|ag, m,x,u] for all a,m,x,u.

Assumption 2 (U is independent of M conditional on A and X). P(m|ag, z) = P(m]|ag,x, u)

for allm,z,uw and ) P(ula,m,x) - P(a|lx) = P(ulx) for all m,z,u.

The result for p; is analogous. Therefore, as demonstrated in Pearl (1995), it is possible

for the front-door approach to provide an unbiased estimator of ATE, even when there is

'We also note that for formulas of this type throughout the paper, when any of the densities take the
value zero (e.g., P(ulxz,a1) =0 or P(x|a;) = 0) we mean the entire term to be zero.



an unmeasured common cause of A and Y. However, note that unlike the presentation in
Pearl (1995, 2000, 2009), the presentation here does not require the definition of potential

outcomes beyond those originally used to define the ATE.

1.2 Asymptotic Bias for ATE

The front-door formula ATE can be written as:
pf® = = ZP Z (mlay, ) — P(mlag, z) ZE Yla,m, ] - P(alz), (4)

with the bias written as the following (see proof in Appendix S.A.1):

Blirg = 1" = m" — (11 — o)
= ZP Z (m|ay, x) — P(mlag, x) ZZE [Y|a,m,x,u] - P(ula,m,x) - P(a|x)
(5)
- ZP ZZ{ (mlay, z,u) — P(m|ag, z,u)|E[Y |a1, m, z,u]} P(u|z)

- Z P(x) Z Z {[EY|a1,m,z,u] — E[Y|ag, m, z, u]| P(m|ag, x,u)} P(u|x)

Note that the last line is zero when Assumption 1 holds. When Assumption 2 holds as well,
B/ . can be shown to be zero similarly to BJ“.

In order to compare the bias in the front-door approach to the standard back-door ap-
proach, we write the back-door formula for ATE based on observed covariates as the follow-

ing:
= g —ZP E[Y|ay, 2] = E[Y |ao, z]], (6)

and the bias of the back-door formula as the following (see Appendix S.A.2 for a proof),



which is very similar to the formula presented in VanderWeele and Arah (2011):

B = pb — pbt — (i — po)

= ZP Z{ (ulay, x) — P(ulz)] - [E[Y |a1, z,u] — EY |ag, z,u]]} (7)

-Y P Z{ (ulay, ) — P(ulag, )] - [E[Y |ag, z,u]}

There are two important general facts to note about the comparison between BféE and
Bb... First, it is quite possible that the front-door ATE bias will be smaller than the
back-door ATE bias even when the aforementioned front-door independence conditions do
not hold exactly. Second, because both estimators are defined within levels of the observed
covariates X, it is possible to form hybrid estimators that utilize the front-door estimator
for some values of X and the back-door estimator for other values of X. In order to develop
some intuition about when the front-door approach would be preferred to the back-door
approach (perhaps within a level of X), we next consider the special case of linear Structural

Equation Models with constant effects (SEMs) and a scalar M.

2 Special Case: Linear Structural Equation Models

If we assume additive linear models with constant effects for Y and M, then:
E[Y|a,m,x] — E[Y|a,m’, 2] = k(m —m/), (8)
which is constant in a and x, and:

E[M|ay,z] — E[M]ag, x] = a1 — aop), (9)



which is constant in z. This allows us to write the front-door ATE as the following (proof

in Appendix S.B.1):
pl? = " = KkA(ar — ag) (10)

Therefore, when we assume additive linear models, the front-door formula for ATE simplifies
to a product of multiple regression coefficients. If we also assume that Y is an additive linear
model in a, x, and u, then E[Y |ay,z,u] — E[Y|ag, z,u] = 7(a; — ap) and the ATE simplifies

as well:

M1 — Ho = ZZT(% —ap) - P(ulx) - P(x)
v (11)

= T(al — (lo)

In order to present the ATE bias in the front-door approach, it will be helpful to present a
simplified linear structural equation model with constant effects for these variables. This is
defined by the path diagram in Figure 1. For simplicity in presentation, independent error
terms have been removed from the graph, we have assumed that there are no measured
conditioning variables, and we have assumed that A, M, U, and Y are scalars. Note that

when a; — ag = 1, the ATE 7 can be written as the following for this model:
T=af+7y (12)

When a; — ag = 1, the front-door formula is the following (see Appendix S.B.1):

V(Ul4)
V(M[A)

4+ pes AU 4 25gVIU) VIUIA)

V(4) V(A) V(M]A)

,u{d — ,ugd = aff + abe



A > M > Y
Y

Figure 1: SEM

and the difference between the front-door formula and the ATE is the following:

VulA)
V(M|A)

4 peslU) 4 25 VIU) VUIA)

Blirg = abe vy Ty v

(14)

Therefore, the front-door formula will equal the ATE when the first three terms equal v. In
other words, when the bias for the indirect effect equals the direct effect. A special case of
this is the situation when e = 0 and v = 0, and this can itself be seen as an example of the
front-door criterion within the context of SEMs.

For comparison, the back-door formula and bias can be written as the following (see

Appendix S.B.2):

u?—u?:aﬁ+v+w@+ﬂ®§%% (15)
B = (Bes + 95)% (16)

When comparing the back-door and front-door bias within SEMs, we first notice that both

share the 66(5 ) terms. This represents the A < U — M — Y path. The key comparison

V(A

is between the bias terms unique to the front-door formula (aﬁe VOMTA) A V( A M| ) -9)



and the bias term unique to the back-door formula (6§ %) Roughly speaking, the front-
door bias can be smaller than the back-door bias when e and v are small or when the
front-door bias terms cancel. Notice as well that the front-door and back-door bias will be
equal when § = 0 and v = 0, which is equivalent to saying that there is no direct effect
from A to Y or from U to Y. Therefore, another general case where the front-door will

be preferred to the back-door is when U is largely mediated by M, and the bias from the

common term is ameliorated by the direct effect (Bed % - ).

S.A Asymptotic Bias Proofs

S.A.1 Front-door Bias

The large-sample bias for the front-door formula of E[Y (a¢)] can be derived as the following:
Bi" = pud" — po
=> > P(mlag,x) > E[Y|a,m,z]- Plalz) - P(x) = Y _ > E[Y|ag,z,u] - P(ulz) - P(x)
=>" > P(mlag,x) > > E[Y|a,m,z,u] - P(ula,m,z) - P(alz) - P(x)
- ZZZE[Y@O@,%M - P(mlag, z,u) - P(u|z) - P(x)
=Y P(x)Y_> P(mlag,z) > E[Y|a,m,z,u] - P(ula,m,x) - P(a|z)

- ZP(CC) Z ZP(m|a0,x,u) - E[Y|ag, m, z,u] - P(ulx)



The large-sample bias for the front-door formula for ATE can be derived as the following:

d d d
foTE = N{ - /ig — (1 — po)

— ZP Z (m|ay, ) — P(mlag, z) ZE Yla,m,z] - P(alz)

- ZP(Q}) Z{E[Y\al,x,u] — E[Y|ag, x,u]} - P(ulz)

= ZP Z (mlay, ) — P(mlag, x) ZZE Yla,m,x,u] - P(ula,m,z) - P(alz)

— ;P(w) ;;{E[Y]al,m,:n,u] - P(m|ay, x,u) — E[Y|ag, m,x,u] - P(m|ag, z,u)} - P(u|z)

- ZP(:U) Zzp(mmo,x,u) -E[Y a1, m,z,u] — ZP(:C) ZZP(m|ao,x,u) -E[Y a1, m, z, u]
= ZP Z (m|a1,z) — P(mlag, z) ZZE Yla,m,z,u] - P(ula,m,z) - P(a|z)

— zx:P ZZ (mla1, z,u) — P(m|ag, z,u)] - E[Y|a1, m,z,u] - P(ulz)

- ZP([E) Z Z {E[Yl|a1,m,x,u] — E[Y |ag, m, z,u]} - P(m|ag,z,u) - P(ul|x)

(18)

S.A.2 Back-door Bias

The back-door formula for ATE based on the observed covariates is the following:

— ot = ZP -{E[Y|ay,z] — E[Y|ag, x|},



and the large sample bias of the back-door formula is the following:
Bire = 1" — ug! — (11 — po)

= 32 P (B ) BIY .o}

—Y P(x)> {E[Y|ar,z,u] — E[Ylag,»,ul} - P(u|z)

- Zp(x) Z {E[Y |a1,z,u] - P(ula1,x) — E[Y |ag, ,u] - P(ulag, )}

- ZP Z Y|a1, z,u] — E[Y|ag, x,u]] - P(ulx)
Adding and subtracting > P(z) )", P(ular,z) - E[Y|a,, z,u]:

— ZP(:U) Z {E[Y|ay,z,u] — E[Y|ag, z,u]} - P(u|ay, z)

_ ZP Z [Ylag, 2, u] - [P(u]ar,z) — P(ulag, x)]

_ Zx:P(az) Xu: {E[Y|a1,z,u] — E[Yl]ag, ,u]} - P(ulz)

= gP(g;) ; {EY|a1,2,u] — B[Y|ag, z,u]} - [P(ula1,z) — P(u|x)]

- ZP(.CE) ZE[Y|ao,x,u] - [P(ulay, z) — P(ulag, z)]

S.B Linear SEM Proofs

S.B.1 Front-door Formula

When writing the front-door formula for ATE within linear SEMs, note that ) | [P(m|ay,z)—

P(mlag,x)] = 0, so if we choose a reference value of m/, then we can include the quantity



— > ElY|a,m', z]- P(a|z)- P(x) which is constant in m. If we further assume additive linear
models for Y and M, then E[Y|a,m,z| — E[Y |a,m’, z] = k(m —m'), which is constant in a

and z, and E[M|ay, x| — E[M|ag, x] = A(a; — ag) which is constant in x.

wl® = pd _ZP Z (m|ay, z) — P(m|ag, z) ZE Y|a,m,z] - Pa|z)
= ZP Z (mlay, ) — P(mlag, z) Z{E Yla,m, 2] — E[Y|a,m’, ]} - P(alz)
= Z P(z Z (mlay, ) — P(mlag, z)] Z k(m —m') - P(alz)
= Z P(x Z (mlay, ) — P(mlag, z)]r(m — m')
_ZP Z (mlay, ) — P(mlag, z)]xm
= ZP Z mP(mla1,z) — mP(m|ag, z)]
= ZP Ve{E[M|ay,z] — E[M|aq, 2]}

—ZP )M (a1 — ap)

= kA(a1 — agp)

(20)

Therefore, when we assume additive linear models, the front-door formula for ATE simplifies
to a product of multiple regression coefficients. If we also assume that Y is an additive linear
model in a, x, and u, then E[Y |ay,z,u] — E[Y|ag, z,u] = 7(a; — ap) and the ATE simplifies

as well.

10



We can express x and A in terms of covariances:

_ Cou(Y, M|4)
- V(MIA)

_ V({U]4)
P vGa)

(21)

)= Cov(M, A)
V(A)

V(U)

V(A)

(22)

=a-+ed

Within the linear SEM the following covariance relationships hold (we omit uncorrelated
errors in these expressions as is typically done with SEM graphs since they do not affect the

derivations):

Cou(Y, M|A) = Cov(BM +~vA+ 60U, M|A)

= BCov(M, M|A) + 0Cov(U, M|A)

(23)
= BV (M|A) 4+ 0Cov(U, A + eU|A)
= BV (M|A) 4+ 0eV (U|A)
Cov(M,A) = Cov(aA+eU, A)
=aV(A)+eCov(U, A)
(24)

=aV(A)+eCov(U,dU)

= aV(A) + edV (V)

11



Therefore, when a; — ag = 1, the front-door formula is

d V(U) V(UJA)

pl? = pl? = Ak = (0 + 035 B+ begrpiss)
_ V(U|A) V() V({U) V(U|A)
=af+ a@eV(M‘A) + Beém + ezaemV(M‘A)

and the difference between the front-door formula and the ATE is the following:

IV VUA) | o V(D) | 5, V(D) V(ULA)
B%E =M —T=0af+ a9€V(M\A) + Beém * 6259mV(M|A>
—af+y
_ g VWA | VU) |  VU) VULA)
_ aeeV(M’A) + Beém + 6259WV(M’A) _

S.B.2 Back-door Formula

(25)

The back-door formula and bias can be described in terms of the following covariance rela-

tionships:

Cov(Y,A) = Cov(BM +~A+ 60U, A)
= BCov(M, A) +~vCov(A, A) + 6Couv(U, A)
= f(aV(A) +edV(U)) +vV(A) + 6Cov(U,eU)

= B(aV(A) +edV(U)) +~vV(A)+ 605V (U)

=t = S
=af + v+ (Bed + 95)%
Bl = (5ed + 00)

12

(27)
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