
Supplementary Document for “FSEM: Functional

Structural Equation Models

for Twin Functional Data”

September 24, 2017

1 Notations

We consider a functional ACE model as follows:

yij(v) = xTijβ(v) + rij(v), (1)

rij(v) =
√

0.51(DZ)aij(v) + [1(MZ) +
√

0.51(DZ)]ai(v) + ci(v) + eij(v),

where β(v) = (β1(v), . . . , βp(v))T is a p× 1 vector of coefficient functions and v is a grid

point in V0 = {v1, v2, . . . , vNG}, which is a set of grid points in a common compact space,

denoted by V . Furthermore, aij(v) and ai(v) are introduced to represent within-curve and

between-curve functional additive genetic effects on the i-th twin pair. ci(v) represents

the common environmental effects. It is also assumed that

eij(v) = eij,G(v) + eij,L(v), (2)

where eij,L(v) are measurement errors representing local variability and eij,G(s) are stochas-

tic processes representing unique functional environmental effects.

The functional ACE model reduces to standard ACE model at each grid point. We

denote the density of observations at tract vk ∈ V0 as

f (T )(yik;σ
2(vk),β(vk)) = f (T )(σ2(vk),β(vk);yik),
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where yik = (yi1(vk), yi2(vk))
T for MZ and DZ twin pairs, yik = yi1(vk) for singletons and

σ2(v) = (σ2
a(v), σ2

c (v), σ2
e(v)). Furthermore, we denote the log-likelihood function and its

corresponding first order and second order derivatives with respect to θ as `(T ), ˙̀(T )
θ and

῭(T )
θθ , respectively. Superscript T ∈ {M,D, I} denotes a particular type of twin pairs,

including MZ, DZ, and singleton.

Let xi = (xi1, xi2)T and ηi(v) = (ηi1(v), ηi2(v))T , where

ηij(v) =
√

0.51(DZ)aij(v) + [1(MZ) +
√

0.51(DZ)]ai(v) + ci(v)

for 1 ≤ i ≤ n1 + n2. Let xi = (xi1) and ηi(v) = (ηi1(v)) for n1 + n2 + 1 ≤ i ≤ n. Denote

σ2
1(v) = σ2

a(v) + σ2
c (v) + σ2

e(v), σ2
2(v) = σ2

a(v) + σ2
c (v) and σ2

3(v) = 0.5σ2
a(v) + σ2

c (v).

We first introduce the following notation related to the log-likelihood function:

Ln(θ;Yk) = L(M)
n1

(θ;Yk) + L(D)
n2

(θ;Yk) + L(I)
n3

(θ;Yk), (3)

Jn(θ∗(vk);Yk) =
1√
n

[√
n1J (M)

n1
(θ∗(vk);Yk) +

√
n2J (D)

n2
(θ∗(vk);Yk)

+
√
n3J (I)

n3
(θ∗(vk);Yk)

]
,

In(θ∗(vk);Yk) =
1

n

[
n1I(M)

n1
(θ∗(vk);Yk) + n2I(D)

n2
(θ∗(vk);Yk)

+ n3I(I)
n3

(θ∗(vk);Yk)
]
,

where L(M)
n1 (θ;Yk) =

∑n1

i=1 `
(M)(θ;yik) and

J (M)
n1

(θ∗(vk);Yk) =
1
√
n1

n1∑
i=1

˙̀(M)
θ (θ∗(vk);yik),

I(M)
n1

(θ∗(vk);Yk) =
1

n1

n1∑
i=1

˙̀(M)
θ (θ∗(vk);yik)

⊗2.

Similarly, we can define the corresponding terms for (D) and (I).

Then, we consider a quadratic expansion of the log-likelihood function as follows:

Ln(θ(vk);Yk) = Ln(θ∗(vk);Yk)− 0.5Qn(
√
n(θ(vk)− θ∗(vk)))

+ 0.5Zn(θ∗(vk);Yk)
TIn(θ∗(vk);Yk)Zn(θ∗(vk);Yk)

+Rn(θ(vk),θ∗(vk)), (4)

where

Zn(θ∗(vk);Yk) = In(θ∗(vk);Yk)
−1Jn(θ∗(vk);Yk),

Qn(λ) = (λ− Zn(θ∗(vk);Yk))
TIn(θ∗(vk);Yk)(λ− Zn(θ∗(vk);Yk)),
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and Rn(θ(vk),θ∗(vk)) will be shown to be uniformly negligible in Lemma 2.8.

We introduce more notation related to the weighted log-likelihood function as follows:

Ln,K(σ2(v);R) = L(M)
n1,K

(σ2(v);R) + L(D)
n2,K

(σ2(v);R) + L(I)
n3,K

(σ2(v);R), (5)

Jn,K(σ2
∗(v);R) =

1√
n

[√
n1J (M)

n1,K
(σ2
∗(v);R) +

√
n2J (D)

n2,K
(σ2
∗(v);R)

+
√
n3J (I)

n3,K
(σ2
∗(v);R)

]
,

In,K(σ2
∗(v);R) =

1

n

[
n1I(M)

n1,K
(σ2
∗(v);R) + n2I(D)

n2,K
(σ2
∗(v);R)

+ n3I(I)
n3,K

(σ2
∗(v);R)

]
,

where

L(M)
n1,K

(σ2(v);R) =

n1∑
i=1

1

NG

NG∑
k=1

`(M)
σ (σ2(v); rik)Kh1(vk − v),

J (M)
n1,K

(σ2
∗(v);R) =

1
√
n1

n1∑
i=1

1

NG

NG∑
k=1

˙̀(M)
σ (σ2

∗(v); rik)Kh1(vk − v),

I(M)
n1,K

(σ2
∗(v);R) =

1

n1

n1∑
i=1

1

NG

NG∑
k=1

˙̀(M)
σ (σ2

∗(v); rik)
⊗2Kh1(vk − v).

Similarly, we can define the corresponding terms for (D) and (I).

We consider a quadratic expansion of the weighted log-likelihood function given by

Ln,K(σ2(v); R̂) = Ln,K(σ2
∗(v); R̂)− 0.5Qn,K(

√
n(σ2(v)− σ2

∗(v))) (6)

+ 0.5Ẑn(σ2
∗(v);Y )T În,K(σ2

∗(v);Y )Ẑn,K(σ2
∗(v);Y )

+Rn,K(σ2(v),σ2
∗(v)),

where

Ẑn,K(σ2
∗(v);Y ) = În,K(σ2

∗(v);Y )−1Ĵn,K(σ2
∗(v);Y ), (7)

Qn,K(λ) = (λ− Ẑn,K(σ2
∗(v);Y ))T În,K(σ2

∗(v);Y )(λ− Ẑn,K(σ2
∗(v);Y )),

and the remainder term Rn,K(σ2(v),σ2
∗(v)) will be shown to be uniformly negligible in

Lemma 2.11.

We will use C andK to denote some universal constants and useKα to denote constant

depending only on α, which is a parameter. In both cases, the values of constants may

change from line to line. We will also use the classical definition of Orlicz norms.

Definition 1.1. For α > 0, define the function ψα = exp(xα) − 1 with x ≥ 0. For a
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random variable X, define the Orlicz norm

‖X‖ψα = inf {λ > 0 : Eψα(|X|/λ) ≤ 1} .

Remark. For α < 1, it is widely accepted in literature to change the function ψα

near zero ((0, [(1− α)/α]1/α)) via a linear interpolation to make it convex. We still use

ψα to denote the interpolated function. It is easy to show that ‖X‖ψα < ∞ if and only

if E{ψα(|X|/C)} <∞ for at least a finite constant C.

Definition 1.2. For x ∈ Rs, define ‖x‖ as the `2 norm of x, i.e., ‖x‖ =
√∑s

i=1 x
2
i . For

matrix X ∈ Rs×s, define ‖X‖ as its element-wise sup norm, i.e. ‖X‖ = max
i,j
|Xij|. For a

sequence of matrices X1, . . . , Xm, we define inf1≤k≤mXk > 0 if and only if inf1≤k≤m λmin(Xk) >

0 where λmin(X) denotes the minimum eigenvalue of X. Similarly, we define sup1≤k≤mXk <

0 if and only if sup1≤k≤m λmax(Xk) < 0 where λmax(X) denotes the maximum eigenvalue

of X.

Definition 1.3. The set Ω ⊂ Rs is approximated at θ0 by a cone with vertex at θ0, CΩ,

if

inf
x∈CΩ

‖x− y‖ = o(‖y − θ0‖) for all y ∈ Ω

and

inf
y∈Ω
‖x− y‖ = o(‖x− θ0‖) for all x ∈ Ω.

Recall that a cone with vertex at θ0, C, is a set of points such that if x ∈ C then

a(x− θ0) + θ0 ∈ C, where a is any real, non-negative number.

2 Proof of Theorems

We first introduce several lemmas that we are going to use in the sequel.

Lemma 2.1. For a random variable X with 0 < ‖X‖ψα <∞, we have, for t ≥ 0,

P(|X| ≥ t) ≤ 2 exp

(
−
(

t

‖X‖ψα

)α)
.

Proof. This is a simple result from Chebyshev’s inequality, and thus we omit its proof.
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Lemma 2.2. Let ψ be a convex, nondecreasing, nonzero function with ψ(0) = 0 and

lim sup
x,y→∞

ψ(x)ψ(y)/ψ(cxy) <∞

for some constant c. Then, for any random variables X1, . . . , Xm,

‖ max
1≤i≤m

Xi‖ψ ≤ Kψ−1(m) max
i
‖Xi‖ψ,

for some constant K depending only on ψ.

Proof. This is the Lemma 2.2.2 of van der Vaart and Wellner (1996).

Lemma 2.3. Let X1, . . . , Xn be independent random variables, such that E(Xi) = 0 and

for some α ∈ (0, 1], ‖Xi‖ψα <∞. Let Z = |
∑n

i=1 Xi|, then we have,

‖Z‖ψα ≤ Kα

(
‖Z‖1 + ‖max

i
|Xi|‖ψα

)
Proof. This is a direct result of Theorem 5 of Adamczak (2007) when we take F as a

class with only the identity function.

Lemma 2.4. Suppose Yi, i = 1, 2, . . . , n are independent and identically distributed ran-

dom variables such that E(Yi) = 0, E(Y 2
i ) = 1 and ‖Yi‖ψα ≤ c where 0 < α ≤ 1, and

‖ · ‖ψα denotes the Orlicz norm for ψα(x) = exp(xα)− 1. Define

Wn =
1√
n

n∑
i=1

Yi,

then we have ‖Wn‖ψα ≤ C for all n where C only depends on c and α.

Proof. Let X = max1≤i≤n |Yi|, Yi1 = Yi1{X ≤ ρ} and Yi2 = Yi1{X > ρ} where the

truncation level ρ = 8E(X). We have, Wn = Wn1 +Wn2 where

Wn1 =
1√
n

n∑
i=1

[Yi1 − E(Yi1)] , Wn2 =
1√
n

n∑
i=1

[Yi2 − E(Yi2)] .

Next, we try to control the Orlicz norm of Wn1 and Wn2 separately. We first control

Wn1. Since |Yi1 − E(Yi1)| ≤ 2ρ and E(|Yi1 − E(Yi1)|2) ≤ E(Y 2
i ) = 1, Bernstein inequality

indicates that

P(|Wn1| > t) ≤ 2 exp

(
−c1 min

(
t2,

√
nt

2ρ

))
where c1 is a universal constant. Furthermore, Lemma 2.2 indicates that ‖X‖ψα ≤

c log1/α(1 + n). Therefore,

P(|Wn1| > t) ≤ 2 exp

(
−c1 min

(
t2,

√
nt

2c log1/α(1 + n)

))
.
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Finally, by Fubini theorem,

E [ψα(|Wn1|/w)] =

∫ ∞
0

P(|Wn1| > s1/αw) exp(s)ds.

Thus, it is easy to show that as long as

w ≥ max

(
2
√
c1

,
4c log1/α(1 + n)

c1

√
n

)
,

we have E [ψα(|Wn1|/w)] < 2e for all n. Therefore, for all n, ‖Wn1‖ψα ≤ C1 for some

constant C1 where C1 depends only on c and α.

Then, we control Wn2. By Chebyshev inequality,

P(max
k≤n
|

k∑
i=1

Yi2| > 0) ≤ P(X > ρ) ≤ 1/8

and thus by Hoffman-Jorgensen inequality (see e.g. Proposition 6.8, Chapter 6, Ledoux

and Talagrand (2013)), we obtain

E|
n∑
i=1

Yi2| ≤ 8E [X] .

In consequence

E|
n∑
i=1

[Yi2 − E(Yi2)] | ≤ 16E [X] ≤ Kα‖X‖ψα .

We then have, by Lemma 2.3,

‖
n∑
i=1

[Yi2 − E(Yi2)] ‖ψα ≤ Kα

(
E|

n∑
i=1

[Yi2 − E(Yi2)] |+ ‖X‖ψα

)
≤ Kα‖X‖ψα ≤ Kαc log1/α(1 + n).

Therefore, ‖Wn2‖ψα ≤ Kαc log1/α(1 + n)/
√
n ≤ C2 for some constant C2 where C2 only

depends on c and α. The result now follows by triangle inequality.

Lemma 2.5. For 1 ≤ k ≤ m, {Zik, 1 ≤ i ≤ n} are independent random variables such

that for some constants c > 0, ‖Zik‖ψ2 ≤ c. Let

Wk =

[
1

n

n∑
i=1

|Zik|s
]1/s

, s > 0

we then have the following result

sup
1≤k≤m

|Wk| = Op

(√
log(1 +m)

)
.
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Proof. For a given w > 0,

E [ψ2(Wk/w)] =

∫ ∞
0

P(Wk > wt1/2) exp(t)dt, (8)

where

P(Wk > wt1/2) = P(
n∑
i=1

|Zik|s > nwsts/2). (9)

Since ‖Zik‖ψ2 ≤ c, we have ‖|Zik|s‖ψ 2
s

≤ cs, as a result, ‖
∑n

i=1 |Zik|s‖ψ 2
s

≤ ncs. Then, by

Lemma 2.1 and (9)

P(Wk > wt1/2) ≤ 2 exp

(
−
[
nwsts/2

ncs

]2/s
)

= 2 exp
(
−tw2/c2

)
. (10)

Thus, as long as w ≥
√

3c, E [ψ2(Wk/w)] ≤ 1, which indicates ‖Wk‖ψ2 ≤
√

3c. We then

have, by Lemma 2.2,

sup
1≤k≤m

|Wk| = Op(
√

log(1 +m)).

2.1 Proof of Theorem 1

We first show several lemmas used to prove Theorem 1.

Lemma 2.6. Under Assumptions C1-C3 and C7a, we have

sup
1≤k≤NG

∥∥∥∥∥ 1

n1

n1∑
i=1

[
˙̀(M)⊗2
θ + ῭(M)

θθ

]
(θ∗(vk);yik)

∥∥∥∥∥ = Op(log2(1 +NG)/
√
n), (11)

sup
1≤k≤NG

∥∥∥∥∥ 1

n2

n1+n2∑
i=n1+1

[
˙̀(D)⊗2
θ + ῭(D)

θθ

]
(θ∗(vk);yik)

∥∥∥∥∥ = Op(log2(1 +NG)/
√
n), (12)

sup
1≤k≤NG

∥∥∥∥∥ 1

n3

n∑
i=n1+n2+1

[
˙̀(I)⊗2
θ + ῭(I)

θθ

]
(θ∗(vk);yik)

∥∥∥∥∥ = Op(log2(1 +NG)/
√
n), (13)

sup
1≤k≤NG

‖Jn(θ∗(vk);Yk)‖ = Op(log(1 +NG)), (14)

sup
1≤k≤NG

‖In(θ∗(vk);Yk)− E [In(θ∗(vk);Yk)] ‖ = Op(log2(1 +NG)/
√
n). (15)

Proof. The proofs of (11)-(15) are quite similar to each other. Let’s consider (11) as an

example. Based on formulas (44)-(46) and (50)-(52) in Section (4), the expression in the

norm can be written as the sum of several empirical processes. Lemma 2.4 can be used

to control the Orlicz norm of each empirical process for each k. Then we can use Lemma

2.2 to control the Orlicz norm of the supreme of each empirical process over 1 ≤ k ≤ NG.

Thus, (11) follows directly. We omit the trivial details.
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Lemma 2.7. Under Assumptions C1-C4 and C7a, the maximum likelihood estimator

θ̂(vk) satisfies

sup
1≤k≤NG

‖θ̂(vk)− θ∗(vk)‖ = op(1).

Proof. The proof of Lemma 2.7 consists of two steps. The first step is to show that

log-likelihood function under model (1) converges uniformly to its expectation over V0.

The second step is to show that its expecation has well-separated maximum uniformly

over V0. We first consider the log-likelihood corresponding to MZ twin pairs given by

L(M)
n1

(θ;Yk) = − σ2
1

2(σ4
1 − σ4

2)

n1∑
i=1

[
(yi1k − xTi1β)2 + (yi2k − xTi2β)2

]
+

σ2
2

σ4
1 − σ4

2

n1∑
i=1

[
(yi1k − xTi1β)(yi2k − xTi2β)

]
− n1

2
log(σ4

1 − σ4
2).

The uniform convergence property can be similarly shown for every term in L(M)
n1 (θ;Yk),

therefore we only present the proof of the following one:

1

n1

n1∑
i=1

(yi1k − xTi1β)2 =
1

n1

n1∑
i=1

r2
i1(vk) + [β∗(vk)− β]T

{
1

n1

n1∑
i=1

xi1ri1(vk)

}

+ [β∗(vk)− β]T
{

1

n1

n1∑
i=1

xi1x
T
i1

}
[β∗(vk)− β] .

Assumptions C2-C3 indicates that

‖r2
i1(vk)− E(r2

i1(vk))‖ψ1 ≤ C, ‖xi1ri1(vk)‖ψ2 ≤ C, for some universal constant C.

From Lemmas 2.2 and 2.4, and Assumption C7a, it follows that we have

sup
1≤k≤NG

∣∣∣∣∣ 1

n1

n1∑
i=1

[
r2
i1(vk)− E(r2

i1(vk))
]∣∣∣∣∣ = Op

(
log(1 +NG)√

n

)
= op(1), (16)

sup
1≤k≤NG

∣∣∣∣∣ 1

n1

n1∑
i=1

xi1ri1(vk)

∣∣∣∣∣ = Op

(
log1/2(1 +NG)√

n

)
= op(1). (17)
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Thus, L(M)
n1 (θ;Yk)/n1 converges uniformly over V0 to its expectation given by

L(M)(θ;θ∗(vk))

= −σ
2
1σ

2
1∗(vk)

σ4
1 − σ4

2

+
σ2

2σ
2
2∗(vk)

σ4
1 − σ4

2

− 1

2
log(σ4

1 − σ4
2)

− σ2
1

2(σ4
1 − σ4

2)
[β∗(vk)− β]T

{
1

n1

n1∑
i=1

(xi1x
T
i1 + xi2x

T
i2)

}
[β∗(vk)− β]

+
σ2

2

2(σ4
1 − σ4

2)
[β∗(vk)− β]T

{
1

n1

n1∑
i=1

(xi1x
T
i2 + xi2x

T
i1)

}
[β∗(vk)− β] .

Since the log-likelihood can be written as the sum of log-likelihood corresponding to

MZ, DZ and singleton twins, the uniform convergence property of the log-likelihood

corresponding to DZ and singleton twins can be shown similarly as above. As a result,

the log-likelihood Ln(θ;Yk)/n converges uniformly to

L(θ;θ∗(vk)) = α1L(M)(θ;θ∗(vk)) + α2L(D)(θ;θ∗(vk)) + α3L(I)(θ;θ∗(vk)).

Some algebraic calculations and Assumption C4 indicate that

L̇(θ∗(vk);θ∗(vk)) = 0, sup
1≤k≤NG

L̈(θ∗(vk);θ∗(vk)) < 0.

Thus, L(θ;θ∗(vk)) has a well-separated maximum θ∗(vk), i.e.

sup
1≤k≤NG

sup
θ∈Θ∩B(θ∗(vk),ε)c

L(θ;θ∗(vk)) < 0 for all ε > 0.

Finally, the uniform consisteny of θ̂(vk) is a direct result of argmax theorem (van der

Vaart, 2000; van der Vaart and Wellner, 1996).

Lemma 2.8. Let I(vk) be the limit of E [In(θ∗(vk);Yk)], then for some random variable

J (vk) ∼ N(0, I(vk)), we have, under Assumptions C1-C4 and C7a,

Jn(θ∗(vk);Yk)→d J (vk), (18)

In(θ∗(vk);Yk)→p I(vk), (19)

and as γn → 0,

sup
1≤k≤NG

sup
θ(vk)∈Θ:‖θ(vk)−θ∗(vk)‖≤γn

|Rn(θ(vk),θ∗(vk))| = op(1). (20)

Proof. The (18) and (19) can be shown by using central limit theorem and law of large

numbers. For (20), we first consider Taylor expansion on the log-likelihood function of

9



all MZ twin pairs

L(M)
n (θ(vk);Yk) = L(M)

n (θ∗(vk);Yk) + [θ(vk)− θ∗(vk)]T
n1∑
i=1

˙̀(M)
θ (θ∗(vk);yik)

+
1

2
[θ(vk)− θ∗(vk)]T

n1∑
i=1

῭(M)
θθ (θ̃(vk);yik) [θ(vk)− θ∗(vk)] ,

where θ̃(vk) is between θ(vk) and θ∗(vk). From the explicit formulas (50-52) in Section

4, we know that
∑n1

i=1
῭(M)
θθ (θ̃(vk);yik) can be written as the sum of several empirical

processes, of which one is given as follows,

A =
1

n1

n1∑
i=1

r̃2
i1(vk) =

1

n1

n1∑
i=1

r2
i1(vk)− 2(β̃(vk)− β∗(vk))T

1

n1

n1∑
i=1

xi1ri1(vk) (21)

+ (β̃(vk)− β∗(vk))T
[

1

n1

n1∑
i=1

xi1x
T
i1

]
(β̃(vk)− β∗(vk)),

where r̃i1(vk) = yi1(vk) − xTi1β̃(vk). Since ‖β̃(vk) − β∗(vk)‖ ≤ γn, from (16) and (17), it

follows that

A = E

(
1

n1

n1∑
i=1

r2
i1(vk)

)
+Op,V0

(
log(1 +NG)
√
n1

)

+ γnOp,V0

(
log1/2(1 +NG)

√
n1

)
+ γ2

nOp,V0(1) (22)

= E

(
1

n1

n1∑
i=1

r2
i1(vk)

)
+ op,V0(1). (23)

Other involved empirical processes have similar results, therefore we have, for any θ(vk) ∈

Θ such that sup
1≤k≤NG

‖θ(vk)− θ∗(vk)‖ ≤ γn → 0,

Ln(θ(vk);Yk) = Ln(θ∗(vk);Yk) +
[√
n(θ(vk)− θ∗(vk))

]T Jn(θ∗(vk);Yk)

− 1

2

[√
n(θ(vk)− θ∗(vk))

]T
(I(vk) + op,V0(1))

[√
n(θ(vk)− θ∗(vk))

]
. (24)

Thus, following the proof of Theorem 1 in Andrews (1999) and (14) in Lemma 2.6, we

have

sup
1≤k≤NG

‖
√
n (θ(vk)− θ∗(vk)) ‖ = Op (log(1 +NG)) . (25)

Then, we can safely change γn to log(1 +NG)/
√
n in (22) to obtain a better rate, that is

A = E

(
1

n1

n1∑
i=1

r2
i1(vk)

)
+Op,V0

(
log(1 +NG)√

n

)
, (26)

10



and further

Ln(θ(vk);Yk) = Ln(θ∗(vk);Yk) +
[√
n(θ(vk)− θ∗(vk))

]T Jn(θ∗(vk);Yk)

− 1

2

[√
n(θ(vk)− θ∗(vk))

]T (I(vk) +Op,V0

(
log(1 +NG)√

n

))[√
n(θ(vk)− θ∗(vk))

]
.

(27)

Combining (15), (25), and (27), we have

Ln(θ(vk);Yk) = Ln(θ∗(vk);Yk) +
[√
n(θ(vk)− θ∗(vk))

]T Jn(θ∗(vk);Yk)

− 1

2

[√
n(θ(vk)− θ∗(vk))

]T In(θ∗(vk);Yk)
[√
n(θ(vk)− θ∗(vk))

]
+Op,V0

(
log4(1 +NG)√

n

)
,

which indicates that Rn(θ(vk),θ∗(vk)) = Op,V0

(
log4(1 +NG)/

√
n
)

= op,V0(1). Thus, the

proof is now completed.

Proof of Theorem 1.

We have shown the uniform consistency and convergence rate of θ̂(vk) over vk ∈ V0 in

Lemmas 2.7 and 2.8. Now, we show that asymptotic distribution of related estimators.

We first introduce some notation as follows:

Z(vk) = I(vk)
−1J (vk),

Q(λ) = (λ− Z(vk))
TI(θ∗(vk))(λ− Z(vk)),

√
n(Θ− θ∗(vk)) := {λ ∈ Rq : λ =

√
n(θ − θ∗(vk)) for some θ ∈ Θ},

Λ(vk) := [0,∞)×Rp+2 := Λ1(vk)×Λ2(vk) where

Λ1(vk) = [0,∞) and Λ2(vk) = Rp+2,

Qn(λ̂n(vk)) = inf
λ∈Λ(vk)

Qn(λ) and Q(λ̂(vk)) = inf
λ∈Λ(vk)

Q(λ).

Now similar to arguments in Lemma 1 of Andrews (1999) or Theorem 4 of Zhu and Zhang

(2004), we have

Qn(
√
n(θ̂(vk)− θ∗(vk))) = inf

λ∈
√
n(Θ−θ∗(vk))

Qn(λ) + op,V0(1)

= inf
λ∈Λ(vk)

Qn(λ) + op,V0(1).

By continuous mapping theorem, we have

√
n(θ̂(vk)− θ∗(vk))→d λ̂(vk).

11



Next, we provide the asymptotic distribution of
√
n(σ̂2

a(vk)− σ2
a∗(vk)) by partitioning

θ̂(vk), θ0(vk), J (vk), I(vk), Z(vk) and λ̂(vk) conformably with θ(vk) = (θ1(vk),θ2(vk))

where θ1(vk) = σ2
a(vk). We define some notation as follows:

θ(vk) =

θ1(vk)

θ2(vk)

 , θ̂(vk) =

 θ̂1(vk)

θ̂2(vk)

 , θ∗(vk) =

θ1∗(vk)

θ2∗(vk)

 ,

J (vk) =

J1(vk)

J2(vk)

 , I(vk) =

I11(vk) I12(vk)

I21(vk) I22(vk)

 ,
Z(vk) =

Z1(vk)

Z2(vk)

 , λ(vk) =

λ1(vk)

λ2(vk)

 .

We also define the following two quadratic functions.

Q1(λ1) = (λ1 − Z1(vk))
T
[
HI−1(vk)H

T
]−1

(λ1 − Z1(vk)), (28)

Q2(λ1,λ2) = (λ2 + I−1
22 I21λ1 − I−1

22 J2(vk))
TI22(λ2 + I−1

22 I21λ1 − I−1
22 J2(vk)).

where H := [1 : 0] ∈ R1×(p+3). Some algebra indicates that

Q(λ(vk)) = Q1(λ1(vk)) +Q2(λ1(vk),λ2(vk)).

When σ2
c∗(vk) > 0 and σ2

e∗(vk) > 0, Λ2(vk) = Rp+2, thus for any λ1(vk) ∈ R, we have

inf
λ2(vk)∈Λ2(vk)

Q2(λ1(vk),λ2(vk)) = inf
λ2(vk)∈Rp+2

Q2(λ1(vk),λ2(vk)) = 0.

Thus, we obtain

inf
λ(vk)∈Λ(vk)

Q(λ(vk)) = inf
λ1(vk)∈Λ1(vk)

Q1(λ1(vk)). (29)

Based on this, we have the following results:

Q1(λ̂1(vk)) = inf
λ1(vk)∈Λ1(vk)

Q1(λ1(vk)), (30)

λ̂1(vk) = Z1(vk)1(Z1(vk) ≥ 0). (31)

Finally, we have the following asymptotic distributions:

√
n(σ̂2

a(vk)− σ2
a∗(vk)) =

√
n(θ̂1(vk)− θ1∗(vk))→d λ̂1(vk), (32)

2
[
Ln(θ̂(vk))− Ln(θ∗(vk))

]
→d λ̂1(vk)

T
[
HI−1(vk)H

T
]−1

λ̂1(vk)

+J T
2 (vk)I−1

22 (vk)J2(vk),

LRTn(vk)→d λ̂1(vk)
T
[
HI−1(vk)H

T
]−1

λ̂1(vk).

Furthermore, since Z(vk) is normally distributed with mean 0 and covariance I(vk)
−1,

12



Z1(vk) = HZ(vk) is normally distributed with mean 0 and variance HI(vk)
−1HT . Result

(31) indicates that

√
n(σ̂2

a(vk)− σ2
a∗(vk))→d (HI(vk)

−1HT )1/2N(0, 1)1(N(0, 1) ≥ 0),

LRTn(vk)→d
1

2
χ2

1 +
1

2
χ2

0.

Now, we consider local alternatives, Hn : σ2
a(vk) = h(vk)/

√
n, we define h(vk) = (h(vk),0)T ∈

Rp+3, then similarly we have

Ln(h(vk);Yk) = h(vk)
TJn(θ∗(vk);Yk)−

1

2
h(vk)

TIn(θ∗(vk);Yk)h(vk) + op,V0(1).

Therefore, under H0, we have (Zn(θ∗(vk);Yk),Ln(h(vk);Yk)) converges to normal distri-

bution with mean
[
0T ,−1

2
h(vk)

TI(vk)h(vk)
]T

and covariance matrixI(vk)
−1 h(vk)

h(vk)
T h(vk)

TI(vk)h(vk)

 .
By LeCam’s third lemma, we have:

√
n{σ̂2

a(vk)− σ2
a∗(vk)}

Hn→d {HI(vk)
−1HT}1/2 ×N(h̃(vk), 1)1(N(h̃(vk), 1) ≥ 0),

LRn(vk)
Hn−→d N(h̃(vk), 1)21

(
N(h̃(vk), 1) ≥ 0

)
,

where h̃(vk) =
[
HI−1(vk)H

T
]−1/2

h(vk).

13



2.2 Proof of Theorem 2

Lemma 2.9. Under Assumptions C1-C6, C7b, we have

sup
v∈V

∥∥∥∥∥ 1

n1

n1∑
i=1

1

NG

NG∑
k=1

[
˙̀(M)⊗2
σ + ῭(M)

σσ

]
(σ2
∗(v), β̂(vk);yik)Kh1(vk − v)

∥∥∥∥∥
= Op(log2(1 +NG)/

√
n) (33)

sup
v∈V

∥∥∥∥∥ 1

n2

n1+n2∑
i=n1+1

1

NG

NG∑
k=1

[
˙̀(D)⊗2
σ + ῭(D)

σσ

]
(σ2
∗(v), β̂(vk);yik)Kh1(vk − v)

∥∥∥∥∥
= Op(log2(1 +NG)/

√
n) (34)

sup
v∈V

∥∥∥∥∥ 1

n3

n∑
i=n1+n2+1

1

NG

NG∑
k=1

[
˙̀(I)⊗2
σ + ῭(I)

σσ

]
(σ2
∗(v), β̂(vk);yik)Kh1(vk − v)

∥∥∥∥∥
= Op(log2(1 +NG)/

√
n) (35)

sup
v∈V
‖Jn,K(σ∗(v);Y )‖ = Op(1) (36)

sup
v∈V
‖În,K(σ∗(v);Y )− IK(v)‖ = Op

(
log2(1 +NG)/

√
n
)

(37)

sup
v∈V
‖Ĵn,K(σ∗(v);Y )− Jn,K(σ∗(v);Y )‖ = Op

(
log2(1 +NG)/

√
n
)

(38)

Proof. We provide the proof of (36) and (38), the proof of other equations is similar and

thus omitted. We first show (38). Since Ĵn,K(σ∗(v);Y ) can be written as the sum of

several similar terms of which one is given as,

Ĵ (M)
n1,K

(σ2
∗(v);R) =

1
√
n1

n1∑
i=1

1

NG

NG∑
k=1

˙̀(M)
σ (σ2

∗(v), β̂(vk); yik)Kh1(vk − v)

=
1
√
n1

n1∑
i=1

1

NG

NG∑
k=1

˙̀(M)
σ (σ2

∗(v),β∗(vk); yik)Kh1(vk − v)

+
1

NG

NG∑
k=1

[
1
√
n1

n1∑
i=1

῭(M)
σβ (σ2

∗(v), β̃(vk); yik)

] [
β̂(vk)− β∗(vk)

]
Kh1(vk − v)

≤
n1∑
i=1

1

NG

NG∑
k=1

˙̀(M)
σ (σ2

∗(v),β∗(vk); yik)Kh1(vk − v)

+ sup
1≤k≤NG

‖β̂(vk)− β∗(vk)‖
1

NG

NG∑
k=1

∥∥∥∥∥ 1
√
n1

n1∑
i=1

῭(M)
σβ (σ2

∗(v), β̃(vk); yik)

∥∥∥∥∥Kh1(vk − v)

where β̃(vk) is between β̂(vk) and β∗(vk). From (48) and (49) in Section 4, it follows that

1√
n1

∑n1

i=1
῭(M)
σβ (σ2

∗(v), β̃(vk); yik) can be written as the sum of several empirical processes.
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We only consider the following one, other processes can be dealt with similarly.

1
√
n1

n1∑
i=1

[
xi1(yi1 − xTi1β̃(vk))

]
=

1
√
n1

n1∑
i=1

xi1ri1(vk)

+

[
1

n1

n1∑
i=1

xi1x
T
i1

] [√
n1(β̃(vk)− β∗(vk))

]
= Op,V0

(
log1/2(1 +NG)

)
+Op,V0(1)Op,V0 (log(1 +NG)) = Op,V0 (log(1 +NG)) .

Thus 1√
n1

∑n1

i=1
῭(M)
σβ (σ2

∗(v), β̃(vk); yik) = Op,V0 (log(1 +NG)). Since
[
β̂(vk)− β∗(vk)

]
=

Op,V0 (log(1 +NG)/
√
n) , we have that

1
√
n1

n1∑
i=1

1

NG

NG∑
k=1

˙̀(M)
σ (σ2

∗(v), β̂(vk); yik)Kh1(vk − v)

=
1
√
n1

n1∑
i=1

1

NG

NG∑
k=1

˙̀(M)
σ (σ2

∗(v),β∗(vk); yik)Kh1(vk − v) +Op,V

(
[log(1 +NG)]2√

n

)
.

The reason that we can change Op,V0 to Op,V is that v appears only in bounded coefficient

functions (v only involved in a, b of (48) and (49)). Other involved terms of Ĵn,K(σ∗(v);Y )

can be similarly shown to have same result, thus we have (38).

Then, let’s focus on (36). Jn,K(σ∗(v);Y ) is also the sum of several empirical processes

and one of them is given as,

J (M)
n1,K

(σ2
∗(v);R) =

1
√
n1

n1∑
i=1

1

NG

NG∑
k=1

˙̀(M)
σ (σ2

∗(v),β∗(vk); yik)Kh1(vk − v)

which is the sum of several terms from (45-46) in Section 4. Then, we have

1
√
n1

n1∑
i=1

1

NG

NG∑
k=1

r2
i1(vk)Kh1(vk − v) = (A1) + (A2) + (A3)

:=
1
√
n1

n1∑
i=1

1

NG

NG∑
k=1

η2
i1(vk)Kh1(vk − v) +

1
√
n1

n1∑
i=1

1

NG

NG∑
k=1

e2
i1(vk)Kh1(vk − v)

+ 2
1
√
n1

n1∑
i=1

1

NG

NG∑
k=1

ηi1(vk)ei1(vk)Kh1(vk − v),
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where

A1 =

[
1
√
n1

n1∑
i=1

η2
i1(v)

][
1

NG

NG∑
k=1

Kh1(vk − v)

]

+
1

NG

NG∑
k=1

[
1
√
n1

n1∑
i=1

η2
i1(vk)−

1
√
n1

n1∑
i=1

η2
i1(v)

]
Kh1(vk − v)

≤

[
1
√
n1

n1∑
i=1

η2
i1(v)

][
1

NG

NG∑
k=1

Kh1(vk − v)

]

+
1

NG

NG∑
k=1

sup
|vk−v|≤h1

∣∣∣∣∣ 1
√
n1

n1∑
i=1

η2
i1(vk)−

1
√
n1

n1∑
i=1

η2
i1(v)

∣∣∣∣∣Kh1(vk − v)

=

[
1
√
n1

n1∑
i=1

η2
i1(v)

][
1

NG

NG∑
k=1

Kh1(vk − v)

]
+ op,V (1),

where the last equality comes from the Donsker property in Assumption C5. Following

the arguments in Einmahl and Mason (2000), it follows that

A2 =
1
√
n1

n1∑
i=1

1

NG

NG∑
k=1

Σe(vk, vk)Kh1(vk − v) +Op,V

√ | log(h1)|
NGh1


A3 = Op,V

√ | log(h1)|
NGh1

 ,

Furthermore, since∣∣∣∣∣ 1

NG

NG∑
k=1

(Σe(vk, vk)− Σe(v, v))Kh1(vk − v)

∣∣∣∣∣ ≤ 1

NG

NG∑
k=1

|Σe(vk, vk)− Σe(v, v)|Kh1(vk − v)

≤ Ceh1
1

NG

NG∑
k=1

Kh1(vk − v) = Op(h1).

we have

A2 =
√
n1Σe(v, v)

[
1

NG

NG∑
k=1

Kh1(vk − v)

]

+
1
√
n1

n1∑
i=1

1

NG

NG∑
k=1

(Σe(vk, vk)− Σe(v, v))Kh1(vk − v) +Op,V

√ | log(h1)|
NGh1


=
√
n1Σe(v, v)

[
1

NG

NG∑
k=1

Kh1(vk − v)

]
+Op,V (

√
n1h1) +Op,V

√ | log(h1)|
NGh1

 .
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We can then write the score function corresponds to MZ twin pairs as

J (M)
n1,K

(σ2
∗(v);R)

=
σ4

1∗(v) + σ4
2∗(v)

2(σ4
1∗(v)− σ4

2∗(v))2

[
1
√
n1

n1∑
i=1

(η2
i1(v) + η2

i2(v)− 2σ2
2∗(v)

][
1

NG

NG∑
k=1

Kh1(vk − v)

]

− 2σ2
1∗(v)σ2

2∗(v)

(σ4
1∗(v)− σ4

2∗(v))2

[
1
√
n1

n1∑
i=1

(ηi1(v)ηi2(v)− σ2
2∗(v)

][
1

NG

NG∑
k=1

Kh1(vk − v)

]

+Op,V (
√
n1h1) +Op,V

√ | log(h1)|
NGh1

 . (39)

Thus we have the weak convergence of J (M)
n1,K

(σ2
∗(v);R) given Assumptions C5 and C7b.

Similar results hold for DZ twin pairs and singleton twins, (36) now follows.

Lemma 2.10. Under Assumptions C1-C6, C7b, the weighted maximum likelihood esti-

mator suppose σ̂2
K(v) satisfies

sup
v∈V
‖σ̂2

K(v)− σ2
∗(v)‖ = op(1).

Proof. Similar to the proof of Lemma 2.7, we first consider the uniform convergence of

weighted likelihood function. The weighted likelihood function also consists of three parts,

corresponding to MZ, DZ and singleton twin pairs. We take MZ part as an example. The

proof of DZ and singleton parts are similar and are thus omitted.

L(M)
n1,K

(σ2(v); R̂) =

n1∑
i=1

1

NG

NG∑
k=1

`(M)(σ2(v), β̂(vk);yik)Kh1(vk − v)

= − σ2
1(v)

2(σ4
1(v)− σ4

2(v))

n1∑
i=1

1

NG

NG∑
k=1

[
(yi1k − xTi1β̂(vk))

2 + (yi2k − xTi2β̂(vk))
2
]
Kh1(vk − v)

+
σ2

2(v)

2(σ4
1(v)− σ4

2(v))

n1∑
i=1

1

NG

NG∑
k=1

[
(yi1k − xTi1β̂(vk))(yi2k − xTi2β̂(vk))

]
Kh1(vk − v)

− n1

2
log(σ4

1(v)− σ4
2(v))

1

NG

NG∑
k=1

Kh1(vk − v).
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Following the arguments in the proof of Lemma 2.9, we have

1

n1

L(M)
n1,K

(σ2(v); R̂) = − σ2
1(v)

2(σ4
1(v)− σ4

2(v))

[
1

n1

n1∑
i=1

(η2
i1(v) + η2

i2(v))

][
1

NG

NG∑
k=1

Kh1(vk − v)

]

+
σ2

2(v)

2(σ4
1(v)− σ4

2(v))

[
1

n1

n1∑
i=1

ηi1(v)ηi2(v)

][
1

NG

NG∑
k=1

Kh1(vk − v)

]

− 1

2
log(σ4

1(v)− σ4
2(v))

1

NG

NG∑
k=1

Kh1(vk − v)

+Op

(
log2(1 +NG)

n

)
+ op,V

(
1√
n

)
+Op,V

√ | log(h1)|
nNGh1

+Op,V (h1).

By Assumptions C5-C6 and C7b, we have the uniform convergence of L(M)
n1,K

(σ2(v); R̂)

over v ∈ V . The rest of proof completely mirrors that of Lemma 2.7 and is thus omitted.

Lemma 2.11. Let I(v) as the limit of E
[
În,K(σ2

∗(v);Y )
]
, then for some gaussian process

JK(v), we have, under Assumptions C1-C6, C7b,(
Ĵn,K(σ2

∗(v);Y ), În,K(σ2
∗(v);Y )

)
⇒d (JK(v), IK(v)) , (40)

and as γn → 0,

sup
v∈V

sup
σ2(v)∈E:‖σ2(v)−σ2

∗(v)‖≤γn
|Rn,K(σ2(v),σ2

∗(v)) = op(1). (41)

Remark. At each fixed point v ∈ V , JK(v) is normal with mean 0 and vari-

ance I1,K(v) rather than variance IK(v) where I1,K(v) is the asymptotic variance of

Ĵn,K(σ2
∗(v);Y ) and IK(v) is the asymptotic limit of În,K(σ2

∗(v);Y ).

Proof. (40) is a direct result of Lemma 2.9 and (39). The proof of (41) completely mirrors

the proof of Lemma 2.8. We first consider an ordinary Taylor expansion on the weighted

log-likelihood function correpondint to MZ twin pairs. The DZ and singleton part are

quite similar, and we omit the proof without explictly making the statement in the sequel.

L(M)
n1,K

(σ2(v); R̂) = L(M)
n1,K

(σ2
∗(v); R̂)

+
[
σ2(v)− σ2

∗(v)
]T [ n1∑

i=1

1

NG

NG∑
k=1

˙̀(M)
σ (σ2

∗(v), β̂(vk);yik)Kh1(vk − v)

]

− 1

2

[
σ2(v)− σ2

∗(v)
]T [ n1∑

i=1

1

NG

NG∑
k=1

῭(M)
σσ (σ̃2

∗(v), β̂(vk);yik)Kh1(vk − v)

]
×
[
σ2(v)− σ2

∗(v)
]
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where σ̃2
∗(v) is between σ2(v) and σ2

∗(v). From the explicit formulas (50-52) in Section

4 and the proof of Lemma 2.9, it follows that the difference between

1

n1

n1∑
i=1

1

NG

NG∑
k=1

῭(M)
σσ (σ̃2

∗(v), β̂(vk);yik)Kh1(vk − v)

and

1

n1

n1∑
i=1

1

NG

NG∑
k=1

῭(M)
σσ (σ2

∗(v), β̂(vk);yik)Kh1(vk − v)

is Op,V

(
γn log2(1 +NG)/

√
n
)

= op(1). Combining this with Lemma 2.9, we have that for

any σ(v) ∈ E such that supv∈V ‖σ(v)− σ∗(v)‖ ≤ γn → 0,

Ln,K(σ(v); R̂) = Ln,K(σ2
∗(v); R̂) +

[√
n(σ2(v)− σ2

∗(v))
]T Ĵn,K(σ2

∗(v);Y ) (42)

− 1

2

[√
n(σ2(v)− σ2

∗(v))
]T [În,K(σ2

∗(v);Y ) + op,V (1)
] [√

n(σ2(v)− σ2
∗(v))

]
.

Similar to the proof of Lemma 2.8, but notice that the weighted score vector is now

uniformly Op(1) ((36) of Lemma 2.9), we have supv∈V ‖
√
n(σ(v) − σ∗(v))‖ = Op(1).

Finally, we can take the op,V (1) term out of (42) to conclude this Lemma.

Proof of Theorem 2.

We have shown the uniform consistency and uniform convergence rate of σ̂2
K(v) in Lem-

mas 2.10 and 2.11. We are now ready to show the asymptotic distribution of related

estimators. Let’s introduce some notation as follows:

ZK(v) = IK(v)−1JK(v),

QK(λ) = (λ− ZK(v))TIK(v)(λ− ZK(v)),

λ̂K(v) = arg min
λ∈[0,∞)×R2

QK(λ), HK = [1, 0, 0]

Q1,K(λ1) = [λ1 − Z1,K(v)]T
[
HKI−1

K HT
K

]−1
[λ1 − Z1,K(v)] ,

λ̂1,K(v) = arg min
λ1∈[0,∞)

Q1,K(λ1) = Z1,K(v)1(Z1,K(v) ≥ 0),

JK(v) =

J1,K(v)

J2,K(v)

 , IK(v) =

I11,K(v) I12,K(v)

I21,K(v) I22,K(v)

 ,
ZK(v) =

Z1,K(v)

Z2,K(v)

 , λ̂K(v) =

λ̂1,K(v)

λ̂2,K(v)

 .
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It follows from Lemma 2.11 that we have

(Ĵn,K(σ2
∗(v);Y ), În,K(σ2

∗(v);Y ))⇒d (JK(·), IK(·)).

Similar to the proof of Theorem 1, we have

√
n(σ̂2

K(v)− σ2
∗(v))⇒d λ̂K(v),

√
n(σ̂2

a,K(v)− σ2
a∗(v))⇒d λ̂1,K(v),

WLRn(v)⇒d λ̂
T
1,K(v)

[
HKI−1

K HT
K

]−1
λ̂1,K(v).

However, since ZK(v) = IK(v)−1JK(v) is normally distributed with mean 0 and covari-

ance matrix I−1
K (v)I1,K(v)I−1

K (v), Z1,K(v) = HKZK(v) is normally distributed with mean

0 and variance

HKI−1
K (v)I1,K(v)I−1

K (v)HT
K .

We can simplify the distribution of σ̂2
a,K(v) and WLRn(v) at each location as:

√
n(σ̂2

a,K(v)− σ2
a∗(v))→d

[
HKI−1

K (v)I1,K(v)I−1
K (v)HT

K

]1/2
N(0, 1)1(N(0, 1) ≥ 0),

WLRn(v)→d
HKI−1

K (v)I1,K(v)I−1
K (v)HT

K

HKI−1
K (v)HT

K

[
1

2
χ2

1 +
1

2
χ2

0

]
.

Next, we consider the asymptotic distribution of σ̂2
a,K(v) and WLRn(v) under local alter-

native Hn : σ2
a(v) = σ2

a∗(v) + h(v)/
√
n. Following the argument of Section 8 in Andrews

(2001), we have

Jn,K(σ2
∗(v) + hK(v)/

√
n;Y )

Hn=⇒d JK(v)

where hK(v) = [h(v), 0, 0]T . Furthermore, we have

Jn,K(σ2
∗(v) + hK(v)/

√
n;Y ) = Jn,K(σ2

∗(v);Y ) +
1√
n

∂Jn,K
∂σ2
∗(v)

HT
Kh(v) + op(1),

and it is easy to show that

1√
n

∂Jn,K
∂σ2
∗(v)

Hn=⇒d −IK(v), In,K(σ2
∗(v);Y )

Hn=⇒d IK(v).
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Then we have, under local alternative Hn : σ2
a(v) = σ2

a∗(v) + h(v)/
√
n

√
n{σ̂2

a,K(v)− σ2
a∗(v)} Hn=⇒d

{
HKI−1

K (v)I1,K(v)I−1
K (v)HT

K

}1/2

×N(h̃K(v), 1)1
(
N(h̃K(v), 1) ≥ 0

)
,

WLRn(v)
Hn=⇒ HKI−1

K (v)I1,K(v)I−1
K (v)HT

K

HKI−1
K (v)HT

K

×N(h̃K(v), 1)21
(
N(h̃K(v), 1) ≥ 0

)
,

where h̃K(v) =
[
HKI−1

K (v)I1,K(v)I−1
K (v)HT

K

]−1/2
h(v).

3 Proof of Theorem 3

Given u, v ∈ (0, 1), we consider w(u, v) first.

E [w(u, v)] = E [Kh2(T1 − u)Kh2(T2 − v)] = 1.

We then consider Ŝw0(u, v), Ŝw1(u, v) and Ŝw2(u, v). Their expectations are given as,

E
[
Ŝw0(u, v)

]
= Σa(u, v) + Σc(u, v) + Σe,G(u, v)

+
1

2
u2(K)

[
∂2Σa

∂u2
+
∂2Σa

∂v2
+
∂2Σc

∂u2
+
∂2Σc

∂v2
+
∂2Σe,G

∂u2
+
∂2Σe,G

∂v2

]
h2

2 + o(h2
2) +O(n−1),

E
[
Ŝw1(u, v)

]
= Σa(u, v) + Σc(u, v)

+
1

2
u2(K)

[
∂2Σa

∂u2
+
∂2Σa

∂v2
+
∂2Σc

∂u2
+
∂2Σc

∂v2

]
h2

2 + o(h2
2) +O(n−1),

E
[
Ŝw2(u, v)

]
=

1

2
Σa(u, v) + Σc(u, v)

+
1

2
u2(K)

[
1

2

∂2Σa

∂u2
+

1

2

∂2Σa

∂v2
+
∂2Σc

∂u2
+
∂2Σc

∂v2

]
h2

2 + o(h2
2) +O(n−1).
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and their variance and covariance structures are given as

Var
[
Ŝw0(u, v)

]
=

1

n

[ α1

(2α1 + 2α2 + α3)2
V1(u, v, u, v) +

α2

(2α1 + 2α2 + α3)2
V2(u, v, u, v)

+
α31

(2α1 + 2α2 + α3)2
V3(u, v, u, v) +

α32

(2α1 + 2α2 + α3)2
V4(u, v, u, v)

]
+ o(h2

2) +O(
1

NGh2

),

Var
[
Ŝw1(u, v)

]
=

1

n

[
V7(u, v, u, v)

α1

]
+ o(h2

2) +O(
1

NGh2

),

Var
[
Ŝw2(u, v)

]
=

1

n

[
V8(u, v, u, v)

α2

]
+ o(h2

2) +O(
1

NGh2

),

Cov
[
Ŝw1(u, v), Ŝw2(u, v)

]
= o(h2

2) +O(
1

NGh2

),

Cov
[
Ŝw0(u, v), Ŝw1(u, v)

]
=

1

n

[
1

2α1 + 2α2 + α3

V5(u, v, u, v)

]
+ o(h2

2) +O(
1

NGh2

),

Cov
[
Ŝw0(u, v), Ŝw2(u, v)

]
=

1

n

[
1

2α1 + 2α2 + α3

V6(u, v, u, v)

]
+ o(h2

2) +O(
1

NGh2

),
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where V1, V2, V3, V4 are

V1(u, v, u, v) = 4Va(u, v, u, v) + 4Vc(u, v, u, v) + 2Ve,G(u, v, u, v)

+ 8Σa(u, v)Σc(u, v) + 4Σa(u, v)Σe,G(u, v) + 4Σc(u, v)Σe,G(u, v)

+ 4Σa(u, u)Σc(v, v) + 4Σa(v, v)Σc(u, u)

+ 2Σa(u, u)Σe,G(v, v) + 2Σa(v, v)Σe,G(u, u) + 2Σc(u, u)Σe,G(v, v) + 2Σc(v, v)Σe,G(u, u)

− 4Σ2
a(u, v)− 4Σ2

c(u, v)− 2Σ2
e,G(u, v)

V2(u, v, u, v) =
3

2
Va(u, v, u, v) + Σa(u, u)Σa(v, v) + 4Vc(u, v, u, v) + 2Ve,G(u, v, u, v)

+ 6Σa(u, v)Σc(u, v) + 4Σa(u, v)Σe,G(u, v) + 4Σc(u, v)Σe,G(u, v)

+ 3Σa(u, u)Σc(v, v) + 3Σa(v, v)Σc(u, u)

+ Σa(u, u)Σe,G(v, v) + Σa(v, v)Σe,G(u, u) + 2Σc(u, u)Σe,G(v, v) + 2Σc(v, v)Σe,G(u, u)

− 1

2
Σ2
a(u, v)− 4Σ2

c(u, v)− 2Σ2
e,G(u, v)

V3(u, v, u, v) = Va(u, v, u, v) + Vc(u, v, u, v) + Ve,G(u, v, u, v)

+ Σa(u, u)Σc(v, v) + Σa(v, v)Σc(u, u)

+ Σa(u, u)Σe,G(v, v) + Σa(v, v)Σe,G(u, u) + Σc(u, u)Σe,G(v, v) + Σc(v, v)Σe,G(u, u)

+ 2Σa(u, v)Σc(u, v)− Σ2
a(u, v)− Σ2

c(u, v)− Σ2
e,G(u, v)

V4(u, v, u, v) =
1

2
Va(u, v, u, v) +

1

2
Σa(u, u)Σa(v, v) + Vc(u, v, u, v) + Ve,G(u, v, u, v)

+ 2Σa(u, v)Σc(u, v) + 2Σa(u, v)Σe,G(u, v) + 2Σc(u, v)Σe,G(u, v)

+ Σa(u, u)Σc(v, v) + Σa(v, v)Σc(u, u)

+ Σa(u, u)Σe,G(v, v) + Σa(v, v)Σe,G(u, u) + Σc(u, u)Σe,G(v, v) + Σc(v, v)Σe,G(u, u)

− 1

2
Σ2
a(u, v)− Σ2

c(u, v)− Σ2
e,G(u, v)
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and V5, V6, V7, V8 are

V5(u, v, u, v) = Va(u, v, u, v) + Vc(u, v, u, v) + Σa(u, u)Σc(v, v) + Σa(v, v)Σc(u, u)

+ Σa(u, u)Σe,G(v, v) + Σa(v, v)Σe,G(u, u) + Σc(u, u)Σe,G(v, v) + Σc(v, v)Σe,G(u, u)

− 2Σ2
a(u, v)− 2Σ2

c(u, v)

V6(u, v, u, v) =
1

4
Va(u, v, u, v) +

1

2
Σa(u, u)Σa(v, v) + Vc(u, v, u, v)

+ Σa(u, u)Σc(v, v) + Σa(v, v)Σc(u, u)

+
1

2
Σa(u, u)Σe,G(v, v) +

1

2
Σa(v, v)Σe,G(u, u) + Σc(u, u)Σe,G(v, v) + Σc(v, v)Σe,G(u, u)

− 1

2
Σ2
a(u, v)− 2Σ2

c(u, v)

V7(u, v, u, v) = Va(u, v, u, v) + Vc(u, v, u, v) + Σa(u, u)Σc(v, v) + Σa(v, v)Σc(u, u)

+ Σa(u, u)Σe,G(v, v) + Σa(v, v)Σe,G(u, u) + Σc(u, u)Σe,G(v, v) + Σc(v, v)Σe,G(u, u)

+ 2Σa(u, v)Σc(u, v) + 2Σa(u, v)Σe,G(u, v) + 2Σc(u, v)Σe,G(u, v)

+ Σe,G(u, u)Σe,G(v, v)− Σ2
a(u, v)− Σ2

c(u, v)

V8(u, v, u, v) =
1

4
Va(u, v, u, v) +

3

4
Σa(u, u)Σa(v, v) + Vc(u, v, u, v)

+ Σa(u, u)Σc(v, v) + Σa(v, v)Σc(u, u)

+ Σa(u, u)Σe,G(v, v) + Σa(v, v)Σe,G(u, u) + Σc(u, u)Σe,G(v, v) + Σc(v, v)Σe,G(u, u)

+ 2Σa(u, v)Σc(u, v) + Σa(u, v)Σe,G(u, v) + 2Σc(u, v)Σe,G(u, v)

+ Σe,G(u, u)Σe,G(v, v) +
1

4
Σ2
a(u, v)− Σ2

c(u, v)

Va(u, v, u, v) = E
[
a2
i (u)a2

i (v)
]
, Vc(u, v, u, v) = E

[
c2
i (u)c2

i (v)
]
, Ve,G(u, v, u, v) = E

[
e2
ij,G(u)e2

ij,G(v)
]
.

Assumption (C7a) indicates that we have the asymptotic distributions of Σ̂a(u, v),

Σ̂c(u, v) and Σ̂e,G(u, v):

√
n
{

Σ̂a(u, v)− Σa(u, v)
}
→d N(0,Wa(u, v, u, v)),

√
n
{

Σ̂c(u, v)− Σc(u, v)
}
→d N(0,Wc(u, v, u, v)),

√
n
{

Σ̂e,G(u, v)− Σe,G(u, v)
}
→d N(0,We,G(u, v, u, v)),

where Wa(u, v, u, v) =
∑8

k=1 akVi(u, v, u, v), Wc(u, v, u, v) =
∑8

k=1 ckVi(u, v, u, v) and

We,G(u, v, u, v) =
∑8

k=1 ekVi(u, v, u, v) for some constants ak’s, ck’s and ek’s.
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4 Explicit Forms

r1 = y1 − xT1 β, r2 = y2 − xT2 βr1

r2

 ∼ N

0

0

 ,
a b

b a


Its log likelihood and corresponding derivative are given as

` = − a

2(a2 − b2)
(r2

1 + r2
2) +

b

a2 − b2
r1r2 −

1

2
log(a2 − b2), (43)

˙̀
β =

a

(a2 − b2)
(x1r1 + x2r2)− b

(a2 − b2)
(x1r2 + x2r1), (44)

˙̀
a =

a2 + b2

2(a2 − b2)2
(r2

1 + r2
2)− 2ab

(a2 − b2)2
r1r2 −

a

a2 − b2
, (45)

˙̀
b = − ab

(a2 − b2)2
(r2

1 + r2
2) +

a2 + b2

(a2 − b2)2
r1r2 +

b

a2 − b2
, (46)

῭
ββ = − a

a2 − b2
(x1x

T
1 + x2x

T
2 ) +

b

a2 − b2
(x1x

T
2 + x2x

T
1 ), (47)

῭
βa = − a2 + b2

(a2 − b2)2
(x1r1 + x2r2) +

2ab

(a2 − b2)2
(x1r2 + x2r1), (48)

῭
βb =

2ab

(a2 − b2)2
(x1r1 + x2r2)− a2 + b2

(a2 − b2)2
(x1r2 + x2r1), (49)

῭
aa = −a(a2 + 3b2)

(a2 − b2)3
(r2

1 + r2
2) +

2b(3a2 + b2)

(a2 − b2)3
r1r2 +

a2 + b2

(a2 − b2)2
, (50)

῭
bb = −a(a2 + 3b2)

(a2 − b2)3
(r2

1 + r2
2) +

2b(3a2 + b2)

(a2 − b2)3
r1r2 +

a2 + b2

(a2 − b2)2
, (51)

῭
ab =

b(3a2 + b2)

(a2 − b2)3
(r2

1 + r2
2)− 2a(a2 + 3b2)

(a2 − b2)3
r1r2 −

2ab

(a2 − b2)2
. (52)

5 Simulations

5.1 Example 1 (continue) on Heritability

For better comparison, we rewrite Dr. Wang’s (2011) functional mixed effects model for

longitudinal family data as follows:

yij(v) = µ(v) + αi + cij(v)Tβ + ηij(v) + εij(v) (53)

for j = 1, . . . ,mi, where v is time in Wang (2011), cij(v) is a time-varying coefficient,

αi is a random family-specific shared environmental effect, ηij(v) is a random subject-
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specific genetic effect, and εij(v) is a residual measurement error. Furthermore, in Wang

(2001), she modeled ηij(v) as ηij(v) = B(v)Tbij, where B(v) is a vector of spline basis

and bij is the corresponding vector of subject-specific polygenic coefficients. Moreover,

let bi = (bTi1, . . . , b
T
imi

)T , it is assumed that Cov(bi, bi) = Ki⊗Ω, where Ω is the unknown

covariance matrix of the polygenic effects basis, ⊗ denotes the Kronecker and Ki is the

known kinship coefficient matrix of the i−th family. Compared with (1), model (53)

assumes that αi and β are independent of v. We directly applied model (53) to the

simulated data sets generated in the first simulation study corresponding to n = 300, c =

0.1, and Σe = 0.2.

Figure 1 shows that the method in Wang’s (2011) cannot correctly estimate the her-

itability curve when the common environment effect is not constant along the tract. As

expected, for the case with the common environment effect, Wang’s (2011) method works

pretty well.
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Figure 1: Estimated Heritability Curve when n = 300, c = 0.1, and Σe = 0.2.

5.2 Example 2 (continue)

Figure 2 presents the Type I and II error rates along the entire tract of both LRn(v) and

WLRn(v) for Σe = 2.
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Figure 2: Inference Performance (Σe = 2): [(a),(c)] are rejection rates (type I error) of

the two test statistics along fiber tract when c = 0 for n = 150 and n = 300; [(b),(d)]

are rejection rates (power) of the two test statistics along fiber tract when c = 0.2 for

n = 150 and n = 300.
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