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Appendix A

When yTit in the Equation (1) of the main text has an AR(1) process, yOit − µi has a ARMA(1,1)

process. To prove this, we introduce a new variable vit, and rewrite yOit − µi in a ARMA(1,1) form. That is,

we replace the function of measurement error eit and shock variable zit by a MA(1) process of vit,

(yOit − µi)− φi(yOi(t−1) − µi) = eit − φiei(t−1) + zit

= vit + θivi(t−1).

(1)

To simplify the equation, we denote mit = (yOit − µi)− φi(yOi(t−1) − µi). Based on the first line of

Equation (1), the autocovariance of mit can be calculated based on φi, eit, and zit,

γmi(0) = var(eit − φiei(t−1) + zit)
2

= σ2
z + (1 + φ2

i )σ
2
e ,

(2)

γmi(1) = cov(eit − φiei(t−1) + zit, ei(t+1) − φieit + zi(t+1))

= −φiσ2
e .

(3)

On the other hand, based on the second line of Equation (1), mit is also equal to vit + θivi(t−1), which is a

MA(1) process, thus the autocovariance of mit also can be calculated based on vit and θi,

γmi(0) = σ2
vi(1 + θ2

i ),
(4)

γmi(1) = θiσ
2
vi.

(5)

Solve the Equations (2), (3), (4), and (5), we can calculate the coefficients for the ARMA(1,1) process

θi =
γmi(0)−

√
γ2
mi(0)− 4γ2

mi(1)

2γmi(1)
,

σ2
vi =

γmi(1)

θi
.
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Thus the moving average coefficient of individual i (θi) and the variance of vit are respectively

θi =
σ2
zi + (1 + φ2

i )σ
2
e −

√
σ4
zi + σ4

e + φ4
iσ

4
e + 2σ2

ziσ
2
e + 2φ2

iσ
2
ziσ

2
e − 2φ2

iσ
4
e

−2φiσ2
e

, (6)

σ2
vi =

−φiσ2
e

θi
. (7)

As a result, the population autocorrelation at lag h of yOit is ρOyi(h) = φ
|h|−1
i ρOyi(1) (h ≥ 2). And the

population variance, covariance at lag 1, and autocorrelation at lag 1 of yOit for individual i can be

expressed by the coefficients for the ARMA(1,1) process (i.e., θi, φi, and σ2
vi) respectively

σ2
Oyi = σ2

vi[1 +
(φi + θi)

2

1− φ2
i

], (8)

γOyi(1) = σ2
vi[(φi + θi) +

(φi + θi)
2φi

1− φ2
i

], (9)

ρOyi(1) =
(φi + θi)(1 + φiθi)

1 + 2φiθi + θ2
i

. (10)

Appendix B

Since ISD2
i = S2(yTit + eit), the reliability of ISD2 is

ρ2
ISD2 =

(
cov(S2(yTit+eit),σ

2
i )√

var(S2(yTit+eit))var(σ
2
i )

)2

. (11)

The numerator is

(
cov(S2(yTit + eit), σ

2
i )
)2

=
(
E
[
S2(yTit + eit)σ

2
i

]
− E

(
S2(yTit + eit)

)
E(σ2

i )
)2

=
(
E
[
E(S2(yTit + eit)σ

2
i | i)

]
− E

(
S2(yTit + eit) | i

)
E(σ2

i )
)2

=
(
E
[
σ2(yTit + eit)σ

2
i

]
− E

(
σ2(yTit + eit)

)
E(σ2

i )
)2

=
(
cov

(
σ2(yTit + eit), σ

2
i

))2
=

(
var(σ2

i )
)2
.

Therefore we can rewrite Equation (11) as

ρ2
ISD2 =

var(σ2
i )

var
(
S2(yTit + eit)

) . (12)
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The denominator is complex. The step by step derivation is as follows,

var
(
S2(yTit + eit)

)
= E

(
S4(yTit + eit)

)
− E2

(
S2(yTit + eit)

)
. (13)

It is easy to obtain E2
(
S2(yTit + eit)

)
=
(
E(σ2

i ) + σ2
e

)2, and then we solve S4(yTit + eit),

S4(yTit + eit) =

 T∑
t=1

(yTit+eit−(ȳTit+ēit))
2

T−1

2

=

[
T

T∑
t=1

(yTit+eit)
2

]2
−2T

(
T∑

t=1
(yTit+eit)

2

)(
T∑

t=1
(yTit+eit)

)2

+

(
T∑

t=1
(yTit+eit)

)4

T 2(T−1)2

=
T 2

T∑
t1=1

T∑
t2=1

(yTit1+eit1)
2
(yTit2+eit2)

2−2T

(
T∑

t1=1
(yTit1+eit1)

2

)
T∑

t2=1

T∑
t3=1

(yTit2+eit2)(yTit3+eit3)

T 2(T−1)2

+
T∑

t1=1

T∑
t2=1

T∑
t3=1

T∑
t4=1

(yTit1+eit1)(yTit2+eit2)(yTit3+eit3)(yTit4+eit4)
.

(14)

Because yTit is a Gaussian process, when |φi| < 1, it is a strictly stationary Gaussian process. All of the

multivariate functions for yTit’s agree with their counterparts for any number of time lags shifted (e.g.,

E
((
yTi1
)2 (

yTi2
)2)

= E
((
yTi2
)2 (

yTi3
)2)). And yTit has the same moments as a random variable in a normal

distribution, but yTit is not independently distributed (i.e., E
((
yTit
)2 | i) = σ2

i =
σ2
zi

1−φ2i
, E(

(
yTit
)3 | i) = 0,

E
((
yTit
)4 | i) = 3σ4

i = 3
(

σ2
zi

1−φ2i

)2
). The expectation of the first numerator component of S4(yTit + eit) is

T 2E

[
T∑

t1=1

T∑
t2=1

(
yTit1 + eit1

)2 (
yTit2 + eit2

)2]
= T 2E

[
T∑

t1=1

T∑
t2=1

(
yTit1
)2 (

yTit2
)2

+
T∑

t1=1

T∑
t2=1

e2
it1e

2
it2

+4
T∑

t1=1

T∑
t2=1

yTit1y
T
it2eit1eit2 + 2

T∑
t1=1

T∑
t2=1

(
yTit1
)2
e2
it2

]
= T 2E

(
T∑

t1=1

T∑
t2=1

(
yTit1
)2 (

yTit2
)2)

+
(
T 4 + 2T 3

)
σ4
e

+
(
4T 3 + 2T 4

)
σ2
eE
(
σ2
i

)
,

(15)
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where

E

(
T∑

t1=1

T∑
t2=1

(
yTit1
)2 (

yTit2
)2)

= TE
((
yTit
)4)

+ 2(T − 1)E
((
yTi1
)2 (

yTi2
)2)

+ 2(T − 2)E
((
yTi1
)2 (

yTi3
)2)

+ · · ·+ 2E
((
yTi1
)2 (

yTiT
)2)

= 3TE
(
σ4
i

)
+ 6E

(
σ4
i

(
(T−1)φ2i−φ2Ti

1−φ2i
− φ4i (1−φ2(T−2)

i )

(1−φ2i )
2

))
+2E

(
σ4
i

(
(1−φ2i )T (T−1)

2(1−φi)2
+

(T−1)φ2i−φ2Ti
(1−φi)2

−
φ4i

(
1−φ2(T−2)

i

)
(1−φ2i )

2

−(2(T−1)φi−φTi )
1−φi − 2φ2i (1−φT−2

i )
(1−φi)2

))
whenσ2

i is independent of φi = 3TE
(
σ4
i

)
+ 6E

(
σ4
i

)
E

(
(T−1)φ2i−φ2Ti

1−φ2i
− φ4i (1−φ2(T−2)

i )

(1−φ2i )
2

)
+2E

(
σ4
i

)
E

(
(1−φ2i )T (T−1)

2(1−φi)2
+

(T−1)φ2i−φ2Ti
(1−φi)2

−
φ4i

(
1−φ2(T−2)

i

)
(1−φ2i )(1−φi)2

−(1−φ2i )(2(T−1)φi−φTi )
(1−φi)3

− 2φ2i (1−φ2i )(1−φT−2
i )

(1−φi)4

)
.

(16)

The expectations of the second and third numerator components of S4(yTit + eit) can be obtained in the

same way. They have much more tedious forms but still functions of σ2
i , σ2

e , T , and φi. Especially, when

σ2
i is independent of φi, E

(
S4(yTit + eit)

)
is a function of E(σ4

i ) (implies var(σ2
i )), E(σ2

i ), σ2
e , T , and

distribution of φi. And σ2
e is a function of E(σ2

i ), σ2
µ, and ρ2

y. Because of Equations (12), (13), (14), (15),

and (16), overall the reliability of ISD2 depends on the joint distribution of σ2
i and φi, and values of σ2

µ, T ,

and ρ2
y.

Appendix C

The asymptotic distribution for ρ̂i(1) is given by Shumway & Stoffer (2010),

ρ̂i(1) ∼ AN(ρOyi(1),
1

n
wi).

For the time series model in the current study,

wi =
∞∑

u=−∞

[
ρOyi(u+ 1)2 + ρOyi(u− 1)ρOyi(u+ 1) + 2ρOyi(1)2ρOyi(u)2 − 4ρOyi(1)ρOyi(u)ρOyi(u+ 1)

]
= 1 + 2φiρOyi(1) +

7φ2i−3

1−φ2i
ρ2
Oyi(1)− 8φi

1−φ2i
ρ3
Oyi(1) + 4

1−φ2i
ρ4
Oyi(1).

(17)
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Figure Captions

Figure 1. Comparing reliabilities of ȳ, ISD, ISD2, ˆρ(1), and MSSD when σ2
µ = 0.1

Figure 2. Comparing reliabilities of ȳ, ISD, ISD2, ˆρ(1), and MSSD when σ2
µ = 5

Figure 3. Comparing reliabilities of ȳ, ISD, ISD2, ˆρ(1), and MSSD when σ2
µ = 10








