Mixtures of g-Priors in Generalized Linear Models
Supplementary Materials: Appendices

A Assumptions, Theoretical Results, and Proofs

A.1 Assumptions and Regularity Conditions

The following assumptions and standard regularity conditions are used throughout the paper

unless specified otherwise.

For functions b(-) and 6(-) in the GLM density (5), their third derivatives exist and are
continuous on R. The composite function b’ o 6(-), which links E(Y') and 7, is strictly
monotonic. The variance function " o 6(-) > 0, and the equality can only occur on the

boundary =£oo.
Finite MLEs a4, B M exist and are unique, under all subset models M.

The design matrix X under the full model is known and has a full column rank p. Here, p
is fixed. The column space C'(X) does not contain 1,,. When studying asymptotics, we
assume that for ¢ = 1,...,n the norm of the ith row ||x;||2 is bounded by a constant,
and for all n, the smallest eigenvalue of X7X /n is bounded from below by a positive
constant. These conditions assure weak consistency (convergence in probability) and

asymptotic normality for MLEs (Fahrmeir and Kaufmann 1985).

The true model M is among the 27 subset models to be selected under consideration. In

Mpr, true values of the intercept and regression coefficients are denoted by a},, and

B, respectively.



A.2 Proof of Proposition 1

Proof. We first approximate the likelihood by a second order Taylor expansion at the MLE,

p(Y | aaBMvM)
~ p(Y | dm, By, M)
T
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where the above approximation is precise up to a multiplicative term [1+ O(n™!)], m =

(1£~7n(f7/\/1)1n)71 (1£jn(ﬁM)XM) <5M - BM>, and
& = X5 T (70Xt — (X T (A1a) 1n) (LT (i) 1)~ (AL T (A1) Kord)

In the above approximate likelihood, the matrix @ acts like a precision matrix of 3,,. By

using the orthogonal projection Py, = 1,, (1Tjn(ﬁM)1)_1 177, (7 ,), we can rewrite it as

¢ = X%ljn("A?M)XM - XTM,]s{an(’f’M)ﬁlnXM

= Xif((ln - 751n>Tjn(ﬁM)(In - ﬁln)XM = jn(BM)

Under the flat prior p(a) o< 1, an integrated Laplace approximation yields the marginal



likelihood density conditional on 3 ,,:

HY [ M) = [ DY |8 Mipla)da
o p(Y | G, Bags M) exp {—% (5/\4 - BM)TJH(IBM) (5M - ﬂM)}
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A.3 Asymptotic Behavior of the Observed Information

Lemma A.1. For any subset model M,

(1) if M D My, then T (éipq) = Op(n) and (B ) = Op(n). More specifically, Ty (éipq)/n—
To(Gag) /1 —— 0, and Fu(Bag)/n — Tu(Bps) /1 —— 0.

(2) if M B My, then Jn(aa) = Op(n™) and Jn(Bp,) = Op(n™), where 0 < 7o < 1.

Proof. First, we study the asymptotic of MLEs. The assumptions on the design matrix of the
full model X remain to hold for the design matrix X s under all subset models, i.e., x4, are
bounded for all i = 1,...,n, and as n tends to infinity, the smallest eigenvalue of X% X r(/n
is bounded from below by a positive constant. Since these are stronger than the condition
R, in Fahrmeir and Kaufmann (1985, pp. 355), we have weak consistency and asymptotic

normality for MLEs under any M D M, i.e., as n — oo,
. P v ax « N1 (2 . d
(04/\/175/\/1) — (aM7IBM>7 In<16M>2 (/6/\/1 - /6,/\/(T> — N(07IPM)' (Al)

Here, o}y, = o}, and B}, = B}, in the sense that all entries in 3}, that correspond

to predictors not in Mr are filled with zero. Therefore, if M D> Mrp, then n},; = ajy +



XpiBm = vy + X By = My for all i =1,... n. On the other hand, if M $ My,
Self and Mauritsen (1988) and van der Vaart (2000, pp. 45, Theorem 5.7) suggest that the
limits of MLEs still exist, i.e., (dM,BM> N (aly, B\), but the linear predictors in the
it 7} ; 7 Mhigi-

Under non-canonical links, observed information matrices are functions of Y, therefore we
need a weak law of large numbers for independently but non-identically distributed random
variables. In Resnick (1999, pp. 205), by Theorem 7.2.1 and the proof of special case (a), we
have that for a sequence of independent random variables Y7, ...,Y,,, if their variances are

bounded, then as n — oo,
1< 1< P
— Y, — — E(Y;) — 0. A2
Next we show asymptotic results for 7, (&p¢). In (10), for i = 1,...,n, the ith diagonal

entry of J,(71,) can be rewritten as d; = 0" 0 0(ijag) [0 ()] + [V 0 O(iiagi) — Yi] 0" (Fians)-

Hence, for any model M,

L) = 11,70 Zd
= % {Z b 0 0(iian) [0 () + [V 0 0(iag) — Vi 9"(77M,i)}
- {Z "0 i) [ Glaa)]” + [b© Oiac) — b0 00k, )] 9"(%9}

£ 2 {Z b 0 0miy) [0'(nin,)]” + [0 0 0ni) = b0 (i, )] 9”(77}4,0} . (A3

where the second last line is given by (A.2) and the fact E(Y;) = b’ o 0(n}, ), for all i =
1,...,n, and the last line is given by the continuous mapping theorem. Since for all i =
1,...,n, x; is bounded, 7}, and n},, ; are also bounded. For each term in the summation
of (A.3), it is bounded due to the continuity assumptions on the third derivatives of b(-) and
0(-). Therefore, J,(&)/n is bounded in probability.



If M D Mr, (A.3) becomes

n

% Z b" 0 0(miuy.) [9/(77;\4%1’)]2 = %In(ajw), (A4)

i=1

%jn(aw) N
which is also the limit of Z,(dn)/n. Because we assume that b’ o 6(+) is strictly monotonic,
0(-) is also strictly monotonic. For each term in the summation of (A.4), it is positive
because 0'(-) # 0 and b” o §(n) is positive for finite 1. Therefore by (A.4), if M D My, then
Tn(Gag)/n is positive and bounded in probability, i.e., J,(Gr) = Op(n). On the other hand,
if M 5 Mrp, then only (A.3) holds but not (A.4). Each term in the summation of (A.3)
can be either positive, zero, or negative. In this case, by (A.3), J.(anr)/n is bounded in
probability, and it may equal to zero. Therefore, J,(d() is on the order of O(n™), where
T, < 1, so that it tends to oo at a rate no faster than Op(n).

Last, we show asymptotic results regarding the matrix

Ta(Br) = X0 ()X = X0(Le = P,) T (A0) (Lo — P, ) X

= X% [T (000) = T (a0 10 (V5 Tu(i) 1) ™ 15T (00| Ko

For the (7, k)th entry, 1 < j < k < pu,

[Jn } - —Zda:”:czk - (Zda:”) (Xn:di) ) (i:dxk>

=1

n -1 n
= % Z diafi,jxi,k: - (% Z diﬂfi,j) (% Z di) (% Z dﬂi,k)
=1 i=1 i=1 i=1

is bounded since all x; are bounded. Therefore, 7, (3 m)/m is bounded in probability.
To show that for any M D> My, Jn(B,)/n does not reduce to zero, we will show that
it is a positive definite matrix. For any given non-zero vector a € RPM | we denote X ya =

(t1,...,t,)T, whose entries are all bounded. When M D My, by (A.4), all d;’s have a positive



lower bound, hence simple calculation gives

-1 2
I 1 o

Here the quality only holds if all ¢;’s are equal for ¢ = 1, ..., n, which is impossible here because
of the assumption 1, ¢ C'(X ). For large n, the assumption that the smallest eigenvalue of

XTX /n being bounded from below by a positive constant suggests that X7, X r/n is positive
definite, so a’7,(B,,)a/n /4 0.

Furthermore, arguing similarly to (A.4), we also have

1 & 1 ,

— ditl? s = Vo0, N0 (n:, tl-f

n zzl ! n zzl © (nMTﬂ) [ (nMT,z)] i
for k = 0,1,2. Therefore, for any vector a, if M O My, then

1 N 1 N
ﬁaTjn(ﬂM)a — ﬁaTIn(,BM)a .

i.e., Jo(Br)/n and T, (B,,)/n are asymptotically the same. O

A.4 Proof of Proposition 2

Proof. We first use proof by contradiction to show that for M, the MLE of the intercept is
unique. If both (&, Bl) and (da, BQ) maximize the likelihood for model M, where & # Ao,

then

a1, + XMB1 = Qol,, + XMBQ = (&g — o)1, = XM(,@ - B3),

which is contradicted with 1,, & C(X ). Similarly, we can show this MLE is the same as the

one for model M, i.e., G = Gy



By (25), between the two models M and M/,
Tn(Gp) = Tn(Gpr),  2m = 2000
So we just need to show Qa = Qap. Since Gy = Gar, (25) suggests that
X%’iBM = x%/JBM,, 1=1,...,n.

Hence,

= X~ (S ) 1
=1
= XM/BM’ — (Z w’ixTM’ﬂ'/@M’) 1n = X.?\/UBMI,
i=1

where w; = d; /(> d,). Therefore, we have

Q= [XsBar] Tulin) [XuBoe] = [XBoe] Fulie) [XioBae] = Q-

A.5 Proof of Proposition 3

Proof. The marginal likelihood of the mixture of g-priors is obtained by integrating out g¢

from the marginal likelihood of the g-prior, i.e.,

p(Y [ M) = /Ooop(Y | M, g)p(g)dg



Here p(Y | M, g) is obtained under the integrated Laplace approximation as in (19). Because

of the one-to-one mapping between ¢ and u, we rewrite this integral in terms of w.

p(Y | M) = / p(Y | M, w)p(u)du

1
- 1 P Q
OC/ p(Y | @MaﬁM;M)jn(@M)_iu%ef%“
0
vZ exp () uz (1 — vu)
B(%%) @ (5,r,,2,1-k)  [k+(1—kK)ou

) T ) 90

= p(Y | @ty By, M)Tn(Gpn) 2

atPam b _stOMm
/1u 1 —wu)2 e 2
0

k4 (1= k)vu]”

Since the above integrand is proportional to a tCCH density (27) with updated parameters,

a+t
the above integral equals B (‘”g"", g) b, (g,r, “er%, %, 1— /{) T o exp (—%)

]

A.6 Proof of Proposition 4

Proof. The marginal prior on 3, after integrating g out is

a+b

e (ﬁ) - {ﬁ} dg  (A5)

We will show that as ||3 ||z, — oo, both a lower bound and an upper bound of (A.5) are

> 2
p(/BM | M) 08 / g’%M exp {_M
0 2g

_atppm
proportional to (||[Bx|%, )  * . Since s > 0, a lower bound of of the right side of (A.5) is
a+b a+b atpag—2

S 1817, 2 oo 2 2 18112,
[ () e [ ()7 ()7 ()
0 l+4g o \l+yg g g

Then according to the Watson’s Lemma (Olver 1997, pp. 71), as ||B |7, — oo, the limit of

_aftPm
this lower bound is proportional to (|| G MH?%) 2. Next we find an upper bound of the



right side of (A.5) as

I H2 b 1 + Sg

_PM Bl b_q

2 exp | ————=| g2 e exp |——— | d
/0 g p{ 2(1+g9) I <1+9> p{2(1+9)} J

*%B (b—pM7a+pM> N (b—p/\/t a+b 3+||ﬂMH?7n>'

2 2 2 7 27 2
According to Abramowitz and Stegun (1970) formula (13.1.4),

I(b)

T(a) exp(s)s®°[1 4+ O(|s|™)], when Real(s) > 0, (A.6)

lpl(aa b? 5) =

hence as ||B ]| 7, — oo, the limit of the above upper bound converges to

atp M
1B:lZ T - @+ P s+ 1BpmlZ, ] (s +1BullZ —
exp {—TJ r —5 P 5 Tl 5 = X (HIBMHQ%) ’

Therefore, as ||B,]|7, increases, or equivalently, as ||3 .|| increases, both the lower bound

a+p
and upper bound of p(3,, | M) are proportional to (H,@MH?%)_TM O

A.7 Special Functions: Definition and Useful Properties

We first review a list of special functions, including their definitions and relevant properties,

that will be needed in the proof of Proposition 5.

e Confluent hypergeometric function (Abramowitz and Stegun 1970, eq 13.2.1): for v > a >
0,

1 1
Fila,v,z) = —/ w1 —w) e du.
' 1( ) B(V - Q, CY) 0 ( )

— By (Abramowitz and Stegun 1970, eq 13.2.27): 1 Fi(«a,v,2) = €* - 1 Fi(y — a, v, —x).

— By (Abramowitz and Stegun 1970, eq 6.5.12), the incomplete Gamma function:

v(a,s) = / t" e tdt = | Fy(a,a + 1, —s)s—.
0 a



— 1F1<CY,")/,O) =1.

e Confluent hypergeometric function of two variables (Gordy 1998)!: for v > a > 0 and

y <1,

1 1
(I)l(av 57 v, T, y) = ) / Ua_l(l - U)’y_a_l(l — yu)_’Bem du,
0

B(y—a,a)
Special cases:
— If x =0, then (o, 3,7,0,y) = 2F1(5, a;7;9).
— Ifg=0o0ry =0, then ®1(a,0,v,z,y) = ®1(a, B,7,2,0) = D1(v,0,7,2,0) = 1 F1(a, 7y, x).
— If z =0 and y = 0, then ®4(«, 5,7,0,0) = 1.

e Hypergeometric function (Abramowitz and Stegun 1970, eq 15.3.1): for v > a > 0

1
271 (B, a5 viw) = ! ) / w1 =) (1 = 2u) ™ du.
0

B(y —a,«

— By (Abramowitz and Stegun 1970, eq 15.3.3): in the definition of o F} function above,

let w = f_‘;‘u, then

2By a5y;) = (1—2) Py Fi(y — B,y — ;3 @)

- 2F1(0704;%37) = 2F1(57043%0> =1
- 2F1(B7 1767I) = (]' - x)_12F1(07B - 1767I) = (1 - x)_l
— By (Abramowitz and Stegun 1970, eq 15.3.4): o Fy (3, a;y;2) = (1—2) Py Fy (5, v =, ﬁ)

— By (Abramowitz and Stegun 1970, eq 15.3.5): 2 F1(8, o v;2) = (1—2) "% F (o, 7 — 837, 755)
Note: the definition in Gordy (1998) is slightly different from that in Gradshteyn and Ryzhik (2007).

10



e Hypergeometric function of two variables (Appell function) (Weisstein 2009): for v > a > 0,

Fi(o; 8,85y w,y) = ! ] /1 w1 —u) L - 2u) P (1 - yu) T du
0

B(y — o, «v

A.8 Proof of Proposition 5

Proof. To begin we establish that the marginal likelihood conditional on ¢ is well defined
under the g-prior when the design matrix is not full rank for a general linear model. We will
assume the inner product space defined by the vector space R™ equipped with inner product
u’ W for two vectors u, v € R” where W is a real, n x n symmetric positive definite matrix.
Similarly, ||ul3y = u’ Wu.

For the model
Y =1,8)+XuBy +€ withe|d~N0,,¢ W),

let P; = 1,(1ZW1,)"'17W denote the orthogonal projection onto the column space of 1,

and without loss of generality reparameterize the model
Y =100+ XB + €

where X5, = (I, — P1,)Xum and a = By — (17W1,)'11TWX 3. Adopting the g-prior of

the form

IBM ’ «, ¢7g ~ N (07 %(Xﬁwxfw)_) )

where (XS, WX§,)™ is any generalized inverse, standard normal theory for the linear combi-

nation X9,B . + € can be used to show that Y is equal in distribution

Y| a,é,9, M ~N (L, 67 (I, + gPxs )W) (A.7)

11



where Pxe, = X (XGWXG,) " XGW is the py < pa orthogonal projection onto the
column space X, in the inner product space. As the projection Pxs, does not depend on
the choice of generalized inverse, this establishes that the marginal likelihood for the model
will not depend on the choice of generalized inverse employed in defining the g-prior.

Continuing with integration with respect to a,¢ under the independent Jeffreys prior

pla, @) o o7,

(A.8)

rearrangement of terms can be used to show that

n—

p(Y | 9. M) = p(Y | Mo)(1+9) 7 {14 91— R} 7

where R3, is defined in (40) and

- 1 1 — 2 7HT71
p(Y | M) = (27T)_n7_11—‘ (n 5 1) (W2 (1IW1,) 2 (T Zln)YHW

is the marginal under the null model. Note that in (A.8), the determinant I, + gPxs | =
(14-g)PM, because the eigenvalues of the orthogonal projection Pxs,, are one with a multiplicity
of pp and zero with a multiplicity of pys — pr. The Bayes Factor for comparing M to M,

is thus

BFIM, M,] = (1+¢9) % {1+90 - R2)} 7,

which will be one for any model M where B3, =1 and pp =n — 1.
For simplicity in the rest of proof, we omit the subscript M when there is no ambiguity.

We now show part (1). In the tCCH distribution, if 7 = 0 or k = 1, then

b a+b s b _a+0b s b a+b s
O (2rn 2 2 1 k) =d, (2,0, 22 2 o) = B (2,47 2,
1(2,T, 9 ’21)’ H) 1(2707 9 ’2’070) 11(27 92 721})

12



Then the marginal likelihood becomes

atp _ su
1 2

p(Y | Mo) 0% exp (5 Vo 511 — vu) e
(Y [ M) = - - b a+b(28) / ( ) —— du
B (575) 1F1 (57775) 0 (1 — R?) + R%u] >

L w1 — vu)s e

} {i-0-ym) | o]}

- B(5.3) 1RG5

272
atp b b n=1 atbtp s R?/v
_ p(Yl./\/l@) v%exp (%) B(_zg’z) @y (27 2 07 2 p72v71_(1_5)32)
B(5:3) 151 (55 5) v exp (£) [1— (1— 1) R
a n— a S 2 v
B3 y) o (b e g
:p(Y|M®) 2 1 2;1 a b b atb s
ve [1—(1-3) R} * B(5,3) 17 (5 %% 5)

Here the second last equality is given by the propriety of the tCCH density function (27).

Then we show part (2). In the tCCH distribution, when s = 0, then

b a+bd b a+b
@1 (5770777071_/{) = 2F1 <r7§7T71_H>

Hence, the marginal likelihood becomes
b1

p(Y | M,) vi 1/v w1 — )5~
pY | M) = O ] (1~ vu) -
B(5.5) o1 (r, 3% 1= k) Jo  [(1— R2)+ R [k + (1 — k)
(A.9)

For simplification, we denote x = 1 — 1/k and w = 1 — (1 — vu)/(1 — zvu). By change of

variable,
du 1—2x

w
ujv(l—x—l—xw)’ dw — v(l —z +zw)?’

13



and the integral in (A.9) is

1/v ate 104 _ L1
/ u (Ll vu) du
0 [(1=R?)+ R ? [k+ (1 —K)vu]
atp_ 1 b_q
2 (1-z)(1—w) | 2 1—z
[ 1—z+zw ] v(l—z+zw)?

v(l—z+zw) 1—z+zw

1 [ w

v(lf:r+mw)i|

= / — dw
0 {(1—R2)v(1—a:)+[(1—R2)vac+R2]w} 2 ( 1 )r

b n—l—a—p

(1—x)z v 2 1 w‘%’”—l( _w)g—l
= n—1 at+b+p+l—n—2r /; n—1
o

a+b 1—n—2r
1 (1—R2?)va+R? ] 2 (1_ . )%

(- R)(-2)] (1-2) ~ R

atp—2r atp
Tz v 2 b
_ K2 v 2 B (0, +p _) .

(1-R2)"2 2 72

m(ate at+b+p+l—n—2r n—1 a+b+p ) (1—-R»v(1—k)— R’k
: : 1 — s

U2 2 2 2 ’ (1- R

A.9 Derivation of (44)

Proof. Similar to (19), we apply integrated Laplace approximation to obtain p(Y | ¢, M, g),

then marginalize ¢ out as follows.

(Y | M, g) = / T (Y | 6 M, )p(6)do

N

00 N _ P PQOM
x /0 DY | Gats Bags 6 M) [6Tn(@n0)] (1 + g)~ 2t e 5085 6 1dg

e P /oo anTflile(ﬁ{_%%)Jrz;;l[m(éi—ti)—b(éi)%(ti)]}d(b
0

el o | Q - A A o7
x [ulan) H (14 g) {2(1 0y~ 2 [~ i )] }
N [Fuldp)] > u™! _
{uQM +23°0, [Y,»(ti 0;) — b(t;) + b(éz)} } ’
Here, the last step replaces g with w = 1/(1 + g). O

14



A.10 Proof of Model Selection Consistency

We first show a lemma about a non-central y? distribution, which is useful to prove some
of the following lemmas and theorems. Here the symbol x?(m) denotes a non-central x>

distribution with degrees of freedom £k and non-centrality parameter m.

Lemma A.2. If a sequence of random variables {X,, : n = 1,2,...} have independent non-
central x* distributions: X, ~ x3(nA,), where random variables A, L ap eRTU {0}, then

P
asn — 00, X, /n — ag.

Proof. For any n € N, the characteristic function of X,,/n evaluated at ¢t € R is

Oxo/n(t) =E (/™) =Ey, [E (™" | A,)]
_E, {exp (ﬂ) (1- 2it/n)§] — (1= %t/n)"5 B, {exp (ﬂ)] |

1 — 2it/n 1— 2it/n

Denote a complex valued random variable B,, = A, /(1 — 2it/n). Since the limit of A4, is a
constant, for the series {A,, : n € N}, convergence in distribution is equivalent to convergence
in probability. Because of the continuous mapping theorem, B, SN ag, or equivalently,
convergence in distribution. Denote the bounded and continuous function h(B,,) = exp (itB,),
then according to Portmanteau lemma, E [h(B,,)] —E [h(ao)] = h(ap). So for any ¢t € R,

lim ¢x, /n(t) = lim (1 — 2it/n)™"?*. lim E[h(B,)] = h(ay) = exp (itap),

n—oo

where the limit is the characteristic function of a degenerated distribution at ag. Therefore,
X, /n converge in distribution to a constant ag, which implies convergence in probability.

]

In order to show the asymptotic performance of the Bayes factor BF (.01, We first study
asymptotic behaviors of the terms in the Bayes factors in the following lemmas. When testing

nested models, the log likelihood ratio between My and M converges in distribution to a

15



central (non-central) x? distribution, when the smaller (larger) model is true. The following
lemma studies asymptotic behaviors of the likelihood ratio, which does not require models

M and Mt to be nested.

Lemma A.3. Denote the the likelihood ratio by

(A.10)

A N p(Y|dMT,BMT,MT) My — ZM
Mp:M = N = = eXp T
p(YlaMaIBMaM)

As the sample size n increases,
1) if Mp C M, then AMT:M = Op(l)
2) if My ¢ M, then Aprppq = Op (e“M7), where cpq s a positive constant.

Proof. In the first case where M D M, from the well-known results of likelihood ratio test,
Zm — Zm, has a central chi-square distribution X?) DMy Therefore, the limiting distribution
of the log-likelihood ratio does not depend on n, i.e.;, Ay = Op(1).

In the second case where M 2 My, we first examine the sub-case where M C M.
According to the power calculation results for GLM in Self et al. (1992) and Shieh (2000),
when testing nested models, if the larger model is true, then we have that 2z, — 2 converges
in distribution to a non-central x* of degrees of freedom pr(, — pa. The non-centrality

parameter ¥ is approximately
U R DV Oy ) (Oie, = 0iad) = [0 aa,) = b(000)]
i=1

where 6]\, = 9(77;‘7/\,,), for2=1,...,n. By a Taylor expansion, there exist a 0; between Oty
and 03, such that b(87 ) = b(0; i) + ' (Frurs) (Orney — Oind) + 0705 (07 pey — O700)" /2.
This combined with the assumption 6”(-) > 0 gives that lim,,_,., ¥/n converges to a positive
constant cpq. Then by Lemma A.2, (zp1, — 2m) /1 L cm, and hence Ay = Op(eM™).

In the case where M and Mgy are not nested, we introduce a third model M’ which

16



includes all the predictors in both M and M. Using a similar method as in Self et al.
(1992), we can treat M’ also as the true model (although with some redundant predictors)
when comparing with M and easily show that A¢.a¢ also has a non-central x? distribution.
Hence we decompose Apgppmt = Aptpatr - Aprag. Since both pairs (Mrp, M) and (M’ : M)
are nested models, we can apply the previous results twice: Apgar = Op(1) and App =

Op(e“M™). Therefore, we can conclude that Ay, = Op(1) - Op(e“M™) = Op(e“M™). O

The Bayes factors contain the Wald statistics Qar,, and Qaq. We next study their asymp-

totic behaviors.

Lemma A.4. The Wald statistic Qa = Op(n®M), where 0 < Euq < 1. In particular,
1) If My # M,, then for any M D My, Ep = 1.
2) if My = M,, then for any model M, {4 = 0.

Proof. For any M D My, we have shown in the proof of Lemma A.1 that the MLE BM
converges in probability to the true value B%,, and J,(8,,)/n is a finite positive definite
matrix and converges to Z,,(8’,)/n in probability. By Lemma A.1 and Slutsky’s theorem, we

can rewrite the asymptotic normality (A.1) as

~

TIn(Bm)

N

(Bu=Bin) <5 NO.L,).

Therefore, Qg = B/T\AJH(B M)ﬁ m converges in distribution to a non-central y? random vari-
able with degrees of freedom ps and non-centrality parameter BﬂIn(,ij) B\, which is O(n)
if B # 0, and zero otherwise. Since B}, = B}, in the sense that all entries in 3}, that
correspond to predictors not in My are filled with zero, 3}, = 0 is equivalent to My = M.
Therefore, by Lemma A.2, if My # M, then Qg = Op(n); if My = My, then Qo = Op(1).

For any M 2 My, since convergence in probability is preserved under addition and

multiplication (Resnick 1999, pp. 175), we have Q4 — ,Bﬁjn(BM)ﬁjM N 0, i.e., Quq is at
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most on the same order of jn(BM). By Lemma A.1, we have {4 = 70 if B # 0, and

& =0if B, =0. 0

Based on the results of Lemma A.4, the next lemma discusses the asymptotic properties

of Q%IT: M, & term that appears in the Bayes factor under the CH prior.

Lemma A.5. Under the CH prior, denote the term in BFapnm:

2 72 2 ’ 2 ’ 2

QMT:M = B (a+§M7 %) \F (a+§M, a+b;pM7_s+§M)

B (a+PMT Q) P <a+pMT atb+pay _s+QMT)
CH A

(A.11)

1) If My # M,, then as n increases,

EMPM—PMp—a(1=En) ) _ .
Op [ n p if b is fixed, and s is fived
Mp:M —

if b=0(n), or s =0(n)

PM=P M )

Op<n P

PM~=PMqp

In particular, if M D My, then foT:M =0Op (n 2 ) for all b and s.

2) If My = M, then as n increases,

g _ Op (1) if b is fized, and s is fized
MM

Op (n

w> if b=0(n), or s = O(n)
Proof. We first show Case 1) where My # M, by Lemma A.4, {uq,, = 1. We consider the
following three scenarios about parameters b and s being fixed or O(n).

Scenario 1: Both b, s are fivred. By Abramowitz and Stegun (1970) formula (13.1.5),

()

1F1<Cl,b, S) = m

(—s)"[1 + O(|s|™")], when Real(s) < 0. (A.12)
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Continuous mapping theorem suggests that for any model M whose Q = Op(n*M),

a+PMT

r <a+pMT> (S+QMT>_ 2 et My
QCH -~ 2 2 ~ (S + QMT) 2 _ OP (niMpMpMzTa(lgM))
MM  (st2) (M)_%M (S_'_QM)_%M
2 2

(A.13)
Scenario 2: b is fized, and s = O(n). Since s + Qup, = O(n) and s + Q¢ = O(n), then

PM~PMp )

by (A.13), QL. = Op (n 2

Scenario 3: b = O(n). Lemma A.4 indicates that Q is between Op(1) and Op(n). By

Slater (1960) formula (4.3.3): if b is large, and a, s are bounded, then

1Fi(a,b,s) =1+ O(]b| ") is bounded; (A.14)

and by Slater (1960) formulas (4.3.7): if b is large, s = by, and a, y are bounded, then

1 2
1Fi(a,b,s) =(1—y)™ [1 — a(a2—l|)— ) (1 3 y) + O(|b\_2)] is also bounded. (A.15)

Therefore, under the CH prior when parameter b = O(n),

B (a+pMT é) F <a+pMT a+b+p _s+QMT> B <a+pMT g)
P
C

2 ’ 2 2 ) 2 ’ 2 2 ’ 2
QCH — 3 . \ 7
MM B (a+pM Q) F (a+pM a+b+p _s+QM> B (a+pM Q) .
2 »39) 141 2 2 ) 2 2 72

According to the Stirling’s Formula I'(n) = e "n""2(21)2(1 + O(n™')), the above ratio be-

pMipMT
comes Op (n~ 2 i

Next we examine Case 2) where My = M,. In this case, Lemma A.4 suggests that both
Qm, and Quq are on the same order Op(1). Hence in Scenario 1, where both b and s are
fixed, Q%IT:M = Op(1); In Scenario 2, since both s + Q. and s + Quq are on the order of
Op(n), the same deviation and result as in Case 1) Scenario 2 apply. In Scenario 3, both
s+ Qum, and s + Qg are Op(1) if s is fixed, and Op(n) if s = O(n), so the same derivation

and result as in Case 1) Scenario 3 apply. m
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Lemma A.6. Under the robust prior, denote the term in BFapnm:

Pmptl Pmptl Qrip Py +1)
v 2 0 2(ntl)

1 _Mr
1\2 2
QfAT:M - (;)M —:— 1) . Qﬂjzm . pmtl Qmprm+l) (4.16)
Mz Qn ° 7( 2 0 2(ntl) >

PM—PM
. . R o T
As the sample size n increases, Q.. = Op <n P )

Proof. By Abramowitz and Stegun (1970) formula (6.5.12), the incomplete Gamma function

v(a,s) = [; t*te~'dt can be expressed using the 1 F function

a

v(a,s) =1Fi(a,a + 1, —s)s—. (A.17)
a
Therefore, (A.16) becomes
PMT+1
PMp L (pagg 41 -1 Qmp (Prmpt+1) 2 F pPmptl pmpt3 Qump (Pmp+1)
2 2(n+1) 141 2 0 2 0T T 2(n+)

1 _
pm+1N\2 @y, ®
p./\/lT+1 _pjvéél

Qum

pmtl
(PM+1)_1 Qmpmtl) | 2 Fo(pratl pat3  Qualpmtl)
2 2(n+1) 141 2 0 2 2(n+1)

Since 1Fi(a,b,0) = 1, and both Q. /n, Qr/n are bounded, the ratio between the |F)

PM—P
functions is bounded as n increases. Therefore we further simplify Q% ., oc (n+1) HT o
PM—PM
Op (n T ) This result holds no matter whether My = M, or not. O

Lemma A.7. Under the intrinsic prior, denote the term in BFpai,nm:

PM - Qum(pamtl)
ntpm+l) 2 e2(ntrp+1) B Pmptl 1 o, (L1 Pmpt2 Qump(@Pmp+l)  Pmptl
A P+l 2 12 L\2>5 2 2(n+pag+1) 0 n

Q} =

MrM PMmyp My (g t1)

a2 Vi NI CEPVMERY B(patl 1) @, (11 pact2 Quipactl) | putl
Patg Tl 2 12 205 2 2ntpatl)? n

: . I PMTPMp
As the sample size n increases, Q.. = Op (0™ 2
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Proof. Since pa.,., ppm are bounded, and Q aq,. /1, Qaq/n are bounded in probability, as n — oo,

PM

(z0)’
P +1 PMPMp
Uyt — €+ =2 = Op (n 2 T>.
n+pMT+1 T2
( Pmpt+l )
O
Lemma A.8. Under the local EB, denote the term in BFai.nm:
_PMp
max {eXp (——Q/\;T> ; (%ﬁ;) * exp (—pMTT)}
A
Krom = e . (A.18)

ma {oxp (-4)  (22) 7 exp (23)}

fMPM*PMT

1) If My # M,, then as n increases, Q52 = Op (n 2 ) In particular, if

T:

PM~PMrp

M D M, then Qf(fﬁM:Op (n 2 >

2) If My = M, then as n increases, Q/L\fﬁM =0Op(1).

Proof. Case 2) is straightforward, because when My = My, Q. = Op(1) and Qa = Op(1).

Now let us focus on Case 1). In (A.18), the numerator equals exp(—Qa,/2) if and only if

Qmy < Dmy, and the denominator follows the same rule when we replacing Mp with M.

Since My # My, Qm = Op(n) is greater than py for large n. Hence the numerator
PMr M

of (A.18) is proportional to (Qay/Prmy) 2 exp (—pmg/2) = Op(n_pTT). For model M

whose Qrq = Op(n*M), if E4q > 0, then when n is large enough, Q¢ > pu, so the denominator

is Op(n_i%pM). If £o¢ = 0, then the denominator is Op(1), which can also be written as
Op(n~ 5. O

We now examine the model selection consistency.

Proof of Theorem 1
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Proof. By Lemma A.1, J,(dp) = Op(n™), where 0 < 7 < 1, and 7y = 1 if M D M.

Hence, )
AT =
] = 0n ()
For the CH prior,
Bt = | S| Nty O [ 010 (A.19)
jn(a/./\/l)

We first consider the case where both b and s are fixed, by using the results in Lemma A.3
and A.5. In the case where My # M, for any non-true model M D My, then par > paty,

Tm = 1, and & = 1, hence

PM=PMp

On the other hand, if M 5 M7, then

1—r EMPMPMp—a(1=E )
BF vt = Op <n*% ) - Op (e#4™) . Op (n R ) 1+ O0p(1/n)] 25 .

In contrast, if My = M,, then for any model M, since M D My, 7oy = 1. So the Bayes

factor

BF pvpm = Op (1) - Op (1) - Op (1) - 1+ Op(1/n)]

is bounded, which suggests the selection consistency does not hold when My = M,.
Next consider the case where b = O(n) or s = O(n). For any model M A Mz, the proof

is similar as above. If M D My, then 7oy = 1 and pyp > pay, SO

PM~PM

BFyo01 = Op(1) - Op(1) - 0p (™5 ) -1+ 0p(1/)] L5 o,
which holds even when M7y = M,,.
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For the robust prior, the intrinsic prior, and local EB, their Bayes factor are given by
(A.19), with Q%IT:M replaced by Q%@:M? Q£\4T:M, and QIJ(/I?E:M, respectively. By Lemma A.6,

A.7, and A.8, the proofs are similar to the CH prior, hence omitted. n

A.11 Proof to Proposition 6

Proof. 1If b = O(n) then by (A.14) or (A.15),

BE+1ls-1) R(5+15%5)

E(l/g) - a b a a+b 52 (AQO)
B(5:3) 1F1 (5 %55 —3)
B(¢+1,5-1) a
x — — =O0(1/n)
B (3.5) b—2
If b is fixed and s = O(n), then by (A.12) and (A.20),
B(a+1,b—1)T (&) (8) 1
By~ 2Bt S UEBIB)E L o,
(5:3)T(G-1) ()
[
A.12 Proof of Proposition 7
Proof. For the CH prior, according to (32), the conditional posterior of z =1 — u is
b
Y M2 op (L et Pa 5T Om (A.21)
2 2 2
and its characteristic function is
a+p, S+QMT 7 z a s
6:(t) = E () / SR e T e R L)
z = € = a a+b s = a+b s
B(S, e Py (4, S S VP (5, S, S
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Lemma A .4 shows that if M¢ # M,, then s + Qurr, = Op(n). If b = O(1), then by (A.6)

and the continuous mapping theorem, for any ¢ € R, as n goes in to infinity,

a+PM

eXp(S+QMT + t) (S+QMT +Zt)

P :
o — exp(it).

¢=(t) —

s+ + _
exp( QQMT) ) (S QQMT)

If b = O(n), then using formula (A.15), we can obtain the same limit.

For the robust prior, we examine the characteristic function of u = 1 — z. Based on (37),

pMTJrl
T hmptt (ithA;T)u
u- 2 e du
_ itu __ JO
qbu(t) - ]E (6 ) - pMT+1

e PMT+1_1 _QMT
u- 2 du

0

~ (PMT+1 (Qmp—2it)(Prp+1) PMmptl

2 2(nt1) ) <QMT—2@'1§>_ 2

pmrtl Qump Pmp+1) Qs
2 2(ntl)

Since Qum,. = Op(n), for any fixed t € R, the ratio of the incomplete Gamma functions goes

to 1, and so does the second fraction. Therefore, ¢, (t) N 1, which is the characteristic

function of the degenerate distribution at 0.

For the intrinsic prior, by (30) and Table 1, the conditional posterior of u is

u|Y,MTNtCCH(M_ Qmy N+pmr +1 n+pr, + )7

2 727 Y 2 Y pMT+1 ) n

and hence its characteristic function for any ¢t € R is

<I>1< 1 Pmpt2 (Qamp—2it)(Prp+1) _pMT+1>

it(paay + 1) 225 2 0 2ntpmgptl) 0 n
¢U(t) - o {n + p/\ZT +1 [0)) 1 Pmpt2 QMT(pMTT+1) _ Mgt
1 27 P2 2(ntpagptl) n

Since Qm, = Op(n) and

(Qrmy — 2it)(prmir +1)  Quy (Pt +1) .0
2(n+pm, +1) 2(n+pm, +1) ’
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by continuous mapping theorem, the ratio of the two ®; functions in (A.23) converges to one

in probability. Therefore, under the intrinsic prior, ¢,(t) Rl O

A.13 Proof of Theorem 2

Proof. For the CH prior, we will prove the BMA estimation consistency in two steps: 1) My #
M, and 2) My = M, When My # M,, the model selection consistency always holds, so
we just need to show the estimation consistency under the true model M. For notation
simplicity, we denote 3, v = Tn(B o)~ . According to (17) and (A.21), the characteristic

function of the posterior distribution p(8,,, | Mr,Y) is

Oy () = [ 10 p(B, [ M2, Y) B,
— /ez‘tTﬁMT {/p(BMT]z,MT,Y) p(z]/\/lT,Y)dz} dB .,
:/{/e“TﬁMT p(Bpy |2, M, Y) dBMT}p(z]MT,Y)dz

In the above calculation, the integrand et Bz has a bounded modulus, so according to
Fubini’s Theorem, the two integrals (with respect to z and 3,,,) can be interchanged. Since
Qm, = Op(n) and X, v, = Op(n™'), using methods similar to the proof of Proposition 7

and asymptotic normality of MLE, we can show that for any vector t,
DB, (8) — et Pty =5t B gt Py B,

On the other hand, when My = M, under the CH prior model selection consistency does
not hold if both b and s are fixed. Hence we need to examine the limit of posterior distribution
of B, under all models. Under any model M, the true model is nested in it, so the MLE

of the coefficient B am converges to the true parameters 0 in probability as n goes to infinity.
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Since the modulus of e A is bounded by a constant 1, which is integrable if regarded as a
function of z, so according to the dominated convergence theorem, the characteristic function

of the posterior distribution p(8,, | Y, M) evaluated at any vector t € R? is

$p,, () = / e B3t Bnaat) (o | M, Y)dz

i) / |:6z(itT0—%tT0t)] p(Z | M,Y)dz —1.

For the robust and intrinsic priors, model selection consistency always holds. So we just
need to consider under M. Based on (37) and (A.22), proofs similar to the above proof of
the CH prior can show that either My # M, or My = M,, the characteristic function of

p(Bum, | Mr,Y) converges to ¢ B or 1 in probability, respectively. O

B Test-Based Bayes Factors

B.1 Test-Based Bayes Factor under the g-Prior

In Bayesian hypothesis testing, while the traditional Bayes factor computes the ratio between
marginal likelihoods of data (referred to as data-based BF, or DBF in short), another type
of Bayes factor, defined as the ratio between marginal likelihoods of a test statistic, has also
been introduced (Johnson 2005, 2008). In particular, based on the likelihood ratio statistic,
the test-based Bayes factor (TBF) has been applied in model selection under the g-prior (Hu
and Johnson 2009; Held et al. 2015, 2016), where models with high TBF's are preferable.

To compute the TBF based on the likelihood ratio deviance zpq (22), first, asymptotic
theory (Davidson and Lever 1970) suggests that the limit distribution of z,( under the null
model M, and under a local alternative model M are central and non-central Chi-squares,

respectively,

i | Mg~ Xo s 2 | M~ (M), where Ay = BT, (B = 0)B .
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Then, as p(zm | M, B ) depends on 3, through the non-centrality parameter Ay, integrat-
ing B, out under its prior density yields the marginal likelihood p(zx¢ | M). Last, the TBF

is defined as the ratio

TBFM:M¢ _ p(ZM | M) _ fp<z/\/l |BM7M)p</3M | M)dﬁf\/{ (Bl)

plem | M) plam | M)

To conduct model selection in GLMs, Held et al. (2015) derive the TBF under the g-
prior (8), in whose density, 3,, appears in the format of Ays. Thus the conjugacy permits a
tractable marginal likelihood p(zp | M) as a Gamma distribution. Therefore, the resulting

TBF has a closed form expression as in (23).

B.2 Comparing Data-Based and Test-Based Bayes Factors

The TBF (23) has a similar expression to the DBF (21). In fact, the two Bayes factors would
be the same if 2y = Qua and J,(Ga,) = Tn(@a). Naturally, it is interesting to examine
how different the two Bayes factors are.

We compare DBF (21) and TBF (23) empirically through a logistic regression toy example,
with ¢ = n and a single covariate generated from independent standard normal distributions.
With the intercept set to a = 0.5, three scenarios are studied with different coefficients
S = 0,20/y/n,2, which correspond to the null, local alternative, and alternative, respec-
tively. To study asymptotics, various sample sizes n = 100, 500, 1000, 5000 are taken. For
each combination of $ and n, 100 independent datasets are generated. To obtain an accu-
rate approximation to the DBF, in addition to the integrated Laplace approximation (ILA)
formula (21), we also implement importance sampling (IS), which can be viewed as a gold
standard if the number of samples drawn is large. Here we draw m = 10000 samples o*), 5
independently from Student-¢ distributions with degrees of freedom 4, with location and scale
parameters matching those in the corresponding conditional posteriors (17), (18).

Figure 1 shows that when the null or the local alternative is true, TBF (23) is asymp-
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Figure 1: From top to bottom: TBF versus DBF approximated by IS, DBF approximated by
ILA vs DBF approximated by IS, and TBF versus DBF approximated by ILA. From left to
right: the null, local alternative, and alternative hypotheses.
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Figure 2: Wald statistic Q4 versus the deviance z .

totically the same as the DBF computed under either IS or ILA (21). In contrast, when
the alternative is true, TBF differs from DBF by a relatively small but systematic amount.
Comparison between the Wald statistic @ (20) and the deviance zy (22) suggests a similar
phenomenon (Figure 2). They are asymptotically the same under the null or local alternative,
but different under the alternative.

In addition to the similarity between the two Bayes factors under g-priors, we notice that
as a function of g, the test-based marginal likelihood would have the same kernel p(zp |
M) oc (14 g)PM2exp (—2p0/[2(1 4 g)]) as its data-based counterpart (19) if zp = Q.
Therefore, all empirical Bayes and fully Bayes approaches on g, discussed in Section 2.6 and
Section 3, can be readily applied to test-based methods with minimal changes. Held et al.
(2015) apply local empirical Bayes, p(za | M) = maxg>op(zm | g, M), and fully Bayes,
p(zm | M) = [p(zm | 9, M)p(g)dg to compute marginal likelihoods for TBFs. However, we
find that these optimized and integrated versions of TBF may no longer be coherent, in the

sense that results change with the choice of the baseline model. Elaborating, when testing

nested models M; C Maj,
TBF py:mm,

TBF pmynm, # TBF vpng’
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if one computes the left hand side TBF under baseline M, but computes the right hand side
TBFs under baseline M. The main reason for this incoherence is that for model M, unlike
the data-based marginal likelihood which only depends on M itself, the test statistic z, also
depends on the baseline model. On the other hand, coherence exists for the TBF (23) under
fixed g, since Zptpm; = ZMmaMm, — ZryMm, (Johnson 2008). Hence, change of baseline models

does not affect the results of the TBF under fixed ¢, which is also the case with the DBF.

C Additional Simulation Examples

We first include some additional results from the logistic regression simulation example that
are examined in Section 5.1 (see Table C.1) and then introduce a different simulation study
on Poisson regressions.

The simulation setup of the Poisson regression example is similar to that of the logistic
regression in Section (5.1). True values of coefficients (including the intercept) are set to
one-fifth of those in the logistic regression, to avoid occasional extremely large values in Y.
Tables C.2-C.4 display model selection and parameter estimation performance. Comparison
among priors on B,, leads to similar conclusions to the logistic regression example. For the
Poisson regression, overall model selection accuracy is not as high as the logistic regression

when Mt # M, which is likely due to the smaller magnitude of coefficients.
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Table C.1: Logistic regression simulation example: average size of selected models, out of 100
realizations.

P 20 100

p(M) Uniform Uniform | BB(1,1)
DMy 0 5 10 20 5 5

r 0 07510 075 0 075 0 075 0 0.75 0 0.75
CH(a=1/2,b=n) 0 015 4110 8|17 13 | 17 15 5 3
CH(a=1,b=n) 0 015 5110 8|17 13 | 18 15 5 3
CH(a=1/2,b=n/2) | 0 016 5110 9117 14 | 25 20 5 3
CH(a=1,b=n/2) 0 016 5110 917 14126 22 5 3
Beta-prime 0 01]5 4110 8|17 1319 15 ) 3
7S adapted 0 015 5110 8|17 13 | 18 15 5 3
Benchmark 0 0]6 6|11 10 | 18 15 | 27 24 ) 3
Robust 0 016 5111 9118 14134 30| 21 10
Intrinsic 0 016 5111 9118 14 | 32 30| 14 5
Hyper-g/n 0 116 5111 10 | 18 15169 56| 99 80
DBF, g=n 0 015 419 7115 11 7 5 5 3
TBF,g=n 0 015 419 7115 11| 7 5 5 3
Jeffreys 3 316 6|11 10 | 18 517 60 99 91
Hyper-g 4 416 6|11 10 | 18 15170 611|100 93
Uniform 4 4|7 6|12 10 | 18 15170 611|100 97
Local EB 19 19 | 6 6|11 10 | 18 15|71 60 | 100 96
AIC 3 318 7112 11 | 18 15134 34 6 4
BIC 0 015 419 7115 1| 7 5 5 3
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Table C.2: Poisson regression simulation example: number of times the true model are selected
out of 100 realizations. Column-wise maximum is in bold type.

P 20 100

p(M) Uniform Uniform | BB(1,1)
DMy 0 5 10 20 5 5

r 0 075 0 075 0 075{0 075 0 0.75/0 0.75
CH(a=1/2,b=mn) 94 921 10 2|10 0(0 0 2 01 0
CH(a=1,b=n) 87 89| 10 2|10 0(0 011 11 0
CH(a=1/2,b=n/2)| 91 89|11 2|10 0(0 0 3 01 0
CH(a=1,b=n/2) 82 85|11 2| 9 0(0 0 5 2|2 0
Beta-prime 94 921 10 2|10 0(0 0o 7 01 0
ZS adapted 87 89| 10 2|11 010 0| 6 01 0
Benchmark 97 93| 7 0|12 110 0 4 01 0
Robust 91 89| 9 2| 11 0(0 0 1 03 0
Intrinsic 8 88| 8 2|12 110 0 1 03 0
Hyper-g/n 84 87| 9 0|12 10 0 1 03 0
DBF, g=n 84 88| 7 0| 8 0(0 011 01 0
TBF,g=n 84 88| 7 0| 8 0(0 014 01 0
Jeffreys 0 0| 7 1|12 110 0] O 0]3 0
Hyper-g 6 7T 013 110 0] O 0]3 0
Uniform 4 2| 7 013 10 0| 1 113 0
Local EB 0 0 7 013 10 0 0 03 0
AIC 4 41 3 0| 6 11 0 0 08 0
BIC 84 88| 7 0| 8 0(0 013 11 0
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Table C.3: Poisson regression simulation example: average size of selected models, out of 100

realizations.

P 20 100

p(M) Uniform Uniform | BB(1, 1)
DMy 0 5 10 20 5 5

r 0 07510 075 0 0.75] 0 0.7 0 0.75[0 0.75
CH(a=1/2,b=mn) 0 04 319 51(13 7112 713 2
CH(a=1,b=n) 0 04 31 9 5113 7113 813 2
CH(a=1/2,b=n/2)| 0 05 31 9 6|13 8116 103 2
CH(a=1,b=n/2) 0 05 319 6|13 8117 103 2
Beta-prime 0 04 319 51(13 7113 713 2
7S adapted 0 0|4 319 51(13 7113 713 2
Benchmark 0 05 4110 7114 9|17 713 1
Robust 0 05 31 9 6|14 8120 143 2
Intrinsic 0 015 3110 6|14 8122 1313 2
Hyper-g/n 0 0|5 419 7|14 9124 313 4
DBF, g=n 0 04 21 8 5112 6| 5 313 2
TBF, g=n 0 0|4 21 8 5112 6| 6 413 2
Jeffreys 2 315 4110 7114 1029 3613 18
Hyper-g 3 415 5110 7115 10(30 373 24
Uniform 4 416 5110 7115 10(30 3813 34
Local EB 19 1915 5110 7115 1032 7413 76
AIC 3 3|7 6|11 8116 1130 284 2
BIC 0 0|4 2| 8 5112 6| 5 313 2
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Table C.4: Poisson regression simulation example: 1000 times the average SSE = Z?Zl(ﬁj —

B MT)2 of 100 realizations. Column-wise minimum is in bold type.

P 20 100

p(M) Uniform Uniform | BB(1,1)
DMy 0 5 10 20 5 5

r 0 075 0 075 0 0.75| 0 0.75 0 075 0 0.75
CH(a=1/2,b=n) 5 8124 61|34 12058 198| 66 132 37 103
CH(a=1,b=n) 6 9124 61|34 12058 197| 66 134 |37 98
CH(a=1/2,b=n/2)| 7 11|24 61|33 116|56 188| 75 148 |36 97
CH(a=1,b=n/2) 7 13124 6133 11555 187| 77 135| 36 94
Beta-prime 5 8124 61|34 12058 197 66 132 37 103
ZS adapted 6 9124 61|34 11955 197 66 12537 99
Benchmark 8 18126 65|33 108 |51 170 | 74 150 | 36 133
Robust 7 13125 63133 115|51 183| 88 182| 36 97
Intrinsic 8 1425 6333 11551 182 90 183 |35 94
Hyper-g/n 5 12125 6533 109|52 172| 84 162| 36 97
DBF, g=n 5 625 63|37 132|168 231 40 83|39 101
TBF, g=n 5 625 63|37 132|168 231| 40 84|39 101
Jeffreys 4 9126 6733 108 |51 169| 87 165|35 97
Hyper-g 4 7| 26 68133 108 | 51 168 | 87 164|134 112
Uniform 3 7126 70133 108 |51 168 | 87 164|34 121
Local EB 2 4126 71133 108 | 51 168 | 99 256 |34 222
AIC 17 401 28 74134 115|146 171|120 284 | 37 79
BIC 5 625 63|37 132|168 231 40 84|39 100
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