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This document is organised in four Sections. Section 1 presents the pseudo-
code for SSVS-MIRT and CSTR-MIRT algorithms. In Section 2, we provide
the details on the parameters adopted in the simulation study described in
the paper along with complete results for N = 250 and N = 1000. In Section
3 we present a simulation study aimed at assessing the performance of the
proposed methods for different numbers of items and latent traits and various
levels of sparsity. Details on the simulation settings are provided in Section
3.1, while detailed results are presented in Sections 3.2 and 3.3. The proposed
methods show good performances also in the presence of cross-loadings in
the latent structure. Finally, Section 4 presents the detailed results for the
application on the dataset related to the Humour Scale Questionnaire.

1 Estimation algorithms
In this Section we describe the MCMC algorithm for the Bayesian implemen-

tation of the MIRT model. In particular, we present the MCMC scheme for
both the SSVS and the CSTR approaches. In the description of the MCMC
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steps, we make use of the following notation: X is the (N x K') matrix of the
responses for NV persons to K categorical items, rated on a C-points ordered
scale; Z is the (N x K) matrix containing the underlying variable scores; z;
denotes the K-dimensional vector of scores for subject ¢, while z; denotes
the N-dimensional vector of scores for item k; A is the (K x M) matrix of
discrimination parameters and ay is the M-dimensional vector of loadings
for item k; @ is the (N x M) matrix containing the scores on the latent traits
and 6; is the M-dimensional score vector for person i, while 8,, is the N-
dimensional vector for the latent variable m; finally vi, = (ve0V%1 - - - Ye0)'s
with 4,0 = —o0 and 7, ¢ = 00, denotes the threshold vector. The subsequent
MCMC steps are shared by both methods, unless otherwise specified.

1. Sample Z; x|, 0;, i, X
The underlying variable score, Z; i, is drawn from a truncated normal
distribution implied by the threshold model

Zi kl ok, 0i, vk, X ~ N (05, 1) I(Vhe1 < Zik < Vree1) if Xig=c
2. Sample 6;|z;, A, 3y
The full conditional is normal
0i|z;, A, g ~ Ny (AA+ 32, 7"A'z, (A'A+ 3,17
For the CSTR estimation procedure, we set 3y = I,;.
3. Sample o = (1 ... )

e CSTR-MIRT: Sample o |z, ©
The full conditional is normal

Oék|Zk, O ~ NM ((@/@ -+ IM)il(@/Zk), (@/@ -+ IM)il)

e SSVS-MIRT

— Sample ag|zi, O, {Crm}
The normal mixture prior for ay can be written as (George
& Mecculloch, 1993):

a|Cr ~ Ny (0, D, RD, )

where Ck = (Ck,l c. Ck,M), and DCk = dz’ag(dk,ﬁ, c. ,dk,MT)
with d,,, = 1 if (40 = 0 and di, = g if Cxm = 1. Here as
prior correlation we assume the identity matrix R = I,. Un-
der this prior, the full conditional for ay is normal, therefore
we draw the discrimination parameters from

)z, O, {Cim} ~ Ny (00 + D ?)7'0'2, (00 + D.*) )



— Sample (x|ay
The vector (. is obtained componentwise by sampling from
the posterior distribution (ym ~ f(Cemlow, k). f R = Iy
then the dependence of the posterior from (_; can be re-
moved, and each conditional distribution is Bernoulli, with
probability

f(Oék,ka,m = 1)pk
J (@ |Com = D)ok + f (| G = 0)(1 — p)

042
(97)exp (——2;2’:3) Dk

a? o2
T lexp (— 2’;;”) (1 —pg) + (g7)"texp (—zg’;’;’;) Dr

P(Ck,m = 1|ak,m) =

4. Sample v;[{0;}, {a}
To draw the threshold parameters for a given item, we consider a
Metropolis-Hastings step based on Cowles’ algorithm (Cowles, 1996),
and draw the candidate from

7;,6 ~ N<7k767 U%ﬂH)](fyz,cfl < Ve < 7k,c+1) fOTC =1,... 70 -1

The tuning parameter o3, has been set to obtain an acceptance rate
of about 40%. The Metropolis-Hastings acceptance probability is then
given by

N * *
in H Pr(X;r = c|0;, o, i) f (vl i, ‘712\/[H) 1
ey Pr(Xig = |0, o, i) f (Vi Yr: 03rmr)

5. SSVS-MIRT: Sample 3,|{6;}
To directly estimate the correlation matrix 3y, we adapted the PX-
RPMH algorithms proposed by Liu & Daniels (2006). First, an un-
restricted covariance matrix is drawn from an Inverse-Wishart distri-
bution, ¥} ~ (v,S), with degrees of freedom being the sample size,
v = N, and scale matrix § = z']i1 0:0;, where : = P6;. The
sampled 33 is then translating back to 3y through Xy = P! P!
The provisional ¥y is accepted based on a Metropolis Hastings (MH)

acceptance probability «, which at iteration r is given by

M+1

o = min [1, exrp ( (log|3e| — 109’2((;1)‘))]



In the CSTR approach, the output of the unconstrained MCMC sampler
undergoes a Consensus Simple Target Rotation (Lorenzo-Seva et al., 2002)
to obtain an oblique rotation of the MCMC draws with respect to a common
sparse target matrix. The oblique rotation can be implemented using the rou-
tine promin available in the PsychologicalTestToolbox for matlab (Navarro
et al., 2016). The semi-specified target matrix is derived from a consensus
matrix obtained through the Generalised Procrustes Analysis (GPA; Gower,
1975).

Denoting with {A,}f, the sequence of MCMC draws, the GPA yields the
“consensus matrix” A* by minimising the quadratic loss function:

R
argmin  » tr[(A,U, — A") (AU, — A")] st UU, =1
{Ur- 1A% 5

This optimisation problem can be solved by an iterative procedure, based on
an initial choice of the consensus matrix.

Initialising A* equal to the last draw of the unconstrained MCMC algorithm,
forr=1,...,R

1. define S, = A] A*

2. perform the singular value decomposition S, = Q,.A,V,

3. compute the orthogonal transformation matrix as U, = Q, 'V,

4. rotate each draw of the discrimination parameter matrix as Ar = A, U,

5. update the consensus matrix as A* = }%Zf:l A, and set

6. repeat steps 1 to 5 until [|A*“™ — A*”||2, < w, where w is set close
to 0, || - || indicates the Frobenius norm and s denotes the iteration.

2 Independent-cluster latent structure simu-
lation

In this Section, we provide full details of the simulation settings and the
estimation results for the study described in Section 5 of the paper. For the
fitted models, the MCMC algorithms were run for 25000 iterations. Posterior
inference was based on the last 20000 draws using every 5-th member of the
chain to avoid autocorrelation within the sampled values. In the simulation,
we considered 20 items rated on a four point Likert scale. We used the
parameters represented in Table 1 and the following latent trait covariance



matrices for the weakly (X(,)) and the strongly (X)) correlated latent
traits:

1.000

s . _ | —0.066  1.000

(w) = 0.009 —0.386  1.000
—0.338  0.244 —0.193 1.000
1.000

s . _ | —0-235  1.000

() = | —0.308 0.556  1.000

0.169 —-0.595 —-0.530 1.000

Main considerations on the performances of the SSVS and the CSTR ap-
proaches to infer simple factorial structures are discussed in the paper. Here,
we provide more details on the estimation of the category thresholds and the
correlation parameters.

The threshold parameter estimates for the between-item multidimen-
sional IRT model simulation are provided in Table 2. Both SSVS and CSTR
approaches seem to perform well in terms of bias and efficiency. As for the
correlation parameters, Table 3 shows how the SSVS-MIRT approach leads
to less biased and more efficient results than the CSTR-MIRT procedure for
correlated latent traits. Tables 4 and 5 highlight the stability of the average
absolute bias and the average mean squared error of the estimators of the
correlation matrices for different choices of the hyperparameters of the SSVS
prior.



Discrimination parameters Thresholds
a1 Og2 Q3 Ak 4 VE,1 Vk,2 Vk,3
1.20 -2.052  -0.517 1.453
0.90 -1.452  0.584 1.373
0.50 -1.906 0.774 1.823
0.80 -2.070 -0.725 1.014
0.70 -1.721 -0.556 1.430
1.00 -1.218 0.074  1.490
0.70 -1.669 -0.163 1.373
0.80 -1.408 0.102 1.441
0.70 -1.454 -0.384 1.632
0.90 -1.509 0.687 1.256
1.50 -1.382  0.715 1.601
0.60 -1.414 -0.117 1.538
0.90 -2.012 -0.890 1.779
0.60 -1.979  0.282 1.782
0.70 -1.649 -0.655 1.007
1.30 | -1.463 0.786 1.257
0.80 | -1.052 -0.417 1.453
1.00 | -2.352 0.684 1.373
0.80 | -1.906 0.774 1.823
0.50 | -2.070 -0.525 1.314

Table 1: Item parameters for the between-item multidimensional IRT model
(to improve readability, only non-zero discrimination parameters are shown in the
table).



Sample Latent trait SSVS-MIRT CSTR-MIRT
size correlation A1 Ao 3 A1 A A3
uncorrelated AAB | 0.058 0.014 0.048 | 0.079 0.020 0.065
AMSE | 0.043 0.014 0.032 | 0.049 0.015 0.035
950 weakly AAB | 0.063 0.016 0.045 | 0.087 0.024 0.065
correlated AMSE | 0.045 0.014 0.033 | 0.0563 0.016 0.037
strongly AAB | 0.057 0.019 0.051 | 0.084 0.027 0.074
correlated AMSE | 0.041 0.017 0.035 | 0.051 0.017 0.039
uncorrelated AAB | 0.034 0.013 0.028 | 0.043 0.015 0.036
AMSE | 0.021 0.008 0.016 | 0.021 0.009 0.017
500 weakly AAB | 0.025 0.010 0.024 | 0.034 0.012 0.031
correlated AMSE | 0.018 0.007 0.015 | 0.020 0.008 0.016
strongly AAB | 0.031 0.007 0.024 | 0.044 0.010 0.034
correlated AMSE | 0.020 0.007 0.013 | 0.022 0.007 0.015
uncorrelated AAB | 0.017 0.006 0.015 | 0.022 0.007 0.017
AMSE | 0.010 0.003 0.007 | 0.010 0.003 0.007
1000 weakly AAB | 0.018 0.005 0.012 | 0.023 0.006 0.015
correlated AMSE | 0.009 0.004 0.007 | 0.009 0.004 0.007
strongly AAB | 0.017 0.007 0.011 | 0.022 0.008 0.015
correlated AMSE | 0.008 0.003 0.007 | 0.009 0.004 0.007

Table 2: Average absolute bias (AAB) and average mean squared error (AMSE)
for the threshold parameters over the 100 simulated datasets (SSVS: 7 = 0.01,
g =100, pg.m = 0.5)

SSVS-MIRT CSRT-MIRT

Sample Size Latent trait correlation | AAB AMSE | AAB AMSE
uncorrelated 0.011  0.009 0.007 0.004

250 weakly correlated 0.009 0.007 0.068 0.010
strongly correlated 0.020 0.008 0.154 0.032
uncorrelated 0.005 0.004 0.005 0.002

500 weakly correlated 0.007 0.004 0.041 0.004
strongly correlated 0.005 0.003 0.117 0.019
uncorrelated 0.005 0.002 0.005 0.002

1000 weakly correlated 0.005 0.002 0.035 0.003
strongly correlated 0.003 0.002 0.096 0.014

Table 3: Average absolute bias (AAB) and average mean squared error (AMSE)
for the correlation parameters over the 100 simulated datasets (7 = 0.01, g = 100,

DPkm = 0.5).



Latent trait correlation | 7 = 0.001,g = 1000 | 7 =0.1,g = 10

AAB AMSE | AAB AMSE
uncorrelated 0.007 0.004 | 0.006 0.004
weakly correlated 0.007 0.004 | 0.009 0.004
strongly correlated 0.005 0.003 | 0.003 0.003

Table 4: Average absolute bias (AAB) and average mean squared error (AMSE)
for the correlation parameters over the 100 simulated datasets (N = 500) varying
7 and g with py,,, = 0.50.

Latent trait correlation DPi,m = 0.25 DPk,m = 0.75
AAB AMSE | AAB AMSE
uncorrelated 0.015 0.019 | 0.006 0.004
weakly correlated 0.006 0.007 | 0.009 0.004
strongly correlated 0.015 0.009 | 0.005 0.004

Table 5: Average absolute bias (AAB) and average mean squared error (AMSE)
for the correlation parameters over the 100 simulated datasets (N = 500) varying
Dk,m With 7 =0.01, g = 100.



3 Further simulation studies: Between and
Within-item multidimensional IRT models

In this Section, to further evaluate the ability of the proposed methods to in-
vestigate the underlying structure of a test, we perform additional simulation
studies. In particular, we define several factorial structures by varying the
dimensions of the discrimination parameter matrix and by considering four
different levels of sparsity. The items are always measured on a four point
rating scale. The structure corresponding to the first level of sparsity reflects
the possibility that items included in the test fail to measure any latent con-
structs. For the second level of sparsity, we assume an independent cluster
solution. In the remaining two settings, two within-item multidimensional
IRT models (Adams et al., 1997), allowing for cross-loadings, are considered.

3.1 Simulation settings

In the first simulation study, we consider 12 items and 2 latent traits. We
used the parameters represented in Tables 6 and 9 with uncorrelated, weakly
correlated (072 = 0.40), and strongly correlated (o2 = 0.70) latent traits.

Discrimination parameters

Sparsity 58.3% | Sparsity 50.0% | Sparsity 37.5% | Sparsity 29.2%

Qg1 Qg2 | Qg1 k2 | Qg1 Qg2 | Qg1 Qg2
1.20 1.20 1.20 1.20
0.90 0.90 0.90 0.90

0.70 0.70 0.70 0.40 | 0.70 0.40
0.80 0.80 0.80 0.80

1.10 1.10 1.10 -0.35 1.10 -0.35

0.60 0.60 0.60 0.35
0.90 0.90 0.90

1.00 1.00 1.00 1.00

1.10 1.10 | 0.40 1.10 0.40 1.10

0.80 0.80 0.80 0.80

0.70 0.70 0.70 | -0.30 0.70

0.80 0.80 0.80 0.80

Table 6: Discrimination parameter matrices for 12 items and 2 latent traits,
corresponding to 58.3%, 50.0%, 37.5% and 29.2% sparsity levels, respectively (to
improve readability, only non-zero discrimination parameters are presented).

The second simulation setting follows the same specifications detailed in



Section 2. For a sparsity level equal to 75% the loading matrix in given
in Table 1, while for the other levels of sparsity the discrimination param-
eter matrices are represented in Table 7. For both the first and the second
simulation settings, the sample size is fixed to N = 500.

Discrimination parameters

Sparsity 77.5% Sparsity 65.0% Sparsity 48.8%
QK1 Qgo  Qp3  Qpa | Qp1 Qk2 gz Qp4 | Qp1 Qka  Qp3 Qg
1.20 1.20 -0.50 | 1.20 -0.50
0.90 0.90 0.90 0.60
0.50 0.50 -0.60 0.40 0.50 -0.60 0.40
0.80 0.80 0.80 -0.40
0.70 0.70
1.00 1.00 1.00 0.35
0.70 0.50 0.70 0.50 0.50  0.70 0.50
0.80 0.80 0.80 0.45
0.70 0.70 0.40 0.70
0.90 0.90 0.70 0.90 0.70
1.50 1.50 -0.45 1.50
0.60 -0.50 0.60 -0.50 0.60
0.90 0.90 090 0.70
0.60 0.50 0.60 0.50 0.60
0.70 0.70 0.35 0.70
1.30 1.30 1.30
0.80 0.80 | 0.60 -0.35 0.80
1.00 1.00 0.40  1.00
0.80 0.80 0.50  0.80
0.50 0.35 0.50

Table 7: Discrimination parameter matrices for 20 items and 4 latent traits,
corresponding to 77.5%, 65.0% and 48.8% sparsity levels, respectively (to improve
readability, only non-zero discrimination parameters are presented).

The third simulation study investigates the factorial structure of a test
comprising 42 items related to 6 latent traits, and a sample size equal to
1000. The simulation parameters for the discrimination coefficients and the
thresholds are described in Tables 8 and 9, respectively. The covariance
matrices for weakly (X(y)) and strongly (3(s) correlated latent traits are
set as follows:

1.000
0.104 1.000

— 0.269 0.281 1.000

(w) = 0.208 0.024 0.201  1.000
0.187 0.042 0.148  0.324 1.000
—0.338 0.125 0.032 —0.148 0.039 1.000



1.000
—0.365
0.124
—0.134
0.280
—0.261

1.000
0.072
0.124
—0.340
0.149

1.000
0.548
—0.411
0.132

1.000
—0.788 1.000
—0.229 0.119 1.000



Discrimination parameters

Sparsity 85.7%

Sparsity 83.3%

Sparsity 72.6%

Sparsity 61.9%

X1 A2 .3 Af 4 Q.5 k.6 X1 A2 k.3 Ak 4 Q.5 L6 A1 Q.2 .3 X 4 Q.5 k.6 Qg1 Qg 2 .3 Q.4 A5 XL .6
1.00 1.00 1.00 0.35 1.00 0.35 -0.40
0.60 0.60 0.60 -0.40 0.60 -0.40
0.60 0.60 0.60 0.40 0.60 0.40
0.40 0.40 0.40
0.70 0.70 0.70 0.70 0.40
0.90 0.90 0.90 0.50 0.90 0.50 -0.35
0.80 0.80 0.80 0.35 0.80 0.50 0.35
1.00 1.00 1.00 1.00 0.40 0.70
1.00 1.00 1.00 0.40 0.60 1.00 0.40
0.70 0.70 0.70 -0.40 0.70 -0.40
0.60 0.60 0.60 0.35
0.60 0.60 0.40 0.60 0.40 0.60
1.00 1.00 1.00 1.00 0.60
1.20 1.20 1.20 0.70 -0.35 1.20 0.70 -0.40
0.70 0.70 0.70 0.70 0.40
0.90 0.90 0.90 0.60 0.90 0.60
0.90 0.90 0.90 -0.40 0.90
0.70 0.70 0.70 -0.35 0.70 -0.35
0.60 0.60 0.35 0.60
0.50 0.50 -0.50 0.50 -0.50 0.50
0.80 0.80 0.80 -0.35 0.80 -0.35
0.40 0.40 0.40
1.00 1.00 0.50 1.00 0.50 -0.35 1.00
0.60 0.60 0.60 0.60 0.35
0.50 0.50 0.50 0.50 0.35
0.70 0.70 0.35 0.70 0.35 0.70
0.80 0.80 -0.50 0.80 -0.50 0.80
1.10 1.10 1.10 0.60 0.50 1.10 0.60
1.10 1.10 1.10 1.10 -0.80
1.10 1.10 0.60 1.10 0.60 -0.60 1.10
0.80 0.80 0.80 0.60 0.80
0.50 0.50 0.50 0.50 -0.35
1.00 1.00 0.50 1.00 0.35 0.50 1.00
0.40 -0.40 0.40 -0.40 0.40
1.10 1.10 0.35 1.10 0.50 0.35 1.10 0.50
0.70 0.70 0.50 0.70
1.00 1.00 0.60 1.00 0.35 0.60 1.00
0.70 0.70 -0.35 0.70 -0.35 0.70
0.80 0.80 0.60 0.80 0.60 0.80
0.80 0.80 0.80 0.40 0.35 0.80
1.10 1.10 0.35 1.10 0.35 1.10
0.70 0.70 0.40 0.70 0.40 0.70

Table 8: Discrimination parameter matrices for 42 items and 6 latent traits, corresponding to 85.7%, 83.3%, 72.6% and

61.9% sparsity levels, respectively (to improve readability, only non-zero discrimination parameters are presented).



K=12and M =2

Threshold parameters
K=20and M =4

K=42and M =6

Yk, 1 Vk,2 Vk,3 Yk, 1 Vk,2 Vk,3 Vi, 1 Vk,2 Vk,3
-2.052  -0.517 1.453 | -2.052 -0.517 1.453 | -1.051 0.246 1.306
-1.452  0.584 1.373 | -1.452 0.584 1.373 | -1.194 0.761 1.495
-1.382 0.715 1.601 | -1.906 0.774 1.823 | -1.208 0.002 1.089
-1.414 -0.117 1.538 | -2.070 -0.725 1.014 | -2.410 -0.178 1.205
-2.012 -0.890 1.779 | -1.721 -0.556 1.430 | -1.861 -0.855 2.174
-1.979  0.282 1.782 | -1.218 0.074 1.490 | -1.160 -0.006 1.618
-1.649 -0.655 1.007 | -1.669 -0.163 1.373 | -1.238 -0.262 2.086
-1.463 0.786 1.257 | -1.408 0.102 1.441 | -1.549 -0.482 1.139
-1.052  -0.417 1.453 | -1.454 -0.384 1.632 | -1.825 -0.082 2.349
-2.352  0.684 1.373 | -1.509  0.687 1.256 | -1.312 0.027 1.327
-1.906 0.774 1.823 | -1.382  0.715 1.601 | -1.205 0.245 2.255
-2.070 -0.525 1.314 | -1.414 -0.117 1.538 | -1.108 0.034 1.862
-2.012 -0.890 1.779 | -1.064 -0.148 2.275

-1.979  0.282 1.782 | -2.080 -0.556 1.263

-1.649 -0.655 1.007 | -2.357 0.442 1.183

-1.463 0.786 1.257 | -2.200 -0.942 1.405

-1.052 -0.417 1.453 | -1.820 -0.470 1.432

-2.352  0.684 1.373 | -2.116 0.265 1.292

-1.906  0.774 1.823 | -2.027 0.889 1.627

-2.070 -0.525 1.314 | -2.480 0.255 2.472

-1.752 0.312 1.685

-2.227  0.776  2.117

-2.210  0.486 2.182

-1.899  0.059 2.060

-1.162  -0.054 2.399

-1.629  0.142 1.816

-1.577 -0.282 2.266

-1.411 -0.221 2.291

-1.304  0.085 1.351

-1.895 -0.126 1.980

-2.138  0.844 1.715

-2.421 -0.102 1.089

-1.160 0.214 1.185

-2.430  0.600 2.335

-1.531 0.067 1.863

-2.435 -0.629 1.899

-1.786  0.709 1.966

-2.160  0.992 1.674

-1.741  -0.171 2.307

-2.354 -0.510 1.122

-1.591 0.692 1.020

-1.067 -0.452 1.143

Table 9: Threshold parameters.



3.2 Bias and Mean Squared Error in model parameter
estimation

Tables 10 and 11 show the average absolute bias (AAB) and the average mean
squared error (AMSE) over all the discrimination parameter posterior estimates
while Tables 12 and 13 provide AAB and AMSE for the correlation matrix esti-
amtors. The posterior estimates are obtained as the means of the corresponding
posterior distributions. Results confirm how both procedures yield comparable
results, though the SSVS estimates are less biased and more efficient especially in
presence of a stronger correlation and a lower level of sparsity.

weakly strongly
uncorrelated correlated correlated
Number of items (K) | level of
and latent traits (M) | sparsity | AAB AMSE | AAB AMSE | AAB AMSE
0.583 | 0.008  0.005 | 0.009  0.005 | 0.007  0.008
K=12, 0.500 | 0.009  0.006 | 0.006  0.005 | 0.008  0.007
M=2 0.375 | 0.007  0.006 | 0.010  0.008 | 0.017  0.017
0.292 0.012 0.007 | 0.010 0.009 | 0.031 0.026
0.775 | 0.007  0.004 | 0.006  0.004 | 0.006  0.004
K=20, 0.750 | 0.008  0.004 | 0.007  0.004 | 0.008  0.005
M=4 0.650 | 0.008  0.007 | 0.007  0.006 | 0.012  0.009
0.488 0.015 0.014 | 0.021 0.016 | 0.051 0.020
0.857 | 0.002  0.001 | 0.002  0.001 | 0.002  0.001
K=42, 0.833 | 0.002  0.001 | 0.002  0.001 | 0.003  0.002
M=6 0.726 0.003 0.001 | 0.003 0.001 | 0.004 0.002
0.619 0.009 0.006 | 0.006 0.003 | 0.008 0.004

Table 10: SSVS-MIRT: Average absolute bias and average mean squared error
for the discrimination parameters over the 100 simulated datasets for different
numbers of items and latent traits and different levels of sparsity (7 = 0.01, g =
100, pg,m = 0.5).



weakly strongly
uncorrelated correlated correlated
Number of items (K) | level of

and latent traits (M) | sparsity | AAB AMSE | AAB AMSE | AAB AMSE
0.583 | 0.011  0.010 | 0.019  0.008 | 0.063  0.019
K=12, 0.500 | 0.010  0.007 | 0.019  0.008 | 0.079  0.022
M=2 0.375 | 0.030  0.017 | 0.068  0.014 | 0.091  0.025
0.292 0.054 0.023 | 0.053 0.012 | 0.070 0.019
0.775 | 0.008  0.010 | 0.016  0.008 | 0.047  0.013
K=20, 0.750 | 0.010  0.010 | 0.018  0.007 | 0.046  0.012
M=4 0.650 | 0.032  0.020 | 0.042  0.010 | 0.077  0.025
0.488 0.116 0.047 | 0.092 0.030 | 0.119 0.033
0.857 | 0.022  0.010 | 0.013  0.003 | 0.058  0.018
K=42, 0.833 | 0.015  0.008 | 0.014  0.004 | 0.055  0.015
M=6 0.726 0.087 0.031 | 0.090 0.032 | 0.121 0.041
0.619 0.078 0.014 | 0.082 0.015 | 0.101 0.026

Table 11: CSTR-MIRT: Average absolute bias and average mean squared error
for the discrimination parameters over the 100 simulated datasets for different
numbers of items and latent traits and different levels of sparsity (|a| > 0.3).

weakly strongly
uncorrelated correlated correlated
Number of items (K) | level of

and latent traits (M) | sparsity | AAB  AMSE | AAB AMSE | AAB AMSE
0.583 0.007 0.003 | 0.005 0.003 | 0.018 0.002
K=12, 0.500 | 0.002  0.003 | 0.006  0.002 | 0.011  0.002
M=2 0.375 | 0.003  0.005 | 0.001  0.003 | 0.015  0.006
0.292 | 0.019  0.005 | 0.003  0.005 | 0.032  0.008
0.775 0.003 0.004 | 0.002 0.003 | 0.015 0.003
K=20, 0.750 | 0.005  0.004 | 0.007  0.004 | 0.005  0.003
M=4 0.650 | 0.006  0.004 | 0.002  0.004 | 0.019  0.006
0.488 | 0.017  0.008 | 0.046  0.017 | 0.112  0.020
0.857 | 0.001  0.002 | 0.003  0.002 | 0.003  0.001
K=42, 0.833 | 0.002  0.002 | 0.004  0.002 | 0.001  0.002
M=6 0.726 | 0.006  0.002 | 0.002  0.002 | 0.002  0.001
0.619 | 0.002  0.005 | 0.013  0.004 | 0.004  0.002

Table 12: SSVS-MIRT: Average absolute bias (AAB) and average mean squared
error (AMSE) for the correlation parameters over the 100 simulated datasets for
different numbers of items and latent traits and different levels of sparsity (7 =
0.01, g = 100, pg m = 0.5).



weakly strongly
uncorrelated correlated correlated
Number of items (K) | level of
and latent traits (M) | sparsity | AAB  AMSE | AAB AMSE | AAB AMSE
0.583 0.006 0.002 | 0.047 0.004 | 0.134 0.019
K=12, 0.500 0.002 0.003 | 0.050 0.004 | 0.123 0.016
M=2 0.375 0.076 0.014 | 0.015 0.002 | 0.089 0.009
0.292 0.092 0.012 | 0.002 0.002 | 0.097 0.010
0.775 0.005 0.003 | 0.051 0.005 | 0.122 0.022
K=20, 0.750 0.005 0.002 | 0.041 0.004 | 0.117 0.019
M=4 0.650 0.050 0.006 | 0.059 0.009 | 0.205 0.052
0.488 0.097 0.016 | 0.098 0.017 | 0.286 0.089
0.857 | 0.002 0.001 | 0.041 0.004 | 0.118 0.030
K=42, 0.833 0.001 0.001 | 0.042 0.004 | 0.097 0.020
M=6 0.726 0.062 0.007 | 0.084 0.011 | 0.111 0.025
0.619 0.055 0.006 | 0.091 0.016 | 0.132 0.032

Table 13: CSTR-MIRT: Average absolute bias (AAB) and average mean squared
error (AMSE) for the correlation parameters over the 100 simulated datasets for
different numbers of items and latent traits and different levels of sparsity (Jo| >
0.3).



3.3 Factorial structure retrieval

For each simulation setting, Tables 14 and 15 show the mean and standard devi-
ation for the sparsity level, and the sensitivity, specificity and accuracy indexes,
considering the median probability model for the SSVS method (ppi > 0.5) and a
the traditional cut-off value |ay | < 0.3 for the CSTR approach. The accuracy
of the estimated sparse structure is high for both approaches. In case of greater
sparsity in the factorial structure, the performances of both methods are satis-
factory in terms of correct identification of relevant and non relevant coefficients.
The specificity index decreases in presence of a larger number of cross-loadings.
Figures from 1 to 6 show how the sensitivity, specificity and accuracy indexes vary
for different cut-off values. Results confirm how more complex structure in terms
of an increasing number of cross-loadings yield lower levels of accuracy. However,
in correspondence to the lowest level of sparsity of each simulation study, the ac-
curacy index assumes values around 0.8 for ppi > 0.5 in the SSVS approach and
for || = 0.3 in the CSTR approach.



uncorrelated weakly correlated strongly correlated
retrieved retrieved retrieved
level of sparsity  sensitivity  specificity accuracy sparsity  sensitivity  specificity accuracy sparsity  sensitivity  specificity  accuracy
sparsity level level level
0.583 mean 0.572 1.000 0.980 0.988 0.578 1.000 0.990 0.994 0.566 1.000 0.970 0.983
std 0.020 0.000 0.034 0.020 0.015 0.000 0.025 0.015 0.039 0.000 0.066 0.039
0.500 mean 0.487 1.000 0.974 0.987 0.493 1.000 0.985 0.993 0.486 1.000 0.972 0.986
K=12. M=2 std 0.023 0.000 0.045 0.023 0.016 0.000 0.032 0.016 0.027 0.000 0.053 0.027
’ 0.375 mean 0.370 1.000 0.887 0.953 0.368 0.999 0.881 0.950 0.380 0.980 0.884 0.940
std 0.017 0.000 0.042 0.017 0.020 0.010 0.046 0.021 0.042 0.035 0.088 0.042
0.292 mean 0.280 1.000 0.748 0.905 0.288 0.998 0.764 0.910 0.315 0.964 0.780 0.895
std 0.028 0.000 0.074 0.028 0.022 0.011 0.057 0.023 0.063 0.042 0.160 0.068
0.775 mean 0.762 1.000 0.983 0.987 0.761 1.000 0.982 0.986 0.761 1.000 0.982 0.986
std 0.014 0.000 0.017 0.014 0.013 0.000 0.017 0.013 0.015 0.000 0.019 0.015
0.750 mean 0.739 1.000 0.985 0.989 0.737 1.000 0.982 0.987 0.735 1.000 0.980 0.985
K=20. M=4 std 0.010 0.000 0.013 0.010 0.012 0.000 0.016 0.012 0.012 0.000 0.017 0.012
’ 0.650 mean 0.635 0.995 0.922 0.945 0.638 0.998 0.928 0.950 0.634 0.991 0.918 0.941
std 0.019 0.019 0.034 0.029 0.016 0.012 0.027 0.021 0.019 0.033 0.029 0.026
0.488 mean 0.469 0.977 0.815 0.886 0.472 0.971 0.817 0.885 0.470 0.951 0.797 0.865
std 0.024 0.047 0.065 0.054 0.029 0.047 0.072 0.057 0.025 0.042 0.056 0.045
0.857 mean 0.847 1.000 0.989 0.990 0.849 1.000 0.991 0.992 0.848 1.000 0.989 0.991
std 0.006 0.000 0.007 0.006 0.005 0.000 0.006 0.005 0.008 0.000 0.009 0.008
0.833 mean 0.823 1.000 0.988 0.990 0.825 1.000 0.990 0.992 0.824 0.999 0.988 0.990
K=42 M=6 std 0.007 0.000 0.008 0.007 0.006 0.002 0.008 0.006 0.010 0.004 0.012 0.010
’ 0.726 mean 0.718 1.000 0.947 0.960 0.719 1.000 0.949 0.961 0.719 0.997 0.947 0.959
std 0.006 0.000 0.008 0.006 0.005 0.000 0.007 0.005 0.006 0.007 0.008 0.007
0.619 mean 0.604 0.989 0.874 0.910 0.610 0.997 0.888 0.922 0.610 0.994 0.886 0.920
std 0.025 0.035 0.049 0.043 0.011 0.012 0.020 0.017 0.008 0.014 0.015 0.013

Table 14: SSVS-MIRT: Mean and standard deviation over the 100 simulated datasets of the sparsity level, and the sensitivity,
specificity and accuracy indexes. Cut-off values: ppi > 0.5 (K = 12,20,42;M = 2,4,6; SSVS: 7 =0.01, g = 100, pg ,,n = 0.5)



uncorrelated weakly correlated strongly correlated
retrieved retrieved retrieved
level of sparsity  sensitivity  specificity accuracy sparsity  sensitivity  specificity accuracy sparsity  sensitivity  specificity  accuracy
sparsity level level level
0.583 mean 0.578 1.000 0.990 0.994 0.583 1.000 1.000 1.000 0.569 1.000 0.976 0.986
std 0.032 0.000 0.055 0.032 0.000 0.000 0.000 0.000 0.026 0.000 0.044 0.026
0.500 mean 0.500 1.000 1.000 1.000 0.500 1.000 1.000 1.000 0.478 1.000 0.956 0.978
K=12. M=2 std 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.031 0.000 0.063 0.031
’ 0.375 mean 0.422 0.941 0.929 0.936 0.437 0.944 0.970 0.955 0.411 0.974 0.950 0.964
std 0.054 0.029 0.119 0.051 0.023 0.029 0.046 0.028 0.038 0.035 0.084 0.043
0.292 mean 0.363 0.917 0.831 0.885 0.356 0.966 0.892 0.938 0.364 0.983 0.942 0.968
std 0.053 0.053 0.140 0.070 0.035 0.038 0.068 0.035 0.036 0.0532 0.084 0.039
0.775 mean 0.773 0.991 0.995 0.994 0.775 0.998 1.000 1.000 0.769 0.998 0.992 0.993
std 0.009 0.041 0.017 0.020 0.003 0.010 0.002 0.002 0.014 0.010 0.019 0.016
0.750 mean 0.749 0.988 0.994 0.993 0.750 1.000 1.000 1.000 0.748 0.999 0.997 0.997
K=20. M=4 std 0.008 0.055 0.021 0.029 0.001 0.005 0.000 0.001 0.006 0.009 0.007 0.006
’ 0.650 mean 0.652 0.951 0.926 0.934 0.653 0.992 0.947 0.961 0.655 0.939 0.926 0.930
std 0.032 0.105 0.054 0.062 0.007 0.017 0.007 0.007 0.025 0.075 0.041 0.046
0.488 mean 0.538 0.838 0.829 0.833 0.540 0.857 0.850 0.853 0.592 0.779 0.881 0.837
std 0.042 0.081 0.077 0.067 0.030 0.065 0.052 0.050 0.025 0.045 0.041 0.035
0.857 mean 0.855 0.952 0.990 0.984 0.856 0.998 0.999 0.999 0.850 0.934 0.981 0.974
std 0.010 0.075 0.014 0.020 0.004 0.010 0.006 0.007 0.014 0.082 0.010 0.015
0.833 mean 0.836 0.953 0.993 0.987 0.834 0.991 0.999 0.997 0.826 0.947 0.980 0.975
K=42 M=6 std 0.012 0.103 0.012 0.026 0.002 0.044 0.010 0.016 0.010 0.040 0.009 0.010
’ 0.726 mean 0.745 0.941 0.965 0.959 0.748 0.937 0.966 0.959 0.762 0.857 0.960 0.935
std 0.007 0.031 0.007 0.011 0.007 0.033 0.008 0.012 0.010 0.036 0.008 0.011
0.619 mean 0.687 0.851 0.933 0.907 0.690 0.855 0.939 0.913 0.706 0.759 0.918 0.868
std 0.018 0.047 0.013 0.020 0.011 0.025 0.012 0.012 0.023 0.062 0.015 0.021

Table 15: CSTR-MIRT: Mean and standard deviation over the
sensitivity, specificity and accuracy indexes. Cut-off values: |a| > 0.3 (K = 12,20,42;M = 2,4,6)

100 simulated datasets of the sparsity level, and the
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Figure 1: Sensitivity, specificity and accuracy indexes according to different cut-
off values for the posterior probability of inclusion for K = 12, M = 2 (SSVS-MIRT

procedure: py,, = 0.5,7 = 0.01, g = 100)
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Figure 2: Sensitivity, specificity and accuracy indexes according to different cut-
off values for the discrimination parameter absolute value for K = 12, M = 2
(CSTR-MIRT procedure)
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Figure 3: Sensitivity, specificity and accuracy indexes according to different cut-
off values for the posterior probability of inclusion for K = 20, M = 4 (SSVS-MIRT
procedure: py,, = 0.5,7 = 0.01, g = 100)
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Figure 4: Sensitivity, specificity and accuracy indexes according to different cut-
off values for the discrimination parameter absolute value for K = 20, M = 4
(CSTR-MIRT procedure)
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Figure 5: Sensitivity, specificity and accuracy indexes according to different cut-
off values for the posterior probability of inclusion for K = 42, M = 6 (SSVS-MIRT
procedure: py,, = 0.5,7 = 0.01, g = 100)
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Figure 6: Sensitivity, specificity and accuracy indexes according to different cut-
off values for the discrimination parameter absolute value for K = 42, M = 6
(CSTR-MIRT procedure)



4 Detailed results for the Human Styles Ques-
tionnaire

In this Section we provide detailed results for the application on the data responses
to the Human Styles Questionnaire (HSQ). For the item formulation see Martin
et al. (2003).

As for the estimation results, Tables 16 and 18 contain the estimated discrim-
ination parameters obtained considering the SSVS-MIRT and the CSTR-MIRT
approaches. The threshold parameter estimates are shown in Tables 17 and 19.



HSQ items Affiliative Self-Enhancing Aggressive Self-defeating
humour humour humour humour

X1 1.06 0.00 0.00 0.04

(1.00); [0.93;1.20] (0.03); [-0.11;0.10] (0.04); [-0.11;0.11] (0.04); [-0.07;0.14]
X2 -0.02 0.87 0.03 -0.04

(0.05); [-0.19;0.13] (1.00); [0.75;1.01] (0.04); [-0.07;0.12] (0.04); [-0.14;0.06]
X3 0.11 0.02 0.71 0.14

(0.09); [0.00;0.25] (0.04); [-0.07;0.13] (1.00); [0.6;0.81] (0.11); [0.04;0.25]
X4 0.00 0.01 0.00 0.87

(0.04); [-0.12;0.11] (0.03); [-0.09;0.11] (0.04); [-0.10;0.10] (1.00); [0.76;0.98]
x5 0.89 0.03 0.00 0.06

(1.00); [0.77;1.02] (0.04); [-0.07;0.13] (0.04); [-0.10;0.10] (0.05); [-0.04;0.15]
X6 0.29 0.55 0.05 -0.07

(0.62); [0.13;0.44] (1.00); [0.42;0.68] (0.04); [-0.05;0.14] (0.05); [-0.17;0.02]
X7 -0.25 0.00 0.85 0.00

(0.45); [-0.41;-0.10]  (0.04); [-0.11;0.11]  (1.00); [0.73;0.97]  (0.04); [-0.11;0.10]
X8 0.01 -0.01 -0.05 1.47

(0.05); [-0.14;0.16]  (0.04); [-0.14;0.11]  (0.05); [-0.18;0.08]  (1.00); [1.81;1.64]
X9 0.66 -0.02 0.01 0.13

(1.00); [0.56;0.77] (0.04); [-0.11;0.08] (0.04); [-0.08;0.10] (0.10); [0.04;0.22]
X10 -0.27 1.45 -0.01 0.10

(0.49); [-0.60;-0.02] (1.00); [1.24;1.72] (0.04); [-0.13;0.11] (0.08); [-0.03;0.23]
X11 -0.15 0.08 0.71 -0.05

(0.15); [-0.29;-0.04]  (0.05); [-0.02;0.18] (1.00); [0.61;0.82] (0.05); [-0.16;0.04]
<19 0.11 0.01 -0.09 0.93

(0.08); [-0.01;0.22] (0.03); [-0.09;0.12] (0.06); [-0.19;0.01] (1.00); [0.82;1.05]
X13 1.10 0.08 0.03 -0.05

(1.00); [0.93;1.27] (0.06); [-0.04;0.20] (0.04); [-0.08;0.15] (0.04); [-0.17;0.06]
X14 0.15 1.08 -0.02 -0.05

(0.22); [-0.06;0.85] (1.00); [0.92;1.25] (0.04); [-0.12;0.09] (0.05); [-0.16;0.05]
X15 -0.01 -0.07 1.03 0.04

(0.05); [-0.15;0.13]  (0.06); [-0.20;0.04]  (1.00); [0.91;1.17]  (0.04); [-0.08;0.15]
X16 0.06 -0.05 0.13 0.77

(0.04); [-0.05;0.17]  (0.05); [-0.15;0.04]  (0.09); [0.03;0.22]  (1.00); [0.67:0.87]
X17 1.43 -0.04 0.02 0.04

(1.00); [1.26;1.61] (0.05); [-0.17;0.08] (0.05); [-0.11;0.15] (0.05); [-0.08;0.17]
X18 -0.32 1.43 -0.03 0.00

(0.61); [-0.64;-0.07] (1.00); [1.25;1.67] (0.04); [-0.16;0.09] (0.04); [-0.13;0.12]
X19 0.20 0.15 0.57 0.11

(0.26); [0.08;0.35] (0.13); [0.05;0.26] (1.00); [0.47;0.67] (0.07); [0.02;0.21]
X20 -0.19 -0.06 0.11 1.66

(0.29); [-0.42;-0.02]  (0.06); [-0.21;0.07] (0.10); [-0.08;0.26] (1.00); [1.45;1.89]
X921 1.28 0.05 -0.25 0.12

(1.00); [1.10;1.47] (0.05); [-0.08;0.17]  (0.45); [-0.43;-0.10] (0.10); [0.00;0.26]
<99 0.06 0.44 0.08 -0.01

(0.05); [-0.05;0.16] (0.99); [0.84;0.54] (0.05); [0.00;0.16] (0.04); [-0.09;0.07]
X23 0.06 0.02 0.63 -0.05

(0.05); [-0.04;0.17]  (0.04); [-0.08;0.12]  (1.00); [0.53;0.74]  (0.04); [-0.14;0.04]
X924 -0.24 0.04 -0.02 0.61

(0.41); [-0.87;-0.18]  (0.04); [-0.05;0.13] (0.03); [-0.11;0.07] (1.00); [0.52;0.71]
X25 1.40 0.01 0.00 -0.12

(1.00); [1.21;1.61] (0.04); [-0.11;0.14] (0.04); [-0.15;0.13] (0.10); [-0.26;0.01]
X926 0.00 1.11 -0.02 0.03

(0.07); [-0.19;0.18] (1.00); [0.96;1.28] (0.04); [-0.13;0.09] (0.04); [-0.08;0.13]
X927 -0.11 0.02 0.71 0.03

(0.09); [-0.24;0.00] (0.04); [-0.08;0.12] (1.00); [0.61;0.85] (0.04); [-0.07;0.12]
X28 0.07 0.23 0.18 0.28

(0.05); [-0.05;0.17] (0.36); [0.13;0.33] (0.17); [0.10;0.27] (0.58); [0.19;0.37]
X29 0.81 -0.06 0.17 -0.22

(1.00); [0.70;0.95] (0.04); [-0.16;0.04] (0.16); [0.06;0.28] (0.33); [-0.84;-0.11]
X30 0.01 0.60 0.00 -0.17

(0.04); [-0.12;0.13] (1.00); [0.49;0.72] (0.04); [-0.09;0.09] (0.17); [-0.27;-0.08]
X31 0.06 -0.10 1.09 -0.11

(0.07); [-0.09;0.21]  (0.08); [-0.23;0.03]  (1.00); [0.95;1.24]  (0.09); [-0.24;0.01]
X32 0.10 0.06 -0.04 1.03

(0.07); [-0.05;0.22]

(0.04); [-0.05;0.16]

(0.05); [-0.14;0.06]

(1.00); [0.92;1.16]

Table 16: SSVS-MIRT solution for the HSQ data: discrimination parameter
estimates, posterior probabilities of inclusion (in round brackets) and 95% credi-
ble intervals (in square brackets). The discrimination parameters with posterior
probabilities of inclusion greater than 0.5 are represented in bold.



HSQ items Y1 Y2 Y3 Y4

<1 2.67 1.82 0.92 0.45
[-2.89:-2.46]  [-1.98;-1.68]  [-1.04;-0.82]  [0.36;0.55]
<o -2.07 -1.03 0.06 1.37
[-2.28:-1.91]  [-1.18;-0.92]  [-0.03;0.15]  [1.25;1.49]
<3 -1.61 -0.62 0.37 1.54
[-1.74:-1.48]  [-0.71;-0.52]  [0.28;0.46]  [1.41;1.67]
" -1.43 -0.27 0.70 1.84
[-1.56:-1.31]  [-0.86;-0.18]  [0.61;0.80]  [1.70;1.98]
<5 -2.43 -1.47 -0.30 111
[-2.64;-2.25]  [-1.60;-1.34]  [-0.89;-0.21]  [1.01;1.22]
<6 2.71 -1.87 -1.05 0.14
[-2.98;-2.48]  [-2.02;-1.72]  [-1.16;-0.95]  [0.05;0.22]
<7 -1.48 -0.14 0.97 1.92
[-1.62:-1.85]  [-0.22;-0.05]  [0.87;1.08]  [1.77:2.08]
<8 -1.29 0.21 1.21 2.69
[-1.42:-1.15]  [0.11;0.81]  [1.08;1.85]  [2.46;2.95]
X0 -1.62 -0.84 -0.17 1.08
[-1.75:-1.49]  [-0.94;-0.75]  [-0.25:-0.09]  [0.98;1.19]
X10 -1.76 -0.48 0.76 2.24
[-1.94;-1.59]  [-0.59;-0.38]  [0.65;0.87]  [2.05;2.46]
<11 -1.14 0.00 0.59 1.62
[-1.24;-1.08]  [-0.09;0.08]  [0.50;0.68]  [1.49;1.75]
<19 -1.45 -0.44 0.50 1.73
[-1.58;-1.32]  [-0.53;-0.85]  [0.41;0.59]  [1.59;1.87]
<13 -3.39 -2.66 -1.82 -0.48
[-8.75:-8.06]  [-2.91;-2.42]  [-1.99;-1.66]  [-0.58;-0.87]
<14 -2.00 -0.87 0.12 1.24
[-2.17:-1.85]  [-0.98;-0.76]  [0.03;0.21]  [1.12;1.36]
<15 -0.76 0.03 0.80 1.89
[-0.86:-0.66]  [-0.06;0.12]  [0.70;0.91]  [1.78;2.05]
<16 -1.38 -0.24 0.58 1.71
[-1.50;-1.26]  [-0.82;-0.15]  [0.49;0.67]  [1.58;1.8}]
<17 -3.05 213 -1.19 0.20
[-8.83:-2.79]  [-2.88;-1.94]  [-1.88;-1.06]  [0.09;0.81]
<18 -1.62 -0.26 0.91 2.33
[1.77:-1.47]  [-0.86;-0.17]  [0.80;1.08]  [2.14;2.54)
X19 -1.58 -0.68 0.10 1.19
[-1.71;-1.45]  [-0.77:-0.58]  [0.02;0.18]  [1.08;1.50]
X920 -0.58 1.05 2.12 3.56
[-0.69;-0.46]  [0.91;1.20]  [1.91;2.85]  [3.21;5.97]
o1 -3.72 -2.86 -1.85 -0.33
[-4.10;-8.36]  [-8.18;-2.61]  [-2.02;-1.68]  [-0.43;-0.25]
<29 -1.31 -0.33 0.43 1.35
[-1.42:-1.21]  [-0.41;-0.25]  [0.85;0.52]  [1.24;1.46]
<23 -1.61 -0.65 0.21 1.23
[-1.75:-1.49]  [-0.74;-0.56]  [0.18;0.30]  [1.12;1.8}]
X24 -0.92 0.24 1.10 1.84
[-1.02;-0.83]  [0.15:0.82]  [1.00;1.21]  [1.70;1.99]
X5 -3.61 -2.93 -2.14 -0.49
[-8.99;-3.27]  [-8.21;-2.66]  [-2.36;-1.94]  [-0.60;-0.38]
X926 -2.39 -1.40 -0.25 1.11
[-2.59;-2.19]  [-1.58;-1.27]  [-0.84;-0.16]  [1.00;1.25]
Xo7 -0.43 0.44 1.00 1.83
[-0.51;-0.84]  [0.36;0.52]  [0.90;1.10]  [1.68;1.98]
Xo8 -1.29 -0.55 0.09 0.99
[-1.41;-1.18]  [-0.64;-0.46]  [0.01;0.18]  [0.89;1.09]
X2 -1.95 -1.23 -0.43 0.74
[-2.12;-1.81]  [-1.84;-1.12]  [-0.52;-0.34]  [0.64;0.84]
<30 -2.29 -1.42 -0.72 0.32
[-2.47:-2.11]  [-1.54;-1.81]  [-0.81;-0.68]  [0.24;0.40]
<31 -1.83 -0.67 0.24 1.20
[-2.00-1.67]  [-0.77:-0.57]  [0.15;0.85]  [1.08;1.32]
<32 -1.32 -0.34 0.69 1.91

[-1.45:-1.20]  [-0.48;-0.25]  [0.60;0.80]  [1.75;2.06]

Table 17: SSVS-MIRT solution for the HSQ data: threshold parameter estimates
and 95% credible intervals (in square brackets).



HSQ items Affiliative Self-Enhancing Aggressive Self-defeating

humour humour humour humour
X1 1.02 0.06 0.05 0.08
[0.90;1.15] [-0.03;0.14] [-0.08;0.13] [0.00;0.16]
%9 0.05 0.84 0.04 -0.02
[-0.03;0.13] [0.73;0.95] [-0.04;0.12] [-0.10;0.05]
%3 0.15 0.03 0.69 0.18
[0.07;0.23] [-0.05;0.11] [0.60;0.80] [0.11;0.26]
x4 0.02 0.02 0.00 0.86
[-0.07;0.10] [-0.06;0.10] [-0.07;0.08] [0.76;0.97]
X5 0.85 0.09 0.04 0.09
[0.74;0.96] [0.01;0.18] [-0.04;0.12] [0.02;0.17]
X6 0.34 0.54 0.08 -0.07
[0.25;0.44] [0.44;0.64] [-0.01;0.16] [-0.15;0.01]
X7 -0.24 0.00 0.84 0.02
[-0.32;-0.16] [-0.08;0.07] [0.72;0.95] [-0.05;0.09]
X8 0.05 0.01 -0.05 1.46
[-0.03;0.13] [-0.07;0.09] [-0.12;0.03] [1.30;1.64]
X9 0.64 0.02 0.04 0.17
[0.55;0.74] [-0.06;0.10] [-0.04;0.12] [0.09;0.25]
X10 -0.15 1.37 -0.01 0.14
[-0.25;-0.07] [1.21;1.54] [-0.08;0.07] [0.07;0.21]
X11 -0.16 0.10 0.71 -0.05
[-0.24;-0.08] [0.02;0.18] [0.61;0.81] [-0.12;0.08]
X12 0.14 0.02 -0.10 0.93
[0.06;0.22] [-0.06;0.10] [-0.18;-0.02] [0.82;1.04]
X13 1.04 0.17 0.09 -0.04
[0.90;1.20] [0.07;0.27] [0.00;0.19] [-0.12;0.06]
<14 0.25 1.03 -0.01 -0.03
[0.17;0.83] [0.90;1.16] [-0.08;0.07] [-0.10;0.05]
X15 0.02 -0.08 1.02 0.08
[-0.06;0.10] [-0.16;0.00] [0.89;1.16] [0.00;0.15]
X16 0.09 -0.05 0.15 0.76
[0.01;0.17] [-0.13;0.08] [0.07;0.23] [0.67;0.86]
X17 1.38 0.03 0.09 0.10
[1.22;1.55] [-0.05;0.12] [0.00;0.17] [0.02;0.19]
X183 -0.21 1.36 -0.04 0.02
[-0.29;-0.13] [1.20;1.53] [-0.11;0.04] [-0.05;0.09]
X19 0.23 0.18 0.57 0.15
[0.15;0.81] [0.10;0.26] [0.48;0.67] [0.07;0.23]
X20 -0.17 -0.06 0.13 1.63
[-0.25;-0.09] [-0.13;0.02] [0.05;0.21] [1.45;1.85]
<91 1.23 0.13 -0.22 0.19
[1.07;1.41] [0.04;0.23] [-0.31;-0.13] [0.10;0.27]
x99 0.10 0.41 0.10 0.00
[0.02;0.19] [0.38;0.50] [0.02;0.18] [-0.07;0.07]
%23 0.09 0.03 0.62 -0.04
[0.01;0.17] [-0.06;0.11] [0.58;0.72] [-0.11;0.04]
<94 -0.24 0.05 -0.03 0.60
[-0.32;-0.15] [-0.03;0.14] [-0.11;0.05] [0.52;0.70]
25 1.36 0.11 0.07 -0.10
[1.18;1.56] [0.01;0.20] [-0.03;0.16] [-0.20;-0.02]
X26 0.10 1.07 -0.01 0.06
[0.02;0.18] [0.94;1.21] [-0.09;0.06] [-0.02;0.15]
X7 -0.11 0.03 0.70 0.05
[-0.19;-0.03] [-0.05;0.12] [0.60;0.81] [-0.08;0.12]
X928 0.10 0.25 0.20 0.30
[0.01;0.18] [0.16;0.33] [0.12;0.29] [0.22;0.58]
X29 0.78 -0.02 0.23 -0.21
[0.67;0.89] [-0.10;0.06] [0.15;0.81] [-0.29;-0.15]
X30 0.06 0.58 0.02 -0.18
[-0.03;0.14] [0.48;0.68] [-0.06;0.10] [-0.26;-0.10]
X31 0.10 0.10 1.09 -0.09
[0.02;0.17] [-0.18;-0.08] [0.96;1.23] [-0.16;-0.02]
X32 0.14 0.07 -0.04 1.03

[0.06;0.22] [-0.01;0.15]  [-0.12;0.04]  [0.92;1.15]

Table 18: CSTR-MIRT solution for the HSQ data: discrimination parameter
estimates, and 95% credible intervals (in square brackets). The discrimination
parameters whose absolute value is greater than 0.3 are represented in bold.



HSQ items Y1 Y2 Y3 Y4

<1 2.66 1.82 0.92 0.45
[-2.87:-2.45]  [-1.97:-1.68]  [-1.08;-0.82]  [0.36;0.5}]
<o -2.07 -1.03 0.05 1.37
[-2.25:-1.90]  [-1.14;-0.92]  [-0.03;0.14]  [1.25:;1.48]
<3 -1.61 -0.62 0.37 1.54
[-1.74:-1.49]  [-0.71;-0.58]  [0.28;0.46]  [1.42;1.66]
" -1.43 -0.27 0.71 1.84
[-1.56;-1.31]  [-0.86;-0.18]  [0.61;0.80]  [1.70;1.99]
<5 -2.44 -1.47 -0.30 111
[-2.64;-2.24]  [-1.60;-1.34]  [-0.89;-0.21]  [1.01;1.22]
<6 -2.75 -1.89 -1.06 0.14
[-8.01;-2.51]  [-2.04;-1.74]  [-1.17;-0.96]  [0.05;0.22]
<7 -1.49 -0.14 0.98 1.93
[-1.65:-1.36]  [-0.22;-0.05]  [0.88;1.08]  [1.77:2.09]
<8 -1.29 0.21 1.22 2.70
[-1.44:-1.15]  [0.11;0.81]  [1.08;1.36]  [2.46;2.96]
X0 -1.63 -0.85 -0.17 1.09
[-1.76:-1.49]  [-0.94;-0.75]  [-0.26;-0.09]  [0.99;1.19]
X10 -1.77 -0.48 0.76 2.25
[-1.93:-1.61]  [-0.58-0.87]  [0.66;0.87]  [2.05;2.45]
<11 -1.14 -0.01 0.59 1.63
[-1.26:-1.04]  [-0.09;0.08]  [0.50;0.68]  [1.50;1.76]
<19 -1.45 -0.44 0.50 1.73
[-1.58;-1.88]  [-0.58;-0.34]  [0.41;0.60] [1.6;1.88]
<13 -3.39 -2.65 -1.82 -0.47
[-8.72;-5.08]  [-2.89;-2.48]  [-1.99;-1.66]  [-0.57:-0.87]
<14 -1.99 -0.86 0.13 1.24
[-2.17-1.88]  [-0.97-0.76]  [0.04;0.22]  [1.12;1.36]
<15 -0.76 0.03 0.81 1.89
[-0.87:-0.66]  [-0.06;0.12]  [0.70;0.92]  [1.78;2.07]
<16 -1.38 -0.24 0.58 1.71
[-1.50;-1.26]  [-0.88:-0.15]  [0.49;0.67]  [1.57;1.85]
<17 -3.06 -2.14 -1.20 0.19
[-8.85:-2.81]  [-2.88;-1.96]  [-1.84;-1.06]  [0.09;0.29]
<18 -1.62 -0.26 0.92 2.35
[-1.78:-1.48]  [-0.36;-0.16]  [0.80;1.08]  [2.18;2.57]
X19 -1.59 -0.68 0.10 1.20
[-1.78:-1.46]  [-0.78;-0.60]  [0.02;0.19]  [1.09;1.81]
X920 -0.58 1.05 2.13 3.55
[-0.69:-0.47]  [0.92;1.19]  [1.93;2.35]  [3.23;5.92]
o1 -3.73 -2.87 -1.86 -0.33
[-4.18;-8.38]  [-8.15:-2.62]  [-2.04;-1.69]  [-0.44;-0.25]
<29 -1.31 -0.33 0.43 1.35
[-1.42:-1.20]  [-0.41;-0.25]  [0.85;0.51]  [1.24;1.46]
<23 -1.61 -0.65 0.21 1.23
[1.74:-1.48]  [-0.74;-0.56]  [0.18;0.80]  [1.12;1.8}]
X24 -0.93 0.24 1.11 1.85
[-1.02;-0.83]  [0.16:0.85]  [1.01;1.21]  [1.71;2.00]
X5 -3.65 -2.96 -2.18 -0.50
[-4.01;-8.80]  [-8.25:-2.70]  [-2.40;-1.97]  [-0.61;-0.39]
X926 -2.39 -1.40 -0.25 1.11
[-2.60;-2.20]  [-1.58;-1.27]  [-0.84;-0.16]  [1.00;1.25]
Xo7 -0.43 0.45 1.00 1.83
[-0.51;-0.84]  [0.36;0.58]  [0.90;1.11]  [1.68;1.98]
o8 -1.30 -0.55 0.10 1.00
[1.41;-1.19]  [-0.64;-0.47]  [0.02;0.17]  [0.90;1.09]
X2 -1.96 -1.23 -0.43 0.75
[-2.18;-1.81]  [-1.85;-1.12]  [-0.53;-0.34]  [0.65;0.85]
<30 -2.30 -1.43 -0.72 0.32
[-2.51:-2.12]  [-1.55:-1.82]  [-0.81;-0.68]  [0.24;0.41]
<31 -1.84 -0.68 0.24 1.20
[-2.01-1.69]  [-0.78;-0.57]  [0.15;0.84]  [1.08;1.35]
<32 -1.32 -0.34 0.70 1.91

[-1.46:-1.20]  [-0.48;-0.25]  [0.60;0.80]  [1.76;2.07]

Table 19: CSTR-MIRT solution for the HSQ data: threshold parameter estimates
and 95% credible intervals (in square brackets).



The estimated covariances are:

1.00
0.49 1.00
s_ | [0.54:0.64]
0.27 0.18 1.00
[0.12;0.42]  [0.05:0.32]
0.20 0.26 024  1.00

[0.06:0.54] [0.13;0.38] [0.10;0.37]

HSQ: Estimated covariance parameters for the 4-factor SVSS-MIRT solution and
95% credible intervals (in square brackets)

1.00
0.36 1.00
o | [0.531;0.40]
Yo = 0.19 0.13 1.00
[0.14;0.24] [0.07:0.18]
0.13 0.21 0.2 1.00

[0.07:0.18]  [0.16:0.26] [0.14;0.25]

HSQ: Estimated covariance parameters for the 4-factor CSTR-MIRT solution and
95% credible intervals (in square brackets) It is worth mentioning that, in general,
the credible intervals are shorter for the CSTR-MIRT procedure and that it does
not require the tuning of any hyperparameter.

4.1 Model fit

To assess the accuracy of the model, we use the posterior predictive model check-
ing (PPMC) method (Gelman et al., 2013), which, given its simplicity and close
relation to classic goodness-of-fit tests (Gelman et al., 1996), is a popular Bayesian
checking tool. The PPMC technique depends on the choice of discrepancy mea-
sure. Various discrepancy measures have been proposed in the IRT literature, but
they are mainly targeted on models for dichotomous responses. The PPMC was
extended to polytomous IRT models, and in particular to the graded response
model, by Zhu & Stone (2011, 2012). One simple measure at test level is the
“observed test score distribution”, representing the number of subjects with each
total test score. The overall model fit can be examined through comparing the
observed and posterior predictive test score distributions. The credible interval
for the posterior predictive score distribution across multiple predicted response
data sets and observed score distribution can be shown in a same graph. If the
observed score distribution falls within the credible interval, there is no evidence
of model misfit at the test level. In Figures 7 and 8 we show the observed total
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Figure 7: Observed total scores (), mean (solid line) and 95% interval of the
posterior predictive test score distributions for the SSVS-MIRT procedure

scores for each dimension, and the mean and 95% interval derived from the pos-
terior predictive test score distributions. It can be highlighted how the model fit
with respect to the dimension total scores is adequate for both approaches.
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Figure 8: Observed total scores (-), mean (solid line) and 95% interval of the
posterior predictive test score distributions for the CSTR-MIRT procedure
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