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Notice that in what follows O(1) denotes some constant which may be different at each
appearance. Lemmas A.1 to Lemma A.4 introduce some preliminary results. The proofs of the
main results are provided in the Appendix A. Appendix B of this file adds some extra simulation

studies and the omitted proofs of Lemmas 2.1, A.2-A.4 and Corollary 2.1.

Appendix A: Proofs of the Main Results

Lemma A.1. Suppose that g(w) is differentiable on R and 2™ 7g0)(w) € L*(R) for j =

0,1,...,m and m > 1. For the expansion

= Yot (w) = Zuw)C ), = [ glw) Ao,
Zp(w) = (A (w), ..., 1 (w)), C=(co,...,ck 1)

the following results hold:

(1) [w?r2(w)dw = n + 1/2; (2) maxy, |y(w)] = O1)k=(m=D/271/12.(3) [42(w =
Ok~ (4) [1Zx(w)lldw = OWE2: (5) [ Zp(w)|Pdw = k; (6) || Z(w)|* = 0( )k
uniformly on R;

(7) [ I(w)|dw = Ok~ (8) [ |5 (w)|dw = 002 (9) [ ||| Zi(2)|dx =
O(1)k?.

Lemma A.1 is a part of Lemma C.1 of the supplementary file of Dong et al. (2016), wherein
all the detailed proofs can be found.

Lemma A.2. Under Assumptions 1 and 2, as (N,T) =+ (c0,06) jointly

(1) Hﬁﬁ SN ST Zg (i) v (wir) ‘ = Op(k~(m=D/2);

(2) H#ﬁ Zz]\il ZtT:1 P(uit) Zr(uit)'|| = Op(1);

(3) H#ﬁ Zfil 23:1 ’UitZk(Uz't)” =Op <\/§> 7 (4) ﬁ Zfil Zthl vVl = By + Op (ﬁ)}

L Address for Correspondence: Department of Economics, University of Bath, Bath BA2 7JP, UK.
Email: B.Peng2@bath.ac.uk




(5) s S S vadwie) = Op (A=) (0) M SN S Zulwien = Or (2057)

(1) N7 >orer iy Sluir)eir = Op <W) $(8) §r et ey win) i (un) = Op (\/W) .
(9) st S S ) = Op (2222)

Lemma A.3. Consider two non-singular symmetric matrices A, B with same dimensions k X k,
where k tends to oco. Suppose that their minimum eigenvalues satisfy that Apin(A) > 0 and

Amin(B) > 0 uniformly in k. Then |A~' — B7!|| < AL (A)-a L (B)||A - BJ.

Lemma A.4. Let Assumptions 1 and 2 hold. As (N,T) — (o0, 00) jointly, (1) HﬁZSH =

00 (fer): (1|2 = 0000 ) 40X =00 () ()37 =00 ()
(k=m=D/2); (6) =X'X —p 5.

1 !
5) |72
We are now ready to provide the proofs of the mains results of this paper. All the omitted

proofs are stated in the Appendix B.

Proof of Theorem 2.1:

By Lemma 2.1, we have uniformly in &

1 1
Z/Z) = min { /agfk + <Z,Z - aoIk) }
" <Nx/T = O Ny H

> o — HNi/TZ'Z—aOIk > %QO(HOP(U). (A1)
Therefore, by Lemma A.3
|| 72 z o 1| < 20tor H Z'Z — apli| = op(1). (A.2)
ap | NVT

B—po=(X'MzX)" X'MzE + (X'MzX) ™ X'Mzy

and observe that

1 1 -1
L ovnex= Lt xxo bt xz(l zz) Ly A.
NT™ TET T NT NVT <N\/T ) NT™ ™ (A-3)
1 1 -1
L e L x X'z z'z) —z A4
NT z€ = NT &£- NVT <N</ > NT €, ( )
1 1 -1
— X'Mzy=—X' X'z zZ'z) 2. A.
. zvNTvNﬁ(ﬁ)NTv (4.5)

For asymptotic consistency, we consider (A.3)-(A.5) respectively below. Start from (A.3).

—XM X——XX—iXZ ~lr —Z’X
NT" EY T NT NyT O Z00 RNT



1
+—=X'Z

L,
Vi —_Z'X. (A.6)

_ 1 -
Qg 1Ik — (]\]\/TZ/Z> NT

Notice that

HXZ

1 d
—1 / !
L — | ——Z'Z —Z'X
g <N\/T ) NT ||
2 —1 1
% Tk - <w""’z) =or (@) ’

where the last line follows from (A.2) and (2) of Lemma A.4. Similarly, by (2) of Lemma A.4,

7XZ

< il

1 1
XZcfll—ZX X’ZHH ZXH 0( >
szf 0 ey H )HNﬁ NT W
In connection with (6) of Lemma A.4, we can further write
1
L ovx = L xx Yy A.
NT z NT +Op <ﬁ> —p (A7)
For (A.4), write
1
L oxe- Lxe 1 xiz I—Z
N MzE = G XE NVT S 20k €
+ L X'z a1 < ! Z’Z>_1 L zie. (A.8)
—— a | == — .
NVT 0 kT \NVT NT
Notice that
LXZ ~lr 722 - izs
NVT Y T\ NVT NT
NG
7)(2 agtl;, — —Z'E||=o0p| ——= |,
<[z ot (mz2z) | |wre] o (e

where the last line follows from (A.2) and (1)-(2) of Lemma A.4. Similarly, by (1)-(2) of Lemma
A4,

vk
- _1 - - - — J
” X'z kang’ H XZH H zs‘ Op <W4T3 .
Then we can further write (A.8) as
im) ~or ()
—XME——XEJrO —= | =0p| —== |, A9
NT™ "EC T NT P<\/N4T3 P\ VNT (4.9)

where the second equality follows from (3) of Lemma A.4 and Assumption 2.2.



For (A.5), write

1
LMy = Lxy o _xzet Lz
NT EVTNTY T T Ny T RN
X'z a1 < ! Z’Z>_1 LY (A.10)
— a —— — . .
NVT 0T A\NVT NT<7
Notice that
1 . 1 ,)1 1,
oM —_Zz'z —Zy
HN\F B <N\/T NT
O TANVT "\ VEmiT )"

where the last line follows from (A.2), and (2) and (5) of Lemma A.4. Similarly, by (2) and (5)
of Lemma A .4,

1 1
L gLz ‘ H 'Z’ ‘ 0 () .
‘ NvT© 770 PNT NVT "\ Ve
Then we can further write (A.10) as
L My = Xy 0p () = 0p [ (A.11)
NT* PEV TN T TP i ) T P\ Vi ) '

where the second equality follows from (4) of Lemma A 4.

The asymptotic consistency follows from (A.7), (A.9) and (A.11) immediately.

Below, we focus on the asymptotic normality:

-1
VNT(F - By) = (NTX sz> \/leiTX'Mg(’y + &) (A.12)

By (A.7) and (A.11), it is straightforward to obtain that

-1
/ _ =y =2 o
<NTX MZX> ——_X'Mzvy=Op <N2k ; ) = op(1),

where the second equality follows from the condition of N/k™~! — 0.

Therefore, we need only to consider the next term:

-1
VNT(B - By) = <NTX MZX) \/;TTX’MZEJ +op(1).

y (A7), X' MzX —p ,. We then focus on \/le—TX’MgE below. Further expand (A.9)

e oSS o1
= X'MzE = — Zilir + Op ()
NT NT = = VT
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N~

N T / N T T
Z Z uzt + Uzt €it — NT2 Z Z u’Lt + 'Uzt eis + Op < ﬁ)

i=1 t=1 i=1 t=1 s=1

In the proof of (3) of Lemma A.4, we have shown that ﬁ Zfil 23:1 25:1 d(ui)es =

1 1 N T T _ 1 Y . .
op (\/ﬁ) and {7z D imq D1 Dos—1 VitCis = OP <\/ﬁ) Thus, it is straightforward to obtain
that

T T
\/7 ZZ Uzt +Uzt €is —OP( )

Hence, we can further write

N T
1 1
———=X'MzE = ——=> > ($(uar) + vir)ew + op(1).
VNT VNT ==

By (7) of Lemma A.2, it is easy to know that \/% Zf\il Zthl ¢ (ui)eir = op(1). Therefore, we
can write ﬁX’MZEJ as

1 /

7NTX MzE ~NT Z Z viresr +op(l).

=1 t=1

Chen et al. (2012) have already shown that ﬁ Zfil Zthl viteir —p N(0,%,.) in their

formula (A.44). In connection with ﬁX 'MzX —p X,, the asymptotic normality follows. W

Proof of Lemma 2.2:

Note that
C—C=(2'MxZ)" Z'Mxy+ (2'MxZ) ™" Z'Mx¢,

and we normalize each term as

1 1 1 1 !
——ZMxZ=—-2'Z- —Z'X [ —=X'X —X'Z A.13
NVT T T NYT NVT (N ) NT (A.13)

L aiy =Lz L ax (L yx) Ly (A.14)
N T T N T T NVT NT N7 :

U snreee L me o Lo (Lypy) Ly (A.15)
NvT XY T NVT NVT NT NT < :

We now consider (A.13)-(A.15), respectively. Firstly, notice that
Z'Mx Z — aoli
|7
1 271 -
72 Z — aol, — || —= —X'X = 1
<[z glmaea () | =or




where the last line follows from Lemma 2.1 as well as (2) and (6) of Lemma A.4 in this paper.

Consequently, we obtain that

1 1
Amin | ——=Z'M Z):min{'al +'<Z’M Z—aI> }
min (N\/T X Iil=1 M aplgft +— [ N\/T X olk | 4

1 1
> a9 — ||—=Z'Mx Z — apli|| > =ag + op(1).
= ag HN\/T X olk| = 540 p(1)

For (A.14),

-1
vz <

[ Gee)

1
— X'
‘NT

|

B N
— Op (k%m—l)/z) 7

where the equality follows from (2), (4), (5) and (6) of Lemma A.4. According to the above, it

is easy to obtain that

_ 1 1 2
H(Z’MXZ) 1Z’MX7H < A2 (WZ’MXZ) - HWTZ’MX7 — Op(k~™+1A.16)

For (A.15),

—X'¢

1
Z'M < ||l—=Z'¢
H * H B HN\/T NT

o)

‘ 1

‘ H NVT
P ( \/E ) ’
VNVT

where the equality follows from (1), (2), (3) and (6) of Lemma A.4 in this paper. Similar to
(A.16), it is straightforward to obtain that

2

_ 1 1
ZMyZ) 2 M 5” <72 (Z’M Z)-HZ’M £
|(z3ex2) ™ 2axe” <X (5 72 M2 ) | a2 M
k
=0 A7
(i) (A.17)
Therefore, the result follows from (A.16) and (A.17) immediately. [

Proof of Theorem 2.2:
1) It follows from the orthogonality of the Hermite sequence that

[ @)~ g dw =€ - ) [ 2w By au(@ - )+ [

where Lemmas 2.2 and A.1 are used.



2) We now focus on the normality. We can write

Noy H(w) VT (G(w) — g(w))
= N @) VT Zy(w) (C = C) = \[Nop () VT Ze(w) 3 (w)
= \/Noy(w) VT Zy(w) (2'Mx 2) "' 2' Mx E
1/ Nog H(w) VT Z(w) (2'Mx 2) 7L 2' My — \/ Noj H(w) VT Zi(w) . (w)

\/W\FZIC ZMXZ) 1ZMX5+OP(N2T4]€ )+OP( % ikf%Jrl

M‘U‘

)

-1
Noy  (w)VT Zy(w) <NTEZ’M)<Z> N}ﬁ (26 - Z/X(X'X)1X'E) + op(1)

-1
= \/No; ' (w) VT Zy(w ((\/TZ MXZ> —a511k> NI (2’6 - Z'X(X'X)71X'€)
+1 /Na,;1 WT Zp(w) ag ' I \/T (2'€ - Z’X(X'X)'X'E) + op(1)

_ Nak( )2%2( w)' 2'E + op(1)

= Z(w)' Zy(uit)ei + op(1), (A.18)
\/Nak aof ;;

where the third equality follows from Zi(w) = O(Vk), (2) of Lemma A.1 and (A.16); the fourth

equality follows from the assumption in the body of this theorem; the sixth equality follows
from (2) of Lemma 2.1, (2), (3) and (6) of Lemma A.4 of this paper and Lemma A.3; the last
equality follows from the proof for (1) of Lemma A 4.

m Z’]\il Zip(w) Zi(uit)eir and 6 =

For notational simplicity, denote Vi (t;w) =

aopo?2. We further write
G|
No {w) VT (G(w) — g(w)) = = >~ Tka(t cw) 4 op(1). (A.19)

t=1

Notice that Viyi(t; w) is a martingale difference array by Assumption 1. We then use the central
limit theorem for martingale difference arrays to show the normality. See Lemma B.1 of Chen
et al. (2012) and Corollary 3.1 of Hall and Heyde (1980, p. 58) for reference. Firstly, we verify
the conditional Lindeberg condition, i.e., as (N,T) — (o0, ), for Ve > 0,

f Z E [Viu(tw)I (IVik(tw)| = eVT) |Frioa| = op(1). (A.20)

To this end, write

T T
Z [ka :0) (|ka(t;w)| > eé/T) |th,1} < %Z [Vt ()| Fve1]
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— —— _Fl|Z Z
7T 2 Nz 1) Buline)
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.

i1

ezlteiztezﬁtemt‘f]\ft—l] ’

||M2

< 0p(1) 5 S T [ 12 = op<1>62’iﬁ — op(1), (A.21)
t=1

due to the independence of u;; and u;; for i # j, where the first inequality follows from Holder
inequality and Markov inequality; the last line follows from the assumption in the body of this
theorem, and || Zx(-)||?> = O(k), [ | Zk(x)||>dz = k as well as the density fi(z) of dj 'ui; being
bounded uniformly (note that d; = |p|v/t(1 + o(1)) and see the proof of Lemma 2.1 for more
details).

Next, we verify the convergence of the conditional variance of Vi (t;w). Again, by the

independence of u;; and wj; for i # j,

T

E[Vj%k(t;w)’}-m—ﬂ
N N T
:HZk HQN\FEQE:HEQZ’“ E [ Zy(uit) Zi(uje)'| Z(w)oe(i, j)
:||Zk waf ZZZ’“ B [ Zi (i) Zi(wie) ] Zi(w)o
sz uwf ;zz’“ B [Zi(win)] B [Zu(uje) ] Zi(w)oe(i, )

= AnT1 + ANnTo.

By (1) of Lemma 2.1, we have Ay —p ago?, and we may show that Ayre = op(1). In
fact,

[AnT2| < N\ﬁZZE 12k (uie) ] E |1 21 (uge) I] - |oe (i, 7))

i£j t=1
1 2
N ; (@ ) \/T; (/ ||Zk’(dt17)||ft(l')d:l)>
1 1 1 2
1)* ’O’e(’i7j>‘— — HZk(fB)HdIE
B |11/6 T 1 L11/6 ln(T) B
. ; 7 SO ——7—=oll),

where the first inequality follows from the sub-multiplicativity of Euclidean norm; the second

oo



inequality follows from the uniformly boundedness of fi(x); the last line follows from (4) of
Lemma A.1 and Assumption 1.3.(b).
Therefore, in connection with (A.19), Na,zl(w){l/f(fq\(w) —g(w)) =p N(0,1). [

Appendix B

Appendix B.1: Extra Simulation Results

Firstly, we report the omitted simulations results of the main text. The following QQ-plots

(i.e., Figures B.1-B.3) are for the cases with p. = p, = 0.9.
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Figure B.1: QQ-plots of Q,(w) at w = —1



N =20,T=20,w=0 N =20,T =40,w =0 N =20,T =80,w=0
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Figure B.2: QQ-plots of Qg(w) at w =0
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Figure B.3: QQ-plots of Qy(w) at w =1

To verify Corollary 2.1, we now implement some extra simulations. The data generating

process (DGP) is as follows.
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yit = 25,80 + 9(uit) + wi + €,
it = f(uit) + i + vig,

where e;; ~ i.i.d. N(0,1) over ¢ and ¢. All the other variables are generated in exactly the same
way as the main text, and consider the case where p, = 0.5 only. To verify Corollary 2.1 and
Theorem 2.2, we record the values of

N2
Qs = VNT (3122) (B - Bo), (B.1)

e

in each replication, and then report the QQ-plots of this quantities against N (0, 1) in Figures
B.4-B.5 below based on 1000 replications. It is clear that all the QQ-plots strongly suggest that
the quantities documented in (B.1) follow N(0, 1), which then supports our Corollary 2.1.
After many attempts, we notice that the simulation results are not really sensitive to the
choices of g(-) and ¢(-) as long as these functions satisfy the assumptions of the paper. We have
also considered, for example, g(w) = \/m , where P(w) stands for the PDF of the standard
Cauchy distribution or the standard normal distribution. The results are quite similar to those

presented in the main text and supplementary file of this paper, so we do not repeat them again.
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Figure B.4: QQ-plots for the first element of ()
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Figure B.5: QQ-plots for the second element of Qg

Appendix B.2: Additional Proofs

We start from the proof of Lemma 2.1, which provides some fundamental results and notations
used in the rest of this file.
Proof of Lemma 2.1:

It suffices to show that as (N,T") — (00, 00) jointly,

1 1 1
—_Z'Z- —_F[Z'Z H—> 0 and ——=F[2'Z] = agl}.

Notice that

ﬁ
“

7 7!
kil

1 N T
N\/— N z;z; Uzt Zk uzt) -

zzzk i) 2y = s S

z—lt 1 i=1 t=1

=1

Zk(uit)Zk(uis)’ = ANT — BNT‘ (B2)

M- =

~+

Stage One. Calculate the expectation. Note that {u; } is i.i.d sequence across i. Therefore,
the distribution of u;; does not depend on i. Let dy = (E[u3])"/? = |p|v/t(1+0(1)), where p # 0

is given in Assumption 1. Hence, d; 'u;; has a density f;(z), which is uniformly bounded over
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x and large t. Meanwhile, as t — oo, max, |fi(z) — ¢(z)| < Cd; ! for some C' > 0, where ¢(x)
is the density of a standard normal variable (see Dong and Gao (2017) for more details on the
properties of fi(x)). Let v = v(T) be a function of T such that v — oo and kv/vVT — 0 as
T — oo.

E[AnT] N\FZZE Zyo(wit) Zye(uit)']

i=1 t=1

ZZE Zk uzt Zk Uzt

zltl

Zk uzt Zk uzt)]

a a
HMH ”Mq

—— \F Z S B{Zu (i) Zi(ua) / Zu(@) fu(d ") da

i=1 t=1

dt1/Zk(a:)Zk(x)/ft(dt11:)daz

3\
M= =

II
+

:\/1? Z E[Z(u1e) Zi(u1r)'] +
t=1

=AnT1+ ANnTp2.

By the construction, it is easy to obtain that for Anr

vk
VT

1

7 < ZEnzkuun 0(1) 7% 0,

ZE Zy(urt) Zg (ure)’
t=1

where the equality follows from (6) of Lemma A.1. We then consider Anr 2

Z dy / Zi(x) fi(dy tx)dx

t v+1
_ 1 d -1
_Tt;{dt /Zk(x) (=) (f(d 2) — p(d; 2)) da
1 T
77 2,0 [ Awnir o
1 T
—o<1>+so<o>ﬁt;1d /zk< \Z(w)'d
bl S [ A6 () - o) i
t v+1

—o(1) + 20(0)/|p|(1 + o(1) m— Z ar / Zu() 2w (p(di ') — 9(0)) da

t v+1 ‘$|<Edt

1 I
+ — Z dt_l/ Zp(2) Zp(z) (<p(dt_1:c) — ap(O)) dz,

13



where € > 0 can be as small as we wish; and the second equality follows from

\F S ar / Ze(a) (fuldi \a) — pld; 1) da

t=v+1

klnT
t;ld /uzk e = 02 = o(1).

Notice also that

T

Z Zi(@) Zi(x) (p(d; '3) — (0)) dax

|z|<eds

2
[ 1B Zela) |- ol ) — (0
1 |

‘<6dt

Z dy / | Z1(x) Zi(x)'|| - |z|dx

t I/+1 |$‘<Edt

<o ™D ([ lapizuwPas [ 120 ) v

k3/21n(T)
vT

_\/715 v+

:0(1)1%) (k- k)"* = 0(1)

where the last line follows from (5) and (9) of Lemma A.1. Moreover,

Z dy / Zn(@) Zi(2) (p(d; ') = ¢(0)) da

t— I/+1 |z|>ed:

Z d- / 124 () Zu(a) || do

t v+1 |Z“>6dt

Ze*d |1z Z@) e

t v+1 |z|>ed:

(T 1/2 321
<o 2D ([ iapiz@Pas [1zlPa)  -om™2E @

In view of Assumption 2, (B.3) and (B.4), we obtain that E[An7] = 2¢(0)/|p| - Ix(1+ o(1)).

Next, we will show that E[Byr] = o(1). For t > s and ¢ — s is large, note that, without loss

of generality letting u;0 = 0 a.s.

t t y4 t
Uit 2277% = Z Z Pt—j€ij = Z by j€ij
=1

{=1 j=—o0 j=—o00

t s
e *
= D bgeig Y bejeij = igs U

j:5+1 ]:—OO

t
where bt:j = ZE:max(l,j) Pe—j-
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Similar to the proof of Lemma A.4 of Dong et al. (2016), d—isums has uniformly bounded
densities fis(w) over all ¢t and s, where dis = O(1)\/t —s. Without loss of generality, in what
follows we abuse the density by neglecting the argument on v = v(7T') as we did before. Let

Ris =o0(...,€is-1,€is) be the sigma field generated by ¢;;,j < s. Then,

N T T

E[Bnr] :ﬁ Z ST E [ Zi(ua) Zi(wis)']
) 2;1 t;l s=1 2 N
=T Z; ; E [ Zy(uit) Zi(uir)'] + N z; tz:; ; E [E[Zk(uit) Zi (wis) | Ris]]
1 N T
~ N L [ Ztaa zia) iy
9 N T t—1
+ NT3/2 ; ; ; E / Zi(deswy + uj,ts)Zk(uis),fts(wl)dwl
R :
TR £, / k(W) Z(w)' fi(w/dy)dw
T t—1 «
T % ; SZ:I LE/Zk(wl)Zk(uis)/fts (1111;:”5> dwy.

The first term is confined by

T T
ri 3o 1| s < 00171 3 [ 1o - 00) %,

while the second term is bounded by

t—1

T t— *
2 1 / U/l - ui,ts
WZZ th/ 121 (w1) Zy(uis)'[| frs (dts> dwy

S

t=2 s=1
1 T t-1 1
<0075 23 o [ 120wl dun Bl Zuus)]
t=2 s=1
T t-1 2 11/6
1 11 k
<OWgn 225 g ([ 1atwnlaun ) =0z = ot

where the last equality follows from (4) of Lemma A.1. The calculation yields ﬁﬁE [Z2'Z] =
aoli(1+ o(1)).

Stage Two. We shall show that as (N,T") — (00, 00) jointly

2

1
'z —_E[2'Z]|| —o.

Eszlﬁz NVT

To do so, N — oo and u;; being independent with respect to (w.r.t.) ¢ are important. By (B.2)

15



again,

2

1
Bll——zz_ 1 _pgzz
HN\/T NV Z]
N T 2
_N2T ZZ{Zk wir) Zi(ui) — B Zi(wie) Zi(u)'}
i=1 t=1
N T T 2
N2T3E ZZZ{Z’f uit) Z(uis)' — EZ(wie) Zi(uwis) T} = Ant + By
i=1 t=1 s=1

We now consider Axp and By respectively.

N T
Any = N2T ZZ Zy(wit) Zi(uie)' _E[Zk(uit)zk(uit)/]}‘
2 ) _T ’
= Ner ZE Z{Zk(uit)zk(uit)/ — E[Zi(uit) Z1 (i)'}
= t;l )
TZE sz(uit)zk(uit)/
=1

= ANT,I + ANT,Q-

For A NT,1, Write

where the first inequality follows from .7, (w) being bounded uniformly.

For A NT,2, Write

16



N T
N2T Z Z E [, (wit) A (wit) #, (wis) Hon (wis)] = ANT21 + ANT 22

T
- 1 1 k
AnT21 < O(1) E —— //%’f(wl)%’f(wg)dwldwg = O(l)ﬁ.

For AnT22, we use the decomposition wu;; = ;s + uj

again. Note that for 1 < i < N
and s < t, u; s includes all the information between time periods s + 1 and ¢ and u;t . includes
all the information up to time period s. As Dong and Gao (2017) show, d—isums has a density
fts(w), which is uniformly bounded on R and satisfies uniform Lipschitz condition on R, i.e.,

sup,, | fts(w +v) — frs(w)] < Clv| for some absolutely constant C. Then we can write

k—1n-1 T t-—-1

Vg o X S | [ Al i) oo+ ) e - o) 1)

n=1m=0 t=2 s=1
k—1n—-1 T t-—1

037 S5 L8[ [ Aatw) it e () - i) ()]

n=1m=0 t=2 s=1
k—1n-1 T t-—1

COR= DD D)D) Do

n=1m=0 t=2 s=1

[ / Sy [m( . ) fts< dt:)]dw %(uw)jfm(uis)],

where the last line follows from the fact that [ 7, (w).#,(w)dw = 0 for m # n. By the uniform

Lipschitz condition of fis, we then obtain that

k—1n—-1 T t—
1 1
:O(l)ﬁ sztz/lw%(w)%m |dw /L%ﬂ dsw) A (dsw) | fs(w)
n=1m=0 t=2 s=1 S
| kelnol Tl
<SOM)7md D Zzz/\w%( w)|dw - /y%ﬂ ()| du
NT n=1m=0 t=2 s=1 dts dS
1 k—1n—-1 T t-—1 11 1/
~ - 2 2 402
< O(l)NTnz_:m:O;s:l 2 . {/% (w)dw/w ﬁfm(w)dw}
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T = k5/2 1n
<07 »> dizs ;8\/5 =0 <N\/TT> =o(1).

By the calculation of Ay and Anr2, we have shown that Ayr = o(1).

For By, by the independence across i of {u;1,...,u;r}, write

2

T T
Bt = v 0 B | 0 S (i) Za(usa) — ElZi(ua)Za (i)}

= t=1 s=1
N T T N T T 2
o) O(1)
< 273 ZE SN Ziui) Zi(uis) || < N7 STE DS 12kl Zi(uis) |
' =1 i=1 t=1 s=1

s=1
N rT T T T
N2T3 ZE SO DD 12k uin) 1 Z (i) 1| Z (e ) || Z (i ||]

Li1=1to=1t3=11t4=1

N
NQT Z > 1 Z (it )| Ze (it ) || Ze (it ) ||| Zk (wie) |
=1 all t1,to,t3,tadifferent
1
Do S F S 12kl Z i) 1 Z i) | Za )|
i=1 | two of t1,to,t3,t4ysame
|
1)WZE > 1 Z5 (i, )| Zi (vt )1 Zio (i) |1 2 (e, )|
=1 _three of t1,ta,t3,t4same
1)@ Z E Z | Z(ui)||*| = Bnra + Byr2 + By1s + Byra
i= =1

For Byr.1, without loss of generality, assume that t; > t5 > t3 > t4. Then, by the condi-

tioning argument,

N T t1—1ta—1t3—1

N2T3 Z Y>>0 > EllZuuwie ) Z i) 1 Zi (wirs ) 1 Zie (i) ]

i=1 t1=4ta=3t3=214=1
N T ti—1ta—1t3—1

< OIYYYYY 1

d d d dy,
i=1 ti=4 ta=3 t3=214=1 112 "2l Tisls Tl

N[ 12wz 1 2w 122 wn) drdusdwsdu

4 11/3
=90 (/ uzk(w)ndw) ~0 (kNT ) —o(1),

where the last line follows from (4) of Lemma A.1 and Assumption 2.2.

By =

For B NT,2, Without loss of generality, assume that t; = 3 > 3 > t4. Then write
N T ti—1t3—1

Buro = eSS S S B 2w 12 ZaCie ) 1 2 o, )

i=1 t1=3t3=21t4=1

18



N T t1—1ts3—1

S DN NIPW

i=1 t1=3t3=21t4=1

dt1 t3 dt3 dy4 dt4

// 1 Zk (wi) (| Zi (w2) || Z1 (ws) || dwi dwadws

2 17/6
< ]?T@z/llzk(w)lﬁdw </||Zk(w)||dw) =0 (]\I;T?’/Q> = o(1),

where the last line follows from (4)-(5) of Lemma A.1 and Assumption 2.2.

For B NT,3, Without loss of generality, assume that t; = to = t3 > t4. Then write

N T t1—1

Burs = ook S5 S Bl Zulusie)P1 2 i, )

=1 t1=21t4=1

T ti1—1

N
< op 22 Y o [[1zw Iz dode
i=1t1=21t4=1

<0 (N’;) < / ||Zk<w>||dw)2 —0 (’jff) —o(1),

where the last line follows from (4) and (6) of Lemma A.1 and Assumption 2.2.

For BNT,47 write

dtl dy dt4

N T
R 3 LA — 303 [ 1) twyi

i=1 t=1
k2
4 2
<N2T3>ZZ /”Zk )l dw<O<NT5/2>/HZk )[dw = O <W> (1),
i=1 t=1

Combining BNT,h BNT’Q, BNT’g and BNTA together we know that BNT = O(l).

W|p|2 I, ‘ = op(1). We now complete the proof
of the first result of this lemma. [ |

1 !
Therefore, we have shown that H N—ﬁZ Z—

Proof of Lemma A.2:

1) Write
| N 2
—— 3 Zi(wie) (i)
NvT i=1 t=1
1 N /T T t-1
= vop P > <Z 125 (i) [Py () + 2 ) Zk(uz‘t)'zk(uis)%(uit)’m(Uz’s)>]
i=1 \t=1 t=2 s=1
5 [N -1 T
e P DX Zi(win) Zao () (wie) v ()
| i=2 j=1 t=1
4 [N i1 T -1
+WE Z Z Zi(ui) Zy, (ujs)ve(wit) Vi (ujs) | = A1+ 245 + 4As3.
=2 j=1 t=2 s=1
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Notice that

T
b 000 Y B i) Zs e )] B6)

The first term on RHS of (B.6) can be written as

1 N T —m+5/6 N T
B D)W (LA s0< — )ZZ [ 17 P

i=1 t=1 i=1 t=1
g—m45/6\ N T
=0 N2T ;;/”Zk || fir(w/dy)dw

f—m+5/6 T f—m+11/6
<0 < _—
<o(bo - ZE L [k <o (020,

where the first inequality follows from (2) of Lemma A.1 and the second inequality follows from
ft(w) being bounded uniformly.
For the second term on RHS of (B.6),

N T t—1
1
'NQT DD ElZk(ua) Zi(uis) v (win) v (wis)]
=1 t=2 s=1
1 N T t—1
< e 0 2 3 1 o) ZCs ) ) ) )
=1 t=2 s=1
1 N T t—1 11
<o(—= )% / / L Z w1 Zi ) e ) e aw2) o deo
N T =1 t=2 s=1 d d
1 T t—1 1 1
<0 (NT t2251 dtsds/ | Zk(w1) ||| Zk (w2) |||y (w1 ) [ |y (w2) | dw dwa

<o(3) ([1zimie) <o (%) [1awra [t =o (20,

Therefore, A1 = O (kimﬂ >

N
For As, by virtue of Zx(w) = (44 (w), ..., H—1(w))’

4] = NQTZ_ZZ B ) B o))




<0 (%) [ 1atwa [ huwPao=o ().

Similar to As, for A3 we write

N -1 T t-1k-1

A S S Bt E g )

(/ %(wm(w)\dw)z

t—1 k—1
<00) [ 1zuw)dw [ ) Pduw = O™,

|As| =

co(HET iy

2 s=1 n=0

Thus, the result follows. |

2) Write

where the first equality is due to Assumption 1.4; the first inequality follows from that f(w)

is bounded uniformly and ¢,,(w) is also bounded uniformly on R for m = 1,...,d; the last
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inequality follows from that ¢, (w) € L?*(R) (such that ¢p,(w) = > 00 cmndb(w) for m =

L....d, cmn = [ ¢m(w) i, (w)dw for n =0,...,00 and Y07 ez = [ ¢Z (w)dw
The proof is then completed. |

3) Let vjt,, denote the nﬁh element of v;;. Write

k—1 2
Z'Uthk Uzt Z Z E szzt ni ng Uzt ]

2

i=1 t=1 n1=1n2=0 i=1 t=1
d k1 N N T T
Z Z Z Z E [Uit,mvj&m] E ['%12 (uit)’%m (ujs)]
n1=1n2=0 i=1 j=1 t=1 s=1
d N N T T
< O(k) Z ZZZZ%(O‘U(“ _ S|))6/ (4+96) (E| Vit m|2+5/2> 2/(4+96) <E|'Ujs,n1‘2+6/2)2/(4+6)
ni=11i=1 j=1 t=1 s=1
le N ]T T
<OMR) DD D> (ai([t — ) = O(NT),

1

Il
—
Il
—
-+
I
—

% J s

where 5 = 2(4+20)/(4+9) . (4 4 5)/§; the second equality follows from Assumption 1.4; the first
inequality follows from Davydov inequality (cf., pages 19-20 in Bosq (1996) and the supplemen-
tary of Su and Jin (2012)) and the fact that 7, (w) is bounded uniformly (cf., Nevai (1986));

the second inequality follows from Assumption 1.3.(a). Thus, the result follows. [ |

4) Let ¥y 0, denote the (nq,n2)" element of 3, Write

N T 2 d d
EIN D> (wavh—2)|| =D Y E
=1 t=1 ni=1ns=1

d d N T T
DI BN HWCIERIEEY

)
(E |01 Vjs,mna |70/

d T T

%6 Z ‘ ZZZ(O‘U(“_ s]))° o). (E’Uit,nlvit7n2|2+6/2>

+5 Zd: Zdz ZiZi(a”(lt — g))%/(4+9) . (E|U' v |2+5/2)
2 t Js,m1Y3s8,n2

)

2
it,ny Vit,no — Xy n1n2)]
=1 t=1

)2/(4+5)

4/(4+96)

4/(4+6)

3
=
Il
—
3
[V}
Il
—
o
I
—
<
I
—
o~
Il
—
V)
Il
—

where ¢5 = 2(4+20)/(449) . (4 4 §)/§; the first inequality follows from Davydov inequality; the
third inequality follows from Cauchy-Schwarz inequality; the last line follows from Assumption

1.3.(a). Therefore, the result follows. [ |
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5) Write

Sy

ni=1ns=1

zt¢ uzt

N T 2
Z Vit,ny ¢n2 (uzt)]
i=1 t=1

t
ﬁ'Mz
HMH

I
M=
M=
WE
M=
M=
W

E [Uit,nlvjs,nl] E [¢n2 (uit)¢n2 (ujS)]

3
=
I
—_
3
M)
I
—
-
Il
—
<
Il
—
-+
I
—_
vl
I
—

2/(4+0 2/(44+0
= D) (Bl 02) T (g o)

g

M&
NE
NE
]~
M=

(

3
Il
-
-
Il
=
.
Il
-
-
Il
-
w
Il
-
Q
S
S

(v (|t — 8]))/ 40 = O(NT),

g\

M=
M-
M=
M=

s
Il
—
<
Il
—
o+
I
—_
@
I
—_

where the second equality follows from Assumption 1.4; the first inequality follows from Davydov
inequality and the uniform boundedness of ¢, (w) on R for n = 1,...,d. Therefore, the result

follows immediately. [ ]

6) By Assumptions 1.1 and 1.4,

;N 2 1 N T N
Zk Uzt €it E ( Zk Ust ezt) ( Zk Ust ezt>
T 22 vt |5 22
N T 9 N i—1 T
T Z ZE | Zk (i) | ] [ ] + 2T Z ZE [Zk(uit) ] [Zk(uje)] Eleire;i]
i=1 t=1 =2 j=1 t=1
=B +2By

For By, write

By = N2TZZ/”Z’€ (dyw)||? fr(w)dw - o2

i=1 t=1

<0(57) ; 5 [1zwPa=o ().

where the second line follow from that f;(w) being bounded uniformly.

For Bs,

k—1 i—1

N -1 T
ZZZ/%L dtw ft dw/% dtw)ft( )dw Ue(Z ])

n=0 =2 j=1 t=1

|Ba| =

k—1 N -1 T
< o DB [ A [ 2o i)
0i=2 j=1 t=1
k-1 T 1 N i—1
<N2T> n:O;dt/ ! dw;;w.e Z ] <N\F>
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where the first inequality follows from Cauchy-Schwarz inequality; the second inequality follows

from f;(w) being bounded uniformly; the third inequality follows from Assumption 1.3.(b). In
connection with By = O (NL\/T)’ we obtain that #ﬁ Zfil Zthl Zi(ui)eir = Op (%) [ |

7) Write
1 X 2 1 J N T
FE ﬁ Z Z Qs(uzt)ezt = N2T2 Z Z Z Z FE [(f)n(u,t)q&n(ujt)] E [ezte]t]
=1 t=1 n=1i=1 j=1 t=1

n=1i=1 t=1
d N -1 T
+N22T2 ZZZ/¢H (diw) fe(w dw/¢n (dyw) fr(w)dw - o¢(i, )
n=1 =2 j=1 t=1
d T
1
<O (NT2> 22 dt/qﬁi(w)dw
2 N -1 T
O <N2T2> ZZZZ/% (diw) dw/ft Jdwloe(i, j)|
n=11i=2 j=1 t=1

where the first equality follows from Assumption 1.4; the first inequality follows from f;(w)
being bounded uniformly and ¢, (w) € L?(R); the second inequality follows from ¢,(w) being

integrable and Assumption 1.3. Therefore, the result follows. |
8) Write
TR 2 | A4 NN T T
E ﬁ Z Z qb(uzt)')/k(uit = W Z Z Z Z Z E an Ust 'Yk ult)¢n(u]8)7k(ujs)]
i=1 t=1 n=1i=1 j=1 t=1 s=1

N T d N T t-—1
= N21T2 Y>> Eldn(wai(ua)] + N2T2 SOSTST S E (b (i) v (uie) i (i) i (i)
n=1i=1 t=1 n=1 i=1 t=2 s=1
9 N i—1 1 T 1 T
+N2T Z Z 7T ZE [(bn(uzt)f)/k uzt T ZE ¢n Ujs)')’k(ujs)]

= C + 205 + 2C4.

By (2) of Lemma A.1,

-m+5/6\ _4 T
Ci=0 (%) ZZZ/¢?L(dtw)ft(w)dw



= ﬁ zd: i D> B dn(vie)vi (wit) b (wis) v (us)]
<0 (NlT) EdZZZi o [ [18aten w08 we ) dur oy
<o(57) i (/ r«sn(w)m(w)\dw)Q <o(57) 3 [ e [wan=o (%)

For C3, write

1 T
< 22 [ 1oatdwnudalawas

fZ L [ostwniwlas <o { [ e [t >dw}1/2—0<km/2>.

1 I
VT Z E [¢n (wit)vi (wit)]

Thus, ]C’g\ < 7 Zn 1 Zl 9 ZZ LO(k—™) =0 (27)- In connection with the analysis for Cy
and C, = Zi:l thl d(wir) vk (uir) = Op (\/klm—T) Then the proof is complete. [ |

9) Write
2

i\H

1=
[M]=
<
2
§

1 N N T T
= NIT2 Z Z Z Z E tU]s'Vk; uzt)'Yk:(u]s)]
i=1j

=1 t=1 s=1

N T T
NQTQZZZZZE it mVjs n] B [y ot (1)
= m+5/6 d N N T T
=¢ < N2T2 )ZZZZZ% )P/

< |:"Ut ‘2+6/} - E ||vjs, |2+6/2D2/(4+5)
2 o SSSY k—m+5/6
<0 < N2T2 )Z;thzl 10@ (It — s]))%/@+0) = O<NT>,
=1 j=1t=1 s=

where the second equality follows from Assumption 1.4; the first inequality follows from (2) of
Lemma A.1 and Davydov inequality; the last line follows from Assumption 1.3.(a). Then the

result follows. [

Proof of Lemma A.3:

For two non-singular symmetric matrices A and B with same dimensions, we observe that

A7 B = B (B~ ) 471 = fuee (B (B~ ) A7)
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= (A @ B ) vec (B — A)|| < A,,}, (A® B) ||lvec (B — A)|
= A (A) - A0, (B) | A= B[

min min

The above calculation is straightforward and all the necessary theorems can be found in Magnus

and Neudecker (2007). [

Proof of Lemma A.4:
1)

. N T T
Tﬁz N\f ZZZk (wit)ei — NT3/2 ZZZZk(Uit)eis = A — A

We have shown that A; = Op (%) in (6) of Lemma A.2. We then just focus on As.
By Assumptions 1.1, 1.3.(b) and 1.4, write

N T T T
1
2
ElA2l" = w573 SN B [ Ziluin) Zi(uiry)] Y Eled)
i=1 t1=11t2=1 s=1
N -1 T T T
boyags 200 30 O B[ Zuluin)] B Zuwin)) Y Elewess
1:2] 1t1=1ta=1 s=1

N

NQTQ Z Z Z E Zk: uztl Zk(uzt2>]

i=1t1=1t2=1

2
+~z73 > Z SN E[Zi(uir,)] E [ Zi(ujry)] 0e(i, ) = Az + 249,
For Asp, write

1 20 (i) 30 30 3 B2k 2] £ O (fj}) ~o (7).

i=1 t1=1t2=1

where the second inequality has been provided in the proof of Lemma 2.1 of this paper and the
last equality follows from Assumption 2.2.

For Ass, write

k-1 N -1 T
TR S » S ] | Al ) i) | [ Hoaty0) ) o)
n=0 =2 j=1t1=1t2=1
1 k=1 T T N i—1
< -
_O<N2T2>n:0tlz::1t;/dtl |7, (w |dw/d | A5, (w |dw§;|ae i,7)]

o) <o) ()

where the last line follows from (8) of Lemma A.1 and Assumption 2.2.
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By the derivations for the asymptotic orders of As; and Aso, we obtain As = op ( \/ﬁ T).
In connection with that A; = Op (%), the result follows. |
2)
1 ' ;] NI N T T
rﬁX = NIT ;; (wit) + vit) Zr(ui) — NT3/2 ;;; (wit) + vit) Zr (wis)’
= B1 — By,

where [|Bi|| = Op(1) follows from (2) and (3) of Lemma A.2 of this paper immediately. Then

we just need to focus on Bs below.

N T T

N T T
By = NT3/2 ZZ Z ¢ Uzt Zk U'Ls NCZ];?’/Q Z Z Z'UitZk(uz‘s)/ = B9y + Bys

i=1 t=1 s=1 i=1 t=1 s=1

For Bsq, write
k—1

1 d N T
E||B21H2 = N273 Z Z Z E[¢n1 (uitl)%z(uitz)gbm(ujt?,)%u(ujMﬂ

n1=1n2=01,5=1t1,t2,t3,04=1

273
N°T n1=1n2=0 i=1 t1,ta,t3,ta=1
9 d k-1 N -1 T
+ N2T3 Z Z Z Elén, (uity ) #, (wity )| Edny (ujt3)¢%pn2 (ujt4)]

n1=1n2=0 i=2 j=1 t1,t2,t3,ta=1

= Bs11 + 2Bg12.

For Bs11, we write

1 d T
Baii = N2T3 Z Z E[¢n1 (uit1 )’%ﬁm (Uit2)¢n1 (uit3 )%2 (uit4 )]

n1=1n2=0 i=1 t1,ta,t3,ta=1

d
- 1 3 Z Z Z Z [(bnl (uih )‘%ﬁm (uit2)¢n1 (uit3 )%2 (uit4 )]

k—1 N

N2T
n1=1n2=0 i=1 all t;1,t2,t3,t4 are different
1 d k-1 N
+ N273 Z Z E[¢n1 (uih )%2 (uitz )¢n1 (uits )%2 (uit4 )]

d k-1 N
1
+ N2T3 Z Z Z [‘bm (wity ) Hny (Uity) Py (uit3 ) Hons (Wit )]
n1=1n2=0 i=1 only three of t1,t2,t3,t4 are same
1 d k-1 N
+ N2T3 Z Z Z Eln, (it, ) Hng (Wity) Pny (i) Hns (wit, )]
n1=1n2=0 i=1 four of t1,t2,t3,t4 are same

= DBo111 + Ba112 + B2113 + Bai14.

For Bs111, without loss of generality, assume that ¢; > to > t3 > t4. For other cases, for

example to > t3 > t1 > t4, the analysis will be same and the order will remain same. Then
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t1—1to—1t3—1

N T
N21T3 Z Z Z Z Z Z ’E (bm uZtl (uzt2)¢n1 (ults)%m (uit4)H

01i=1t1=41t2=3t3=214=1

1 N T t1—1to—1tz—1

<%m9izzzzzz

n1=1n2=0 i=1 t;=4t2=3t3=21t4=1

1

dtltz dt2t3 dt3t4 dt4

- / / / / [y (11)-Horg (102) iy (w3) Hory ()| dun oy

— N T ti—1tx—1t3—1

() LYY Y Sy

n1=1n2=0 i=1 t1=4t2=3t3=214=1

([ 1omt |dw) (1ot rdw>

<0 <N1T> Z ny/¢ <0 <£T> = o(1),

no=0

1

dtltg dtztg dt3t4 dt4

where the last line follows from (8) of Lemma A.1, ¢,(w) being integrable function on R for
n=1,...,d and Assumption 2.2.

For Boi19, without loss of generality, we assume that ¢ = t9 > t3 > t4. For other cases, for
example t; = t3 > t9 > t4, the analysis will be even simpler and the order will remain same.
Then write

k—1 t1—1t3—1

N T
— Z S ST S Bl (win,) Aoy (wity ) b, (ting) A (i)
2

n1=1n2=0 i= ta=1

1t1=3t3=
d k-1 N T ti—1ts—1
O(pp) LEXLEEY
n1=1n2=0 =1 t1=

3t3=2t4=1
‘ / / (g (1) Aoy (101) o (w2) Hory (103 ey g

<0(yp01) X :kZ:{/sb widw [ A2 dw}1/2/|¢m N [ 1)

1 k—1 ) k2
5/12
=9 (m) 2 m S0 (m) = o),

no=0

dtl t3 dt3t4 dt

where the last line follows from (8) of Lemma A.1, ¢,(w) being integrable function on R for
n=1,...,d and Assumption 2.2.

For Bs113, without loss of generality, assume that ¢t; = to = t3 > t4. For other cases, for
example t; = t3 = t4 > to, the analysis will be same and the order will remain same. Then

write




/ (G (101)-Hon (101 )b (101) Aoy (02) |y

<NT2> Z Z /|¢n1 |dw/\%2 )|dw = o(1),

n1=1n2=0

where the last line follows from .7 (w) and ¢;(w) being bounded uniformly, (8) of Lemma A.1
and Assumption 2.2.

For 32114, write

w

d
1
B = NoT Z

Combining 32111, BQHQ, B2113 and B2114 together, we obtain that B211 = 0(1)

For Bsyi2, write

T T
Z Z ¢n1 (uitl ultz ] ‘
t

t1=1ta=1
T t—1 T t—1
< Z E |¢n1 Uzt uzt + Z E ’(anl uzt)%zz (uzs)H + Z Z EH%IQ (uit)¢n1 (uzs)H
t=2 s=1 t=2 s=1
1 T t—1 11
go<1>2dt/|%2<w>\dw+o D3 T [ 1w
t=1 s=1 878

t=
< O(WTn"?) + O(Tnd/"?) = O(Tny/ "),

where the last line follows from (8) of Lemma A.1. Therefore,

d k-1 N -1

Bas| <O <N§T3) 35> Z;mg/ﬁ <0 <’;2) (1),

n1=1n2=0 i=2

Since |BQll‘ = 0(1) and |3212‘ = 0(1), then By = Op(l).

Below, we focus on Bas.

N T T
NT3/2 >0 D vaZi(uis)

i=1 t=1 s=1

N T T T T
D000 00 D D Bl oy (i )it Ao ()]

1=

N T T T T
DD DT D> Bl ity oy (i) oy i)

2
E|Bax|? =

_.
<.
Il
—
o~
=
Il
—_
~
[
Il
—
-
w
Il
N
o
—




T T T T
Z Z Z Z E[Uitl,mvjta,m]E[t%pm (Uit2)]E[¢%€l2 (ujt4)]

n1=1no=0 i=2 j=1t;=1tp=1t3=1t4=1

= D921 + 2B99s.

For Bysy1, write

d k-1 N T T T T
1Boor| < s D D0 DD D D D 1Bt ity m VB[ Ay (tiny) iy (i, )|
n1=1n2=0 i=1 t1=1ta=1t3=11t4=1
1 d k-1 N T
SEED 55 35 3) 3D SIC IR Ry BT
n1=1n9=0 i=1 t1=1t3=1 to=1 t2
1 d k-1 N T T T ta—1 1 1 2
+0(52) X X 23 3 Bl nviemll X 2 7 / ()l
N-T : iyt diy
n1=1n2=0 i=1 t1=1t3=1 to=21t4=1
N k—1 N
=9 (N?TS) Z;T o <N2T3> ZOZ;T ny <O\ gz ) + O\ v ) = oW
1= nga2=0 1=

where the last line follows from Davydov inequality, Assumption 1.3 and (8) of Lemma A.1.

For BQQQ, write

t21

b3 2/(4+9)
o> esla(ftr — ta])” 4 (E[yvitmly%é/?])

(cij (It = ta]))/ 1+ <O ( ﬁ;) o(1),

where the second inequality follows form Davydov inequality and c; = 2(4+20)/(4+9) . (4 1 §)/§;
the third inequality follows from Assumption 1.3 and (8) of Lemma A.1.
Since |Ba221| = o(1) and |B222| = o(1), we know that By = op(1). We therefore complete

this part. |
3)
1 N T 1 N T T
WX £ = ﬁ ; tzl uzt + vzt €it — NT2 ; tzl ; uzt + Uzt)ezs = Cl CQ

Expand C as
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N T
% Z Z QZb 'Umf et + ]\:T Z Zviteit = Cll + 012.

i=1 t=1 i=1 t=1
We have shown that C1; = Op ( \/Nlé/ﬁ) in (7) of Lemma A.2. Moreover, by Assumption
1.3.(b)
d N N 1
2
EHCIZH N2T2 Z;;;E Vit nvjtn ezte]t‘FNt 1]] <NT>

Thus, Ci2 = Op (ﬁ) In connection with C71 = Op (\/Nlé/ﬁ)’ we obtain C7 =
1
or (A7)

Then we focus on Cy below and write

N T T | NoT.T
NT2 Z: ; SZ:; (wit)eis + ; ; ;Uiteis = Co1 + Coa.
For 021,
| AN T
B[Ol = s 35 S EL62 ()] 3 Bl
n=1 i=1 t=1 s=1
5 A N T h-l T
e SO0 ST S Bl )l )) 3 Bl
n=1i=1t;=2ts=1 s—1
5 A N -1 T T T
b SO ST S Bl )nwe)] Y EL
n=1i=2 j=1t1=1ts—1 s—1
= Co11 + 20212 + 2Co13
For Co11,
) d N ) A
2 1 [ 9
Co11 =0 <N2T3> ;;;/qﬁn(dtw)ﬁ(w)dw O <NT3> ;; 4 /cbn(w)dw
1 1
=0 (NT5/2> =0 <NT>

Similarly, for Ca12

el 20 (5 ) 2

T
Z El|¢n(uit, )b (uit, )]

o [ 1sawlidw [ 16,(w)jdw
tltz to

IA
@)
N\
<
'?o'_‘
SN—
M&
M) =
M'ﬂ
M

where the last inequality follows from f;,+,(w) and fi,(w) being bounded uniformly and ¢, (w)
being integrable for n =1,...,d.
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For Cs13, note that

| Eldn (it )] E[¢n (ujt,)]| - loe (@, 7))

3

ﬂ‘

:
M= 1=

=1
L AT T i-1 .
<L L > o [l - [loaw)ldu - o.G.)
n=1t=1ty=1 i=2 j=1 1 t2
1 T, T Nl . .
<0 <N2T3> Z Z i, Z CT@ZZWe(Z}j)’ =0 <NT2> =o0 (NT) ;
n=1¢1=1 ta=1 i=2 j=1

where the last line follows form f;, and f;, being bounded uniformly, ¢, (w) being integrable
forn=1,...,d and Assumption 1.3.(b).
Since ’0211| = 0 (NLT)’ ’0212| = 0 (ﬁ) and ’0213| = 0 (ﬁ), we obtain that Cy =
1
o (k)
By Assumption 1.3.(c), it is straightforward to obtain that

N N T T

T T
E|[Cas|? = ﬁ ZZ Z Z Z Z Elvjy, €ityvjes€4t,) = O (NlTQ> :

i=1 j=1t1=1ta=1t3=114=1

Thus, Cy = op (ﬁ) Since Cy1 = op (ﬁ) and C9g = op (ﬁ), then we have
Cy =op (ﬁ) In connection with that Cy = Op (ﬁ), the result follows. |

T (d(uit) + vie) Yk (wis) = D1 — Do
=1 =1 i

3~
>
I
3~
M) =
M’ﬂ
o
=
T
$
=1
g
T
E‘H
WE
M)~
M~

I
—

t

Il
—
vl
Il
—

By (8) and (9) of Lemma A.2, D; = Op ( L ) follows immediately. D2 can be expanded

kT
as
, N1 1 T T
D2 = 72 Z D dlui) v (uis) + NT? Z D) vuk(uis) = Da1 + Do
i=1 t=1 s=1 i=1 t=1 s=1
For D21,
| N7 1 T
1Ds1] < o D030 S ol ui)l| < O) o 3D el
i=1 t=1 s=1 i=1 t=1
where the second inequality follows from ¢, (w) being bounded uniformly for n =1,...,d. For

the summation on RHS above,

L NI 2 , NN T T
El= > Y ]| = w5 2. 2 > > Bl (war)llve(ugs) ]
NT 4 N-4T -
i=1 t=1 i=1 j=1 t=1 s=1
L 5 N T 1
= WZZE[’Y/%(U#)] + sz Bk (wit) [l ve (wis) ]
i=1 t=1 i=1 t=2 s=1



N -1 T T

N2T2 ZZZZE i (wit) 1 E | vk (wgs) ]

=2 j=1 t=1 s=1

<0 <N§T2> ii;/vﬁ(w)dw

1 N T t-1 1/2 1/2
+O<N2T2>;;s:ld = [t |dw{/fts dw} {/ﬂ czw}

1 N -1 T T 1 1/2 1/2
+0 <N2T2)ZZJ ;;d/m w) dw{/ft dw} {/f dw}

<0 <NT13/2> +0 <’§V;L) +0 (’“T> : (B.7)

where the first inequality follows from f;(w) being bounded uniformly and Cauchy-Schwarz
inequality; the second inequality follows from (3) of Lemma A.1 and the fact that f;(w) and

fis(w) are both bounded uniformly. Then we have shown that Doy = Op ( \/IclmiT)

We now focus on Dss.

1 d N N T T T T
E||Dy2|* = N ZZZ DD DD Elvity nvjes ] Elyk (wins ) (e, )]
| A NN T T -
<00 XY X 3 Bl w0 (40

where the first equality follows from Assumption 1.4; the first inequality follows from Assump-

tion 1.3.(a); the second inequality follows from (B.7). Then Day = Op ( W)
Based on the above, the result follows. |
5)

N
N\F ’Y_N\fzzzk wit )i (Wit ) \]ngk,i’yk,iEE1—E2

i=1 t=1

In (1) of Lemma A.2, we have shown that ||Ey|| = Op(k~(™=1/2). Then we just need to
focus on E9y below and write

N T T

HEQH = NT5/2 ZZZ HZk Uzt Yk Uzs)” < O k1/2 \/‘ZZ |’Yk uzt

i=1 t=1 s=1 =1 t=1

where the second inequality follows from (6) of Lemma A.1. In (B.7) of this lemma, we have

-m/ . .
shown b S0, 04 be(uwin)] = Op (K3, so we easily obtain Lz S50, S ()| =
Op (k_m/Q). Based on the above, it further implies that ||Es|| = Op(k~(™=1/2). Then the

result follows. ]
6) For the first result, write
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T
1 1
XX = = (Bwir) + vin) (D(wir) + vir)’
NT NT =
, NoToT
~NTZ Z Z Z(qb(uzt) + vit) (P(wis) + vis)' = F1 — Fo.
i=1 t=1 s=1

| N
szqﬂm (uir)" —p 0.

In connection with (4) and (5) of Lemma A.2, we obtain that i —p X, immediately.

We just need to focus on Fy below.

1 N T T 1 N T T
/
Fy = NT?2 ZZZ¢ uzt uzs NT2 Z;z;z:l¢ult Uis

1 z:thles:IT 1 o
+NT2 Z Z Z U1t¢(uls NT2 Z Z Z 'Ultvzl‘s
i=1 t=1 s=1 i=1 t=1 s=1

= Iy1 + Fog + Foz + Foy.

Notice that Fpqy = op(1) follows from Assumption 1.3.(a) straightaway. We then focus on

F51 below and write

E|Fn? = Edj szfjfjfjfjfjfsw (1t )y (tity ) (142, )y (1722)]
21 N2T4 : n1 \ Wity ) Png Wity )Pnq (Ujts ) Prg \Usjty

= Fo11 + 2F519.

For Fyq1, write

1 d d T T T T
Fo1y = N2T4 Z Z Z Z Z Z Z En, (it, ) Ons (ity) Oy (its) Py (wit, )]

1 d d N
=2 D DD 3 Eldny (ity) b ity ) b ity ) b (11, )]

N2T
n1=1no=1 i=1 all t1,t2,t3,t4 are different
1 d d N
+ N2T4 Z Z Z Z E[‘bm (uitl )¢n2 (uitQ )¢m (uita >¢n2 (uib‘4 )]

d d N
+ : 4 Z Z Z Z E[¢n1 (uih )¢n2 (uitz )¢n1 (uit3)¢n2 (Uit4)]
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d d N
+ ﬁ Z Z Z Z E[¢ﬂ1 (uitl )¢N2 (uit2 )¢n1 (uit3)¢n2 (uit4 )]

n1=1n2=1 i=1 four of t1,t2,t3,t4 are same

= o111 + Fori2 + Foris + Foiia.

For F5111, without loss of generality, assume that t; > to > t3 > t4. For other cases, for

example to > t3 > t1 > t4, the analysis will be same and the order will remain same. Then

N T t1—1tag—1t3—1

N2T4 Z Z Z Z Z Z Z |E qbnl Wity ¢n2 (ult2)¢n1 (ult3)¢n2 (uzt4)]|

ni=1no=11i=1 t1=4t2=3t3=214=1

() S Y Yy S SS :

ni=1no=1i=1 t1=4t2=3t3=21t4 dt1t2 dt2t3 dt3t4 dt4

- / / / (s (101) Sz (12) S, (13) by (w4 |y durp oy

<0 (52) 2 3 ([ omtwan) ( [isutmian) =0 ()=o)

ni=1ng=1

where the last inequality follows from ¢, (w) being integrable for n = 1,...,d.
For F5112, we focus on the case of t1 = t9 > t3 > t4. For other cases, for example t; = t3 >

tao > t4, the analysis will be even simpler and the order will remain same. Then write

N T ti—1t3—1

N2T4 Z Z STNTSTS T B (it ) (wity )by (wity) by (win,)]]

ni=1no=1i=1 t1=31t3=21t4=1

N T t1—1tz—1
(mgzzzzzz%%m

ni=1no=11i=1 t1=3t3=21t4=1

| / / / Gy (101 (1) s (109 oy (13) |y sl

<0 (NT5/2)ZZ{/¢ widv [ 62, (w) dw}1/2/|¢m Ndw [ {6 (w)ldw

=1ns=1
1
<0 (o)

where the last line follows from ¢, (w) being integrable and ¢, (w) € L3(R) for n = 1,...,d.
For F5113, we also focus on the case of t1 = t9 = t3 > t4. For other cases, for example

t1 = t3 = t4 > to, the analysis will be same and the order will remain same. Then write

- / (s (1) By (1) s (101 ) oy (w2) |t o
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co(sie) 555 oo o -0( k)

ni=1ng=1

where the last line follows from ¢, (w) being integrable and ¢, (w) € L3(R) for n = 1,...,d.

For F5114, write

Fy114 =

N T
N2T4 Z Z ZZ/ dtw)¢n2(dtw)ft( w)dw

ni=1no=11

<O(N2T4>Z

T 1
- 4, =%\ nrm

where the first inequality follows from ¢, (w) being bounded uniformly and ¢, (w) € L?(R) for
n=1,...,d.

Combining F2111, F2112, F2113 and F2114 together, we obtain that F211 =0 (1)

We now turn to F515 and write

T T
Z Z ¢n1 (uitl )¢n2 (uitQ )] ‘

t1=1t=1

T t—1 T t—1
B¢, (it) by (wit) ] + D D Elldny (it) by (wis) ] + D D Bl by (ttit) by (s ]
1 t=2 s=1 t=2 s=1
T t—1

Z L[ om@law+0) >3 2 [ 6w w)ld

t=2 s=1

Mﬂ

~
Il

| /\

< 0(1)\/17 +0(1)T = O(T),

where the last inequality follows from ¢, (w) being integrable for n = 1,...,d. Therefore,

N i—1

poizo(i) £ S
n=11=2j

Since Fy11 = 0(1) and Fz19 = o (1), we have shown that ||Fa1|| = op(1). Similarly, we can

show that ||Fh2| = op(1) and || Fas|| = op(1). Therefore, the result follows. [ |

Proof of Corollary 2.1:
We need only to prove the first result of this corollary. The second result then follows
immediately.

1) By (6) of Lemma A4, &, = +7X'X —p 5,. Thus, we just need to focus on 52, where

N
71 -~ ~ ~
7 O D (Xiy(Bo = B) + Zi(uie) (C = ©) + Fuluin) + &) (B.8)
i=1 t=1
— LN T oy 2))2 _ 1 N T (5 / 22
Now denote that Al NT ZZ 1 Zt 1( zt(ﬁo_ﬁ)) ) = NT Zi:l thl(Zk;(Uit) (C—C)) ,

Az = NT Zz 1Zt 1%(“%) and Ay = NT Zz 1 2.t= 1~12t
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For Aq, write

= OP(1)7

NI
N—ZZXitxgt
i=1 t=1

2
|A] < Hﬁo - 5” : ‘

where the last equality follows from Theorem 3.1 and (6) of Lemma A .4.

For Ay, write

wislo-of - &

where the last equality follows from Lemma 3.1, Lemma 2.1 and Assumption 2.2.
For As, by (2) of Lemma A.1, Zf\il Zthl A2 (uy) = O(k~™+5/6) = o(1).

For A4, write

L, N . T T
Ay = — Zze?t - N2 Zzzeit% = Ag1 — Ago.

For A42

N N T T T T
E [A42 = N2T4 ZZ Z Z Z Z eztleltzejtsejm] =o(1),

=1 j=1t1=1t2

where the RHS follows from e; being martingale difference sequence (cf., Assumption 1.3.(b)).

Therefore, we have shown that A; —p 0, Ay —p 0, A3 —p 0 and A4 —p o2. Based on the

above, all the interaction terms generated by Xz-t(ﬁo — B), Z (ui) (C — C’) and g (u;) from the

expansion of (B.8) can be shown converging to 0 in probability easily. For example,
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We now focus on the interaction terms generated by €.

Firstly,

<J-3] ort)

NT Z Z thezt

9 N T _
WZZX{t( ezt
7

=1 t=1

where the last equality follows from Theorem 3.1 and (3) of Lemma A 4.
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Secondly,

N
2 . ) .
~T 3 ; Zi(uy) (C — C)éy

= OP(1)7

<fo-el-

5 N T
=Y Zy(uw)én
NT ==

where the last equality follows from Lemma 3.1 and (1) of Lemma A.4.

Thirdly, by similar approach to (9) of Lemma A.2, ’% Zf\; 1 ZZ;I Ak (wit) €t

=op(1).

Therefore, based on the above, the result follows. |
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