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Notice that in what follows O(1) denotes some constant which may be different at each

appearance. Lemmas A.1 to Lemma A.4 introduce some preliminary results. The proofs of the

main results are provided in the Appendix A. Appendix B of this file adds some extra simulation

studies and the omitted proofs of Lemmas 2.1, A.2-A.4 and Corollary 2.1.

Appendix A: Proofs of the Main Results

Lemma A.1. Suppose that g(w) is differentiable on R and xm−jg(j)(w) ∈ L2(R) for j =

0, 1, . . . ,m and m ≥ 1. For the expansion

g(w) =

∞∑
j=0

cjHj(w) = Zk(w)′C + γk(w), cj =

∫
g(w)Hj(w)dw,

Zk(w) = (H0(w), . . . ,Hk−1(w))′, C = (c0, . . . , ck−1)

the following results hold:

(1)
∫
w2H 2

n (w)dw = n + 1/2; (2) maxw |γk(w)| = O(1)k−(m−1)/2−1/12; (3)
∫
γ2
k(w)dw =

O(1)k−m; (4)
∫
‖Zk(w)‖dw = O(1)k11/12; (5)

∫
‖Zk(w)‖2dw = k; (6) ‖Zk(w)‖2 = O(1)k

uniformly on R;

(7)
∫
|γk(w)|dw = O(1)k−m/2+11/12; (8)

∫
|Hn(w)|dw = O(1)n5/12; (9)

∫
|x|2‖Zk(x)‖2dx =

O(1)k2.

Lemma A.1 is a part of Lemma C.1 of the supplementary file of Dong et al. (2016), wherein

all the detailed proofs can be found.

Lemma A.2. Under Assumptions 1 and 2, as (N,T )→ (∞,∞) jointly,

(1)
∥∥∥ 1
N
√
T

∑N
i=1

∑T
t=1 Zk(uit)γk(uit)

∥∥∥ = OP (k−(m−1)/2);

(2)
∥∥∥ 1
N
√
T

∑N
i=1

∑T
t=1 φ(uit)Zk(uit)

′
∥∥∥ = OP (1);

(3)
∥∥∥ 1
N
√
T

∑N
i=1

∑T
t=1 vitZk(uit)

′
∥∥∥ = OP

(√
k
N

)
; (4) 1

NT

∑N
i=1

∑T
t=1 vitv

′
it = Σv +OP

(
1√
NT

)
;
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(5) 1
NT

∑N
i=1

∑T
t=1 vitφ(uit)

′ = OP

(
1√
NT

)
; (6) 1

N
√
T

∑N
i=1

∑T
t=1 Zk(uit)eit = OP

( √
k√

N 4√T

)
;

(7) 1
NT

∑N
i=1

∑T
t=1 φ(uit)eit = OP

(
1√

N
4√
T 3

)
; (8) 1

NT

∑N
i=1

∑T
t=1 φ(uit)γk(uit) = OP

(
1√
kmT

)
;

(9) 1
NT

∑N
i=1

∑T
t=1 vitγk(uit) = OP

(
k−m/2+5/12
√
NT

)
.

Lemma A.3. Consider two non-singular symmetric matrices A,B with same dimensions k×k,

where k tends to ∞. Suppose that their minimum eigenvalues satisfy that λmin(A) > 0 and

λmin(B) > 0 uniformly in k. Then
∥∥A−1 −B−1

∥∥ ≤ λ−1
min (A) · λ−1

min (B) ‖A−B‖.

Lemma A.4. Let Assumptions 1 and 2 hold. As (N,T ) → (∞,∞) jointly, (1)
∥∥∥ 1
N
√
T
ZE
∥∥∥ =

OP

( √
k√

N 4√T

)
; (2)

∥∥∥ 1
N
√
T
X ′Z

∥∥∥ = OP (1); (3) 1
NTX

′E = OP

(
1√
NT

)
; (4) 1

NTX
′γ = OP

(
1√
kmT

)
;

(5)
∥∥∥ 1
N
√
T
Z ′γ

∥∥∥ = OP (k−(m−1)/2); (6) 1
NTX

′X →P Σv.

We are now ready to provide the proofs of the mains results of this paper. All the omitted

proofs are stated in the Appendix B.

Proof of Theorem 2.1:

By Lemma 2.1, we have uniformly in k

λmin

(
1

N
√
T
Z ′Z

)
= min
‖µ‖=1

{
µ′a0Ikµ+ µ′

(
1

N
√
T
Z ′Z − a0Ik

)
µ

}
≥ a0 −

∥∥∥∥ 1

N
√
T
Z ′Z − a0Ik

∥∥∥∥ ≥ 1

2
a0(1 + oP (1)). (A.1)

Therefore, by Lemma A.3∥∥∥∥∥
(

1

N
√
T
Z ′Z

)−1

− 1

a0
Ik

∥∥∥∥∥ ≤ 2(1 + oP (1))

a2
0

∥∥∥∥ 1

N
√
T
Z ′Z − a0Ik

∥∥∥∥ = oP (1). (A.2)

Expand β̂

β̂ − β0 =
(
X ′MZX

)−1
X ′MZE +

(
X ′MZX

)−1
X ′MZγ

and observe that

1

NT
X ′MZX =

1

NT
X ′X − 1

N
√
T
X ′Z

(
1

N
√
T
Z ′Z

)−1 1

NT
Z ′X, (A.3)

1

NT
X ′MZE =

1

NT
X ′E − 1

N
√
T
X ′Z

(
1

N
√
T
Z ′Z

)−1 1

NT
Z ′E , (A.4)

1

NT
X ′MZγ =

1

NT
X ′γ − 1

N
√
T
X ′Z

(
1

N
√
T
Z ′Z

)−1 1

NT
Z ′γ. (A.5)

For asymptotic consistency, we consider (A.3)-(A.5) respectively below. Start from (A.3).

1

NT
X ′MZX =

1

NT
X ′X − 1

N
√
T
X ′Za−1

0 Ik
1

NT
Z ′X
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+
1

N
√
T
X ′Z

[
a−1

0 Ik −
(

1

N
√
T
Z ′Z

)−1
]

1

NT
Z ′X. (A.6)

Notice that ∥∥∥∥∥ 1

N
√
T
X ′Z

[
a−1

0 Ik −
(

1

N
√
T
Z ′Z

)−1
]

1

NT
Z ′X

∥∥∥∥∥
≤ 1√

T

∥∥∥∥ 1

N
√
T
X ′Z

∥∥∥∥2
∥∥∥∥∥a−1

0 Ik −
(

1

N
√
T
Z ′Z

)−1
∥∥∥∥∥ = oP

(
1√
T

)
,

where the last line follows from (A.2) and (2) of Lemma A.4. Similarly, by (2) of Lemma A.4,∥∥∥∥ 1

N
√
T
X ′Za−1

0 Ik
1

NT
Z ′X

∥∥∥∥ ≤ O(1)

∥∥∥∥ 1

N
√
T
X ′Z

∥∥∥∥∥∥∥∥ 1

NT
Z ′X

∥∥∥∥ = OP

(
1√
T

)
.

In connection with (6) of Lemma A.4, we can further write

1

NT
X ′MZX =

1

NT
X ′X +OP

(
1√
T

)
→P Σv. (A.7)

For (A.4), write

1

NT
X ′MZE =

1

NT
X ′E − 1

N
√
T
X ′Za−1

0 Ik
1

NT
Z ′E

+
1

N
√
T
X ′Z

[
a−1

0 Ik −
(

1

N
√
T
Z ′Z

)−1
]

1

NT
Z ′E . (A.8)

Notice that ∥∥∥∥∥ 1

N
√
T
X ′Z

[
a−1

0 Ik −
(

1

N
√
T
Z ′Z

)−1
]

1

NT
Z ′E

∥∥∥∥∥
≤
∥∥∥∥ 1

N
√
T
X ′Z

∥∥∥∥
∥∥∥∥∥a−1

0 Ik −
(

1

N
√
T
Z ′Z

)−1
∥∥∥∥∥
∥∥∥∥ 1

NT
Z ′E

∥∥∥∥ = oP

( √
k

√
N

4
√
T 3

)
,

where the last line follows from (A.2) and (1)-(2) of Lemma A.4. Similarly, by (1)-(2) of Lemma

A.4,

∥∥∥∥ 1

N
√
T
X ′Za−1

0 Ik
1

NT
Z ′E

∥∥∥∥ ≤ O(1)

∥∥∥∥ 1

N
√
T
X ′Z

∥∥∥∥∥∥∥∥ 1

NT
Z ′E

∥∥∥∥ = OP

( √
k

√
N

4
√
T 3

)
.

Then we can further write (A.8) as

1

NT
X ′MZE =

1

NT
X ′E +OP

( √
k

√
N

4
√
T 3

)
= OP

(
1√
NT

)
, (A.9)

where the second equality follows from (3) of Lemma A.4 and Assumption 2.2.
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For (A.5), write

1

NT
X ′MZγ =

1

NT
X ′γ − 1

N
√
T
X ′Za−1

0 Ik
1

NT
Z ′γ

+
1

N
√
T
X ′Z

[
a−1

0 Ik −
(

1

N
√
T
Z ′Z

)−1
]

1

NT
Z ′γ. (A.10)

Notice that ∥∥∥∥∥ 1

N
√
T
X ′Z

[
a−1

0 Ik −
(

1

N
√
T
Z ′Z

)−1
]

1

NT
Z ′γ

∥∥∥∥∥
≤
∥∥∥∥ 1

N
√
T
X ′Z

∥∥∥∥
∥∥∥∥∥a−1

0 Ik −
(

1

N
√
T
Z ′Z

)−1
∥∥∥∥∥
∥∥∥∥ 1

NT
Z ′γ

∥∥∥∥ = oP

(
1√

km−1T

)
,

where the last line follows from (A.2), and (2) and (5) of Lemma A.4. Similarly, by (2) and (5)

of Lemma A.4,∥∥∥∥ 1

N
√
T
X ′Za−1

0 Ik
1

NT
Z ′γ

∥∥∥∥ ≤ O(1)

∥∥∥∥ 1

N
√
T
X ′Z

∥∥∥∥∥∥∥∥ 1

NT
Z ′γ

∥∥∥∥ = OP

(
1√

km−1T

)
.

Then we can further write (A.10) as

1

NT
X ′MZγ =

1

NT
X ′γ +OP

(
1√

km−1T

)
= OP

(
1√

km−1T

)
, (A.11)

where the second equality follows from (4) of Lemma A.4.

The asymptotic consistency follows from (A.7), (A.9) and (A.11) immediately.

Below, we focus on the asymptotic normality:

√
NT (β̂ − β0) =

(
1

NT
X ′MZX

)−1 1√
NT

X ′MZ(γ + E) (A.12)

By (A.7) and (A.11), it is straightforward to obtain that

(
1

NT
X ′MZX

)−1 1√
NT

X ′MZγ = OP

(
N

1
2k−

m−1
2

)
= oP (1),

where the second equality follows from the condition of N/km−1 → 0.

Therefore, we need only to consider the next term:

√
NT (β̂ − β0) =

(
1

NT
X ′MZX

)−1 1√
NT

X ′MZE + oP (1).

By (A.7), 1
NTX

′MZX →P Σv. We then focus on 1√
NT

X ′MZE below. Further expand (A.9)

1√
NT

X ′MZE =
1√
NT

N∑
i=1

T∑
t=1

x̃itẽit +OP

(√
k

4
√
T

)
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=
1√
NT

N∑
i=1

T∑
t=1

(φ(uit) + vit)eit −
√
NT

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

(φ(uit) + vit)eis +OP

(√
k

4
√
T

)
.

In the proof of (3) of Lemma A.4, we have shown that 1
NT 2

∑N
i=1

∑T
t=1

∑T
s=1 φ(uit)eis =

oP

(
1√
NT

)
and 1

NT 2

∑N
i=1

∑T
t=1

∑T
s=1 viteis = oP

(
1√
NT

)
. Thus, it is straightforward to obtain

that

√
NT

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

(φ(uit) + vit)eis = oP (1).

Hence, we can further write

1√
NT

X ′MZE =
1√
NT

N∑
i=1

T∑
t=1

(φ(uit) + vit)eit + oP (1).

By (7) of Lemma A.2, it is easy to know that 1√
NT

∑N
i=1

∑T
t=1 φ(uit)eit = oP (1). Therefore, we

can write 1√
NT

X ′MZE as

1√
NT

X ′MZE =
1√
NT

N∑
i=1

T∑
t=1

viteit + oP (1).

Chen et al. (2012) have already shown that 1√
NT

∑N
i=1

∑T
t=1 viteit →D N(0,Σv,e) in their

formula (A.44). In connection with 1
NTX

′MZX →P Σv, the asymptotic normality follows. �

Proof of Lemma 2.2:

Note that

Ĉ − C =
(
Z ′MXZ

)−1Z ′MXγ +
(
Z ′MXZ

)−1Z ′MXE ,

and we normalize each term as

1

N
√
T
Z ′MXZ =

1

N
√
T
Z ′Z − 1

N
√
T
Z ′X

(
1

NT
X ′X

)−1 1

NT
X ′Z (A.13)

1

N
√
T
Z ′MXγ =

1

N
√
T
Z ′γ − 1

N
√
T
Z ′X

(
1

NT
X ′X

)−1 1

NT
X ′γ (A.14)

1

N
√
T
Z ′MXE =

1

N
√
T
Z ′E − 1

N
√
T
Z ′X

(
1

NT
X ′X

)−1 1

NT
X ′E . (A.15)

We now consider (A.13)-(A.15), respectively. Firstly, notice that∥∥∥∥ 1

N
√
T
Z ′MXZ − a0Ik

∥∥∥∥
≤
∥∥∥∥ 1

N
√
T
Z ′Z − a0Ik

∥∥∥∥+
1√
T

∥∥∥∥ 1

N
√
T
Z ′X

∥∥∥∥2
∥∥∥∥∥
(

1

NT
X ′X

)−1
∥∥∥∥∥ = oP (1),
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where the last line follows from Lemma 2.1 as well as (2) and (6) of Lemma A.4 in this paper.

Consequently, we obtain that

λmin

(
1

N
√
T
Z ′MXZ

)
= min
‖µ‖=1

{
µ′a0Ikµ+ µ′

(
1

N
√
T
Z ′MXZ − a0Ik

)
µ

}
≥ a0 −

∥∥∥∥ 1

N
√
T
Z ′MXZ − a0Ik

∥∥∥∥ ≥ 1

2
a0 + oP (1).

For (A.14),

∥∥∥∥ 1

N
√
T
Z ′MXγ

∥∥∥∥ ≤ ∥∥∥∥ 1

N
√
T
Z ′γ

∥∥∥∥+

∥∥∥∥ 1

N
√
T
Z ′X

∥∥∥∥
∥∥∥∥∥
(

1

NT
X ′X

)−1
∥∥∥∥∥
∥∥∥∥ 1

NT
X ′γ

∥∥∥∥
= OP

(
k−(m−1)/2

)
,

where the equality follows from (2), (4), (5) and (6) of Lemma A.4. According to the above, it

is easy to obtain that

∥∥∥(Z ′MXZ
)−1Z ′MXγ

∥∥∥2
≤ λ−2

min

(
1

N
√
T
Z ′MXZ

)
·
∥∥∥∥ 1

N
√
T
Z ′MXγ

∥∥∥∥2

= OP (k−m+1).(A.16)

For (A.15),

∥∥∥∥ 1

N
√
T
Z ′MXE

∥∥∥∥ ≤ ∥∥∥∥ 1

N
√
T
Z ′E

∥∥∥∥+

∥∥∥∥ 1

N
√
T
Z ′X

∥∥∥∥
∥∥∥∥∥
(

1

NT
X ′X

)−1
∥∥∥∥∥
∥∥∥∥ 1

NT
X ′E

∥∥∥∥
= OP

( √
k√

N 4
√
T

)
,

where the equality follows from (1), (2), (3) and (6) of Lemma A.4 in this paper. Similar to

(A.16), it is straightforward to obtain that

∥∥∥(Z ′MXZ
)−1Z ′MXE

∥∥∥2
≤ λ−2

min

(
1

N
√
T
Z ′MXZ

)
·
∥∥∥∥ 1

N
√
T
Z ′MXE

∥∥∥∥2

= OP

(
k

N
√
T

)
. (A.17)

Therefore, the result follows from (A.16) and (A.17) immediately. �

Proof of Theorem 2.2:

1) It follows from the orthogonality of the Hermite sequence that∫
(ĝ(w)− g(w))2 dw =(Ĉ − C)′

∫
Zk(w)Zk(w)′dw(Ĉ − C) +

∫
γ2
k(w)dw

=‖Ĉ − C‖2 +

∫
γ2
k(w)dw = OP

(
k

N
√
T

)
+OP

(
k−m+1

)
,

where Lemmas 2.2 and A.1 are used.
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2) We now focus on the normality. We can write√
Nσ−1

k (w)
4
√
T (ĝ(w)− g(w))

=
√
Nσ−1

k (w)
4
√
TZk(w)′

(
Ĉ − C

)
−
√
Nσ−1

k (w)
4
√
TZk(w)′γk(w)

=
√
Nσ−1

k (w)
4
√
TZk(w)′(Z ′MXZ)−1Z ′MXE

+
√
Nσ−1

k (w)
4
√
TZk(w)′(Z ′MXZ)−1Z ′MXγ −

√
Nσ−1

k (w)
4
√
TZk(w)′γk(w)

=
√
Nσ−1

k (w)
4
√
TZk(w)′(Z ′MXZ)−1Z ′MXE +OP (N

1
2T

1
4k−

m−1
2 ) +OP (N

1
2T

1
4k−

m
2

+ 5
12 )

=
√
Nσ−1

k (w)
4
√
TZk(w)′

(
1

N
√
T
Z ′MXZ

)−1 1

N
√
T

(
Z ′E − Z ′X(X ′X)−1X ′E

)
+ oP (1)

=
√
Nσ−1

k (w)
4
√
TZk(w)

((
1

N
√
T
Z ′MXZ

)−1

− a−1
0 Ik

)
· 1

N
√
T

(
Z ′E − Z ′X(X ′X)−1X ′E

)
+
√
Nσ−1

k (w)
4
√
TZk(w)′a−1

0 Ik
1

N
√
T

(
Z ′E − Z ′X(X ′X)−1X ′E

)
+ oP (1)

=
1√

Nσk(w)a2
0

4
√
T
Zk(w)′Z ′E + oP (1)

=
1√

Nσk(w)a2
0

4
√
T

N∑
i=1

T∑
t=1

Zk(w)′Zk(uit)eit + oP (1), (A.18)

where the third equality follows from Zk(w) = O(
√
k), (2) of Lemma A.1 and (A.16); the fourth

equality follows from the assumption in the body of this theorem; the sixth equality follows

from (2) of Lemma 2.1, (2), (3) and (6) of Lemma A.4 of this paper and Lemma A.3; the last

equality follows from the proof for (1) of Lemma A.4.

For notational simplicity, denote VNk(t;w) = 1√
N‖Zk(w)‖2

∑N
i=1 Zk(w)′Zk(uit)eit and σ̃ =√

a0σ2
e . We further write

√
Nσ−1

k (w)
4
√
T (ĝ(w)− g(w)) =

1

σ̃

T∑
t=1

1
4
√
T
VNk(t;w) + oP (1). (A.19)

Notice that VNk(t;w) is a martingale difference array by Assumption 1. We then use the central

limit theorem for martingale difference arrays to show the normality. See Lemma B.1 of Chen

et al. (2012) and Corollary 3.1 of Hall and Heyde (1980, p. 58) for reference. Firstly, we verify

the conditional Lindeberg condition, i.e., as (N,T )→ (∞,∞), for ∀ε > 0,

1√
T

T∑
t=1

E
[
V 2
Nk(t;w)I

(
|VNk(t;w)| ≥ ε 4

√
T
)
|FNt−1

]
= oP (1). (A.20)

To this end, write

1√
T

T∑
t=1

E
[
V 2
Nk(t;w)I

(
|VNk(t;w)| ≥ ε 4

√
T
)
|FNt−1

]
≤ 1

ε2T

T∑
t=1

E
[
V 4
Nk(t;w)|FNt−1

]
7



≤ 1

ε2T

T∑
t=1

1

N2‖Zk(w)‖4
E[|Zk(w)′Zk(u1t)|4]

N∑
i1=1

N∑
i2=1

N∑
i3=1

N∑
i4=1

|E [ei1tei2tei3tei4t|FNt−1]|

≤ 1

ε2T

T∑
t=1

E[‖Zk(u1t)‖4] · 1

N2

N∑
i1=1

N∑
i2=1

N∑
i3=1

N∑
i4=1

|E [ei1tei2tei3tei4t|FNt−1]|

≤ OP (1)
1

ε2T

T∑
t=1

1

dt

∫
‖Zk(x)‖4dx = OP (1)

k2

ε2
√
T

= oP (1), (A.21)

due to the independence of uit and ujt for i 6= j, where the first inequality follows from Hölder

inequality and Markov inequality; the last line follows from the assumption in the body of this

theorem, and ‖Zk(·)‖2 = O(k),
∫
‖Zk(x)‖2dx = k as well as the density ft(x) of d−1

t u1t being

bounded uniformly (note that dt = |ρ|
√
t(1 + o(1)) and see the proof of Lemma 2.1 for more

details).

Next, we verify the convergence of the conditional variance of VNk(t;w). Again, by the

independence of uit and ujt for i 6= j,

T∑
t=1

E[V 2
Nk(t;w)|FNt−1]√

T

=
1

‖Zk(w)‖2
1

N
√
T

N∑
i=1

N∑
j=1

T∑
t=1

Zk(w)′E
[
Zk(uit)Zk(ujt)

′]Zk(w)σe(i, j)

=
1

‖Zk(w)‖2
1

N
√
T

N∑
i=1

T∑
t=1

Zk(w)′E
[
Zk(uit)Zk(uit)

′]Zk(w)σ2
e

+
1

‖Zk(w)‖2
1

N
√
T

∑
i 6=j

T∑
t=1

Zk(w)′E [Zk(uit)]E
[
Zk(ujt)

′]Zk(w)σe(i, j)

≡ ANT1 +ANT2.

By (1) of Lemma 2.1, we have ANT1 →P a0σ
2
e , and we may show that ANT2 = oP (1). In

fact,

|ANT2| ≤
1

N
√
T

∑
i 6=j

T∑
t=1

E [‖Zk(uit)‖]E [‖Zk(ujt)‖] · |σe(i, j)|

=
1

N

∑
i 6=j
|σe(i, j)|

1√
T

T∑
t=1

(∫
‖Zk(dtx)‖ft(x)dx

)2

≤ O(1)
1

N

∑
i 6=j
|σe(i, j)|

1√
T

T∑
t=1

1

d2
t

(∫
‖Zk(x)‖dx

)2

= O(1)
k11/6

√
T

T∑
t=1

1

t
≤ O(1)

k11/6 ln(T )√
T

= o(1),

where the first inequality follows from the sub-multiplicativity of Euclidean norm; the second

8



inequality follows from the uniformly boundedness of ft(x); the last line follows from (4) of

Lemma A.1 and Assumption 1.3.(b).

Therefore, in connection with (A.19),
√
Nσ−1

k (w) 4
√
T (ĝ(w)− g(w))→D N(0, 1). �

Appendix B

Appendix B.1: Extra Simulation Results

Firstly, we report the omitted simulations results of the main text. The following QQ-plots

(i.e., Figures B.1-B.3) are for the cases with ρe = ρv = 0.9.
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Figure B.1: QQ-plots of Qg(w) at w = −1
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Figure B.2: QQ-plots of Qg(w) at w = 0
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Figure B.3: QQ-plots of Qg(w) at w = 1

To verify Corollary 2.1, we now implement some extra simulations. The data generating

process (DGP) is as follows.
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yit = x′itβ0 + g(uit) + ωi + eit,

xit = f(uit) + λi + vit,

where eit ∼ i.i.d. N(0, 1) over i and t. All the other variables are generated in exactly the same

way as the main text, and consider the case where ρv = 0.5 only. To verify Corollary 2.1 and

Theorem 2.2, we record the values of

Qβ =
√
NT

(
1

σ̂2
e

Σ̂v

)1/2

(β̂ − β0), (B.1)

in each replication, and then report the QQ-plots of this quantities against N(0, 1) in Figures

B.4-B.5 below based on 1000 replications. It is clear that all the QQ-plots strongly suggest that

the quantities documented in (B.1) follow N(0, 1), which then supports our Corollary 2.1.

After many attempts, we notice that the simulation results are not really sensitive to the

choices of g(·) and φ(·) as long as these functions satisfy the assumptions of the paper. We have

also considered, for example, g(w) =
√
P (w), where P (w) stands for the PDF of the standard

Cauchy distribution or the standard normal distribution. The results are quite similar to those

presented in the main text and supplementary file of this paper, so we do not repeat them again.
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Figure B.4: QQ-plots for the first element of Qβ
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Figure B.5: QQ-plots for the second element of Qβ

Appendix B.2: Additional Proofs

We start from the proof of Lemma 2.1, which provides some fundamental results and notations

used in the rest of this file.

Proof of Lemma 2.1:

It suffices to show that as (N,T )→ (∞,∞) jointly,∥∥∥∥ 1

N
√
T
Z ′Z − 1

N
√
T
E[Z ′Z]

∥∥∥∥→P 0 and
1

N
√
T
E[Z ′Z] = a0Ik.

Notice that

1

N
√
T
Z ′Z =

1

N
√
T

N∑
i=1

T∑
t=1

Zk(uit)Zk(uit)
′ −
√
T

N

N∑
i=1

Z̄k,iZ̄
′
k,i

=
1

N
√
T

N∑
i=1

T∑
t=1

Zk(uit)Zk(uit)
′ − 1

NT 3/2

N∑
i=1

T∑
t=1

T∑
s=1

Zk(uit)Zk(uis)
′ ≡ ANT −BNT . (B.2)

Stage One. Calculate the expectation. Note that {uit} is i.i.d sequence across i. Therefore,

the distribution of uit does not depend on i. Let dt = (E[u2
it])

1/2 = |ρ|
√
t(1 +o(1)), where ρ 6= 0

is given in Assumption 1. Hence, d−1
t uit has a density ft(x), which is uniformly bounded over
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x and large t. Meanwhile, as t→∞, maxx |ft(x)− ϕ(x)| ≤ Cd−1
t for some C > 0, where ϕ(x)

is the density of a standard normal variable (see Dong and Gao (2017) for more details on the

properties of ft(x)). Let ν = ν(T ) be a function of T such that ν → ∞ and kν/
√
T → 0 as

T →∞.

E[ANT ] =
1

N
√
T

N∑
i=1

T∑
t=1

E[Zk(uit)Zk(uit)
′]

=
1

N
√
T

N∑
i=1

ν∑
t=1

E[Zk(uit)Zk(uit)
′] +

1

N
√
T

N∑
i=1

T∑
t=ν+1

E[Zk(uit)Zk(uit)
′]

=
1

N
√
T

N∑
i=1

ν∑
t=1

E[Zk(uit)Zk(uit)
′] +

1

N
√
T

N∑
i=1

T∑
t=ν+1

d−1
t

∫
Zk(x)Zk(x)′ft(d

−1
t x)dx

=
1√
T

ν∑
t=1

E[Zk(u1t)Zk(u1t)
′] +

1√
T

T∑
t=ν+1

d−1
t

∫
Zk(x)Zk(x)′ft(d

−1
t x)dx

=ANT,1 +ANT,2.

By the construction, it is easy to obtain that for ANT,1

1√
T

∥∥∥∥∥
ν∑
t=1

E[Zk(u1t)Zk(u1t)
′]

∥∥∥∥∥ ≤ 1√
T

ν∑
t=1

E[‖Zk(u1t)‖2] = O(1)
νk√
T
→ 0,

where the equality follows from (6) of Lemma A.1. We then consider ANT,2

ANT,2 =
1√
T

T∑
t=ν+1

d−1
t

∫
Zk(x)Zk(x)′ft(d

−1
t x)dx

=
1√
T

T∑
t=ν+1

d−1
t

∫
Zk(x)Zk(x)′

(
ft(d

−1
t x)− ϕ(d−1

t x)
)
dx

+
1√
T

T∑
t=ν+1

d−1
t

∫
Zk(x)Zk(x)′ϕ(d−1

t x)dx

=o(1) + ϕ(0)
1√
T

T∑
t=ν+1

d−1
t

∫
Zk(x)Zk(x)′dx

+
1√
T

T∑
t=ν+1

d−1
t

∫
Zk(x)Zk(x)′

(
ϕ(d−1

t x)− ϕ(0)
)
dx

=o(1) + 2ϕ(0)/|ρ|(1 + o(1)) · Ik +
1√
T

T∑
t=ν+1

d−1
t

∫
|x|<εdt

Zk(x)Zk(x)′
(
ϕ(d−1

t x)− ϕ(0)
)
dx

+
1√
T

T∑
t=ν+1

d−1
t

∫
|x|≥εdt

Zk(x)Zk(x)′
(
ϕ(d−1

t x)− ϕ(0)
)
dx,
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where ε > 0 can be as small as we wish; and the second equality follows from

1√
T

∥∥∥∥∥
T∑

t=ν+1

d−1
t

∫
Zk(x)Zk(x)′

(
ft(d

−1
t x)− ϕ(d−1

t x)
)
dx

∥∥∥∥∥
≤ O(1)

1√
T

T∑
t=ν+1

d−2
t

∫
‖Zk(x)‖2dx = O(1)

k lnT√
T

= o(1).

Notice also that

1√
T

∥∥∥∥∥
T∑

t=ν+1

d−1
t

∫
|x|<εdt

Zk(x)Zk(x)′
(
ϕ(d−1

t x)− ϕ(0)
)
dx

∥∥∥∥∥
≤ 1√

T

T∑
t=ν+1

d−1
t

∫
|x|<εdt

‖Zk(x)Zk(x)′‖ · |ϕ(d−1
t x)− ϕ(0)|dx

≤O(1)
1√
T

T∑
t=ν+1

d−2
t

∫
|x|<εdt

‖Zk(x)Zk(x)′‖ · |x|dx

≤O(1)
ln(T )√
T

(∫
|x|2‖Zk(x)‖2dx

∫
‖Zk(x)‖2dx

)1/2

=O(1)
ln(T )√
T

(
k2 · k

)1/2
= O(1)

k3/2 ln(T )√
T

, (B.3)

where the last line follows from (5) and (9) of Lemma A.1. Moreover,

1√
T

∥∥∥∥∥
T∑

t=ν+1

d−1
t

∫
|x|≥εdt

Zk(x)Zk(x)′
(
ϕ(d−1

t x)− ϕ(0)
)
dx

∥∥∥∥∥
≤O(1)

1√
T

T∑
t=ν+1

d−1
t

∫
|x|≥εdt

∥∥Zk(x)Zk(x)′
∥∥ dx

≤O(1)
1√
T

T∑
t=ν+1

ε−1d−2
t

∫
|x|≥εdt

‖Zk(x)Zk(x)′‖ · |x|dx

≤O(1)ε−1 ln(T )√
T

(∫
|x|2‖Zk(x)‖2dx

∫
‖Zk(x)‖2dx

)1/2

= O(1)
k3/2 ln(T )√

T
. (B.4)

In view of Assumption 2, (B.3) and (B.4), we obtain that E[ANT ] = 2ϕ(0)/|ρ| · Ik(1 + o(1)).

Next, we will show that E[BNT ] = o(1). For t > s and t− s is large, note that, without loss

of generality letting ui0 = 0 a.s.

uit =
t∑

`=1

ηi` =
t∑

`=1

∑̀
j=−∞

ρt−jεij =
t∑

j=−∞
bt,jεij

=
t∑

j=s+1

bt,jεij +
s∑

j=−∞
bt,jεij := ui,ts + u∗i,ts,

where bt,j =
∑t

`=max(1,j) ρ`−j .
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Similar to the proof of Lemma A.4 of Dong et al. (2016), 1
dts
ui,ts has uniformly bounded

densities fts(w) over all t and s, where dts = O(1)
√
t− s. Without loss of generality, in what

follows we abuse the density by neglecting the argument on ν = ν(T ) as we did before. Let

Ris = σ(. . . , εi,s−1, εis) be the sigma field generated by εij , j ≤ s. Then,

E[BNT ] =
1

NT 3/2

N∑
i=1

T∑
t=1

T∑
s=1

E
[
Zk(uit)Zk(uis)

′]
=

1

NT 3/2

N∑
i=1

T∑
t=1

E
[
Zk(uit)Zk(uit)

′]+
2

NT 3/2

N∑
i=1

T∑
t=2

t−1∑
s=1

E
[
E[Zk(uit)Zk(uis)

′|Ris]
]

=
1

NT 3/2

N∑
i=1

T∑
t=1

∫
Zk(dtw)Zk(dtw)′ft(w)dw

+
2

NT 3/2

N∑
i=1

T∑
t=2

t−1∑
s=1

E

∫
Zk(dtsw1 + u∗i,ts)Zk(uis)

′fts(w1)dw1

=
1

T 3/2

T∑
t=1

1

dt

∫
Zk(w)Zk(w)′ft(w/dt)dw

+
2

T 3/2

T∑
t=2

t−1∑
s=1

1

dts
E

∫
Zk(w1)Zk(uis)

′fts

(
w1 − u∗i,ts

dts

)
dw1.

The first term is confined by

1

T 3/2

T∑
t=1

1

dt

∫ ∥∥Zk(w)Zk(w)′
∥∥ ft(w/dt)dw ≤ O(1)

1

T 3/2

T∑
t=1

1

dt

∫
‖Zk(w)‖2 dw = O(1)

k

T
,

while the second term is bounded by

2

T 3/2

T∑
t=2

t−1∑
s=1

1

dts
E

∫
‖Zk(w1)Zk(uis)

′‖fts
(
w1 − u∗i,ts

dts

)
dw1

≤ O(1)
1

T 3/2

T∑
t=2

t−1∑
s=1

1

dts

∫
‖Zk(w1)‖ dw1E‖Zk(uis)‖

≤ O(1)
1

T 3/2

T∑
t=2

t−1∑
s=1

1

dts

1

ds

(∫
‖Zk(w1)‖ dw1

)2

= O(1)
k11/6

T 1/2
= o(1),

where the last equality follows from (4) of Lemma A.1. The calculation yields 1
N
√
T
E[Z ′Z] =

a0Ik(1 + o(1)).

Stage Two. We shall show that as (N,T )→ (∞,∞) jointly

E

∥∥∥∥ 1

N
√
T
Z ′Z − 1

N
√
T
E[Z ′Z]

∥∥∥∥2

→ 0.

To do so, N →∞ and uit being independent with respect to (w.r.t.) i are important. By (B.2)
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again,

E

∥∥∥∥ 1

N
√
T
Z ′Z − 1

N
√
T
E[Z ′Z]

∥∥∥∥2

(B.5)

≤ 2

N2T
E

∥∥∥∥∥
N∑
i=1

T∑
t=1

{Zk(uit)Zk(uit)′ − E[Zk(uit)Zk(uit)
′]}

∥∥∥∥∥
2

+
2

N2T 3
E

∥∥∥∥∥
N∑
i=1

T∑
t=1

T∑
s=1

{Zk(uit)Zk(uis)′ − E[Zk(uit)Zk(uis)
′]}

∥∥∥∥∥
2

≡ ĀNT + B̄NT .

We now consider ĀNT and B̄NT respectively.

ĀNT =
2

N2T
E

∥∥∥∥∥
N∑
i=1

T∑
t=1

{Zk(uit)Zk(uit)′ − E[Zk(uit)Zk(uit)
′]}

∥∥∥∥∥
2

=
2

N2T

N∑
i=1

E

∥∥∥∥∥
T∑
t=1

{Zk(uit)Zk(uit)′ − E[Zk(uit)Zk(uit)
′]}

∥∥∥∥∥
2

≤ 2

N2T

N∑
i=1

E

∥∥∥∥∥
T∑
t=1

Zk(uit)Zk(uit)
′

∥∥∥∥∥
2

=
2

N2T

k−1∑
n=0

k−1∑
m=0

N∑
i=1

T∑
t=1

T∑
s=1

E [Hn(uit)Hm(uit)Hn(uis)Hm(uis)]

=
2

N2T

k−1∑
n=0

k−1∑
m=0

N∑
i=1

T∑
t=1

E
[
H 2
n (uit)H

2
m(uit)

]
+

4

N2T

k−1∑
n=0

k−1∑
m=0

N∑
i=1

T∑
t=2

t−1∑
s=1

E [Hn(uit)Hm(uit)Hn(uis)Hm(uis)]

≡ ĀNT,1 + ĀNT,2.

For ĀNT,1, write

ĀNT,1 =
2

NT

k−1∑
n=0

k−1∑
m=0

T∑
t=1

∫
H 2
n (dtw)H 2

m(dtw)ft(w)dw

≤ O(1)
1

NT

k−1∑
n=0

k−1∑
m=0

T∑
t=1

1

dt

∫
H 2
n (w)ft(w/dt)dw

≤ O(1)
1

NT

k−1∑
n=0

k−1∑
m=0

T∑
t=1

1

dt

∫
H 2
n (w)dw = O(1)

k2

N
√
T
,

where the first inequality follows from Hn(w) being bounded uniformly.

For ĀNT,2, write

ĀNT,2 =
4

N2T

k−1∑
n=0

N∑
i=1

T∑
t=2

t−1∑
s=1

E
[
H 2
n (uit)H

2
n (uis)

]
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+
8

N2T

k−1∑
n=1

n−1∑
m=0

N∑
i=1

T∑
t=2

t−1∑
s=1

E [Hn(uit)Hm(uit)Hn(uis)Hm(uis)] ≡ ĀNT,21 + ĀNT,22.

For ĀNT,21, using the conditioning argument again we have

ĀNT,21 ≤ O(1)
1

NT

k−1∑
n=0

T∑
t=2

t−1∑
s=1

1

dts

1

ds

∫∫
H 2
n (w1)H 2

n (w2)dw1dw2 = O(1)
k

N
.

For ĀNT,22, we use the decomposition uit = ui,ts + u∗i,ts again. Note that for 1 ≤ i ≤ N

and s < t, ui,ts includes all the information between time periods s+ 1 and t and u∗i,ts includes

all the information up to time period s. As Dong and Gao (2017) show, 1
dts
ui,ts has a density

fts(w), which is uniformly bounded on R and satisfies uniform Lipschitz condition on R, i.e.,

supw |fts(w + v)− fts(w)| ≤ C|v| for some absolutely constant C. Then we can write

ĀNT,22 = O(1)
1

NT

k−1∑
n=1

n−1∑
m=0

T∑
t=2

t−1∑
s=1

E [Hn(uit)Hm(uit)Hn(uis)Hm(uis)]

= O(1)
1

NT

k−1∑
n=1

n−1∑
m=0

T∑
t=2

t−1∑
s=1

E
[
E
[
Hn(ui,ts + u∗i,ts)Hm(ui,ts + u∗i,ts)|Ris

]
Hn(uis)Hm(uis)

]
= O(1)

1

NT

k−1∑
n=1

n−1∑
m=0

T∑
t=2

t−1∑
s=1

E

[∫
Hn(dtsw + u∗is)Hm(dtsw + u∗is)fts(w)dw ·Hn(uis)Hm(uis)

]

= O(1)
1

NT

k−1∑
n=1

n−1∑
m=0

T∑
t=2

t−1∑
s=1

1

dts
E

[∫
Hn(w)Hm(w)fts

(
w − u∗is
dts

)
dw ·Hn(uis)Hm(uis)

]

= O(1)
1

NT

k−1∑
n=1

n−1∑
m=0

T∑
t=2

t−1∑
s=1

1

dts

·E
[∫

Hn(w)Hm(w)

[
fts

(
w − u∗is
dts

)
− fts

(
−u∗is
dts

)]
dw ·Hn(uis)Hm(uis)

]
,

where the last line follows from the fact that
∫

Hn(w)Hm(w)dw = 0 for m 6= n. By the uniform

Lipschitz condition of fts, we then obtain that

|ĀNT,22| ≤ O(1)
1

NT

k−1∑
n=1

n−1∑
m=0

T∑
t=2

t−1∑
s=1

1

d2
ts

∫
|wHn(w)Hm(w)|dw · E [|Hn(uis)Hm(uis)|]

= O(1)
1

NT

k−1∑
n=1

n−1∑
m=0

T∑
t=2

t−1∑
s=1

1

d2
ts

∫
|wHn(w)Hm(w)|dw ·

∫
|Hn(dsw)Hm(dsw)|fs(w)dw

≤ O(1)
1

NT

k−1∑
n=1

n−1∑
m=0

T∑
t=2

t−1∑
s=1

1

d2
ts

1

ds

∫
|wHn(w)Hm(w)|dw ·

∫
|Hn(w)Hm(w)|dw

≤ O(1)
1

NT

k−1∑
n=1

n−1∑
m=0

T∑
t=2

t−1∑
s=1

1

d2
ts

1

ds

{∫
H 2
n (w)dw

∫
w2H 2

m(w)dw

}1/2

·
{∫

H 2
n (w)dw

∫
H 2
m(w)dw

}1/2
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≤ O(1)
1

NT

k−1∑
n=1

n−1∑
m=0

T∑
t=2

t−1∑
s=1

1

d2
ts

1

ds

√
m = O

(
k5/2 lnT

N
√
T

)
= o(1).

By the calculation of ĀNT,1 and ĀNT,2, we have shown that ĀNT = o(1).

For B̄NT , by the independence across i of {ui1, . . . , uiT }, write

B̄NT =
2

N2T 3

N∑
i=1

E

∥∥∥∥∥
T∑
t=1

T∑
s=1

{Zk(uit)Zk(uis)′ − E[Zk(uit)Zk(uis)
′]}

∥∥∥∥∥
2

≤ O(1)

N2T 3

N∑
i=1

E

∥∥∥∥∥
T∑
t=1

T∑
s=1

Zk(uit)Zk(uis)
′

∥∥∥∥∥
2

≤ O(1)

N2T 3

N∑
i=1

E

[
T∑
t=1

T∑
s=1

‖Zk(uit)‖‖Zk(uis)‖

]2

= O(1)
1

N2T 3

N∑
i=1

E

[
T∑

t1=1

T∑
t2=1

T∑
t3=1

T∑
t4=1

‖Zk(uit1)‖‖Zk(uit2)‖‖Zk(uit3)‖‖Zk(uit4)‖

]

= O(1)
1

N2T 3

N∑
i=1

E

 ∑
all t1,t2,t3,t4different

‖Zk(uit1)‖‖Zk(uit2)‖‖Zk(uit3)‖‖Zk(uit4)‖


+O(1)

1

N2T 3

N∑
i=1

E

 ∑
two of t1,t2,t3,t4same

‖Zk(uit1)‖‖Zk(uit2)‖‖Zk(uit3)‖‖Zk(uit4)‖


+O(1)

1

N2T 3

N∑
i=1

E

 ∑
three of t1,t2,t3,t4same

‖Zk(uit1)‖‖Zk(uit2)‖‖Zk(uit3)‖‖Zk(uit4)‖


+O(1)

1

N2T 3

N∑
i=1

E

[
T∑
t=1

‖Zk(uit)‖4
]
≡ B̄NT,1 + B̄NT,2 + B̄NT,3 + B̄NT,4.

For B̄NT,1, without loss of generality, assume that t1 > t2 > t3 > t4. Then, by the condi-

tioning argument,

B̄NT,1 =
O(1)

N2T 3

N∑
i=1

T∑
t1=4

t1−1∑
t2=3

t2−1∑
t3=2

t3−1∑
t4=1

E[‖Zk(uit1)‖‖Zk(uit2)‖‖Zk(uit3)‖‖Zk(uit4)‖]

≤ O(1)

N2T 3

N∑
i=1

T∑
t1=4

t1−1∑
t2=3

t2−1∑
t3=2

t3−1∑
t4=1

1

dt1t2

1

dt2t3

1

dt3t4

1

dt4

·
∫∫∫∫

‖Zk(w1)‖‖Zk(w2)‖‖Zk(w3)‖‖Zk(w4)‖dw1dw2dw3dw4

=
O(1)

NT

(∫
‖Zk(w)‖dw

)4

= O

(
k11/3

NT

)
= o(1),

where the last line follows from (4) of Lemma A.1 and Assumption 2.2.

For B̄NT,2, without loss of generality, assume that t1 = t2 > t3 > t4. Then write

B̄NT,2 =
O(1)

N2T 3

N∑
i=1

T∑
t1=3

t1−1∑
t3=2

t3−1∑
t4=1

E[‖Zk(uit1)‖2‖Zk(uit3)‖‖Zk(uit4)‖]
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≤ O(1)

N2T 3

N∑
i=1

T∑
t1=3

t1−1∑
t3=2

t3−1∑
t4=1

1

dt1t3

1

dt3d4

1

dt4

·
∫∫∫

‖Zk(w1)‖2‖Zk(w2)‖‖Zk(w3)‖dw1dw2dw3

≤ O(1)

NT 3/2

∫
‖Zk(w)‖2dw

(∫
‖Zk(w)‖dw

)2

= O

(
k17/6

NT 3/2

)
= o(1),

where the last line follows from (4)-(5) of Lemma A.1 and Assumption 2.2.

For B̄NT,3, without loss of generality, assume that t1 = t2 = t3 > t4. Then write

B̄NT,3 =
O(1)

N2T 3

N∑
i=1

T∑
t1=2

t1−1∑
t4=1

E[‖Zk(uit1)‖3‖Zk(uit4)‖]

≤ O(1)

N2T 3

N∑
i=1

T∑
t1=2

t1−1∑
t4=1

1

dt1d4

1

dt4

∫∫
‖Zk(w1)‖3‖Zk(w2)‖dw1dw2

≤ O
(

k

NT 2

)(∫
‖Zk(w)‖dw

)2

= O

(
k17/6

NT 2

)
= o(1),

where the last line follows from (4) and (6) of Lemma A.1 and Assumption 2.2.

For B̄NT,4, write

B̄NT,4 =
1

N2T 3

N∑
i=1

T∑
t=1

E‖Zk(w)‖4 =
1

N2T 3

N∑
i=1

T∑
t=1

∫
‖Zk(dtw)‖4ft(w)dw

≤ O
(

1

N2T 3

) N∑
i=1

T∑
t=1

1

dt

∫
‖Zk(w)‖4dw ≤ O

(
k

NT 5/2

)∫
‖Zk(w)‖2dw = O

(
k2

NT 5/2

)
= o(1).

Combining B̄NT,1, B̄NT,2, B̄NT,3 and B̄NT,4 together, we know that B̄NT = o(1).

Therefore, we have shown that
∥∥∥ 1
N
√
T
Z ′Z −

√
2

π|ρ|2 Ik

∥∥∥ = oP (1). We now complete the proof

of the first result of this lemma. �

Proof of Lemma A.2:

1) Write

E

∥∥∥∥∥ 1

N
√
T

N∑
i=1

T∑
t=1

Zk(uit)γk(uit)

∥∥∥∥∥
2

=
1

N2T
E

[
N∑
i=1

(
T∑
t=1

‖Zk(uit)‖2γ2
k(uit) + 2

T∑
t=2

t−1∑
s=1

Zk(uit)
′Zk(uis)γk(uit)γk(uis)

)]

+
2

N2T
E

 N∑
i=2

i−1∑
j=1

T∑
t=1

Zk(uit)
′Zk(ujt)γk(uit)γk(ujt)


+

4

N2T
E

 N∑
i=2

i−1∑
j=1

T∑
t=2

t−1∑
s=1

Zk(uit)
′Zk(ujs)γk(uit)γk(ujs)

 ≡ A1 + 2A2 + 4A3.
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Notice that

A1 =
1

N2T

N∑
i=1

T∑
t=1

E
[
‖Zk(uit)‖2γ2

k(uit)
]

+
2

N2T

N∑
i=1

T∑
t=2

t−1∑
s=1

E
[
Zk(uit)

′Zk(uis)γk(uit)γk(uis)
]
. (B.6)

The first term on RHS of (B.6) can be written as

1

N2T

N∑
i=1

T∑
t=1

E[‖Zk(uit)‖2γ2
k(uit)] ≤ O

(
k−m+5/6

N2T

)
N∑
i=1

T∑
t=1

∫
‖Zk(dtw)‖2ft(w)dw

= O

(
k−m+5/6

N2T

)
N∑
i=1

T∑
t=1

∫
1

dt
‖Zk(w)‖2ft(w/dt)dw

≤ O

(
k−m+5/6

N2T

)
N∑
i=1

T∑
t=1

1

dt

∫
‖Zk(w)‖2dw ≤ O

(
k−m+11/6

N
√
T

)
,

where the first inequality follows from (2) of Lemma A.1 and the second inequality follows from

ft(w) being bounded uniformly.

For the second term on RHS of (B.6),∣∣∣∣∣ 1

N2T

N∑
i=1

T∑
t=2

t−1∑
s=1

E[Zk(uit)
′Zk(uis)γk(uit)γk(uis)]

∣∣∣∣∣
≤ 1

N2T

N∑
i=1

T∑
t=2

t−1∑
s=1

E[‖Zk(uit)‖‖Zk(uis)‖|γk(uit)||γk(uis)|]

≤ O
(

1

N2T

) N∑
i=1

T∑
t=2

t−1∑
s=1

∫∫
1

dts

1

ds
‖Zk(w1)‖‖Zk(w2)‖|γk(w1)||γk(w2)|dw1dw2

≤ O
(

1

NT

) T∑
t=2

t−1∑
s=1

1

dts

1

ds

∫∫
‖Zk(w1)‖‖Zk(w2)‖|γk(w1)||γk(w2)|dw1dw2

≤ O
(

1

N

)(∫
‖Zk(w)‖|γk(w)|dw

)2

≤ O
(

1

N

)∫
‖Zk(w)‖2dw

∫
|γk(w)|2dw = O

(
k−m+1

N

)
.

Therefore, A1 = O
(
k−m+1

N

)
.

For A2, by virtue of Zk(w) = (H0(w), . . . ,Hk−1(w))′

|A2| =

∣∣∣∣∣∣ 1

N2T

N∑
i=2

i−1∑
j=1

T∑
t=1

k−1∑
n=0

E [Hn(uit)γk(uit)] · E [Hn(ujt)γk(ujt)]

∣∣∣∣∣∣
=

∣∣∣∣∣∣ 1

N2T

N∑
i=2

i−1∑
j=1

T∑
t=1

k−1∑
n=0

∫
Hn(dtw)γk(dtw)ft(w)dw

∫
Hn(dtw)γk(dtw)ft(w)dw

∣∣∣∣∣∣
≤ O

(
1

N2T

) N∑
i=2

i−1∑
j=1

T∑
t=1

1

d2
t

k−1∑
n=0

(∫
|Hn(w)γk(w)|dw

)2
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≤ O
(

lnT

T

)∫
‖Zk(w)‖2dw

∫
|γk(w)|2dw = o

(
k−m+1

)
.

Similar to A2, for A3 we write

|A3| =

∣∣∣∣∣∣ 1

N2T

N∑
i=2

i−1∑
j=1

T∑
t=2

t−1∑
s=1

k−1∑
n=0

E [Hn(uit)γk(uit)] · E [Hn(ujs)γk(ujs)]

∣∣∣∣∣∣
≤ O

(
1

T

) T∑
t=2

t−1∑
s=1

1

dt

1

ds

k−1∑
n=0

(∫
|Hn(w)γk(w)|dw

)2

≤ O(1)

∫
‖Zk(w)‖2dw

∫
|γk(w)|2dw = O(k−m+1).

Thus, the result follows. �

2) Write

E

∥∥∥∥∥ 1

N
√
T

N∑
i=1

T∑
t=1

φ(uit)Zk(uit)
′

∥∥∥∥∥
2

=
1

N2T

d∑
m=1

k−1∑
n=0

N∑
i=1

T∑
t=1

E[φ2
m(uit)H

2
n (uit)]

+
2

N2T

d∑
m=1

k−1∑
n=0

N∑
i=1

T∑
t=2

t−1∑
s=1

E[φm(uit)Hn(uit)φm(uis)Hn(uis)]

+
2

N2T

d∑
m=1

k−1∑
n=0

N∑
i=2

i−1∑
j=1

T∑
t=1

T∑
s=1

E[φm(uit)Hn(uit)]E[φm(ujs)Hn(ujs)]

≤ O
(

1

N2T

) d∑
m=1

k−1∑
n=0

N∑
i=1

T∑
t=1

1

dt

∫
H 2
n (w)dw

+O

(
2

N2T

) d∑
m=1

k−1∑
n=0

N∑
i=1

T∑
t=2

t−1∑
s=1

1

dts

1

ds

∫∫
φm(w1)Hn(w1)φm(w2)Hn(w2)dw1dw2

+O

(
2

N2T

) d∑
m=1

k−1∑
n=0

N∑
i=2

i−1∑
j=1

T∑
t=1

T∑
s=1

1

dt

1

ds

(∫
φm(w)Hn(w)dw

)2

≤ O
(

k

N
√
T

)
+

2

N2

d∑
m=1

k−1∑
n=0

N∑
i=1

(∫
φm(w)Hn(w)dw

)2

+
2

N2

d∑
m=1

k−1∑
n=0

N∑
i=2

i−1∑
j=1

(∫
φm(w)Hn(w)dw

)2

= o (1) +
2

N2

d∑
m=1

k−1∑
n=0

N∑
i=1

N∑
j=1

(∫
φm(w)Hn(w)dw

)2

≤ o (1) +
2

N2

d∑
m=1

N∑
i=1

N∑
j=1

∫
φ2
m(w)dw = O(1),

where the first equality is due to Assumption 1.4; the first inequality follows from that ft(w)

is bounded uniformly and φm(w) is also bounded uniformly on R for m = 1, . . . , d; the last
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inequality follows from that φm(w) ∈ L2(R) (such that φm(w) =
∑∞

n=0 cm,nHn(w) for m =

1, . . . , d, cm,n =
∫
φm(w)Hn(w)dw for n = 0, . . . ,∞ and

∑∞
n=0 c

2
m,n =

∫
φ2
m(w)dw).

The proof is then completed. �

3) Let vit,n1 denote the nth1 element of vit. Write

E

∥∥∥∥∥
N∑
i=1

T∑
t=1

vitZk(uit)
′

∥∥∥∥∥
2

=

d∑
n1=1

k−1∑
n2=0

E

[
N∑
i=1

T∑
t=1

vit,n1Hn2(uit)

]2

=
d∑

n1=1

k−1∑
n2=0

N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

E [vit,n1vjs,n1 ]E [Hn2(uit)Hn2(ujs)]

≤ O(k)
d∑

n1=1

N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

cδ(αij(|t− s|))δ/(4+δ)
(
E|vit,n1 |2+δ/2

)2/(4+δ) (
E|vjs,n1 |2+δ/2

)2/(4+δ)

≤ O(k)

N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

(αij(|t− s|))δ/(4+δ) = O(kNT ),

where cδ = 2(4+2δ)/(4+δ) · (4 + δ)/δ; the second equality follows from Assumption 1.4; the first

inequality follows from Davydov inequality (cf., pages 19-20 in Bosq (1996) and the supplemen-

tary of Su and Jin (2012)) and the fact that Hn(w) is bounded uniformly (cf., Nevai (1986));

the second inequality follows from Assumption 1.3.(a). Thus, the result follows. �

4) Let Σv,n1n2 denote the (n1, n2)th element of Σv. Write

E

∥∥∥∥∥
N∑
i=1

T∑
t=1

(vitv
′
it − Σv)

∥∥∥∥∥
2

=
d∑

n1=1

d∑
n2=1

E

[
N∑
i=1

T∑
t=1

(vit,n1vit,n2 − Σv,n1n2)

]2

≤
d∑

n1=1

d∑
n2=1

N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

cδ(αij(|t− s|))δ/(4+δ)

·
(
E|vit,n1vit,n2 |2+δ/2

)2/(4+δ) (
E|vjs,n1vjs,n2 |2+δ/2

)2/(4+δ)

≤ cδ
2

d∑
n1=1

d∑
n2=1

N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

(αij(|t− s|))δ/(4+δ) ·
(
E|vit,n1vit,n2 |2+δ/2

)4/(4+δ)

+
cδ
2

d∑
n1=1

d∑
n2=1

N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

(αij(|t− s|))δ/(4+δ) ·
(
E|vjs,n1vjs,n2 |2+δ/2

)4/(4+δ)

≤ O(1)

d∑
n1=1

d∑
n2=1

N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

(αij(|t− s|))δ/(4+δ) ·
(
E|vit,n1 |4+δ · E|vit,n2 |4+δ

)2/(4+δ)

≤ O(1)
N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

(αij(|t− s|))δ/(4+δ) = O(NT ),

where cδ = 2(4+2δ)/(4+δ) · (4 + δ)/δ; the first inequality follows from Davydov inequality; the

third inequality follows from Cauchy-Schwarz inequality; the last line follows from Assumption

1.3.(a). Therefore, the result follows. �
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5) Write

E

∥∥∥∥∥
N∑
i=1

T∑
t=1

vitφ(uit)
′

∥∥∥∥∥
2

=

d∑
n1=1

d∑
n2=1

E

[
N∑
i=1

T∑
t=1

vit,n1φn2(uit)

]2

=
d∑

n1=1

d∑
n2=1

N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

E [vit,n1vjs,n1 ]E [φn2(uit)φn2(ujs)]

≤ O(1)
d∑

n=1

N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

(αij(|t− s|))δ/(4+δ)
(
E|vit,n|2+δ/2

)2/(4+δ) (
E|vjs,n|2+δ/2

)2/(4+δ)

≤ O(1)

N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

(αij(|t− s|))δ/(4+δ) = O(NT ),

where the second equality follows from Assumption 1.4; the first inequality follows from Davydov

inequality and the uniform boundedness of φn(w) on R for n = 1, . . . , d. Therefore, the result

follows immediately. �

6) By Assumptions 1.1 and 1.4,

E

∥∥∥∥∥ 1

N
√
T

N∑
i=1

T∑
t=1

Zk(uit)eit

∥∥∥∥∥
2

=
1

N2T
E

( N∑
i=1

T∑
t=1

Zk(uit)eit

)′( N∑
i=1

T∑
t=1

Zk(uit)eit

)
=

1

N2T

N∑
i=1

T∑
t=1

E
[
‖Zk(uit)‖2

]
E
[
e2
it

]
+

2

N2T

N∑
i=2

i−1∑
j=1

T∑
t=1

E
[
Zk(uit)

′]E [Zk(ujt)]E[eitejt]

≡ B1 + 2B2.

For B1, write

B1 =
1

N2T

N∑
i=1

T∑
t=1

∫
‖Zk(dtw)‖2ft(w)dw · σ2

e

≤ O
(

1

NT

) T∑
t=1

1

dt

∫
‖Zk(w)‖2dw = O

(
k

N
√
T

)
,

where the second line follow from that ft(w) being bounded uniformly.

For B2,

|B2| =

∣∣∣∣∣∣ 1

N2T

k−1∑
n=0

N∑
i=2

i−1∑
j=1

T∑
t=1

∫
Hn(dtw)ft(w)dw

∫
Hn(dtw)ft(w)dw · σe(i, j)

∣∣∣∣∣∣
≤ 1

N2T

k−1∑
n=0

N∑
i=2

i−1∑
j=1

T∑
t=1

∫
H 2
n (dtw)dw

∫
f2
t (w)dw |σe(i, j)|

≤ O
(

1

N2T

) k−1∑
n=0

T∑
t=1

1

dt

∫
H 2
n (w)dw

N∑
i=2

i−1∑
j=1

|σe(i, j)| ≤ O
(

k

N
√
T

)
,
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where the first inequality follows from Cauchy-Schwarz inequality; the second inequality follows

from ft(w) being bounded uniformly; the third inequality follows from Assumption 1.3.(b). In

connection with B1 = O
(

k
N
√
T

)
, we obtain that 1

N
√
T

∑N
i=1

∑T
t=1 Zk(uit)eit = OP

( √
k√

N 4√T

)
. �

7) Write

E

∥∥∥∥∥ 1

NT

N∑
i=1

T∑
t=1

φ(uit)eit

∥∥∥∥∥
2

=
1

N2T 2

d∑
n=1

N∑
i=1

N∑
j=1

T∑
t=1

E [φn(uit)φn(ujt)]E [eitejt]

=
σ2
e

N2T 2

d∑
n=1

N∑
i=1

T∑
t=1

∫
φ2
n(dtw)ft(w)dw

+
2

N2T 2

d∑
n=1

N∑
i=2

i−1∑
j=1

T∑
t=1

∫
φn(dtw)ft(w)dw

∫
φn(dtw)ft(w)dw · σe(i, j)

≤ O
(

1

NT 2

) d∑
n=1

T∑
t=1

1

dt

∫
φ2
n(w)dw

+O

(
2

N2T 2

) d∑
n=1

N∑
i=2

i−1∑
j=1

T∑
t=1

∫
φ2
n(dtw)dw

∫
f2
t (w)dw|σe(i, j)|

≤ O
(

1

NT 3/2

)
+O

(
1

NT 3/2

)
= O

(
1

NT 3/2

)
,

where the first equality follows from Assumption 1.4; the first inequality follows from ft(w)

being bounded uniformly and φn(w) ∈ L2(R); the second inequality follows from φn(w) being

integrable and Assumption 1.3. Therefore, the result follows. �

8) Write

E

∥∥∥∥∥ 1

NT

N∑
i=1

T∑
t=1

φ(uit)γk(uit)

∥∥∥∥∥
2

=
1

N2T 2

d∑
n=1

N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

E [φn(uit)γk(uit)φn(ujs)γk(ujs)]

=
1

N2T 2

d∑
n=1

N∑
i=1

T∑
t=1

T∑
s=1

E [φn(uit)γk(uit)φn(uis)γk(uis)]

+
2

N2T 2

d∑
n=1

N∑
i=2

i−1∑
j=1

T∑
t=1

T∑
s=1

E [φn(uit)γk(uit)]E [φn(ujs)γk(ujs)]

=
1

N2T 2

d∑
n=1

N∑
i=1

T∑
t=1

E
[
φ2
n(uit)γ

2
k(uit)

]
+

2

N2T 2

d∑
n=1

N∑
i=1

T∑
t=2

t−1∑
s=1

E [φn(uit)γk(uit)φn(uis)γk(uis)]

+
2

N2T

d∑
n=1

N∑
i=2

i−1∑
j=1

1√
T

T∑
t=1

E [φn(uit)γk(uit)]
1√
T

T∑
s=1

E [φn(ujs)γk(ujs)]

≡ C1 + 2C2 + 2C3.

By (2) of Lemma A.1,

C1 = O

(
k−m+5/6

N2T 2

)
d∑

n=1

N∑
i=1

T∑
t=1

∫
φ2
n(dtw)ft(w)dw
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≤ O

(
k−m+5/6

N2T 2

)
d∑

n=1

N∑
i=1

T∑
t=1

1

dt

∫
φ2
n(w)dw ≤ O

(
k−m+5/6

NT 3/2

)
.

For C2, write

|C2| =

∣∣∣∣∣ 1

N2T 2

d∑
n=1

N∑
i=1

T∑
t=2

t−1∑
s=1

E [φn(uit)γk(uit)φn(uis)γk(uis)]

∣∣∣∣∣
≤ O

(
1

N2T 2

) d∑
n=1

N∑
i=1

T∑
t=2

t−1∑
s=1

1

dts

1

ds

∫∫
|φn(w1)γk(w1)φn(w2)γk(w2)|dw1dw2

≤ O
(

1

NT

) d∑
n=1

(∫
|φn(w)γk(w)|dw

)2

≤ O
(

1

NT

) d∑
n=1

∫
φ2
n(w)dw

∫
γ2
k(w)dw = O

(
k−m

NT

)
.

For C3, write∣∣∣∣∣ 1√
T

T∑
t=1

E [φn(uit)γk(uit)]

∣∣∣∣∣ ≤ 1√
T

T∑
t=1

∫
|φn(dtw)γk(dtw)|ft(w)dw

≤ O(1)
1√
T

T∑
t=1

1

dt

∫
|φn(w)γk(w)|dw ≤ O(1)

{∫
φ2
n(w)dw

∫
γ2
k(w)dw

}1/2

= O(k−m/2).

Thus, |C3| ≤ 1
N2T

∑d
n=1

∑N
i=2

∑i−1
j=1O(k−m) = O

(
1

kmT

)
. In connection with the analysis for C1

and C2, 1
NT

∑N
i=1

∑T
t=1 φ(uit)γk(uit) = OP

(
1√
kmT

)
. Then the proof is complete. �

9) Write

E

∥∥∥∥∥ 1

NT

N∑
i=1

T∑
t=1

vitγk(uit)

∥∥∥∥∥
2

=
1

N2T 2

N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

E
[
v′itvjsγk(uit)γk(ujs)

]
=

1

N2T 2

d∑
n=1

N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

E [vit,nvjs,n]E [γk(uit)γk(ujs)]

≤ O

(
k−m+5/6

N2T 2

)
d∑

n=1

N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

(αij(|t− s|))δ/(4+δ)

·
(
E
[
|vit,n|2+δ/2

]
· E
[
|vjs,n|2+δ/2

])2/(4+δ)

≤ O

(
k−m+5/6

N2T 2

)
N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

(αij(|t− s|))δ/(4+δ) = O

(
k−m+5/6

NT

)
,

where the second equality follows from Assumption 1.4; the first inequality follows from (2) of

Lemma A.1 and Davydov inequality; the last line follows from Assumption 1.3.(a). Then the

result follows. �

Proof of Lemma A.3:

For two non-singular symmetric matrices A and B with same dimensions, we observe that

∥∥A−1 −B−1
∥∥ =

∥∥B−1 (B −A)A−1
∥∥ =

∥∥vec (B−1 (B −A)A−1
)∥∥
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=
∥∥(A−1 ⊗B−1

)
vec (B −A)

∥∥ ≤ λ−1
min (A⊗B) ‖vec (B −A)‖

= λ−1
min (A) · λ−1

min (B) ‖A−B‖ .

The above calculation is straightforward and all the necessary theorems can be found in Magnus

and Neudecker (2007). �

Proof of Lemma A.4:

1)

1

N
√
T
Z ′E =

1

N
√
T

N∑
i=1

T∑
t=1

Zk(uit)eit −
1

NT 3/2

N∑
i=1

T∑
t=1

T∑
s=1

Zk(uit)eis ≡ A1 −A2.

We have shown that A1 = OP

( √
k√

N 4√T

)
in (6) of Lemma A.2. We then just focus on A2.

By Assumptions 1.1, 1.3.(b) and 1.4, write

E ‖A2‖2 =
1

N2T 3

N∑
i=1

T∑
t1=1

T∑
t2=1

E
[
Zk(uit1)′Zk(uit2)

] T∑
s=1

E[e2
is]

+
2

N2T 3

N∑
i=2

i−1∑
j=1

T∑
t1=1

T∑
t2=1

E
[
Zk(uit1)′

]
E [Zk(ujt2)]

T∑
s=1

E[eisejs]

=
σ2
e

N2T 2

N∑
i=1

T∑
t1=1

T∑
t2=1

E
[
Zk(uit1)′Zk(uit2)

]
+

2

N2T 2

N∑
i=2

i−1∑
j=1

T∑
t1=1

T∑
t2=1

E
[
Zk(uit1)′

]
E [Zk(ujt2)]σe(i, j) ≡ A21 + 2A22.

For A21, write

|A21| ≤ O
(

1

N2T 2

) N∑
i=1

T∑
t1=1

T∑
t2=1

E [‖Zk(uit1)‖‖Zk(uit2)‖] ≤ O

(
Tk

11
6

NT 2

)
= o

(
k

N
√
T

)
,

where the second inequality has been provided in the proof of Lemma 2.1 of this paper and the

last equality follows from Assumption 2.2.

For A22, write

|A22| ≤
1

N2T 2

k−1∑
n=0

N∑
i=2

i−1∑
j=1

T∑
t1=1

T∑
t2=1

∣∣∣∣∫ Hn(dt1w)ft1(w)dw

∣∣∣∣ ∣∣∣∣∫ Hn(dt2w)ft2(w)dw

∣∣∣∣ |σe(i, j)|
≤ O

(
1

N2T 2

) k−1∑
n=0

T∑
t1=1

T∑
t2=1

∫
1

dt1
|Hn(w)| dw

∫
1

dt2
|Hn(w)| dw

N∑
i=2

i−1∑
j=1

|σe(i, j)|

≤ O

(∑k−1
n=0 n

5
6

NT

)
≤ O

(
k2

NT

)
= o

(
k

N
√
T

)
,

where the last line follows from (8) of Lemma A.1 and Assumption 2.2.
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By the derivations for the asymptotic orders of A21 and A22, we obtain A2 = oP

( √
k√

N 4√T

)
.

In connection with that A1 = OP

( √
k√

N 4√T

)
, the result follows. �

2)

1

N
√
T
X ′Z =

1

N
√
T

N∑
i=1

T∑
t=1

(φ(uit) + vit)Zk(uit)
′ − 1

NT 3/2

N∑
i=1

T∑
t=1

T∑
s=1

(φ(uit) + vit)Zk(uis)
′

≡ B1 −B2,

where ‖B1‖ = OP (1) follows from (2) and (3) of Lemma A.2 of this paper immediately. Then

we just need to focus on B2 below.

B2 =
1

NT 3/2

N∑
i=1

T∑
t=1

T∑
s=1

φ(uit)Zk(uis)
′ +

1

NT 3/2

N∑
i=1

T∑
t=1

T∑
s=1

vitZk(uis)
′ ≡ B21 +B22

For B21, write

E‖B21‖2 =
1

N2T 3

d∑
n1=1

k−1∑
n2=0

N∑
i,j=1

T∑
t1,t2,t3,t4=1

E[φn1(uit1)Hn2(uit2)φn1(ujt3)Hn2(ujt4)]

=
1

N2T 3

d∑
n1=1

k−1∑
n2=0

N∑
i=1

T∑
t1,t2,t3,t4=1

E[φn1(uit1)Hn2(uit2)φn1(uit3)Hn2(uit4)]

+
2

N2T 3

d∑
n1=1

k−1∑
n2=0

N∑
i=2

i−1∑
j=1

T∑
t1,t2,t3,t4=1

E[φn1(uit1)Hn2(uit2)]E[φn1(ujt3)Hn2(ujt4)]

≡ B211 + 2B212.

For B211, we write

B211 =
1

N2T 3

d∑
n1=1

k−1∑
n2=0

N∑
i=1

T∑
t1,t2,t3,t4=1

E[φn1(uit1)Hn2(uit2)φn1(uit3)Hn2(uit4)]

=
1

N2T 3

d∑
n1=1

k−1∑
n2=0

N∑
i=1

∑
all t1,t2,t3,t4 are different

E[φn1(uit1)Hn2(uit2)φn1(uit3)Hn2(uit4)]

+
1

N2T 3

d∑
n1=1

k−1∑
n2=0

N∑
i=1

∑
only two of t1,t2,t3,t4 are same

E[φn1(uit1)Hn2(uit2)φn1(uit3)Hn2(uit4)]

+
1

N2T 3

d∑
n1=1

k−1∑
n2=0

N∑
i=1

∑
only three of t1,t2,t3,t4 are same

E[φn1(uit1)Hn2(uit2)φn1(uit3)Hn2(uit4)]

+
1

N2T 3

d∑
n1=1

k−1∑
n2=0

N∑
i=1

∑
four of t1,t2,t3,t4 are same

E[φn1(uit1)Hn2(uit2)φn1(uit3)Hn2(uit4)]

≡ B2111 +B2112 +B2113 +B2114.

For B2111, without loss of generality, assume that t1 > t2 > t3 > t4. For other cases, for

example t2 > t3 > t1 > t4, the analysis will be same and the order will remain same. Then
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1

N2T 3

d∑
n1=1

k−1∑
n2=0

N∑
i=1

T∑
t1=4

t1−1∑
t2=3

t2−1∑
t3=2

t3−1∑
t4=1

|E[φn1(uit1)Hn2(uit2)φn1(uit3)Hn2(uit4)]|

≤ O
(

1

N2T 3

) d∑
n1=1

k−1∑
n2=0

N∑
i=1

T∑
t1=4

t1−1∑
t2=3

t2−1∑
t3=2

t3−1∑
t4=1

1

dt1t2

1

dt2t3

1

dt3t4

1

dt4

·
∫∫∫∫

|φn1(w1)Hn2(w2)φn1(w3)Hn2(w4)|dw1dw2dw3dw4

≤ O
(

1

N2T 3

) d∑
n1=1

k−1∑
n2=0

N∑
i=1

T∑
t1=4

t1−1∑
t2=3

t2−1∑
t3=2

t3−1∑
t4=1

1

dt1t2

1

dt2t3

1

dt3t4

1

dt4

·
(∫
|φn1(w)|dw

)2(∫
|Hn2(w)|dw

)2

≤ O
(

1

NT

) k−1∑
n2=0

n
5/6
2 ≤ O

(
k2

NT

)
= o(1),

where the last line follows from (8) of Lemma A.1, φn(w) being integrable function on R for

n = 1, . . . , d and Assumption 2.2.

For B2112, without loss of generality, we assume that t1 = t2 > t3 > t4. For other cases, for

example t1 = t3 > t2 > t4, the analysis will be even simpler and the order will remain same.

Then write

1

N2T 3

d∑
n1=1

k−1∑
n2=0

N∑
i=1

T∑
t1=3

t1−1∑
t3=2

t3−1∑
t4=1

|E[φn1(uit1)Hn2(uit1)φn1(uit3)Hn2(uit4)]|

≤ O
(

1

N2T 3

) d∑
n1=1

k−1∑
n2=0

N∑
i=1

T∑
t1=3

t1−1∑
t3=2

t3−1∑
t4=1

1

dt1t3

1

dt3t4

1

dt4

·
∫∫∫

|φn1(w1)Hn2(w1)φn1(w2)Hn2(w3)|dw1dw2dw3

≤ O
(

1

NT 3/2

) d∑
n1=1

k−1∑
n2=0

{∫
φ2
n1

(w)dw

∫
H 2
n2

(w)dw

}1/2 ∫
|φn1(w)|dw

∫
|Hn2(w)|dw

≤ O
(

1

NT 3/2

) k−1∑
n2=0

n
5/12
2 ≤ O

(
k2

NT 3/2

)
= o(1),

where the last line follows from (8) of Lemma A.1, φn(w) being integrable function on R for

n = 1, . . . , d and Assumption 2.2.

For B2113, without loss of generality, assume that t1 = t2 = t3 > t4. For other cases, for

example t1 = t3 = t4 > t2, the analysis will be same and the order will remain same. Then

write

1

N2T 3

d∑
n1=1

k−1∑
n2=0

N∑
i=1

T∑
t1=2

t1−1∑
t4=1

|E[φn1(uit1)Hn2(uit1)φn1(uit1)Hn2(uit4)]|

≤ O
(

1

N2T 3

) d∑
n1=1

k−1∑
n2=0

N∑
i=1

T∑
t1=2

t1−1∑
t4=1

1

dt1t4

1

dt4
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·
∫∫
|φn1(w1)Hn2(w1)φn1(w1)Hn2(w2)|dw1dw2

≤ O
(

1

NT 2

) d∑
n1=1

k−1∑
n2=0

∫
|φn1(w)|dw

∫
|Hn2(w)|dw = o(1),

where the last line follows from Hj(w) and φj(w) being bounded uniformly, (8) of Lemma A.1

and Assumption 2.2.

For B2114, write

B2114 =
1

N2T 3

d∑
n1=1

k−1∑
n2=0

N∑
i=1

T∑
t=1

E[φ2
n1

(uit)H
2
n2

(uit)]

=
1

N2T 3

d∑
n1=1

k−1∑
n2=0

N∑
i=1

T∑
t=1

∫
φ2
n1

(dtw)H 2
n2

(dtw)ft(w)dw

≤ O
(

1

N2T 3

) d∑
n1=1

k−1∑
n2=0

N∑
i=1

T∑
t=1

1

dt

∫
φ2
n1

(w)dw ≤ O
(

k

NT 5/2

)
= o(1).

Combining B2111, B2112, B2113 and B2114 together, we obtain that B211 = o(1).

For B212, write∣∣∣∣∣E
[

T∑
t1=1

T∑
t2=1

φn1(uit1)Hn2(uit2)

]∣∣∣∣∣
≤

T∑
t=1

E[|φn1(uit)Hn2(uit)|] +
T∑
t=2

t−1∑
s=1

E[|φn1(uit)Hn2(uis)|] +
T∑
t=2

t−1∑
s=1

E[|Hn2(uit)φn1(uis)|]

≤ O(1)
T∑
t=1

1

dt

∫
|Hn2(w)|dw +O(1)

T∑
t=2

t−1∑
s=1

1

dts

1

ds

∫
|Hn2(w)|dw

≤ O(
√
Tn

5/12
2 ) +O(Tn

5/12
2 ) = O(Tn

5/12
2 ),

where the last line follows from (8) of Lemma A.1. Therefore,

|B212| ≤ O
(

1

N2T 3

) d∑
n1=1

k−1∑
n2=0

N∑
i=2

i−1∑
j=1

T 2n
5/6
2 ≤ O

(
k2

T

)
= o(1).

Since |B211| = o(1) and |B212| = o(1), then B21 = oP (1).

Below, we focus on B22.

E‖B22‖2 = E

∥∥∥∥∥ 1

NT 3/2

N∑
i=1

T∑
t=1

T∑
s=1

vitZk(uis)
′

∥∥∥∥∥
2

=
1

N2T 3

d∑
n1=1

k−1∑
n2=0

N∑
i=1

N∑
j=1

T∑
t1=1

T∑
t2=1

T∑
t3=1

T∑
t4=1

E[vit1,n1Hn2(uit2)vjt3,n1Hn2(ujt4)]

=
1

N2T 3

d∑
n1=1

k−1∑
n2=0

N∑
i=1

T∑
t1=1

T∑
t2=1

T∑
t3=1

T∑
t4=1

E[vit1,n1vit3,n1 ]E[Hn2(uit2)Hn2(uit4)]

29



+
2

N2T 3

d∑
n1=1

k−1∑
n2=0

N∑
i=2

i−1∑
j=1

T∑
t1=1

T∑
t2=1

T∑
t3=1

T∑
t4=1

E[vit1,n1vjt3,n1 ]E[Hn2(uit2)]E[Hn2(ujt4)]

≡ B221 + 2B222.

For B221, write

|B221| ≤
1

N2T 3

d∑
n1=1

k−1∑
n2=0

N∑
i=1

T∑
t1=1

T∑
t2=1

T∑
t3=1

T∑
t4=1

|E[vit1,n1vit3,n1 ]E[Hn2(uit2)Hn2(uit4)]|

≤ O
(

1

N2T 3

) d∑
n1=1

k−1∑
n2=0

N∑
i=1

T∑
t1=1

T∑
t3=1

|E[vit1,n1vit3,n1 ]|
T∑

t2=1

1

dt2

∫
H 2
n2

(w)dw

+O

(
1

N2T 3

) d∑
n1=1

k−1∑
n2=0

N∑
i=1

T∑
t1=1

T∑
t3=1

|E[vit1,n1vit3,n1 ]|
T∑

t2=2

t2−1∑
t4=1

1

dt2t4

1

dt4

(∫
|Hn2(w)|dw

)2

≤ O
(

k

N2T 3

) N∑
i=1

T 3/2 +O

(
1

N2T 3

) k−1∑
n2=0

N∑
i=1

T 2n
5/6
2 ≤ O

(
k

NT 3/2

)
+O

(
k2

NT

)
= o(1),

where the last line follows from Davydov inequality, Assumption 1.3 and (8) of Lemma A.1.

For B222, write

|B222| ≤
1

N2T 3

d∑
n1=1

k−1∑
n2=0

N∑
i=2

i−1∑
j=1

T∑
t1=1

T∑
t3=1

|E[vit1,n1vjt3,n1 ]|

·
T∑

t2=1

∫
|Hn2(dt2w)|ft2(w)dw

T∑
t4=1

∫
|Hn2(dt4w)|ft4(w)dw

≤ O
(

1

N2T 3

) d∑
n1=1

k−1∑
n2=0

N∑
i=2

i−1∑
j=1

T∑
t1=1

T∑
t3=1

cδ(αij(|t1 − t3|))δ/(4+δ) ·
(
E[|vit1,n1 |2+δ/2]

)2/(4+δ)

·
(
E[|vjt3,n1 |2+δ/2]

)2/(4+δ)
T∑

t2=1

1

dt2

∫
|Hn2(w)|dw

T∑
t4=1

1

dt4

∫
|Hn2(w)|dw

≤ O
(

1

N2T 2

) k−1∑
n2=0

n
5/6
2

N∑
i=2

i−1∑
j=1

T∑
t1=1

T∑
t3=1

(αij(|t1 − t3|))δ/(4+δ) ≤ O
(
k2

NT

)
= o(1),

where the second inequality follows form Davydov inequality and cδ = 2(4+2δ)/(4+δ) · (4 + δ)/δ;

the third inequality follows from Assumption 1.3 and (8) of Lemma A.1.

Since |B221| = o(1) and |B222| = o(1), we know that B22 = oP (1). We therefore complete

this part. �

3)

1

NT
X ′E =

1

NT

N∑
i=1

T∑
t=1

(φ(uit) + vit)eit −
1

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

(φ(uit) + vit)eis ≡ C1 − C2

Expand C1 as

30



C1 =
1

NT

N∑
i=1

T∑
t=1

φ(uit)eit +
1

NT

N∑
i=1

T∑
t=1

viteit ≡ C11 + C12.

We have shown that C11 = OP

(
1√

N
4√
T 3

)
in (7) of Lemma A.2. Moreover, by Assumption

1.3.(b)

E‖C12‖2 =
1

N2T 2

d∑
n=1

N∑
i=1

N∑
j=1

T∑
t=1

E [vit,nvjt,nE[eitejt|FNt−1]] = O

(
1

NT

)
.

Thus, C12 = OP

(
1√
NT

)
. In connection with C11 = OP

(
1√

N
4√
T 3

)
, we obtain C1 =

OP

(
1√
NT

)
.

Then we focus on C2 below and write

C2 =
1

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

φ(uit)eis +
1

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

viteis = C21 + C22.

For C21,

E ‖C21‖2 =
1

N2T 4

d∑
n=1

N∑
i=1

T∑
t=1

E[φ2
n(uit)]

T∑
s=1

E[e2
is]

+
2

N2T 4

d∑
n=1

N∑
i=1

T∑
t1=2

t1−1∑
t2=1

E[φn(uit1)φn(uit2)]

T∑
s=1

E[e2
is]

+
2

N2T 4

d∑
n=1

N∑
i=2

i−1∑
j=1

T∑
t1=1

T∑
t2=1

E[φn(uit1)φn(ujt2)]
T∑
s=1

E[e2
is]

≡ C211 + 2C212 + 2C213.

For C211,

C211 = O

(
1

N2T 3

) d∑
n=1

N∑
i=1

T∑
t=1

∫
φ2
n(dtw)ft(w)dw ≤ O

(
1

NT 3

) d∑
n=1

T∑
t=1

1

dt

∫
φ2
n(w)dw

= O

(
1

NT 5/2

)
= o

(
1

NT

)
.

Similarly, for C212

|C212| ≤ O
(

1

N2T 3

) d∑
n=1

N∑
i=1

T∑
t1=2

t1−1∑
t2=1

E[|φn(uit1)φn(uit2)|]

≤ O
(

1

N2T 3

) d∑
n=1

N∑
i=1

T∑
t1=2

t1−1∑
t2=1

1

dt1t2

1

dt2

∫
|φn(w)|dw

∫
|φn(w)|dw

≤ O
(

1

NT 2

)
= o

(
1

NT

)
,

where the last inequality follows from ft1t2(w) and ft2(w) being bounded uniformly and φn(w)

being integrable for n = 1, . . . , d.
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For C213, note that

|C213| ≤
1

N2T 3

d∑
n=1

T∑
t1=1

T∑
t2=1

N∑
i=2

i−1∑
j=1

|E[φn(uit1)]E[φn(ujt2)]| · |σe(i, j)|

≤ 1

N2T 3

d∑
n=1

T∑
t1=1

T∑
t2=1

N∑
i=2

i−1∑
j=1

1

dt1

∫
|φn(w)|dw · 1

dt2

∫
|φn(w)|dw · |σe(i, j)|

≤ O
(

1

N2T 3

) d∑
n=1

T∑
t1=1

1

dt1

T∑
t2=1

1

dt2

N∑
i=2

i−1∑
j=1

|σe(i, j)| = O

(
1

NT 2

)
= o

(
1

NT

)
,

where the last line follows form ft1 and ft2 being bounded uniformly, φn(w) being integrable

for n = 1, . . . , d and Assumption 1.3.(b).

Since |C211| = o
(

1
NT

)
, |C212| = o

(
1
NT

)
and |C213| = o

(
1
NT

)
, we obtain that C21 =

oP

(
1√
NT

)
.

By Assumption 1.3.(c), it is straightforward to obtain that

E‖C22‖2 =
1

N2T 4

N∑
i=1

N∑
j=1

T∑
t1=1

T∑
t2=1

T∑
t3=1

T∑
t4=1

E[v′it1eit2vjt3ejt4 ] = O

(
1

NT 2

)
.

Thus, C22 = oP

(
1√
NT

)
. Since C21 = oP

(
1√
NT

)
and C22 = oP

(
1√
NT

)
, then we have

C2 = oP

(
1√
NT

)
. In connection with that C1 = OP

(
1√
NT

)
, the result follows. �

4)

1

NT
X ′γ =

1

NT

N∑
i=1

T∑
t=1

(φ(uit) + vit)γk(uit)−
1

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

(φ(uit) + vit)γk(uis) ≡ D1 −D2

By (8) and (9) of Lemma A.2, D1 = OP

(
1√
kmT

)
follows immediately. D2 can be expanded

as

D2 =
1

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

φ(uit)γk(uis) +
1

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

vitγk(uis) ≡ D21 +D22.

For D21,

‖D21‖ ≤
1

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

‖φ(uit)γk(uis)‖ ≤ O(1)
1

NT

N∑
i=1

T∑
t=1

|γk(uit)|,

where the second inequality follows from φn(w) being bounded uniformly for n = 1, . . . , d. For

the summation on RHS above,

E

∣∣∣∣∣ 1

NT

N∑
i=1

T∑
t=1

|γk(uit)|

∣∣∣∣∣
2

=
1

N2T 2

N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

E[|γk(uit)||γk(ujs)|]

=
1

N2T 2

N∑
i=1

T∑
t=1

E[γ2
k(uit)] +

2

N2T 2

N∑
i=1

T∑
t=2

t−1∑
s=1

E[|γk(uit)||γk(uis)|]

32



+
2

N2T 2

N∑
i=2

i−1∑
j=1

T∑
t=1

T∑
s=1

E[|γk(uit)|]E[|γk(ujs)|]

≤ O
(

1

N2T 2

) N∑
i=1

T∑
t=1

1

dt

∫
γ2
k(w)dw

+O

(
1

N2T 2

) N∑
i=1

T∑
t=2

t−1∑
s=1

1

dts

1

ds

∫
|γk(w)|2dw

{∫
f2
ts(w)dw

}1/2{∫
f2
s (w)dw

}1/2

+O

(
1

N2T 2

) N∑
i=2

i−1∑
j=1

T∑
t=1

T∑
s=1

1

dt

1

ds

∫
|γk(w)|2dw

{∫
f2
t (w)dw

}1/2{∫
f2
s (w)dw

}1/2

≤ O
(

1

NT 3/2

)
+O

(
k−m

NT

)
+O

(
k−m

T

)
, (B.7)

where the first inequality follows from ft(w) being bounded uniformly and Cauchy-Schwarz

inequality; the second inequality follows from (3) of Lemma A.1 and the fact that ft(w) and

fts(w) are both bounded uniformly. Then we have shown that D21 = OP

(
1√
kmT

)
.

We now focus on D22.

E‖D22‖2 =
1

N2T 4

d∑
n=1

N∑
i=1

N∑
j=1

T∑
t1=1

T∑
t2=1

T∑
t3=1

T∑
t4=1

E[vit1,nvjt3,n]E[γk(uit2)γk(ujt4)]

≤ O(1)
1

N2T 2

d∑
n=1

N∑
i=1

N∑
j=1

T∑
t2=1

T∑
t4=1

|E[γk(uit2)γk(ujt4)]| ≤ O
(
k−m

T

)
,

where the first equality follows from Assumption 1.4; the first inequality follows from Assump-

tion 1.3.(a); the second inequality follows from (B.7). Then D22 = OP

(
1√
kmT

)
.

Based on the above, the result follows. �

5)

1

N
√
T
Z ′γ =

1

N
√
T

N∑
i=1

T∑
t=1

Zk(uit)γk(uit)−
√
T

N

N∑
i=1

Z̄k,iγ̄k,i ≡ E1 − E2

In (1) of Lemma A.2, we have shown that ‖E1‖ = OP (k−(m−1)/2). Then we just need to

focus on E2 below and write

‖E2‖ ≤
1

NT 3/2

N∑
i=1

T∑
t=1

T∑
s=1

‖Zk(uit)γk(uis)‖ ≤ O(k1/2)
1

N
√
T

N∑
i=1

T∑
t=1

|γk(uit)|,

where the second inequality follows from (6) of Lemma A.1. In (B.7) of this lemma, we have

shown 1
NT

∑N
i=1

∑T
t=1 |γk(uit)| = OP

(
k−m/2
√
T

)
, so we easily obtain 1

N
√
T

∑N
i=1

∑T
t=1 |γk(uit)| =

OP
(
k−m/2

)
. Based on the above, it further implies that ‖E2‖ = OP (k−(m−1)/2). Then the

result follows. �

6) For the first result, write
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1

NT
X ′X =

1

NT

N∑
i=1

T∑
t=1

(φ(uit) + vit)(φ(uit) + vit)
′

− 1

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

(φ(uit) + vit)(φ(uis) + vis)
′ ≡ F1 − F2.

By going through a procedure similar to (B.7), it is easy to show that

1

NT

N∑
i=1

T∑
t=1

φ(uit)φ(uit)
′ →P 0.

In connection with (4) and (5) of Lemma A.2, we obtain that F1 →P Σv immediately.

We just need to focus on F2 below.

F2 =
1

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

φ(uit)φ(uis)
′ +

1

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

φ(uit)v
′
is

+
1

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

vitφ(uis)
′ +

1

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

vitv
′
is

≡ F21 + F22 + F23 + F24.

Notice that F24 = oP (1) follows from Assumption 1.3.(a) straightaway. We then focus on

F21 below and write

E‖F21‖2 =
1

N2T 4

d∑
n1=1

d∑
n2=1

N∑
i=1

N∑
j=1

T∑
t1=1

T∑
t2=1

T∑
t3=1

T∑
t4=1

E[φn1(uit1)φn2(uit2)φn1(ujt3)φn2(ujt4)]

=
1

N2T 4

d∑
n1=1

d∑
n2=1

N∑
i=1

T∑
t1=1

T∑
t2=1

T∑
t3=1

T∑
t4=1

E[φn1(uit1)φn2(uit2)φn1(uit3)φn2(uit4)]

+
2

N2T 4

d∑
n1=1

d∑
n2=1

N∑
i=2

i−1∑
j=1

T∑
t1=1

T∑
t2=1

T∑
t3=1

T∑
t4=1

E[φn1(uit1)φn2(uit2)φn1(ujt3)φn2(ujt4)]

= F211 + 2F212.

For F211, write

F211 =
1

N2T 4

d∑
n1=1

d∑
n2=1

N∑
i=1

T∑
t1=1

T∑
t2=1

T∑
t3=1

T∑
t4=1

E[φn1(uit1)φn2(uit2)φn1(uit3)φn2(uit4)]

=
1

N2T 4

d∑
n1=1

d∑
n2=1

N∑
i=1

∑
all t1,t2,t3,t4 are different

E[φn1(uit1)φn2(uit2)φn1(uit3)φn2(uit4)]

+
1

N2T 4

d∑
n1=1

d∑
n2=1

N∑
i=1

∑
only two of t1,t2,t3,t4 are same

E[φn1(uit1)φn2(uit2)φn1(uit3)φn2(uit4)]

+
1

N2T 4

d∑
n1=1

d∑
n2=1

N∑
i=1

∑
only three of t1,t2,t3,t4 are same

E[φn1(uit1)φn2(uit2)φn1(uit3)φn2(uit4)]
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+
1

N2T 4

d∑
n1=1

d∑
n2=1

N∑
i=1

∑
four of t1,t2,t3,t4 are same

E[φn1(uit1)φn2(uit2)φn1(uit3)φn2(uit4)]

≡ F2111 + F2112 + F2113 + F2114.

For F2111, without loss of generality, assume that t1 > t2 > t3 > t4. For other cases, for

example t2 > t3 > t1 > t4, the analysis will be same and the order will remain same. Then

1

N2T 4

d∑
n1=1

d∑
n2=1

N∑
i=1

T∑
t1=4

t1−1∑
t2=3

t2−1∑
t3=2

t3−1∑
t4=1

|E[φn1(uit1)φn2(uit2)φn1(uit3)φn2(uit4)]|

≤ O
(

1

N2T 4

) d∑
n1=1

d∑
n2=1

N∑
i=1

T∑
t1=4

t1−1∑
t2=3

t2−1∑
t3=2

t3−1∑
t4=1

1

dt1t2

1

dt2t3

1

dt3t4

1

dt4

·
∫∫∫∫

|φn1(w1)φn2(w2)φn1(w3)φn2(w4)|dw1dw2dw3dw4

≤ O
(

1

NT 2

) d∑
n1=1

d∑
n2=1

(∫
|φn1(w)|dw

)2(∫
|φn2(w)|dw

)2

≤ O
(

1

NT 2

)
= o(1),

where the last inequality follows from φn(w) being integrable for n = 1, . . . , d.

For F2112, we focus on the case of t1 = t2 > t3 > t4. For other cases, for example t1 = t3 >

t2 > t4, the analysis will be even simpler and the order will remain same. Then write

1

N2T 4

d∑
n1=1

d∑
n2=1

N∑
i=1

T∑
t1=3

t1−1∑
t3=2

t3−1∑
t4=1

|E[φn1(uit1)φn2(uit1)φn1(uit3)φn2(uit4)]|

≤ O
(

1

N2T 4

) d∑
n1=1

d∑
n2=1

N∑
i=1

T∑
t1=3

t1−1∑
t3=2

t3−1∑
t4=1

1

dt1t3

1

dt3t4

1

dt4

·
∫∫∫

|φn1(w1)φn2(w1)φn1(w2)φn2(w3)|dw1dw2dw3

≤ O
(

1

NT 5/2

) d∑
n1=1

d∑
n2=1

{∫
φ2
n1

(w)dw

∫
φ2
n2

(w)dw

}1/2 ∫
|φn1(w)|dw

∫
|φn2(w)|dw

≤ O
(

1

NT 5/2

)
,

where the last line follows from φn(w) being integrable and φn(w) ∈ L2(R) for n = 1, . . . , d.

For F2113, we also focus on the case of t1 = t2 = t3 > t4. For other cases, for example

t1 = t3 = t4 > t2, the analysis will be same and the order will remain same. Then write

1

N2T 4

d∑
n1=1

d∑
n2=1

N∑
i=1

T∑
t1=2

t1−1∑
t4=1

|E[φn1(uit1)φn2(uit1)φn1(uit1)φn2(uit4)]|

≤ O
(

1

N2T 4

) d∑
n1=1

d∑
n2=1

N∑
i=1

T∑
t1=2

t1−1∑
t4=1

1

dt1t4

1

dt4

·
∫∫
|φn1(w1)φn2(w1)φn1(w1)φn2(w2)|dw1dw2
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≤ O
(

1

NT 3

) d∑
n1=1

d∑
n2=1

∫
φ2
n1

(w)dw

∫
|φn2(w)|dw = O

(
1

NT 3

)
,

where the last line follows from φn(w) being integrable and φn(w) ∈ L2(R) for n = 1, . . . , d.

For F2114, write

F2114 =
1

N2T 4

d∑
n1=1

d∑
n2=1

N∑
i=1

T∑
t=1

∫
φ2
n1

(dtw)φ2
n2

(dtw)ft(w)dw

≤ O
(

1

N2T 4

) N∑
i=1

T∑
t=1

1

dt
≤ O

(
1

NT 7/2

)
,

where the first inequality follows from φn(w) being bounded uniformly and φn(w) ∈ L2(R) for

n = 1, . . . , d.

Combining F2111, F2112, F2113 and F2114 together, we obtain that F211 = o (1).

We now turn to F212 and write∣∣∣∣∣E
[

T∑
t1=1

T∑
t2=1

φn1(uit1)φn2(uit2)

]∣∣∣∣∣
≤

T∑
t=1

E[|φn1(uit)φn2(uit)|] +

T∑
t=2

t−1∑
s=1

E[|φn1(uit)φn2(uis)|] +

T∑
t=2

t−1∑
s=1

E[|φn2(uit)φn1(uis)|]

≤ O(1)

T∑
t=1

1

dt

∫
|φn1(w)|dw +O(1)

T∑
t=2

t−1∑
s=1

1

dts

1

ds

∫
|φn1(w)|dw

≤ O(1)
√
T +O(1)T = O(T ),

where the last inequality follows from φn(w) being integrable for n = 1, . . . , d. Therefore,

|F212| ≤ O
(

1

N2T 4

) d∑
n=1

N∑
i=2

i−1∑
j=1

T 2 = o(1).

Since F211 = o (1) and F212 = o (1), we have shown that ‖F21‖ = oP (1). Similarly, we can

show that ‖F22‖ = oP (1) and ‖F23‖ = oP (1). Therefore, the result follows. �

Proof of Corollary 2.1:

We need only to prove the first result of this corollary. The second result then follows

immediately.

1) By (6) of Lemma A.4, Σ̂v = 1
NTX

′X →P Σv. Thus, we just need to focus on σ̂2
e , where

σ̂2
e =

1

NT

N∑
i=1

T∑
t=1

(X̃ ′it(β0 − β̂) + Z̃k(uit)
′(C − Ĉ) + γ̃k(uit) + ẽit)

2. (B.8)

Now denote thatA1 = 1
NT

∑N
i=1

∑T
t=1(X̃ ′it(β0−β̂))2, A2 = 1

NT

∑N
i=1

∑T
t=1(Z̃k(uit)

′(C−Ĉ))2,

A3 = 1
NT

∑N
i=1

∑T
t=1 γ̃

2
k(uit) and A4 = 1

NT

∑N
i=1

∑T
t=1 ẽ

2
it.
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For A1, write

|A1| ≤
∥∥∥β0 − β̂

∥∥∥2
·

∥∥∥∥∥ 1

NT

N∑
i=1

T∑
t=1

X̃itX̃
′
it

∥∥∥∥∥ = oP (1),

where the last equality follows from Theorem 3.1 and (6) of Lemma A.4.

For A2, write

|A2| ≤
∥∥∥C − Ĉ∥∥∥2

· 1√
T

∥∥∥∥∥ 1

N
√
T

N∑
i=1

T∑
t=1

Z̃k(uit)Z̃k(uit)
′

∥∥∥∥∥ = oP (1),

where the last equality follows from Lemma 3.1, Lemma 2.1 and Assumption 2.2.

For A3, by (2) of Lemma A.1, 1
NT

∑N
i=1

∑T
t=1 γ̃

2
k(uit) = O(k−m+5/6) = o(1).

For A4, write

A4 =
1

NT

N∑
i=1

T∑
t=1

e2
it −

1

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

eiteis ≡ A41 −A42.

For A41, Assumption 1.3.(b),

E
[
A2

41 − σ2
e

]2
=

1

N2T 2

N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

E[(e2
it − σ2

e)(e
2
js − σ2

e)] = o (1) .

For A42

E
[
A2

42

]
=

1

N2T 4

N∑
i=1

N∑
j=1

T∑
t1=1

T∑
t2=1

T∑
t3=1

T∑
t4=1

E[eit1eit2ejt3ejt4 ] = o (1) ,

where the RHS follows from et being martingale difference sequence (cf., Assumption 1.3.(b)).

Therefore, we have shown that A1 →P 0, A2 →P 0, A3 →P 0 and A4 →P σ
2
e . Based on the

above, all the interaction terms generated by X̃ ′it(β0− β̂), Z̃k(uit)
′(C − Ĉ) and γ̃k(uit) from the

expansion of (B.8) can be shown converging to 0 in probability easily. For example,∣∣∣∣∣ 2

NT

N∑
i=1

T∑
t=1

X̃ ′it(β0 − β̂)Z̃k(uit)
′(C − Ĉ)

∣∣∣∣∣ ≤ 2

NT

N∑
i=1

T∑
t=1

∣∣∣X̃ ′it(β0 − β̂)Z̃k(uit)
′(C − Ĉ)

∣∣∣
≤ 1

NT

N∑
i=1

T∑
t=1

∣∣∣X̃ ′it(β0 − β̂)
∣∣∣2 +

1

NT

N∑
i=1

T∑
t=1

∣∣∣Z̃k(uit)′(C − Ĉ)
∣∣∣2 = A1 +A2 = oP (1).

We now focus on the interaction terms generated by ẽit.

Firstly, ∣∣∣∣∣ 2

NT

N∑
i=1

T∑
t=1

X̃ ′it(β0 − β̂)ẽit

∣∣∣∣∣ ≤ ∥∥∥β0 − β̂
∥∥∥ · ∥∥∥∥∥ 2

NT

N∑
i=1

T∑
t=1

X̃itẽit

∥∥∥∥∥ = oP (1),

where the last equality follows from Theorem 3.1 and (3) of Lemma A.4.
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Secondly,∣∣∣∣∣ 2

NT

N∑
i=1

T∑
t=1

Z̃k(uit)
′(C − Ĉ)ẽit

∣∣∣∣∣ ≤ ∥∥∥C − Ĉ∥∥∥ ·
∥∥∥∥∥ 2

NT

N∑
i=1

T∑
t=1

Z̃k(uit)ẽit

∥∥∥∥∥ = oP (1),

where the last equality follows from Lemma 3.1 and (1) of Lemma A.4.

Thirdly, by similar approach to (9) of Lemma A.2,
∣∣∣ 2
NT

∑N
i=1

∑T
t=1 γ̃k(uit)ẽit

∣∣∣ = oP (1).

Therefore, based on the above, the result follows. �
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