
Supplemental Materials for “Estimation and Inference for Generalized

Geoadditive Models”

This supplementary document shows detailed proofs of the theoretical results in the main paper

and the implementation of the bivariate spline smoothing over the triangulation. In Section B.1,

we investigate the asymptotic properties of the oracle estimator, the first stage penalized spline

pilot estimators, and the spline-backfitted local polynomial estimator. Section B.2 describes the

implementation of bivariate spline. Section B.3 provides more simulation results from Examples 1

and 2 in the main paper.

LetA(Ω) be the area of the domain Ω, and without loss of generality, we assumeA(Ω) = 1 in the

rest of the article. Note that the triangulation for different coefficient function can be different from

each other. For notational convenience in the proof below, we consider a common triangulation for

all the explanatory variables: B0(z) = B1(z) = · · · = Bp(z) = B(z), and β`(zj) = B>(zj)γ`.

B.1. Theoretical Results with Details

B.1.1. Notations

First we introduce the general notations that we use in the following proof.

For a real value vector a ∈ Rn, we define its Euclidean norm as ‖a‖2 =
∑n

i=1 a
2
i and its

supremum norm as |a| = max1≤i≤n |ai|. For any real symmetric matrix A = (aij)
m,n
i=1,j=1, de-

note by λmin (A) and λmax (A) its smallest and largest eigenvalues, and its L2 norm as ‖A‖2 =

maxa∈Rn,a 6=0 ‖Aa‖2 ‖a‖
−1
2 . For any Lebesgue measurable function ψ(u) on a domainD,D = [0, 1],

[0, 1]p, Ω ⊆ R2 or [0, 1]p × Ω, let ‖ψ‖∞ = supu∈D |ψ (u)|, and ‖ψ‖2
L2

=
∫
D ψ

2(u)du. Define

J = {1, . . . , Jn} as the index set of univariate spline basis functions.

B.1



Define the model space G as

G =

{
ψ =

p∑
k=1

βk(xk) + α(s) : βk ∈ D0
k([0, 1]), α ∈ Wd+1,∞(Ω)

}
,

where D0
k and Wd+1,∞ are defined in (9) and (10) in the main paper. We define the norm on

the space G. For functions ψ1, ψ2 ∈ G, define their theoretical inner product as 〈ψ1, ψ2〉 =

Eψ1(X,S)ψ2(X,S). Define their empirical inner product as 〈ψ1, ψ2〉n = 1
n

∑n
i=1 ψ1(Xi,Si)ψ2(Xi,Si).

Consequently, ‖ψ‖ =
√
〈ψ, ψ〉 and ‖ψ‖n =

√
〈ψ, ψ〉n.

For the notation simplicity, let ġ−1(x) = {g−1(x)}′. For the quasi-likelihood function `{g−1(x), y},

let q1(x, y) = ∂
∂x
`{g−1(x), y} and q2(x, y) = ∂2

∂x2
`{g−1(x), y}. It is clear that

q1(x, y) = {y − g−1(x)}ρ1(x), q2(x, y) = {y − g−1(x)}ρ′1(x)− ρ2(x),

where ρj(x) = {ġ−1(x)}j/[σ2V {g−1(x)}], j = 1, 2. Moreover, let

η(x, s) =

p∑
k=1

βk(xk) + α(s), η0
i = η(Xi,Si), η0

i,−k =

p∑
k′ 6=k

βk′(Xik′) + α(Si)

and εi = Yi − g−1(η0
i ) be the error term. Without loss of generality, for the bandwidth of the local

polynomial, we consider h = hk to facilitate the development of the theoretical properties.

Denote νl =
∫
zlK(z)dz and ρ2,k(x) = Eρ2{η(X,S)|Xk = x}. Let T2, N2 and M2 be the 2×2

matrix with entry
∫
zi+j−2K(z)2dz, νi+j−2 and νi+j−1, respectively. Let

Σk(xk) = ρ2,k(xk)fk(xk)N2, Λk(xk) = {ρ2,k(xk)fk(xk)}′M2, Ξk(xk) = ρ2,k(xk)fk(xk)T2.

B.1.2. Properties of Penalized Quasi-likelihood Estimators

Recall that ukj(xk), j ∈ J , are the original B-spline basis functions for the kth covariate, where J

is the index set of the basis functions. In the following we define their centered basis u0
kj(xk) and
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the standardized basis Ukj(xk). Let ckj = 〈ukj, 1〉, we have

u0
kj(xk) = ukj(xk)−

ckj
ck1

uk1(xk), Ukj(xk) =
u0
kj(xk)

‖u0
kj‖

, j ∈ J ,

so that EUkj(Xk) = 0 and EU2
kj(Xk) = 1. Similarly, we define the standardized Bernstein

basis polynomials as B∗m(s) = Bm(s)/‖Bm‖, m ∈ M, where M is the index set of Bern-

stein basis functions. For example, for bivariate spline space Srd(4) containing N triangles,

M = {1, 2, · · · , (d+1)(d+2)N
2

}. Define the approximate space as

A =

{
φ : φ(x, s) =

p∑
k=1

∑
j∈J

θkjUkj(xk) +
∑
m∈M

γmB
∗
m(s), xk ∈ [0, 1], s ∈ Ω, θkj, γm ∈ R

}
.

B.1.2.1. Preliminaries

Lemma B.1 Under Assumptions (A2) and (A5), for k = 1, · · · , p and j, j′ ∈ J , m,m′ ∈ M and

r ≥ 1,

E|Ukj(Xik)Ukj′(Xik)|r � H−rE|ukj(Xik)ukj′(Xik)|r �


0, |j − j′| > %+ 1,

H1−r, |j − j′| ≤ %+ 1,

E |B∗m(Si)B
∗
m′(Si)|

r �


0, dm/d∗e 6= dm′/d∗e,

|4|2−2r, dm/d∗e = dm′/d∗e,

E |Ukj(Xik)B
∗
m(Si)|r � |4|2−rH(2−r)/2,

where d∗ = (d+ 1)(d+ 2)/2.
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Proof. By Assumptions (A2) and (A5), ‖u0
kj‖ � ‖ukj‖L2 � H1/2 and ‖Bm‖ � ‖Bm‖L2 � |4|,

which imply that Ukj � H−1/2ukj and B∗m � |4|−1Bm. Then, we have

E|Ukj(Xik)Ukj′(Xik)|r � H−rE|ukj(Xik)ukj′(Xik)|r �


0, |j − j′| > %+ 1,

H1−r, |j − j′| ≤ %+ 1,

E |B∗m(Si)B
∗
m′(Si)|

r � |4|−2rE |Bm(Si)Bm′(Si)|r �


0, dm/d∗e 6= dm′/d∗e,

|4|2−2r, dm/d∗e = dm′/d∗e,

E |Ukj(Xik)B
∗
m(Si)|r � |4|−rH−r/2E |ukj(Xik)Bm(Si)|r � |4|2−rH(2−r)/2.

Thus, the desired results are established.

Lemma B.2 Under Assumption (A5), there exist positive constants ck, Ck, cs, Cs, such that, for

k = 1, · · · , p,

ck
∑
j∈J

θ2
kj ≤

∥∥∥∥∥∑
j∈J

θkjUkj

∥∥∥∥∥
2

L2

≤ Ck
∑
j∈J

θ2
kj, cs

∑
m∈M

γ2
m ≤

∥∥∥∥∥∑
m∈M

γmB
∗
m

∥∥∥∥∥
2

L2

≤ Cs
∑
m∈M

γ2
m.

Lemma B.3 Under Assumptions (A2) and (A5), there exist positive constants c, C such that

c

(
p∑

k=1

∑
j∈J

θ2
kj+

∑
m∈M

γ2
m

)
≤

∥∥∥∥∥
p∑

k=1

∑
j∈J

θkjUkj+
∑
m∈M

γmB
∗
m

∥∥∥∥∥
2

≤ C

(
p∑

k=1

∑
j∈J

θ2
kj+

∑
m∈M

γ2
m

)
.

Proof. By Assumption (A2) and Lemma B.2, we have∥∥∥∥∥
p∑

k=1

∑
j∈J

θkjUkj +
∑
m∈M

γmB
∗
m

∥∥∥∥∥
2

≤ Cf

∥∥∥∥∥
p∑

k=1

∑
j∈J

θkjUkj +
∑
m∈M

γmB
∗
m

∥∥∥∥∥
2

L2

≤ C

(
p∑

k=1

∑
j∈J

θ2
kj +

∑
m∈M

γ2
m

)
.

Recall that EUkj(Xk) = 0, then∥∥∥∥∥
p∑

k=1

∑
j∈J

θkjUkj +
∑
m∈M

γmB
∗
m

∥∥∥∥∥
2

=

∥∥∥∥∥
p∑

k=1

∑
j∈J

θkjUkj +
∑
m∈M

(γmB
∗
m − µm)

∥∥∥∥∥
2

+

(∑
m∈M

γmµm

)2

,
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where µm = EB∗m(S). According to Lemma 1 by Stone (1985), we have∥∥∥∥∥
p∑

k=1

∑
j∈J

θkjUkj+
∑
m∈M

(γmB
∗
m − µm)

∥∥∥∥∥
2

≥c0


p∑

k=1

∥∥∥∥∥∑
j∈J

θkjUkj

∥∥∥∥∥
2

+

∥∥∥∥∥∑
m∈M

(γmB
∗
m − µm)

∥∥∥∥∥
2
 .

Therefore, by Lemma B.2,∥∥∥∥∥
p∑

k=1

∑
j∈J

θkjUkj +
∑
m∈M

γmB
∗
m

∥∥∥∥∥
2

≥ c1


p∑

k=1

∥∥∥∥∥∑
j∈J

θkjUkj

∥∥∥∥∥
2

+

∥∥∥∥∥∑
m∈M

γmB
∗
m

∥∥∥∥∥
2


≥ c

(
p∑

k=1

∑
j∈J

θ2
kj +

∑
m∈M

γ2
m

)
.

The lemma follows.

Lemma B.4 For any k = 1, · · · , p, φk ∈ H(%)∩D0
k, there exist a constant c and a function φ∗k ∈ U0

k

such that

‖φk − φ∗k‖∞ ≤ c‖φ(%+1)
k ‖∞H%+1.

Proof. By the result on page 149 of De Boor (2001), there exists φ∗∗k =
∑

j∈J θkjukj such that

‖φk−φ∗∗k ‖∞ ≤ c0‖φ(%+1)
k ‖∞H%+1. Let Ckj = ‖ukj−Eukj(Xk)‖, u∗kj = C−1

kj {ukj−Eukj(Xk)} and

θ∗kj = Ckjθkj then we have∥∥∥∥∥φk −∑
j∈J

θ∗kju
∗
kj

∥∥∥∥∥
∞

= ‖φk −
∑
j∈J

θkj{ukj − Eukj(Xk)}‖∞ ≤ ‖φk −
∑
j∈J

θkjukj‖∞ + |
∑
j∈J

θkjEukj(Xk)|

≤ c0‖φ(%+1)
k ‖∞H%+1 + |E{

∑
j∈J

θkjukj(Xk)− φk(Xk)}|+ |Eφk(Xk)|

≤ 2c0‖φ(%+1)
k ‖∞H%+1.

Therefore, ‖φk −
∑

j∈J θ
∗
kju
∗
kj‖∞ ≤ C‖φ(%+1)

k ‖∞H%+1. Lemma B.4 is established.

Lemma B.5 (Theorem 10.2, Lai and Schumaker (2007)) Suppose that |4| is a π-quasi-uniform

triangulation of a polygonal domian Ω, and ψ(·) ∈ Wd+1,∞(Ω).
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(i) For bi-integer (a1, a2) with 0 ≤ a1 + a2 ≤ d, there exists a spline ψ∗(·) ∈ S0
d(4) such that

‖∇a1
z1
∇a2
z2

(ψ − ψ∗) ‖∞ ≤ C|4|d+1−a1−a2|ψ|d+1,∞, where C is a constant depending on d, and

the shape parameter π.

(ii) For bi-integer (a1, a2) with 0 ≤ a1 + a2 ≤ d, there exists a spline function ψ∗∗(·) ∈ Srd(4)

(d ≥ 3r + 2) such that ‖∇a1
z1
∇a2
z2

(ψ − ψ∗∗) ‖∞ ≤ C|4|d+1−a1−a2|ψ|d+1,∞, where C is a

constant depending on d, r, and the shape parameter π.

Lemma B.5 shows that S0
d(4) has full approximation power, and Srd(4) also has full approximation

power if d ≥ 3r + 2.

Lemma B.6 Suppose that Assumptions (A2), (A5) and (A6) hold. Then

max
1≤k,k′≤p
j,j′∈J

∣∣∣∣∣ 1n
n∑
i=1

Ukj(Xik)Uk′j′(Xik′)− E {Ukj(Xik)Uk′j′(Xik′)}

∣∣∣∣∣ = Oa.s.(n
−1/2H−1/2 log1/2 n),

(B.1)

max
m,m′∈M

∣∣∣∣∣ 1n
n∑
i=1

B∗m(Si)B
∗
m′(Si)− E {B∗m(Si)B

∗
m′(Si)}

∣∣∣∣∣ = Oa.s.(n
−1/2|4|−1 log1/2 n), (B.2)

max
m∈M,1≤k≤p,j∈J

∣∣∣∣∣ 1n
n∑
i=1

B∗m(Si)Ukj(Xik)− E {B∗m(Si)Ukj(Xik)}

∣∣∣∣∣ = Oa.s.(n
−1/2 log1/2 n). (B.3)

Proof. For simplicity, we consider the case k = k′. Let

Ui,kjj′ = n−1Ukj(Xik)Ukj′(Xik)− n−1E{Ukj(Xik)Ukj′(Xik)},

ui,kjj′ = n−1ukj(Xik)ukj′(Xik)− n−1E{ukj(Xik)ukj′(Xik)}.

Then Ui,kjj′ = ‖ukj‖−1‖ukj′‖−1ui,kjj′ and nui,kjj′ ≤ c, as the B-spline basis function is bounded by

a constant. Notice that EUi,kjj′ = Eui,kjj′ = 0, and

E|Ui,kjj′ |r = ‖ukj‖−r‖ukj′‖−rE|ui,kjj′ |r ≤ (cn−1‖ukj‖−1‖ukj′‖−1)r−2E|Ui,kjj′|2

≤ (Cn−1H−1)r−2E|Ui,kjj′|2.
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Thus, Ui,kjj′ satisfies the Cramér’s condition with constant Cn−1H−1. Applying Bernstein inequal-

ity to
∑n

i=1 Ui,kjj′ , for any δ > 0, one has

P

{∣∣∣∣∣
n∑
i=1

Ui,kjj′

∣∣∣∣∣ ≥ δn−1/2H−1/2 log1/2 n

}
≤ 2 exp

{
−δ2 log n

4 + CH−1/2n−1/2 log1/2 n

}
.

Assume |J | � nτ for some 0 < τ <∞. Under Assumption (A6), we have

∞∑
n=1

P

{
max
k,j,j′

∣∣∣∣∣
n∑
i=1

Ui,kjj′

∣∣∣∣∣ ≥ δn−1/2H−1/2 log1/2 n

}
≤

∞∑
n=1

p∑
k=1

|J |n−2−τ <∞.

Thus,

max
k,j,j′

∣∣∣∣∣
n∑
i=1

Ui,kjj′

∣∣∣∣∣ = Oa.s.{n−1/2H−1/2 log1/2 n}.

Similarly, under Assumptions (A5) and (A6), we have

max
m,m′∈M

∣∣∣∣∣ 1n
n∑
i=1

B∗m(Si)B
∗
m′(Si)− E {B∗m(Si)B

∗
m′(Si)}

∣∣∣∣∣ = Oa.s.

{
n−1/2|4|−1 log1/2 n

}
,

max
m∈M,1≤k≤p,j∈J

∣∣∣∣∣ 1n
n∑
i=1

B∗m(Si)Ukj(Xik)− E {B∗m(Si)Ukj(Xik)}

∣∣∣∣∣ = Oa.s.

{
n−1/2 log1/2 n

}
.

The desired results are obtained.

Lemma B.7 Suppose that Assumptions (A2), (A5) and (A6) hold. Then, we have

Rn = sup
ψ1,ψ2∈A

∣∣∣∣〈ψ1, ψ2〉n − 〈ψ1, ψ2〉
‖ψ1‖‖ψ2‖

∣∣∣∣ = Oa.s.

{
H−1/2|4|−1n−1/2 log1/2 n

}
.

Proof. Without loss of generality, let

ψ1 =

p∑
k=1

∑
j∈J

θkj,1Ukj +
∑
m∈M

γm,1B
∗
m, ψ2 =

p∑
k=1

∑
j∈J

θkj,2Ukj +
∑
m∈M

γm,2B
∗
m.

By Lemma B.3, we have

‖ψ1‖‖ψ2‖ �

(
p∑

k=1

∑
j∈J

θ2
kj,1 +

∑
m∈M

γ2
m,1

)1/2( p∑
k=1

∑
j∈J

θ2
kj,2 +

∑
m∈M

γ2
m,2

)1/2

.
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Also, notice that

〈ψ1,ψ2〉n − 〈ψ1, ψ2〉

=

p∑
k,k′=1

∑
j∈J ,j′∈J

θkj,1θk′j′,2

[
1

n

n∑
i=1

Ukj(Xik)Uk′j′(Xik′)− E {Ukj(Xik)Uk′j′(Xik′)}

]

+
∑

m,m′∈M

γm,1γm′,2

[
1

n

n∑
i=1

B∗m(Si)B
∗
m′(Si)− E {B∗m(Si)B

∗
m′(Si)}

]

+

p∑
k=1

∑
j∈J ,m∈M

(θkj,1γm,2 + θkj,2γm,1)

[
1

n

n∑
i=1

B∗m(Si)Ukj(Xik)− E {B∗m(Si)Ukj(Xik)}

]

≤
p∑

k,k′=1

∑
|j−j′|≤%+1

|θkj,1θk′j′,2| max
1≤k,k′≤p,j,j′∈J

∣∣∣∣∣ 1n
n∑
i=1

Ukj(Xik)Uk′j′(Xik′)− E {Ukj(Xik)Uk′j′(Xik′)}

∣∣∣∣∣
+

∑
|m−m′|≤(d+1)(d+2)/2

|γm,1γm′,2| max
m,m′∈M

∣∣∣∣∣ 1n
n∑
i=1

B∗m(Si)B
∗
m′(Si)− E {B∗m(Si)B

∗
m′(Si)}

∣∣∣∣∣
+

p∑
k=1

∑
j∈J ,m∈M

(|θkj,1γm,2|+ |θkj,2γm,1|) max
j∈J ,m∈M

∣∣∣∣∣ 1n
n∑
i=1

B∗m(Si)Ukj(Xik)− E {B∗m(Si)Ukj(Xik)}

∣∣∣∣∣
=I1 + I2 + I3.

By Lemma B.6, we have

I1 =

(
p∑

k=1

∑
j∈J

θ2
kj,1

)1/2( p∑
k=1

∑
j∈J

θ2
kj,2

)1/2

×Oa.s.(n
−1/2H−1/2 log1/2 n),

I2 =

(∑
m∈M

γ2
m,1

)1/2(∑
m∈M

γ2
m,2

)1/2

×Oa.s.(n
−1/2|4|−1 log1/2 n).

By the Cauchy Schwarz inequality, we have

p∑
k=1

∑
j∈J ,m∈M

(|θkj,1γm,2|+ |θkj,2γm,1|)

=

(
p∑

k=1

∑
j∈J

|θkj,1|

)(∑
m∈M

|γm,2|

)
+

(
p∑

k=1

∑
j∈J

|θkj,2|

)(∑
m∈M

|γm,1|

)

≤ CH−1/2|4|−1


(

p∑
k=1

∑
j∈J

θ2
kj,1

)1/2(∑
m∈M

γ2
m,2

)1/2

+

(
p∑

k=1

∑
j∈J

θ2
kj,2

)1/2(∑
m∈M

γ2
m,1

)1/2
 ,
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which implies that

I3 =

(
p∑

k=1

∑
j∈J

θ2
kj,1

)1/2(∑
m∈M

γ2
m,2

)1/2

×Oa.s.(H
−1/2|4|−1n−1/2 log1/2 n)

+

(
p∑

k=1

∑
j∈J

θ2
kj,2

)1/2(∑
m∈M

γ2
m,1

)1/2

×Oa.s.(H
−1/2|4|−1n−1/2 log1/2 n).

Combining I1, I2 and I3, we obtain the desired result.

As a direct result of Lemma B.7, we obtain that

sup
ψ∈A

∣∣‖ψ‖2
n/‖ψ‖2 − 1

∣∣ = Oa.s.

{
H−1/2|4|−1n−1/2 log1/2 n

}
.

Denote

Γn,λ =
1

n

n∑
i=1

U(Xi)U(Xi)
> U(Xi)B̃(Si)

>

B̃(Si)U(Xi)
> B̃(Si)B̃(Si)

> + λ
n
Q>2 PQ2

 ,

where B̃(Si) = Q>2 B∗(Si), B∗(Si) = {B∗m(Si),m ∈M}.

Lemma B.8 Under Assumptions (A2), (A5) and (A6), there exist constants 0 < cΓ < CΓ < ∞,

such that

cΓ ≤ λmin(Γn,λ) ≤ λmax(Γn,λ) ≤ CΓ,

almost surely, for large enough n.

Proof. It is easy to see that for any vector (θ>,γ∗>)>,

(θ>,γ∗>)Γn,0(θ>,γ∗>)> =
1

n

n∑
i=1

(θ>,γ∗>)

U(Xi)U(Xi)
> U(Xi)B̃(Si)

>

B̃(Si)U(Xi)
> B̃(Si)B̃(Si)

>

 (θ>,γ∗>)>

= ‖gγ∗,θ‖2
n,

B.9



where gγ∗,θ(x, s) = θ>U(x) + γ∗>B̃(s). By Lemma B.3 and Lemma B.6, we have

c(1−Rn)‖(θ>,γ∗>)‖2 ≤ (1−Rn)‖gγ∗,θ‖2 ≤ ‖gγ∗,θ‖2
n,

‖gγ∗,θ‖2
n ≤ (1 +Rn)‖gγ∗,θ‖2 ≤ C(1 +Rn)‖(θ>,γ∗>)‖2.

By Assumption (A6), Rn → 0, as n→∞, therefore,

c‖(θ>,γ∗>)‖2 ≤ (θ>,γ∗>)Γn,0(θ>,γ∗>)> ≤ C‖(θ>,γ∗>)‖2, (B.4)

almost surely, for large enough n.

The (m,m′)th element of P is Pm,m′ =
∫
∇2
s1
B∗m(s)∇2

s1
B∗m′(s) + ∇2

s2
B∗m(s)∇2

s2
B∗m′(s) +

2∇2
s1s2

B∗m(s)∇2
s1s2

B∗m′(s)ds. By Theorem 2.19 in Lai and Schumaker (2007), we have

Pm,m′ �


|4|−4, dm/d∗e = dm′/d∗e,

0, dm/d∗e 6= dm′/d∗e.

(B.5)

Then, by the Assumption (A6), we have

(θ>,γ∗>)

0 0

0 λ
n
Q>2 PQ2

 (θ>,γ∗>)> = O{λ|4|−4n−1‖(θ>,γ∗>)‖2} = o{‖(θ>,γ∗>)‖2}.

(B.6)

The desired result follows (B.4) and (B.6).

B.1.2.2. Consistency of Penalized Quasi-likelihood Estimators

By Lemmas B.4 and B.5, there exist β̃k(xk) = U>k (xk)θ̃k and α̃(s) = B̃>(s)γ̃∗, which are the best

approximation to βk’s and α with the approximation rate at ‖βk − β̃k‖∞ ≤ Ck‖β(%+1)
k ‖∞H%+1 and

‖α− α̃‖∞ ≤ Cα|α|d+1,∞|4|d+1. Denote θ̃ = (θ̃
>
1 , · · · , θ̃

>
p )>.

Denote that ηi(θ,γ∗) = U(Xi)
>θ + B̃(Si)

>γ∗, which is a function with respect to subject i.
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We have

∇LP (θ,γ∗) = −
n∑
i=1

q1 {ηi(θ,γ∗), Yi}

U(Xi)

B̃(Si)

+ λ

 0

Q>2 PQ2γ
∗

 ,

∇2LP (θ,γ∗) = −
n∑
i=1

q2(ηi(θ,γ
∗), Yi)

U(Xi)U(Xi)
> U(Xi)B̃(Si)

>

B̃(Si)U(Xi)
> B̃(Si)B̃(Si)

>

+

0 0

0 λQ>2 PQ2

 .

For the notation simplicity, we denote η0
i =

∑p
k=1 βk(Xik) + α(Si), η̂i = ηi(θ̂, γ̂

∗) and η̃i =

ηi(θ̃, γ̃
∗).

Lemma B.9 Under Assumptions (A1)–(A6), we have

∣∣∣∣ 1n∇LP (θ̃, γ̃∗)

∣∣∣∣ = Oa.s

{(
log n

n

)1/2

+H%+3/2 + |4|d+2 +H%+1|4|+H1/2|4|d+1 +
λ

n|4|3

}
,

∥∥∥∥ 1

n
∇LP (θ̃, γ̃∗)

∥∥∥∥ = Oa.s

{
(H−1/2 + |4|−1)

(
log n

n

)1/2

+H%+1 + |4|d+1 +
λ

n|4|4

}
.

Proof. Let η̃(x, s) = U(x)>θ̃+B̃(s)>γ̃∗, then ‖η̃−η‖∞ = O(H%+1 + |4|d+1). By Assumption

(A2), we have

n−1∇LP (θ̃, γ̃∗) = − 1

n

n∑
i=1

q1 {η̃i, Yi}

U(Xi)

B̃(Si)

+
λ

n

 0

Q>2 PQ2γ̃
∗



= − 1

n

n∑
i=1

Yi − g−1(η̃i)

σ2V (g−1(η̃i))
ġ−1(η̃i)

U(Xi)

B̃(Si)

+
λ

n

 0

Q>2 PQ2γ̃
∗



= − 1

n

n∑
i=1

Yi − g−1(η̃i)

σ2V (g−1(η0
i ))

ġ−1(η0
i ) {1 + o(1)}

U(Xi)

B̃(Si)

+
λ

n

 0

Q>2 PQ2γ̃
∗


= Vv {1 + o(1)}+ Vb {1 + o(1)}+ Vp,
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where

Vv = − 1

n

n∑
i=1

Yi − g−1(η0
i )

σ2V (g−1(η0
i ))

ġ−1(η0
i )

U(Xi)

B̃(Si)

 ,

Vb = − 1

n

n∑
i=1

g−1(η0
i )− g−1(η̃i)

σ2V (g−1(η0
i ))

ġ−1(η0
i )

U(Xi)

B̃(Si)

 , Vp =
λ

n

 0

Q>2 PQ2γ̃
∗

 . (B.7)

For the vector Vv, we have

E

[
Yi − g−1(η0

i )

σ2V (g−1(η0
i ))

ġ−1(η0
i )Ukj(Xik)

]
= 0, E

[
Yi − g−1(η0

i )

σ2V (g−1(η0
i ))

ġ−1(η0
i )Ukj(Xik)

]2

= O(1).

According to Assumption (A3) and applying the Bernstein inequality, for any k = 1, · · · , p and

j ∈ J , we obtain

1

n

n∑
i=1

Yi − g−1(η0
i )

σ2V (g−1(η0
i ))

ġ−1(η0
i )Ukj(Xik) = Oa.s.

{(
log n

n

)1/2
}
. (B.8)

Similarly, for any m ∈M,

1

n

n∑
i=1

Yi − g−1(η0
i )

σ2V (g−1(η0
i ))

ġ−1(η0
i )B

∗
m(Si) = Oa.s.

{(
log n

n

)1/2
}
. (B.9)

For the vector Vb, we focus on the term n−1
∑n

i=1
g−1(η0i )−g−1(η̃i)

σ2V (g−1(η0i ))
ġ−1(η0

i )Ukj(Xik). We write

1

n

n∑
i=1

g−1(η0
i )− g−1(η̃i)

σ2V (g−1(η0
i ))

ġ−1(η0
i )Ukj(Xik) =

n∑
i=1

ξi + E

[
g−1(η0

i )− g−1(η̃i)

σ2V (g−1(η0
i ))

ġ−1(η0
i )Ukj(Xik)

]
,

where

ξi =
g−1(η0

i )− g−1(η̃i)

nσ2V (g−1(η0
i ))

ġ−1(η0
i )Ukj(Xik)− E

[
g−1(η0

i )− g−1(η̃i)

nσ2V (g−1(η0
i ))

ġ−1(η0
i )Ukj(Xik)

]
.

Note that,

E

[
g−1(η0

i )− g−1(η̃i)

σ2V (g−1(η0
i ))

ġ−1(η0
i )Ukj(Xik)

]
= O

{(
H%+1 + |4|d+1

)
H1/2

}
. (B.10)
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As we have, for any r ≥ 3,

E|ξi|r ≤
{
Cn−1|g−1(η0

i )− g−1(η̃i)|‖Ukj‖∞
}r−2

E|ξi|2 ≤
{
Cn−1(H%+1 + |4|d+1)H−1/2

}r−2
E|ξi|2,

{ξi}ni=1 satisfy the Cramér’s condition with constant Cn−1(H%+1 + |4|d+1)H−1/2. Also,

E|ξi|2 =E

∣∣∣∣g−1(η0
i )− g−1(η̃i)

nσ2V (g−1(η0
i ))

ġ−1(η0
i )Ukj(Xik)

∣∣∣∣2 − [E{g−1(η0
i )− g−1(η̃i)

nσ2V (g−1(η0
i ))

ġ−1(η0
i )Ukj(Xik)

}]2

=O
{
n−2(H2%+2 + |4|2d+2)

}
.

Applying the Bernstein inequality, we have

P

{∣∣∣∣∣
n∑
i=1

ξi

∣∣∣∣∣ ≥ δ(H%+1 + |4|d+1)n−1/2 log1/2 n

}
≤ 2 exp

{
−δ2 log n

4 + CH−1/2n−1/2 log1/2 n

}
.

Consequently,
n∑
i=1

ξi = Oa.s.

{
(H%+1 + |4|d+1)n−1/2 log1/2 n

}
. (B.11)

Combining (B.10) and (B.11), we obtain

1

n

n∑
i=1

g−1(η0
i )− g−1(η̃i)

σ2V (g−1(η0
i ))

ġ−1(η0
i )Ukj(Xik)

= Oa.s.

{
(H%+1 + |4|d+1)n−1/2 log1/2 n+

(
H%+1 + |4|d+1

)
H1/2

}
. (B.12)

Similarly,

1

n

n∑
i=1

g−1(η0
i )− g−1(η̃i)

σ2V (g−1(η0
i ))

ġ−1(η0
i )B

∗
m(Si)

= Oa.s.

{
(H%+1 + |4|d+1)n−1/2 log1/2 n+

(
H%+1 + |4|d+1

)
|4|
}
. (B.13)

For the vector Vp, by (B.5) and |γ̃∗| � |4|, then we have

|Vp| = O(λn−1|4|−3), ‖Vp‖ = O(λn−1|4|−4). (B.14)
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Combining (B.8), (B.9), (B.12), (B.13) and (B.14), we obtain∣∣∣∣ 1n∇LP (θ̃, γ̃∗)

∣∣∣∣ = Oa.s

{(
log n

n

)1/2

+H%+3/2 + |4|d+2 +H%+1|4|+H1/2|4|d+1 +
λ

n|4|3

}
,

∥∥∥∥ 1

n
∇LP (θ̃, γ̃∗)

∥∥∥∥ = Oa.s

{
(H−1/2 + |4|−1)

(
log n

n

)1/2

+H%+1 + |4|d+1 +
λ

n|4|4

}
.

Therefore, Lemma B.9 has been established.

Lemma B.10 If (θ̄
>
, γ̄∗>)> is the vector that satisfies

∥∥∥(θ̄
>
, γ̄∗>)> − (θ̃

>
, γ̃∗>)>

∥∥∥ = Oa.s.(H
1/2 +

|4|), then, under Assumptions (A2), (A3), (A5) and (A6), there exists constants c and C, such that

cI ≤ −
{

1

n
∇2LP (θ̄, γ̄∗)

}−1

≤ CI,

almost surely, for large enough n.

Proof. Let η̄i = ηi(θ̄, γ̄
∗), we have

n−1∇2LP (θ̄, γ̄∗)

=− 1

n

n∑
i=1

q2(η̄i, Yi)

U(Xi)U(Xi)
> U(Xi)B̃(Si)

>

B̃(Si)U(Xi)
> B̃(Si)B̃(Si)

>

+
λ

n
Q>2 PQ2

=− 1

n

n∑
i=1

[
{Yi − g−1(η0

i )}ρ′1{g−1(η̄i)}+ {g−1(η̄i)− g−1(η0
i )}ρ′1{g−1(η̄i)} − ρ2{g−1(η̄i)}

]

×

U(Xi)U(Xi)
> U(Xi)B̃(Si)

>

B̃(Si)U(Xi)
> B̃(Si)B̃(Si)

>

+

0 0

0 λ
n
Q>2 PQ2



=− 1

n

n∑
i=1

ρ2{g−1(η̄i)}

U(Xi)U(Xi)
> U(Xi)B̃(Si)

>

B̃(Si)U(Xi)
> B̃(Si)B̃(Si)

>


 {1 + oa.s(1)}+

0 0

0 λ
n
Q>2 PQ2

 .

By the boundedness of ρ2{g−1(η̄i)} and Lemma B.8, we have

cI ≤

 1

n

n∑
i=1

ρ2{g−1(η̄i)}

U(Xi)U(Xi)
> U(Xi)B̃(Si)

>

B̃(Si)U(Xi)
> B̃(Si)B̃(Si)

>

+

0 0

0 λ
n
Q>2 PQ2


 ≤ CI,
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almost surely, for large enough n.

Proof of Theorem 1. We now prove that

∥∥∥(θ̂
>
, γ̂∗>)− (θ̃

>
, γ̃∗>)

∥∥∥ = Oa.s.

{
(H−1/2 + |4|−1)

(
log n

n

)1/2

+H%+1 + |4|d+1 +
λ

n|4|4

}
.

(B.15)

As (θ̂, γ̂∗) is the minimizer of LP (θ,γ), we have ∇LP (θ̂, γ̂∗) = 0. Then by the mean value

theorem, we obtain

(θ̂
>
, γ̂∗>)> − (θ̃

>
, γ̃∗>)> = −

{
∇2LP (θ̄, γ̄∗)

}−1∇LP (θ̃, γ̃∗),

where
(
θ̄, γ̄∗

)
is some value between (θ̂, γ̂∗) and (θ̃, γ̃∗). Then (B.15) is obtained from Lemmas

B.9 and B.10. Theorem 1 is obtained from Lemma B.2 and Assumption (A4).

For any φ ∈ Uk, ψ ∈ Srd, , one has ‖φ‖∞ ≤ CH−1/2‖φ‖, ‖ψ‖∞ ≤ C|4|−1‖ψ‖. Then

p∑
k=1

‖β̂k − β̃k‖∞ + ‖α̂− α̃‖∞ = Oa.s.

{
(H−1 + |4|−2)

(
log n

n

)1/2

+H%+1/2 + |4|d +
λ

n
|4|−5

}
.

Notice that ‖β̂k − βk‖∞ ≤ ‖β̂k − β̃k‖∞ + ‖β̃k − βk‖∞, for k = 1, · · · , p, and ‖α̂ − α‖∞ ≤

‖α̂− α̃‖∞ + ‖α̃− α‖∞. Consequently,

p∑
k=1

‖β̂k − βk‖∞ + ‖α̂− α‖∞ = Oa.s.

{
(H−1 + |4|−2)

(
log n

n

)1/2

+H%+1/2 + |4|d +
λ

n|4|5

}
.

B.1.3. Properties of Local Polynomial Estimators

Denote that

ω(xk) =
{
ωU(xk)

>,ωB(xk)
>}> =

[
{ωU,k′j(xk)}k′ 6=k,j∈J , {ωB,m(xk)}m∈M

]>
,

where

ωU,k′j(xk) = n−1

n∑
i=1

Uk′j(Xik′)Khk(Xik − xk), ωB,m(xk) = n−1

n∑
i=1

B∗m(Si)Khk(Xik − xk).
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Similarly, we define

ωε(xk) =
{
ωεU(xk)

>,ωεB(xk)
>}> =

[{
ωεU,k′j(xk)

}
k′ 6=k,j∈J ,

{
ωεB,m(xk)

}
m∈M

]>
.

Recall that εi = Yi − g−1(η0
i ). Then

ωεU,k′j(xk) = n−1

n∑
i=1

εiUk′j(Xik′)Khk(Xik − xk), ωεB,m(xk) = n−1

n∑
i=1

εiB
∗
m(Si)Khk(Xik − xk).

Lemma B.11 Under Assumptions (A2), (A4), (A5), (A7) and (A8), as n→∞,

sup
xk∈[0,1],k′ 6=k,j∈J

|ωU,k′j(xk)− EωU,k′j(xk)| =Oa.s.(n
−1/2h

−1/2
k log1/2 n), (B.16)

sup
xk∈[0,1],m∈M

|ωB,m(xk)− EωB,m(xk)| =Oa.s.(n
−1/2h

−1/2
k log1/2 n), (B.17)

sup
xk∈[0,1]

|ωU(xk)| =Oa.s.(H
1/2), (B.18)

sup
xk∈[0,1]

|ωB(xk)| =Oa.s.(|4|), (B.19)

sup
xk∈[0,1]

|ωε(xk)| =Oa.s.(n
−1/2h

−1/2
k log1/2 n). (B.20)

Proof. First, we compute

E{ωU,k′j(xk)} =

∫ ∫
Uk′j(uk′)Khk(uk − xk)fkk′(uk, uk′)dukduk′

=

∫ ∫
Uk′j(uk′)K(vk)fkk′(xk + hkvk, uk′)dvkduk′ ,

where fkk′(uk, uk′) is the joint density of (Xk, Xk′). By Assumption (A1), fkk′(uk, uk′) is bounded

below and above. Therefore, we have E{ωU,k′j(xk)} = O(H1/2). Similarly, E|ωU,k′j(xk)|r =

O(h1−r
k H1−r/2). By the Bernstein inequality, we obtain (B.16). Note that

‖ωU,k′j(xk)‖∞ ≤ ‖ωU,k′j(xk)− E{ωU,k′j(xk)}‖∞ + ‖E{ωU,k′j(xk)}‖∞,

therefore, (B.18) follows from (B.16). Similar arguments yield (B.17) and (B.19).
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Next, we prove (B.20). Notice that E[ωεU,k′j(xk)] = 0 and E[ωεU,k′j(xk)]
2 � n−1h−1

k .

Let$i = εiUk′j(Xik′)Khk(Xik−xk). We decompose the random variable εi into a tail part and a

truncated part, εDn
i,1 = εiI(|εi| > Dn), εDn

i,2 = εiI(|εi| ≤ Dn)− µDn
i and µDn

i = E{εiI(|εi| ≤ Dn)},

where Dn = na, 1
2+ι

< a < 3−5δ
10

. First, we show that tail part vanishes almost surely. Note that

∞∑
n=1

P {|εi| > Dn} ≤
∞∑
n=1

E |εi|2+ι

D2+ι
n

≤ C

∞∑
n=1

D−(2+ι)
n <∞.

By the Borel-Cantelli’s lemma, we have
∣∣ 1
n

∑n
i=1 Uk′j(Xik′)Khk(Xik − xk)εDn

i,1

∣∣ = Oa.s. (n
−r),

for any r > 0. Also, it is straightforward to verify that E{Uk′j(Xik′)Khk(Xik − xk)εiI(|εi| ≤

Dn)} = E{Uk′j(Xik′)Khk(Xik − xk)}µDn
i = o{D−(1+ι)

n }. Note that D−(1+ι)
n (nhk log n)1/2 →

0 by Assumption (A8), which implies that the truncated mean part is negligible compared to

(nhk log n)−1/2.

Next, notice that Var
(
$Dn
i,2

)
= E ($2

i ) − E
(
$Dn
i,1

)2 −
(
µDn

)2 � n−1h−1
k . In addition, for any

r ≥ 3, E|$Dn
i,2 |r = (CDnH

−1/2h−1
k )r−2E|$Dn

i,2 |2. By the Bernstein inequality,

P

{∣∣∣∣∣ 1n
n∑
i=1

$Dn
i,2

∣∣∣∣∣ ≥ δn−1/2h
−1/2
k (log n)1/2

}
≤ 2 exp

{
−δ2 log n

4c+ 2δDnH−1/2n1/2h
1/2
k log1/2 n

}
.

Hence, for any large enough δ > 0,

P

{
max

k′=1,...,p,j∈J

∣∣ωεU,k′j(xk)∣∣ ≥ δn−1/2h
−1/2
k (log n)1/2

}
≤ CH−1n−2/5 <∞.

Similarly, we have

P

{
max
m∈M

∣∣ωεB,m(xk)
∣∣ ≥ δn−1/2h

−1/2
k (log n)1/2

}
≤ C|4|−2n−2/5 <∞.

Therefore, (B.20) is established.

Denote that

τ (xk) =
{
τU(xk)

>, τB(xk)
>}> =

[
{τU,k′j(xk)}k′ 6=k,j∈J , {τB,m(xk)}m∈M

]>
,
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where

τU,k′j(xk) = n−1h−1
k

n∑
i=1

Uk′j(Xik′)(Xik − xk)Khk(Xik − xk),

τB,m(xk) = n−1h−1
k

n∑
i=1

B∗m(Si)(Xik − xk)Khk(Xik − xk).

Similarly, we define

τ ε(xk) =
{
τ εU(xk)

>, τ εB(xk)
>}> =

[{
τ εU,k′j(xk)

}
k′ 6=k,j∈J ,

{
τ εB,m(xk)

}
m∈M

]>
,

where

τ εU,k′j(xk) = n−1h−1
k

n∑
i=1

εiUk′j(Xik′)(Xik − xk)Khk(Xik − xk),

τ εB,m(xk) = n−1h−1
k

n∑
i=1

εiB
∗
m(Si)(Xik − xk)Khk(Xik − xk).

Lemma B.12 Under Assumptions (A2) – (A5), (A7) and (A8) as n→∞,

sup
xk∈[0,1],k′ 6=k,j∈J

|τU,k′j(xk)− EτU,k′j(xk)| = Oa.s.(n
−1/2h

−1/2
k log1/2 n),

sup
xk∈[0,1],m∈M

|τB,m(xk)− EτB,m(xk)| = Oa.s.(n
−1/2h

−1/2
k log1/2 n),

sup
xk∈[0,1]

|τU(xk)| = Oa.s.(H
1/2), sup

xk∈[0,1]

|τB(xk)| = Oa.s.(|4|),

sup
xk∈[0,1]

|τ ε(xk)| = Oa.s.(n
−1/2h

−1/2
k log1/2 n).

Proof. The proof follows from similar arguments as in the proof of Lemma B.11.

Lemma B.13 Under Assumptions (A2)–(A6), for any u, we have∥∥∥∥∥
{

1

n
∇2LP (θ̄, γ̄∗)

}−1

u−D−1u

∥∥∥∥∥ = Oa.s.

{
H−1/2|4|−1n−1/2 log1/2 n

}
‖u‖,
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where

D = E

q2(η̄i, Yi)

U(Xi)U(Xi)
> U(Xi)B̃(Si)

>

B̃(Si)U(Xi)
> B̃(Si)B̃(Si)

>

+

0 0

0 λ
n
Q>2 PQ2


 .

Proof. Let A = 1
n
∇2LP (θ̄, γ̄∗) −D. Observe that λmax(A>A) = max{λ2

max(A), λ2
min(A)}, then

we have

‖Au‖ =
√
u>A>Au ≤ max{|λmax(A)|, |λmin(A)|}‖u‖.

Similar to the proof of Lemma B.7, one can show that

u>Au = Oa.s.

{
H−1/2|4|−1n−1/2 log1/2 n

}
‖u‖2,

which implies

max{|λmax(A)|, |λmin(A)|} = Oa.s.

{
H−1/2|4|−1n−1/2 log1/2 n

}
.

Therefore, we have ‖Au‖ = Oa.s.

{
H−1/2|4|−1n−1/2 log1/2 n

}
‖u‖. Notice that

− 1

n
∇2LP (θ̄, γ̄∗)

[
{n−1∇2LP (θ̄, γ̄∗)}−1 −D−1

]
u = D−1Au.

Then, it is clear that∥∥∥∥∥
{

1

n
∇2LP (θ̄, γ̄∗)

}−1

u−D−1u

∥∥∥∥∥ = Oa.s.

{
H−1/2|4|−1n−1/2 log1/2 n

}
‖u‖.

The desired result is obtained.

B.1.3.1. Properties of Oracle Estimator

Proof of Theorem 2. First of all, we derive the pointwise asymptotically normality of the “oracle”

estimator β̂ok(xk).
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Let β̄k(xk, u) = βk(xk) + β′k(xk)(u− xk),

a∗ =
√
nhk

 a0 − βk(xk)

hk{a1 − β′k(xk)}

 , âo =
√
nhk

 β̂ok(xk)− βk(xk)

hk{β̂o′k (xk)− β′k(xk)}

 , Zik =

 1

(Xik − xk)/hk

 .

Then, we have a0 + a1(Xik − xk) = β̄k(xk, Xik) + nhka
∗>Zik. It is easy to see that âo is the

maximizer of the following function

`n(a∗) =
n∑
i=1

`
[
g−1{β̄k(xk, Xik) + η0

i,−k + (nhk)
−1/2a∗>Zik}, Yi

]
K{(Xik − xk)/hk}

−
n∑
i=1

`
[
g−1{β̄k(xk, Xik) + η0

i,−k}, Yi
]
K{(Xik − xk)/hk}.

By Taylor expansion, we have

`n(a∗) =(nhk)
−1/2

n∑
i=1

q1{β̄k(xk, Xik) + η0
i,−k, Yi}a∗>ZikK{(Xik − xk)/hk}

+
1

2nhk

n∑
i=1

q2{β̄k(xk, Xik) + η0
i,−k, Yi}(a∗>Zik)

2K{(Xik − xk)/hk}

+
(nhk)

−3/2

6

n∑
i=1

q3{β̃k(xk, Xik) + η0
i,−k, Yi}(a∗>Zik)

3K{(Xik − xk)/hk},

where β̃k(xk, Xik) is between β̄k(xk, Xik) and β̄k(xk, Xik) + (nhk)
−1/2a∗>Zik and the last term is

OP (n−1/2h
−1/2
k ). Moreover, if nh5

k = O(1), we obtain

`n(a∗) = a∗>Wn +
1

2
a∗>Ana

∗ + oP (hk),

where

Wn = (nhk)
−1/2

n∑
i=1

q1

{
β̄k(xk, Xik) + η0

i,−k, Yi
}
K {(Xik − xk)/hk}Zik,

and

An =
1

nhk

n∑
i=1

q2

{
β̄k(xk, Xik) + η0

i,−k, Yi
}

Z>ikZikK{(Xik − xk)/hk}.
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Now we have (An)ij = (EAn)ij +OP

[
{Var(An)ij}1/2

]
, and

E(An) = h−1
k E

[
q2

{
β̄k(xk, Xik) + η0

i,−k, Yi
}

Z>ikZikK{(Xik − xk)/hk}
]

= h−1
k E

[
q2

{
β̄k(xk, Xik) + η0

i,−k,E(Yi)
}

Z>ikZikK{(Xik − xk)/hk}
]
.

By Taylor expansion of q2 around η0
i and q2 {η0

i ,E(Yi)} = ρ2(η0
i ), we obtain

(i− 1)!(j − 1)!(EAn)ij = −ρ2,k(xk)fk(xk)νi+j−2 − h(ρ2,kfk)
′(xk)νi+j−1 + o(hk).

Therefore, `n(a∗) = a∗>Wn − 1
2
a∗>{Σk(xk) + hkΛk(xk)}a∗ + oP (hk). By the Quadratic Approx-

imation Lemma in Fan et al. (1995),

âo = Σk(xk)
−1Wn − hkΣk(xk)

−1Λk(xk)Σk(xk)
−1Wn + oP (hk). (B.21)

Next, we derive the asymptotic distribution of Wn. Let Y∗i = q1{β̄k(xk, Xik) + η0
i,−k, Yi}K{(Xik−

xk)/hk}Zik, then Wn = (nhk)
−1/2

∑n
i=1 Y∗i . Therefore, E(Wn) = n1/2h

−1/2
k E(Y∗1), Cov(Wn) =

h−1
k Cov(Y∗1). By Taylor expansion of q1 around η0

1 , the jth component of Y∗1 satisfies

(j − 1)!{E(Y∗1)}j

=E
[
q1{β̄k(xk, X1k) + η0

1,−k, Y1}{(X1k − xk)/hk}j−1K{(X1k − xk)/hk}
]

=hk

∫ {
β(2)(xk)

2!
(uhk)

2 +
β(3)(xk)

3!
(uhk)

3 + o{(uhk)4}
}
ρ2,k(xk + uhk)fk(xk + uhk)u

j−1K(u)du

=h3
k

β(2)(xk)ρ2,k(xk)fk(xk)

2!
ν1+j + h4

k

β(3)(xk)ρ2,k(xk)fk(xk)

3!
ν2+j

+ h4
k

β(2)(xk)(ρ2,kfk)
′(xk)

2!
ν2+j + o(h4

k). (B.22)

The covariance between the ith and jth component of Y∗1 is E {(Y∗1)i(Y
∗
1)j} + O(h6

k). By Taylor
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expansion, we have

(i−1)!(j − 1)!E {(Y∗1)i(Y
∗
1)j}

=E
[
q2

1(η0
1, Y1)K2{(X1k − xk)/hk} {(X1k − xk)/hk}i+j−2

]
+O(h2

k)

=hkρ2,k(xk)fk(xk)

∫
ui+j−2K(u)2du.

Therefore, Cov(Wn) = Ξk(xk). It is easy to verify that Var(u>Wn) = u>Ξk(xk)u. Then the

Central Limit Theorem implies that u>Wn − E(u>Wn) → N(0,u>Ξk(xk)u). By the Cramer-

Wold device, we have Ξk(xk)
−1/2{Wn − E(Wn)} → N(0, I2). Then by (B.21), we obtain the first

part of Theorem 2.

Secondly, we derive the uniform asymptotically normality of the “oracle” estimator β̂ok(xk) in

the following. Define Mhk(t) = h
−1/2
k

∫
K{(x − t)/hk}dW (x), where W (x) is a Wiener process

defined on (0,∞). By the Lemma 1 in Zheng et al. (2016), one has

lim
n→∞

P

[
(−2 log hk)

1/2

{
sup

t∈[hk,1−hk]

|Mhk(t)|/‖K‖2
L2
− dhk

}
< x

]
= e−2e−x

. (B.23)

where dhk = (−2 log hk)
1/2 + (−2 log hk)

−1/2 log{
√
C(K)/(2π)}. Define the stochastic process

ξ̂n(xk) = n−1
∑n

i=1Khk(Xik − xk)εi, xk ∈ [0, 1], and ζ̂n(xk) = σ−1
n,k(xk)ξ̂n(xk). According to

(B.21), we have

β̂ok(xk)− βk(xk) ={ρ2,kfk(xk)}−1

[
1

n

n∑
i=1

q1{β̄k(xk, Xik) + η0
i,−k, Yi}Khk(Xik − xk)

+
1

n

n∑
i=1

q1{β̄k(xk, Xik) + η0
i,−k, Yi}(Xik − xk)Khk(Xik − xk)

]
.

Notice that similar to the calculation in (B.22),

1

n

n∑
i=1

q1{β̄k(xk, Xik) + η0
i,−k, Yi}Khk(Xik − xk)− ξ̂n(xk) = Oa.s.(h

2
k + h

3/2
k n−1/2 log1/2 n).

B.22



Notice that

1

n

n∑
i=1

q1{β̄k(xk, Xik) + η0
i,−k, Yi}(Xik − xk)Khk(Xik − xk) = Oa.s.(n

−1/2h
1/2
k log1/2 n).

Therefore, supx∈[hk,1−hk] |β̂ok(xk) − βk(xk) − ξ̂n(xk)| = Oa.s.(h
2
k + n−1/2h

1/2
k log1/2 n). According

to the proof of Theorem 1 in Zheng et al. (2016), we have

sup
xk∈[hk,1−hk]

∣∣∣ζ̂n(xk)−Mhk(xk)/‖K‖2
L2

∣∣∣ = oP (log−1/2 n). (B.24)

Therefore, by (B.24), one has

sup
xk∈[hk,1−hk]

∣∣∣∣σ−1
n,k(xk)(β̂

o
k − βk)(xk)−Mhk(xk)/‖K‖L2

∣∣∣∣
≤ sup

xk∈[hk,1−hk]

∣∣∣∣σ−1
n,k(xk)(β̂

o
k − βk)(xk)− ζ̂n(xk)

∣∣∣∣+ sup
xk∈[hk,1−hk]

∣∣∣ζ̂n(xk)−Mhk(xk)/‖K‖L2

∣∣∣
= Oa.s.(n

1/2h
5/2
k + h

1/2
k log1/2 n) + oP (log−1/2 n),

which implies that according to Assumption (A8) (ii), supxk∈[hk,1−hk](−2 log hk)
1/2

∣∣∣∣σ−1
n,k(xk)(β̂

o
k −

βk)(xk) −Mhk(xk)/‖K‖L2

∣∣∣∣ = oP (1). The uniform asymptotically normality of the “oracle” esti-

mator β̂ok(xk) follows (B.23) and Slusky’s Theorem.

B.1.3.2. Difference between SBL and Oracle Estimators

In this section, we investigate the difference between the SBL estimator and the oracle estimator.

Proof of Theorem 3. We denote

η0
i,−k =

p∑
k′ 6=k

βk′(Xik′) + α(Si), η̂i,−k =

p∑
k′ 6=k

β̂k′(Xik′) + α̂(Si), η̃i,−k =

p∑
k′ 6=k

β̃k′(Xik′) + α̃(Si).

Define

b∗(xk) =
√
nhk

 b0 − β̂ok(xk)

hk

{
b1 − β̂o′k (xk)

}
 , b̂

∗
(xk) =

√
nhk

 β̂SBL
k (xk)− β̂ok(xk)

hk

{
β̂SBL′

k (xk)− β̂o′k (xk)
}
 .
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Then, L̃SBL
n {b∗(xk)} equals to

n∑
i=1

`

[
g−1

{
β̂ok(xk) + β̂o′k (xk)(Xik − xk) + η̂i,−k + (nhk)

−1/2b∗>(xk)Zik(xk)

}
, Yi

]
Khk(Xik − xk).

It is clear to see that ∇L̃SBL
n

{
b̂∗(xk)

}
= 0, according to the property of the SBL estimator{

β̂SBL
k (xk), β̂

SBL′

k (xk)
}

. Applying the mean value theorem,

b̂
∗
(xk) = −∇2L̃SBL

n

{
b̄∗(xk)

}
∇L̃SBL

n (0), (B.25)

where b̄∗(xk) is some value between b̂
∗
(xk) and 0. As

1√
nhk

n∑
i=1

q1{β̂ok(xk) + β̂o′k (xk)(Xik − xk) + η0
i,−k, Yi}Zik(xk)Khk(Xik − xk) = 0,

then

∇L̃SBL
n (0) =

1√
nhk

n∑
i=1

q1{β̂ok(xk) + β̂o′k (xk)(Xik − xk) + η̂i,−k, Yi}Zik(xk)Khk(Xik − xk)

=
1√
nhk

n∑
i=1

q1{β̂ok(xk) + β̂o′k (xk)(Xik − xk) + η̂i,−k, Yi}Zik(xk)Khk(Xik − xk)

− 1√
nhk

n∑
i=1

q1{β̂ok(xk) + β̂o′k (xk)(Xik − xk) + η0
i,−k, Yi}Zik(xk)Khk(Xik − xk)

=(ι1, ι2)>.

For the notation simplicity, we denote η̂oi (xk) = β̂ok(xk)+ β̂o′k (xk)(Xik−xk)+η0
i,−k in the following.

At first, we focus on the first element of∇L̃SBL
n (0). By the Taylor expansion, we have

ι1 =
1√
nhk

n∑
i=1

q2{η̂oi (xk), Yi}(η̂i,−k − η0
i,−k)Khk(Xik − xk) +OP

{
n1/2h

−1/2
k ‖η0

i,−k − η̂i,−k‖2
}
.

By Theorem 1 the second term in ι1 has

‖η0
i,−k − η̂i,−k‖2 = Oa.s.

{
(H−1 + |4|−2)n−1 log n+H2%+2 + |4|2d+2 +

λ2

n2
|4|−8

}
. (B.26)
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Also, the first term in ι1 could be written as n1/2h
−1/2
k (I1 + I2), where

I1 =
1

n

n∑
i=1

q2{η̂oi (xk), Yi}(η̃i,−k − η0
i,−k)Khk(Xik − xk) = Oa.s.(H

%+1 + |4|d+1), (B.27)

I2 =
1

n

n∑
i=1

q2{η̂oi (xk), Yi}(η̂i,−k − η̃i,−k)Khk(Xik − xk).

Recall that Vb, Vv and Vp are the vectors defined in (B.7). Denote that

Φb =
[
{ΦU,kj,b}1≤k≤p,j∈J , {ΦB,m,b(xk)}m∈M

]>
= −

{
1

n
∇2LP (θ̄, γ̄∗)

}−1

Vb,

Φv =
[
{ΦU,kj,v}1≤k≤p,j∈J , {ΦB,m,v(xk)}m∈M

]>
= −

{
1

n
∇2LP (θ̄, γ̄∗)

}−1

Vv,

Φp =
[
{ΦU,kj,p}1≤k≤p,j∈J , {ΦB,m,p(xk)}m∈M

]>
= −

{
1

n
∇2LP (θ̄, γ̄∗)

}−1

Vp.

Following the proof of Lemma B.9, it is clear that

‖Φb‖ = Oa.s.(H
%+1+|4|d+1), ‖Φp‖ = O(λn−1|4|−4), ‖Φv‖ = Oa.s.

{
(H−1/2 + |4|−1)n−1/2 log1/2 n

}
.

Then, I2 could be further written as I2 � I2,b + I2,v + I2,p, where I2,b, I2,v and I2,p are equal to

n−1

n∑
i=1

q2{η̂oi (xk), Yi}
{ p∑
k′ 6=k

∑
j∈J

ΦU,k′j,bUk′j(Xik′) +
∑
m∈M

ΦB,m,bB̃
∗
m(Si)

}
Khk(Xik − xk),

n−1

n∑
i=1

q2{η̂oi (xk), Yi}
{ p∑
k′ 6=k

∑
j∈J

ΦU,k′j,vUk′j(Xik′) +
∑
m∈M

ΦB,m,vB̃
∗
m(Si)

}
Khk(Xik − xk),

n−1

n∑
i=1

q2{η̂oi (xk), Yi}
{ p∑
k′ 6=k

∑
j∈J

ΦU,k′j,pUk′j(Xik′) +
∑
m∈M

ΦB,m,pB̃
∗
m(Si)

}
Khk(Xik − xk),

respectively. By Assumption (A3) and the Cauchy Schwartz inequality, we have

|I2,b| ≤ C1‖Φb‖‖ω(xk)‖+ C2‖Φb‖‖ωε(xk)‖.

According to Lemma B.11, we have

I2,b = Oa.s.(H
%+1 + |4|d+1)×Oa.s.{1 + (H−1/2 + |4|−1)n−1/2h

−1/2
k log1/2 n}. (B.28)
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Similarly,

I2,p ≤ C1‖Φp‖‖ω(xk)‖+ C2‖Φp‖‖ωε(xk)‖

= Oa.s.

(
λn−1|4|−4

)
×Oa.s.{1 + (H−1/2 + |4|−1)n−1/2h

−1/2
k log1/2 n}. (B.29)

Now, we divide I2,v into two parts I2,v − Ĩ2,v and Ĩ2,v, where

Ĩ2,v =

p∑
k′ 6=k

∑
j∈J

ΦU,k′j,vE[Uk′j(Xik′)q2{η̂oi (xk), Yi}Khk(Xik − xk)]

+
∑
m∈M

ΦB,m,vE[B̃∗m(Si)q2{η̂oi (xk), Yi}Khk(Xik − xk)].

According to Lemma B.11 and Assumption (A3), we have

1

n

n∑
i=1

Uk′j(Xik′)q2{η̂oi (xk), Yi}Khk(Xik − xk)− E[Uk′j(Xik′)q2{η̂oi (xk), Yi}Khk(Xik − xk)]

= Oa.s.(n
−1/2h

−1/2
k log1/2 n),

1

n

n∑
i=1

Bm(Si)q2{η̂oi (xk), Yi}Khk(Xik − xk)− E[Bm(Si)q2{η̂oi (xk), Yi}Khk(Xik − xk)]

= Oa.s.(n
−1/2h

−1/2
k log1/2 n).

Applying Cauchy Schwarz inequality, we have

I2,v − Ĩ2,v ≤ (H−1/2 + |4|−1)×Oa.s.(n
−1/2h

−1/2
k log1/2 n)× ‖Φv‖

= Oa.s.

{
(H−1 + |4|−2)n−1h

−1/2
k log n

}
. (B.30)

Moreover,

Ĩ2,v =
1

n

n∑
i=1

Yi − g−1(η0
i )

σ2V {g−1(η0
i )}

ġ−1(η0
i )

{
1

n
∇2LP (θ̄, γ̄∗)

}−1

{U(Xi)
>, B̃(Si)

>}µq2

=
1

n

n∑
i=1

Yi − g−1(η0
i )

σ2V {g−1(η0
i )}

ġ−1(η0
i )

[{
1

n
∇2LP (θ̄, γ̄∗)

}−1

−D−1

]
{U(Xi)

>, B̃(Si)
>}µq2

+
1

n

n∑
i=1

Yi − g−1(η0
i )

σ2V {g−1(η0
i )}

ġ−1(η0
i )D

−1{U(Xi)
>, B̃(Si)

>}µq2 ,
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where µq2 is a vector with elements E [Uk′j(Xik′)q2{η̂oi (xk), Yi}Khk(Xik − xk)], 1 ≤ k ≤ p, k ∈ J

for univariate spline, and E
[
B̃m(Si)q2{η̂oi (xk), Yi}Khk(Xik − xk)

]
, m ∈ M for bivariate spline,

and matrix D is defined in the Lemma B.13. Applying Lemma B.13, we have

1

n

n∑
i=1

Yi − g−1(η0
i )

σ2V {g−1(η0
i )}

ġ−1(η0
i )
[{
∇2LP (θ̄, γ̄∗)

}−1 −D−1
]
{U(Xi)

>, B̃(Si)
>}µq2

= Oa.s.

{
H−1/2|4|−1n−1/2 log1/2 n

}
×Oa.s.(n

−1/2 log1/2 n). (B.31)

By (B.18) and (B.19) in Lemma B.11, we have that E [Uk′j(Xik′)q2{η̂oi (xk), Yi}Khk(Xik − xk)] =

O(H1/2) and E
[
B̃m(Si)q2{η̂oi (xk), Yi}Khk(Xik − xk)

]
= O(|4|). Therefore,

Var

[
1

n

n∑
i=1

Yi − g−1(η0
i )

σ2V {g−1(η0
i )}

ġ−1(η0
i )D

−1{U(Xi)
>, B̃(Si)

>}µq2

]
= O(n−1).

Then, it is easy to verify that

n−1

n∑
i=1

Ĩ2,v,i = Oa.s.(n
−1/2 log1/2 n). (B.32)

Therefore, by (B.30), (B.31) and (B.32),

I2,v = Oa.s.

{
(H−1 + |4|−2)n−1h

−1/2
k log n

}
+Oa.s.(n

−1/2 log1/2 n). (B.33)

Then, by (B.28), (B.29) and (B.33), we have

I2 =Oa.s.(H
%+1 + |4|d+1 + λn−1|4|−4)×Oa.s.{1 + (H−1/2 + |4|−1)n−1/2h

−1/2
k log1/2 n}

+Oa.s.

{
(H−1 + |4|−2)n−1h

−1/2
k log n

}
+Oa.s.(n

−1/2 log1/2 n). (B.34)

Combining (B.27) and (B.34), we obtain that ι1 = n1/2h
−1/2
k (I1 + I2) = Oa.s.(h

−1/2
k log1/2 n).

Following the above procedure and Lemma B.12, we obtain ι2 = Oa.s.(h
−1/2
k log1/2 n). Therefore,

|∇L̃SBL
n (0)| = Oa.s.(h

−1/2
k log1/2 n). (B.35)
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Let η∗i = β̂ok(xk) + (Xik − xk)β̂′ok + η̂i,−k + (nhk)
−1/2b̄∗>Zik. Then we have

h−1
k

[
∇2LSBL

n

{
b̄∗(xk)

}]−1
=

{
1

n

n∑
i=1

 1 h−1
k

∑n
i=1(Xik − xk)

h−1
k

∑n
i=1(Xik − xk) h−2

k

∑n
i=1(Xik − xk)2


× q2 (η∗i , Yi)Khk(Xik − xk)

}−1

.

For any vector a = (a1, a2)> ∈ R2, ‖a‖ = 1, we have

a>


n∑
i=1

 1 h−1
k

∑n
i=1(Xik − xk)

h−1
k

∑n
i=1(Xik − xk) h−2

k

∑n
i=1(Xik − xk)2

 q2 (η∗i , Yi)Khk(Xik − xk)

 a

=
n∑
i=1

{a1 + a2(Xik − xk)/hk}2 q2 (η∗i , Yi)Khk(Xik − xk)

=
n∑
i=1

{a1 + a2(Xik − xk)/hk}2 ρ2 (η∗i )Khk(Xik − xk){1 +Oa.s.(1)}.

As ρ2(η∗i ) is bounded from zero and infinity, therefore

c

{
a2

1 + a2
2

∫
v2K(v)dv

}
≤
∫
{a1 + a2(Xik − xk)/hk}2 ρ2 (η∗i )Khk(Xik − xk),

and
∫
{a1 + a2(Xik − xk)/hk}2 ρ2 (η∗i )Khk(Xik−xk) ≤ C

{
a2

1 + a2
2

∫
v2K(v)dv

}
. Consequently,

the second order derivative matrix has the property

C−1hkI2 ≤
[
∇2LSBL

n

{
b̄∗(xk)

}]−1 ≤ c−1hkI2 (B.36)

almost surely, for large enough n.

Plugging (B.26), (B.35) and (B.36) into (B.25), by the Assumption (A6’), we have |b̂
∗
(xk)| =

Oa.s.(h
1/2
k log1/2 n).

B.2. Implementation for the Bivariate spline

B.2.1. An example of Ψ

Consider the following simple triangulation. In the above figure, within this triangulation, one
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A1 

 

A2 

V1 

V3 

V2 

V4 

Figure B.1: A simple triangulation with two triangles.

sees that there are two triangles A1 :=< v1, v2, v3 > and A2 :=< v4, v3, v2 > sharing a common

edge e =< v2, v3 >. Assume that there is a point v on the common edge e, then the barycentric

coordinates (b1, b2, b3) with respect to A1 and A2 are (0, b2, 1 − b2) and (0, 1 − b2, b2) respectively.

As a result, the degree-d polynomials with respect to the two triangles can be written as

p1(v) =
∑
j+k=d

γ
(1)
0jkB

(1)
d;0jk(v) =

∑
j+k=d

γ
(1)
0jk

d!

j!k!
bj2(1− b2)k,

p2(ṽ) =
∑
j+k=d

γ
(2)
0jkB

(2)
d;0jk(v) =

∑
j+k=d

γ
(2)
0jk

d!

j!k!
(1− b2)jbk2.

Therefore, to have p1 and p2 join continuously on edge e, we require γ(1)
0jk = γ

(2)
0kj for j, k ≥ 0 and

j + k = d. For simplicity, we consider the case that d = 2 as an example. When d = 2, then the

entire coefficients vector becomes

γ = (γ>1 ,γ
>
2 )> = (γ

(1)
2,0,0, γ

(1)
1,1,0, γ

(1)
1,0,1, γ

(1)
0,2,0, γ

(1)
0,1,1, γ

(1)
0,0,2, γ

(2)
2,0,0, γ

(2)
1,1,0, γ

(2)
1,0,1, γ

(2)
0,2,0, γ

(2)
0,1,1, γ

(2)
0,0,2)>.

and the constraints are

γ
(1)
0,2,0 = γ

(2)
0,0,2, γ

(1)
0,1,1 = γ

(2)
0,1,1, γ

(1)
0,0,2 = γ

(2)
0,2,0.

B.29



Thus, in this case the constraint matrix Ψ is

Ψ =


0 0 0 1 0 0 0 0 0 0 0 −1

0 0 0 0 1 0 0 0 0 0 −1 0

0 0 0 0 0 1 0 0 0 −1 0 0

 .

B.2.2. Construction of P

This section is about how to construct P. Given the triangulation ∆, the P is the block diagonal

matrices with Pτ , τ ∈ ∆. Therefore, we focus on the construction of Pτ instead.

Supposing the polynomial piece of spline is
∑

i+j+k=d γ
τ
ijkB

τ,d
ijk(s) restricted on τ ∈ 4, we have

E
{ ∑
i+j+k=d

γτijkB
τ,d
ijk(s)

}

=

∫
τ

{ ∑
i+j+k=d

γτijk∇2
s1
Bτ,d
ijk(s)

}2

ds1ds2 +

∫
τ

{ ∑
i+j+k=d

γτijk∇s1∇s2B
τ,d
ijk(s)

}2

ds1ds2

+

∫
τ

{ ∑
i+j+k=d

γτijk∇2
s2
Bτ,d
ijk(s)

}2

ds1ds2

=γτ>(P1,τ + P2,τ + P3,τ )γ
τ = γτ>Pτγ

τ ,

where γτ =
{
γτijk
}>
i+j+k=d

, and P1,τ , P2,τ and P3,τ are the (d+2)(d+1)
2

× (d+2)(d+1)
2

matrices with en-

tries being
∫
τ

(
∇2
s1
Bτ,d
ijk

)(
∇2
s1
Bτ,d
i′j′k′

)
(s)ds1ds2,

∫
τ

(
∇s1∇s2B

τ,d
ijk

)(
∇s1∇s2B

τ,d
i′j′k′

)
(s)ds1ds2 and∫

τ

(
∇2
s2
Bτ,d
ijk

)(
∇2
s2
Bτ,d
i′j′k′

)
(s)ds1ds2, respectively.

Suppose s(1) and s(2) are two vectors in R2. According to the Theorem 2.13 in Lai and Schu-

maker (2007), the direction derivative of Bτ,d
ijk(s) with respect to s(1) has the expression

∇s(1)B
τ,d
ijk(s) = d

{
a

(1)
1 Bd−1

(i−1)jk(s) + a
(1)
2 Bd−1

i(j−1)k(s) + a
(1)
3 Bd−1

ij(k−1)(s)
}

= d
∑

i+j+k=d−1

γ
(1)
ijk(s

(1))Bτ,d−1
ijk (s),
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where (a
(1)
1 , a

(1)
2 , a

(1)
3 ) is the barycentric coordinate of s(1). And the second direction derivative with

respect to s(1) and s(2) is

∇s(2)∇s(1)B
τ,d
ijk(s) = d(d− 1)

∑
i+j+k=d−2

γ
(2)
ijk(s

(1), s(2))Bτ,d−2
ijk (s),

where γ(2)
ijk(s

(1), s(2)) = a
(2)
1 γ

(1)
(i+1)jk(s

(1)) +a
(2)
2 γ

(1)
i(j+1)k(s

(1)) +a
(2)
3 γ

(1)
ij(k+1)(s

(1)) and
(
a

(2)
1 , a

(2)
2 , a

(2)
3

)
is the barycentric coordinate of s(2). Therefore, the terms ∇2

s1
Bτ,d
ijk, ∇s1∇s2B

τ,d
ijk and ∇2

s2
Bτ,d
ijk are

the linear combinations of
{
Bd−2
ijk (s)

}
i+j+k=d−2

. Let c1,ijk, c2,ijk and c3,ijk be the corresponding

coefficients. Then we have

∫
τ

(
∇2
s1
Bτ,d
ijk

)(
∇2
s1
Bτ,d
i′j′k′

)
(s)ds1ds2 = c>1,ijkMτc1,i′j′k′ ,∫

τ

(
∇s1∇s2B

τ,d
ijk

)(
∇s1∇s2B

τ,d
i′j′k′

)
(s)ds1ds2 = c>2,ijkMτc2,i′j′k′ ,∫

τ

(
∇2
s2
Bτ,d
ijk

)(
∇2
s2
Bτ,d
i′j′k′

)
(s)ds1ds2 = c>3,ijkMτc3,i′j′k′ ,

where Mτ is the (d+2)(d+1)
2

× (d+2)(d+1)
2

matrix with entries
∫
τ
Bτ,d−2
ijk Bτ,d−2

i′j′k′ ds1ds2. By the Theorem

2.34 in Lai and Schumaker (2007), we have

∫
τ

Bτ,d−2
ijk Bτ,d−2

i′j′k′ ds1ds2 =

(
i+i′

i

)(
j+j′

j

)(
k+k′

k

)(
2d−4
d−2

)(
2d−2

2

) Aτ ,

where Aτ is the area of triangle τ . Denote C1 = {c1,ijk}i+j+k=d, C2 = {c2,ijk}i+j+k=d and C3 =

{c3,ijk}i+j+k=d. We finally obtain P1,τ = C>1 MτC1, P2,τ = C>2 MτC2, P3,τ = C>3 MτC3 and

Pτ = P1,τ + P2,τ + P3,τ .

Next we provide a simple example for Pτ . Consider the triangle A1 in the Figure B.1 and d = 2.

The barycentric coordinate of s1 is (−1, 1, 0). The barycentric coordinate of s2 is (−1, 0, 1). The set

of degree-d bivariate Bernstein basis polynomials within τ is

{
Bτ,2

2,0,0(s), Bτ,2
1,1,0(s), Bτ,2

1,0,1(s), Bτ,2
0,2,0(s), Bτ,2

0,1,1(s), Bτ,2
0,0,2(s)

}
.
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The second directional derivative of these bivariate Bernstein basis polynomials are the linear com-

bination of Bτ,0
0,0,0(s). For example,

∇s1B
τ,2
1,1,0(s) = −2Bτ,1

0,1,0(s) + 2Bτ,1
1,0,0(s), ∇2

s1
Bτ,1

1,1,0(s) = −4Bτ,0
0,0,0(s).

In this case, we have C1 = (2,−4, 2, 0, 0, 0), C2 = (2,−2, 0,−2, 2, 0), C3 = (2, 0, 0,−4, 0, 2) and

Mτ = 1/2. Therefore, the penalty matrix Pτ is

8 −8 2 −8 4 2

−8 12 −4 4 −4 0

2 −4 2 0 0 0

−8 4 0 12 −4 −4

4 −4 0 −4 4 0

2 0 0 −4 0 2



.

B.3. More Simulation Results

In this section, we present more simulation results from Examples 1 and 2 in the main paper.

For Example 1, Figures B.2 and B.3 present the boxplots of the MISEs of the estimators based

on different combinations of knots and triangulations for Case I and Case II, where the number of

knots for the cubic B-splines is Jn = 2, 4, 6, 8, and the triangulation for the bivariate splines are

taken to be 41, 42 and 43 with 109 triangles, 163 and 237 triangles, respectively. The results are

generally similar, although some of the MISEs of α̂ are larger for 41 and those based on 42 and

43.

For Example 2, Figure B.4 and Figure B.5 present the estimators and the 95% SCBs from a

typical simulation trial.
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Figure B.2: Boxplots of the MISEs of the estimators of functional components in Case I using

different combinations of knots and triangulations.
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Figure B.3: Boxplots of the MISEs of the estimators of functional components in Case II using

different combinations of knots and triangulations.
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Figure B.4: Plots of the true function (dashed line), its SBL estimator (black curve) and the 95%

SCB (grey band).
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Figure B.5: Plots of the estimated α(·) (left plot) and the true α(·) (right plot).
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