Supplemental Materials for “Estimation and Inference for Generalized

Geoadditive Models”

This supplementary document shows detailed proofs of the theoretical results in the main paper
and the implementation of the bivariate spline smoothing over the triangulation. In Section [B.1]
we investigate the asymptotic properties of the oracle estimator, the first stage penalized spline
pilot estimators, and the spline-backfitted local polynomial estimator. Section describes the
implementation of bivariate spline. Section provides more simulation results from Examples 1
and 2 in the main paper.

Let A(£2) be the area of the domain €2, and without loss of generality, we assume A({2) = 1 in the
rest of the article. Note that the triangulation for different coefficient function can be different from
each other. For notational convenience in the proof below, we consider a common triangulation for

all the explanatory variables: Bo(z) = By(2) = --- = B,(z) = B(z), and ,(z;) = B"(z;)7,.

B.1. Theoretical Results with Details

B.1.1. Notations

First we introduce the general notations that we use in the following proof.

For a real value vector a € R", we define its Euclidean norm as [jal|* = " , a7 and its
. . m,n
supremum norm as |a| = maxi<;<n |a;|. For any real symmetric matrix A = (a;;);Z) ;_,, de-

note by Amin (A) and Apax (A) its smallest and largest eigenvalues, and its L, norm as ||A||, =
MaXacgn azo ||Aall, [|a|;". For any Lebesgue measurable function ¢ (u) on a domain D, D = [0, 1],
[0,1]7, @ € R? or [0,1]P x Q, let |[¢[|, = supyep |¥ (u)], and [[¢]|7, = [, ¢?*(u)du. Define

J =A{1,...,J,} as the index set of univariate spline basis functions.
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Define the model space G as

g = {¢ = Zﬁk(xk) +afs) : B € DY[0,1]),a € Wd+1’°°(Q)} ,

where D2 and WL are defined in (9) and (10) in the main paper. We define the norm on
the space G. For functions v, € G, define their theoretical inner product as (i, 1) =
E1 (X, S)1»(X, S). Define their empirical inner product as (1, ¥2), = = 37| 1h1(X;, S;)v2 (X, S;).

Consequently, [[¢]| = /(¢,¢) and [[¢)]],, = / (¥, ¥)n-

For the notation simplicity, let g~ (z) = {g~*(x)}'. For the quasi-likelihood function ¢{g~*(z), y},

let gi(z,y) = 26{g " (2),y} and g2(z,y) = 2;0{g "} (x),y}. Itis clear that

@z, y) ={y—g ' (@)}m(x),  qz,y) ={y—g " (x)}p(x) — pa(),

where p;(z) = {7 (2)}/[e*V{g ' (x)}], j = 1,2. Moreover, let

n(x,8) =Y Be(ze) +als), 0l =nXiS),  ml_ =D Bu(Xa)+a(S)
k=1 k' £k

and ; = Y; — g~ '(n?) be the error term. Without loss of generality, for the bandwidth of the local
polynomial, we consider i = hy, to facilitate the development of the theoretical properties.
Denote v, = [ 2'K(z)dz and py i (z) = Epa{n(X,S)| Xy = z}. Let T2, N5 and M, be the 2 x 2

matrix with entry [ 2772 K(2)%dz, v;y;_o and v;4j_1, respectively. Let

(k) = pan(z) fulwr)Na,  Ap(zr) = {p2r(@e) fi(zn) Y M, Ex(wr) = par(we) fi(2i) Ta.

B.1.2. Properties of Penalized Quasi-likelihood Estimators

Recall that u;(zy), j € J, are the original B-spline basis functions for the kth covariate, where J

is the index set of the basis functions. In the following we define their centered basis ugj(xk) and
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the standardized basis Uy;(z). Let ¢x; = (ug;, 1), we have

0
Ckj Uy, (k)
upg(wx) = ugs(xy) — c—:iukl(xk)a Ugj(wy) = Hk]—”
ki

eJ,
so that EUL;(X) = 0 and EUP;(X;) = 1. Similarly, we define the standardized Bernstein
basis polynomials as B (s) = B,.(s)/||Bnll, m € M, where M is the index set of Bern-

stein basis functions. For example, for bivariate spline space S}(A) containing N triangles,

M={1,2,--, W}. Define the approximate space as

{Qb P(x,8) = ZZQIWUI@J (7) Z'Vm s), x € [0, 1]569016]7%%6]1%}

k=1 jeJ meM
B.1.2.1. Preliminaries
Lemma B.1 Under Assumptions (A2) and (A5), fork = 1,--- ,pand j,j' € J, m,m' € M and

r>1,

Oa |]_j/|>Q+17
E|Upj (Xir)Urjr (X)) |" = H™"E|gg (X)) ung (Xar)|" =<

Hl—r, ’j_j,‘§Q+17

0, [m/d] # [m'/d"],
BB, (S:) B, (S:)]" =

AP, [m/d*] = [m/fd"],

E Ui (Xi) B:,(S)| < | AP HE/2,

where d* = (d+1)(d + 2)/2.

B.3



Proof. By Assumptions (A2) and (AS), [lup; | =< [lux;lz, = HY? and || B || < ||Bmllz, =< |4

which imply that Uy; < H~'/?uy; and B}, < |A|7'B,,. Then, we have

07 |.]_j/|>9+17
E|Upj (Xir)Urjr (X)) |" = H™"E|ugg (X ) ung (Xar)|" =<
HY =7 <o+1,
0, [m/d*] # [m//d*],

E[B},(81) B, (S)]" = | A7 B[ By (S:) B (S:)]" =
AP, [m/d] = [m/[d"],

E Uy (Xin) Biy(Si)|" = | A7 H™2E |ugj(Xig) B (Si)|” =< [A[P7HE™/2,
Thus, the desired results are established. m

Lemma B.2 Under Assumption (A5), there exist positive constants cy, Cy, cs, Cs, such that, for

k;:]_7 , D

Cr Z@zj S

jeT

2 2

Z 01Uk

jeT

SCpY 0h e > n <

L2 jej meM

Z 'YmB:n

meM

< Zym.

Lo meM

Lemma B.3 Under Assumptions (A2) and (AS), there exist positive constants ¢, C such that

‘ (izezﬁz@ |55 s 5 | < (izegﬁzﬂ |

k=1 jeJ meM k=1 jeJ meM k=1 jeJ meM

Proof. By Assumption (A2) and Lemma[B.2] we have

p 2 p 2

<
k=1 jeJ meM k=1 jeJ meM Lo
P
2 2
_o(ZZew z)
k=1 j€J meM

Recall that EU};(X}) = 0, then

p
ZZijUkj + Z ’YmB:n

k=1 j€J meM

k=1 jeJ mEM

(Z vmum)2,

meM
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where 1, = EB},(S). According to Lemma 1 by [Stone| (1985), we have

2 2

p

Z Z 9ijkj+ Z ('YmB:n - ,Um)

k=1 jeJ meM

p

> Co Z

k=1

2
> 0Usg|| +

JjeJ

Z (PYmB:@ - ﬂm)

meM

Therefore, by Lemma[B.2]

» 2 » 2 2

S Yt X ] 20l S|S0t | 3

k=1 j€J meM k=1 |ljeJ meM

p
(X304 X ).
k=1 j€J meM

The lemma follows. m
Lemma B4 Foranyk=1,--- ,p, ¢ € HE@ N D,g, there exist a constant c and a function ¢;, € u,?

such that

lor — dflloo < o™V HEHL.

Proof. By the result on page 149 of De Boor (2001), there exists ¢;* = > e Orjur; such that

% 1
ok — 03 [loo < coll 87 |l HOHY. Let Oy = ||ugy — Bugy(X5,)

s U;Zj = Ok_jl{ukj — Eukj (Xk)} and

0%; = Ck;0k; then we have

P — Z oy

jeT

= llx = > Orj{ur; — Bugi(Xi) Hloo < llok = D Orjunglloo + 1Y Onj By (X)|

0 JET JjeTJ JjET

< coll o Nl B 4 B Orjun (Xi) — S(Xi)} + [Ede (X))
JjET

< 260||¢’(€Q+1) ||<>OHQ+1-

Therefore, |[¢r — > 7 Ok ujilloo < C)|6\Y || o Hot. Lemma B 4|is established. m

Lemma B.5 (Theorem 10.2, Lai and Schumaker (2007)) Suppose that |A| is a w-quasi-uniform

triangulation of a polygonal domian ), and (-) € WT1(Q).
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(i) For bi-integer (a1, as) with 0 < ay + ay < d, there exists a spline 1*(-) € SY(A) such that
[VaV2 (¢ — %) |loo < CIA|FI7200)) 41y o, where C is a constant depending on d, and
the shape parameter .

(ii) For bi-integer (a1, as) with 0 < a; + as < d, there exists a spline function **(-) € Sy(A)
(d > 3r + 2) such that |V2V2 (¢ — ™) ||l < C|A|H9792 )] 444 o, where C'is a
constant depending on d, r, and the shape parameter .

Lemma B.5]shows that S5(A) has full approximation power, and S;(A) also has full approximation

power if d > 3r + 2.

Lemma B.6 Suppose that Assumptions (A2), (A5) and (A6) hold. Then

Z Ui (X)) Uprjr (X ) — E{Ukj(Xik)Uk/jl(Xik,)}‘ = Oa,s,(n_l/zH_l/Q log!/? n),
n

max
1<k,k'<p
3i'eT
(B.1)
* B* . * ) * ] _ —-1/2 -1 1/2
x| ZB S:) E{Bm(SZ)Bm,(SZ)}‘ Oas.(n 7| A7 log /' n), (B.2)
max nZB* DU (X )—E{B;(Si)Ukj(Xik)}‘:0“( 121082 n). (B.3)

meM,1<k<p,jeJ

Proof. For simplicity, we consider the case k = £’. Let
Uiijjr = 1" Urj(Xin) Urjr (Xite) — 0™ B{Ukj (Xt ) Upje (Xi) },
Ui gy = 1 g (Xp g (Xir) — ™ Efug (Xik)urg (Xin) }-
Then U; ;50 = ||wkil| = wg ||~ wi ks and nu; g5 < c, as the B-spline basis function is bounded by
a constant. Notice that EU; ;7 = Eu; ;5 = 0, and
EUs i |” = llurs | ™ lewngs |7 Elug g | < (en™ lwwg |~ lwwg =) E| Uiy

< (Cn™ H™ ) 2E|U; gy,
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Thus, U, 1, satisfies the Cramér’s condition with constant Cn~' H~'. Applying Bernstein inequal-

ity to 1" | U, xj;» for any § > 0, one has

P {
=1

Assume | J| < n” for some 0 < 7 < oo. Under Assumption (A6), we have

i P {ma;lc
n=1

i kg’

52
> on " VPH 2 1og 20y < 2exp 0"logn _
4+ CH-1/2n"1/210g"?n

k3,

n
E U ki
=1

o] p
> on 212 logl/zn} < ZZ T %7 < o0

n=1 k=1
Thus,

max
k.g.5'

Z Ui,kjj’ = Oa,s,{n71/2H71/2 10g1/2 n}

=1

Similarly, under Assumptions (AS5) and (A6), we have

ZB* B (S;) — E{B;(Si)B;,(SZ-)}‘ =0, {n—l/QlA’—l log!/2 n} 7

max
m,m’eM

* i * ] ) ) — —-1/2 1/2
meM%@gemZB W) E{Bm@z)%(&k”‘ 8 S

The desired results are obtained. m

Lemma B.7 Suppose that Assumptions (A2), (A5) and (A6) hold. Then, we have

(1, 2)n — (Y1, 92)
b1 [[ 1|42l

R, = sup
P1,92€A

= Oy {]-1_1/2|A|_17”L_1/2 log!/? n} :

Proof. Without loss of generality, let

» P
Y1 = Z Zekj,lUkj + Z VYm1 B, 2 = Z ZekﬂUk’j T Z Ym 2B

k=1 €7 meM k=1 j€J meM
By Lemma B.3] we have
» 12/ 1/2
el = (zzezﬂ Ly 7) (zzezj,ﬁ 5 7) |
k=1 j€J meM k=1 jeJ meM
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Also, notice that

(1,02)n — (Y1, ¢2)

1 n

kE'=1jeJ,jeJ

+ Z ’Ym,l’Ym/,zl ZB* B (Si) — E{B;,(8:) B, (S:)}

m,m’'eM

p
+ Z Z (9kj,17m,2 + ijg’}/m 1

k=1 jeJ ,meM

E > 0kjabhyal _ max
1<k,k'<p,j5,7'€T

kk'=1|j—5"|<e+1

ZB* Ui (Xir) — E{B;(Si)Ukj(Xik)}]

n

Z U (Xit)Urrjr (Xir) — E{Uij(Xin) U (Xik/)}‘
-+ Z |’7m 1Ym, 2| max

m'eM
[m—m/|<(d+1)(d+2),/2

P
+3 0 Y (Okgavmel + 1Ok vmal) jepax -
k=1 jeJ ,meM

ZB* B;.(Si) — E{B;(Si)B;z’(Si>}‘

ZB* i) Ukj (Xix) — E{B;(Si)Ukj(Xik)}'

=0+ I, + Is.
By Lemma [B.6] we have
1/2
n= (S5 ) (£50) o,
k=1 jeJ k=1 j€J
1/2 1/2
= (Z %%m) <Z %Qn,z) X Ops (02| A[ T log!? ).
meM meM

By the Cauchy Schwarz inequality, we have

p
Z Z (1Okj.1vm 2] + 10kj2¥m,1])

k=1 jeJ,meM

- (iZij,ﬂ) (Z |vm,2|> ; (iDem) (Z |vm,1|>

k=1 jeJ meM k=1 j€J meM
1/2 1/2 1/2 1/2
smwmw(ZZ%Q(zﬁg (zz%)(zm) |
k=1 jeJ meM k=1 jeJ meM
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which implies that

» 1/2 1/2
= (z zezﬂ) (z ) O (H2| I 1ogh

k=1 jeJg meM
P 1/2 1/2
T (Z Z 8’%2) ( Z 772n,1> X Oa,s.(H71/2|A‘*1n*1/2 10g1/2 n).
k=1 jeJ meM

Combining /4, /5 and /3, we obtain the desired result. m

As a direct result of Lemma we obtain that
sup [I15/11 = 1] = Ous { HH21A] 072 log 2}

Denote

where B(S;) = Q] B*(S;), B*(S;) = {B:,(S;),m € M}.

Lemma B.8 Under Assumptions (A2), (A5) and (A6), there exist constants 0 < cpr < Cp < 09,

such that

cr S >\min<Fn,)\) S )\max<Fn,)\) S CF7
almost surely, for large enough n.

Proof. It is easy to see that for any vector (8", ~v*") T,

T 4T T oaTT _ LT T UX)UX)" UX)BS)' T +T\T
Chred )Fn,O(G ) :EZ(O ) @ ,7")
=t ﬁ(sz)U(Xz‘)T ﬁ(SZ)ﬁ(SZ)T
= ||97*,9|’?“
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where g o(X,8) = 6'U(x) +v*TB(s). By Lemmaand Lemma we have

c(1= RO Y )I* < (1= Ra)llgyeol* < llgy-oll2:

190l < (14 Ro)llgy- 0l < C(L+ R8T, 7"
By Assumption (A6), R,, — 0, as n — oo, therefore,
@7, P < (8T, )Tao(07, ) <87, 4 )%, (B.4)

almost surely, for large enough n.
The (m,m/)th element of P is P,,v = [ V2 B (s)V2 B, (s) + V2, B (s)V2 B, (s) +

2V?2 _ Br(s)V2 . B.(s)ds. By Theorem 2.19 in|Lai and Schumaker| (2007), we have

5182 5182

AT [m/d*] = [m!/d"],
P = (B.5)

0, [m/d*] # [m’/d"].

Then, by the Assumption (A6), we have

0 0
04" (074" = 0L (0T, DI = ofll(87, v )P}

0 2QJPQ;
(B.6)

The desired result follows (B.4) and (B.6). m
B.1.2.2. Consistency of Penalized Quasi-likelihood Estimators

By Lemmas and there exist ), (z;) = U,I(xk)gk and &(s) = BT (s)", which are the best

approximation to ;s and « with the approximation rate at [|3; — B/l < Cil|8Y™"||s He and

~T

_ ~ T
la = @llos < Calt|gstoe|A|*H. Denote 8 = (0, ,---,6,)7.

Denote that 7;(6,~*) = U(X;)70 + B(S;)T~*, which is a function with respect to subject .
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‘We have

U(X;) 0
VL"(0 qu {n:(6.,7"), i} | + A ,
B(S;) Q,; PQoy
UX,)UX;)T UX)B(S)T 0 0
VAL (0,7") ZqQ (1:(6,7%),Y;) +
B(S,)U(X;)" B(S)B(Si)’ 0 \Q;PQ:
For the notation simplicity, we denote 1) = Y 7_, Bu(Xu) + a(S;), 7 = 77z‘(§, ) and 7; =

771'(97 %ﬁk)

Lemma B.9 Under Assumptions (Al)—(A6), we have

I ps ~
~VL"(6,7")
n

1/2 \
= Oud ((BL) T met A ¢ HOMA| + HY2 AP St
! n AP

VLP(O )

logn 1/2 A
_ 12 INEE el Hett Aldt+1 _
Oa.s{( +’ | )( n ) + +’ ’ +n|A|4

Proof. Let 7j(x,s) = U(x)T0+B(s) 73", then ||7 — n||sc = O(H?™ +|A[¢+1). By Assumption

(A2), we have

U(X, 0
_IVLP(Q _ __qu {n“Y} N( ) +%
B(Sz> Q;PQ2~*
. Y, — g7 (m; ~ U<X2) A 0
= —% Z Wl(%)))g_l(m) _ + o
= B(S;) Q, PQY”
1<~ Y, — g (7). U(X;) A 0
DI =t (R UINIRR O B
=1 ’ B(S;) Q, PQxy"

=V, {1+0(1)}+Vp{l+o(1)}+V,,



where

1 — Yi—g'(n)) a0 UX)
n a2V (g=1(n?)) ’ ’
B(S;)
m U(X;) A 0
g i) .
' B(Sz) Q;PQQ:?*
For the vector V,,, we have
Yi—g') .1, 0 Yi—g ') .1, 0 ’
E|l——F—F= Ui (X)) | =0, : Ui (X =0(1).
S U () T )X | = 0()
According to Assumption (A3) and applying the Bernstein inequality, for any £ = 1,--- ,p and
J € J, we obtain
1<~ Y=g ') 1 o logn\ /2
— - J \n/ . U ; XZ — Oa S. . B8

Similarly, for any m € M,

- Z ) “(10)B,(Si) = Oas. { (107%”)1/2} . (B.9)

For the vector V, we focus on the term n™* Y 7" | %g_l(ng)ﬁﬁ(}(%). We write

7 0h) =970, 08) = 7)1
Ty v = B [ o)

where

A_9_1<77?)—9_1(77i).—1 N7 (V.o g ) =gt m) . 0T (Y.
= L g () — B | S o )|

Note that,

: )ng(n?)lfkj(&k)} =O{(H AT Hy . (B.10)
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As we have, for any r > 3,
r — — 1/~ r—2 _ _ r—2
Bl&G" < {Cn7 g™ () — g7 @) Ukslloo ' ElG P < {Cn7 (HE + |AFHYHTV2YTE|G),

{¢& )} satisfy the Cramér’s condition with constant Cn =t (He+! 4 | A1) H=1/2, Also,

g M) — g7 (W) .y
no?V (g~ (n?))

=0 {n 2(H*2 4 [APH2))

Blg]* =E

(1)U (Xir,)

Bl

g—1<n?>Ukj<Xz-k>}r

Applying the Bernstein inequality, we have

= —6%logn
P > S(HT + AT Y2 log P n b < 2ex { }
{ ;f — ( ‘ | ) g — p 4+CH_1/2n_1/2 logl/Zn
Consequently,
> 6= Ous {(H 4 A0 2 10g! 20 | (B.11)
i=1

Combining (B.10) and (B.TT]), we obtain

2y o

Similarly,

I~ ) =97 ) 1 o
-~ - 9 (1) B,(S:)
n e V) 0O

= Oue {(HE A= P logPn - (B 4 A1) (A} (B3
For the vector V, by (B.5) and |¥"| =< |4, then we have

Vol =07 AI?), VL] =00nHA[T. (B.14)
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Combining (B.8), (B.9), (B.12), (B.13) and (B.14), we obtain

(0 ) a.s n H® + 4] + H A+ HV#| A —|—n| g 7
VLP(O A9 =0 (H—1/2 + |A|_1) logn 2 gett |2 |d+1 A
e n n‘ Q|4 :

Therefore, Lemma [B.9 has been established. m

_ ~T
Lemma B.10 If (0", ~*7)7 is the vector that satisfies H(GT, 4T — (6 ,S/*T)TH = Ous.(H? +

), then, under Assumptions (A2), (A3), (A5) and (A6), there exists constants ¢ and C, such that

1 B -1
< — {—VQLP(G,fy*)} < C1,
n
almost surely, for large enough n.

Proof. Let 77, = 7;(0, "), we have
n'V?L"(0,%)

n UX,)UX:)T UX)B(S;)T
== lth Nis Yi +AQ2TPQ2

== Z {Yi — g )y~ )} + {97 ) — g7 )} {g™ ()} — pado™" () }]

UX,)UX;)T UX)B(S,)T 0 0
X +
B(S,)UX,)T B(S;)B(S:)" 0 2QJPQ:
n UX,)UX;)T UX)B(S)T 0 0
:_lz pa{g™" (7 ~ L
B(S,)UX,;)T B(S,)B(S,)" 0 2QJPQ,

By the boundedness of p2{g~'(7;)} and Lemma B.8] we have

n UX,)UX,)T UX)B(S;)T 0 0
A< |23 pelo )} IR TRRIBE <cr

B(S)U(X;)" B(S;)B(S:)" 0 2QJPQ,
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almost surely, for large enough n. m

Proof of Theorem 1. We now prove that

n| Al
(B.15)

T T | 1/2 A\
|@"57-@ 57 = 0. {(H—”Q 1A (FE) e apt s
As (6,7%) is the minimizer of L (6,~), we have VLY (6,5") = 0. Then by the mean value

theorem, we obtain

~T ~

@ 5T =@ 7)) =—{VL"(0.)) VLT (0.7"),

where (6,4") is some value between (8,75") and (6,5"). Then (B.15) is obtained from Lemmas
and Theorem 1 is obtained from Lemma and Assumption (A4). m

For any ¢ € Uy, ¢ € ST, , one has ||¢]|oe < CH™Y2||9|, |¥]lec < C|A|7Y|%||. Then

p 1/2

~ ~ _ - _ B logn A B
§j||/3k—ﬁk||m+||a—a||oo=0a.s.{<H Y e R N }
k=1

Notice that |3, — Billse < 18 — Billoe + 1Bk — Billos, for & = 1,--- ,p, and [|@ — ol <

|&@ — @l + ||& — @||0o- Consequently,

» 1/2
R N 3 _ logn A
ZHﬁk—ﬁkHooJFHO‘_a”oo:Oa's'{(H AT ( n ) +HQH/2+|A‘d+n\A’5}'
k=1

B.1.3. Properties of Local Polynomial Estimators

Denote that

T

wiz) = {wo(m) T wne) T} = [ @ beper - @@} en]

where
wU,k'j(SUk) =n! Z Uk’j(Xik’)th (Xik - xk), WB,m Qik =n Z B* th xk)
i=1
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Similarly, we define

T

wi(xy) = {wp(zp) " wh(z) '} = [{wak’j(xk)}k’;ék,jej ) {w%m(xk)}mEM}T'

Recall thate; = Y; — g ' (n?). Then

w&k/j(a:k) = nfl ZEiUk’j(Xik’)th (sz — xk), WEB,m(mk) = 77,71 ZEZB;(SZ)K}% (sz — l'k)

i=1 =1

Lemma B.11 Under Assumptions (A2), (A4), (AS5), (A7) and (A8), as n — oo,

sup |wU7k/j(xk) — EWU,k’j (l‘k)l :Oa.s. (n_1/2h]:1/2 logl/2 n), (B16)
2 €[0,1),k' £k, jET
_ —1/23,-1/27 . 1/2
sup lwp,m (k) — Bwp m (k)| =045 (n™/“h, " log /" n), (B.17)
z,€[0,1],meM
sup |wy ()| =0as. (HY?), (B.18)
z,€[0,1]
sup |wp(zy)| =0as.(|A)), (B.19)
z,€[0,1]
sup |w®(zk)| :Oa_s,(n_l/thzl/2 log'/?n). (B.20)
1 €[0,1]

Proof. First, we compute

E{wU,k'j(l“k)} = //Uk/j(uk’)th(uk - $k)fkk/(uk,uk')dukduk/

://Uk’j(uk’)K(Uk)fkk’(l'k+hkvk>uk’)dvkduk’7

where fir (ur, ug) is the joint density of (X, X/ ). By Assumption (A1), fex (uk, ug) is bounded
below and above. Therefore, we have E{wy (7))} = O(HY?). Similarly, E|wyw(zy)|” =

O(hy"H'~"/2). By the Bernstein inequality, we obtain (B.16). Note that

lwo i (1) oo < llwowj(Tr) — BE{wun(@r) Hloo + |E{wurj(r) }Hloos

therefore, (B.I8) follows from (B.16). Similar arguments yield and (B.19).
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Next, we prove (B.20). Notice that E[wf, ;. ;(xx)] = 0 and E[w ., (z4)]* < n~h .
Let w; = €; Uk (X ) Kp, (X, —x1). We decompose the random variable ¢; into a tail part and a
truncated part, 551" = ¢ I(le;| > D), 555‘ =¢;I(|le;] < Dy) — pP™ and pP = B{e;1(|e;| < Dn)},

where D,, = n®, 2—+L <a< 3 55 . First, we show that tail part vanishes almost surely. Note that

2 L o]
ZP{|@|>D }<ZE/’§;++ <C) D" <00
n=1

By the Borel-Cantelli’s lemma, we have |% Yoy Unri (X ) Ky (Xt — xk)sfl"} = Ous (n77),
forany » > 0. Also, it is straightforward to verify that E{Uj/;( X ) K, (Xix — zr)eil(ei] <
D)} = E{Uw;(Xi)Kn (X — z) P = of D"}, Note that Dy, "™ (nhylogn)/? —
0 by Assumption (A8), which implies that the truncated mean part is negligible compared to
(nhy logn)~1/2,

Next, notice that Var (w;3) = E (w?) — E (wﬂ”)Q - (MD")2 = n~th;'. In addition, for any

r > 3,E|lwy|" = (CD,H 21" )""2E|w[;|. By the Bernstein inequality,

52
{ ZwD” > on~Y2h, 1/2(logn)1/2} §2exp{ 0" logn }

dc + 26D, H=1/2n1/21h)/? log!/?
Hence, for any large enough 6 > 0,

P{ max }w[a],k/j(xk)‘ Z 5n—1/2h;1/2(10gn)1/2} S CH—ln—2/5 < 0.

k'=1,...p,jed

Similarly, we have
P {m% ‘w%m(xk” > 5n71/2h;1/2(10g n)1/2} < O|A2n7Y5 < oo
me ’

Therefore, (B.20) is established. m

Denote that

T

T(ex) = {To(z) 7o)} = [{TU,k'j(xk)}k/#,jej AmBm (@) ep|
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where
_ =173 —1 -
T (@) =7 Y Ue(Xa ) (X, — 2) Koy (X, — ),
i=1

Toan (k) =n" Y B (S) (X, — ) K, (X — 7).

i=1

Similarly, we define

T

T(21) = {T%(xk)T7T€B(xk)T} — [{Té,k/j(Ik)}k,#k,jej , {Tg,m(xk)}meM]T,

where
€ =11 -
TUJq/j(xk)_n hk ZEZU]{?/](X’L]C/><X’L]€_xk)th(Xl —l'k),
=1

Tg,m(xk) = n_lhlzl Z 8132(81)()(% — Ik)th (sz — C(]k)

=1

Lemma B.12 Under Assumptions (A2) — (A5), (A7) and (A8) as n — oo,
sup |Tu ki (2x) — BTy (ze)| = Oa,s,(n_l/zh,;l/2 log/? n),
2r€[0,1],k' £k, jET

sup |7—B,m($k> — ETB,m(xk)‘ = Oa's'(n_l/Zh];l/Q 10g1/2 77/),
zr€[0,1],meM

sup |7y (a)| = Oas(H'?), sup |75(w)] = Oas(|A)),

zkE[O,I] mkE[O,l]

sup |7%(zx)| = OE,L,S,(n’l/Zh,;l/2 logl/2 n).
$k6[0,1}

Proof. The proof follows from similar arguments as in the proof of Lemma ]

Lemma B.13 Under Assumptions (A2)—(A6), for any u, we have

-1

1 _
H {—VQLP(O, 7*)} u—Du
n

= Ous {H 21007 2 10g 2 0} ]
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where

UX)UKX)T UX)BES)T) [0 o
D =E | (7 Y3) +

B(S)UX,)" B(S)B(S,)" 0 2QJPQ,

max

Proof. Let A = 2V?L”(6,5*) — D. Observe that Ayaxc(ATA) = max{A\Z, (A), A2, (A)}, then
we have

[Au] = VuTATAu < max{|Amac(A)]; [Amin (A)[}]w]]

Similar to the proof of Lemma[B.7] one can show that
u' Au = O, {H’1/2|A]’1n’1/2 logl/zn} | ||?,
which implies
max{Auax(A)], onin (A)[} = O {2210 2 h0g 20 }
Therefore, we have ||Aul|| = O, {]—.1*1/2|A|*17f1/2 log!/? n} ||u||. Notice that
—%VQLP(O,f‘y*) [{n'V’L"(6,4")} ' =D 'u=D"Au.
Then, it is clear that

-1
H {EVQLP(é, 'y*)} u—Du
n

= Ous {H 210|072 10g 2 0} ]

The desired result is obtained. m

B.1.3.1. Properties of Oracle Estimator
Proof of Theorem 2. First of all, we derive the pointwise asymptotically normality of the “oracle”

estimator B\,‘C’(xk)
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Let Bk(xk, w) = Brlar) + B (xr) (u — xp),

ao — Br(xr) Eo(ﬂsz) — Br(xr) 1
a" = nhk s a’ = \V nhk g s sz =
hi{ar — By (zk)} hid BY (1) — Bi(@w) } (Xik — x) /T
Then, we have ag + a1 (X, — 21) = Brlaw, Xir) + nhpa*T Zg,. It is easy to see that a° is the
maximizer of the following function
(@) =Y € g7 {Brlan, Xa) +nf_j, + (nh) ™72 Ziy }, Vi) K{(Xir, — 1) / P}

i=1

=Y 0l Bulan, Xan) + 10 i}, Vi) K{(Xik — )/}

=1
By Taylor expansion, we have
ln(@®) =(nhg)~'/? Z Qi { B, Xiw) + 15—, Yiya*  Zi K {( X — ) /I }
=1
R _ .
+—— > qo{ B, Xi) + 10y, Vi@ Zag )P K{(Xit — ) /b }
thk i1

(nhy) =32 ~ 0 «Tr7 \3
e > as{Br(n, Xaw) + 0, YiH @™ Zag) K {(Xir — ) /T,

i—1
where gk(xk, X1 is between By (zx, Xix) and By (xx, Xi) + (nhy)~Y/?a*TZy, and the last term is

Op(n=2h;'/*). Moreover, if nh? = O(1), we obtain
* * T 1 * T *
ly(a*)=a"" W, + 72 A,a* + op(hg),

where

W, = (nhi) ™2 qn {Brlan, Xaw) + 0, Y} K {(Xir — i) [P} B,

=1

and

1 < -
A, =— ZCD {5k(ﬂfk7Xz‘k) + 77271{, Yz} Z 2 K{( X — w1,) /b }-
nhi
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Now we have (A,,);; = (EA,);; +Op [{Var(An)ij}l/2], and

E(A,) = i 'E (g2 { B, Xie) + 0. Vi } ZLZan K{(Xix — 1) /P }]
= hﬁlE [(12 {Bk(ﬂik, Xik) + U?,,k, E(Yz)} Z5Za K{( X — J3k)/hk}} .

By Taylor expansion of ¢, around 1 and ¢, {n?, E(Y;)} = pa(n), we obtain

(i = DY — DUEAL); = —pai(@n) fe(we)Vigj—2 — h(perfi) (2r)Viej—1 + o).

Therefore, £,(a*) = a*"W,, — sa* T {2 (k) + heAx(z)) }a* + op(hy). By the Quadratic Approx-

imation Lemma in |Fan et al.|(1995)),
ao = Ek($k>_lwn — thk(xk)_lAk(xk)Zk(xk)_IWn + Op(hk). (B21)

Next, we derive the asymptotic distribution of W,,. Let Y7 = q1 {8 (x, Xix) + 10 _p, YiHK{(Xir —

24)/hi Y Zig, then W, = (nhy) /23" Y*. Therefore, E(W,,) = n'/2h; /*E(Y?), Cov(W,) =

h,;ICOV(Y{). By Taylor expansion of ¢; around 7?, the jth component of Y7 satisfies

(7 = DHENTD)};

=B [q1{Br(wr, X1x) + 10 s iH(Xup — ) /i K A{(X g — ) /]

@) (4 3) (4 ,
:hk/ {6 (k) (uhy)* + ) (why)® + 0{(uhk)4}} par(n + why) fe(zp + uhy)w’ " K (u)du

2! 3!
(2) ®3)
thﬁ (Ik)pZ,;!(xk)fk(xk)yl+j+hiﬁ (xk)P2§!<xk)fk(xk)V2+j
(2) /
e ("E’“)(’;”“f’“) 8y 5+ ohd). (B.22)

The covariance between the ith and jth component of Y7 is E{(Y7):(Y7),;} + O(hY). By Taylor
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expansion, we have

(=D — DIE{(Y])i(Y7),}
=k [Qf(ﬁga V1)K {( X — ) /b {(Xu — ) [l } 72| + O(h7)

:hkaVk(fL’k)fk(l'k)/Ui+j_2K(u)2du.

Therefore, Cov(W,,) = Zj (). It is easy to verify that Var(u'W,,) = u'Ej(x;)u. Then the
Central Limit Theorem implies that u' W,, — E(u'W,,) — N(0,u'Z;(z)u). By the Cramer-
Wold device, we have Zy,(2;)"/2{W,, — E(W,,)} — N(0,L,). Then by (B.21), we obtain the first
part of Theorem 2.

Secondly, we derive the uniform asymptotically normality of the “oracle” estimator E,ﬁj (xg) in
the following. Define M, (t) = h,:l/z | K{(x — t)/hy}dW (x), where W (x) is a Wiener process

defined on (0, o). By the Lemma 1 in Zheng et al.[(2016), one has

lim P [(—2log hk)1/2{ sup | My, (O)|/IK|7, — dhk} < x] =e 2. (B.23)

where dj,, = (—2loghy)'? + (—2log hy)~Y?1log{+/C(K)/(27)}. Define the stochastic process
Eulzr) = VS0 Ky (Xow — wp)zi, 2 € [0,1], and Gy(xx) = ok (24)&(24). According to

(B.21)), we have

B (k) = Brlwn) ={pofiulw)} [% > a{ B, Xaw) + 1y Yi Ky (X — i)
=1

I~ (>
T Z @ {Br(n, Xin) + ) i, Vil (X — 20) Koy, (X — 1) |-
i=1
Notice that similar to the calculation in (B.22),

I~ 5 ~
o Z Qi { Br (e, Xiw) + 05 g, Yi} Ky (Xik — 1) — En(w) = Oas (B + h2/2n_1/2 log'/?n).
=1
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Notice that
1 & ~ -
- > q{Brwn, Xi) + 1, Vit (X — 20) K, (X — 21) = Ous (n V2, 1og!? n).
=1

Therefore, SUp,,c(p,, 1] 182(x) — Bi(x) — En(wr)]| = Ous. (b2 + n~ 20/ 10g"/? n). According

to the proof of Theorem 1 in Zheng et al.|(2016), we have

sup | Galn) — M, (20) /| K13, | = op(log™/*n). (B.24)
xR €lhg,1—hg]
Therefore, by (B.24), one has
sup |0y, x(@k) (BR — Be) (wx) — My, () /|| K| L,
xR E€lhg,1—hg]
< sup o (@) (BR = Br)(@r) = Galxn) |+ sup|Ga(an) — M (2n) /| K|,
xR E€lhg,1—hg] xR E€lhg,1—hi]

= Oa_s,(nlﬂhi/2 + h,lc/2 log!/? n) + 0P<10g71/2 n),

which implies that according to Assumption (A8) (ii), sup,, e, 1-n,)(—210g k)2 |0, 1. (24) (57 —

Br)(zx) — My, (zx)/|| K||z,| = op(1). The uniform asymptotically normality of the “oracle” esti-

mator B,? (x)) follows 1) and Slusky’s Theorem. m
B.1.3.2. Difference between SBL and Oracle Estimators

In this section, we investigate the difference between the SBL estimator and the oracle estimator.

Proof of Theorem 3. We denote

p p p
W= Be(Xaw) +AS), Tk = D B (Xaw) +A(Se), Tk = Y Br(Xaw) + A(S5)-

k'#k k'#k k'#k
Define
* bo — B2 () . GEP () — Bp()
i b1 = By (on) i { B () = By ()}
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Then, LSBL {b*(z;)} equals to

Zé[ {ﬁk xy) + ﬁk (1) (Xik — k) + i + (nhk)_l/Qb*T(mk)Zik(xk)}, Yi| Kn, (Xik — xp).

It is clear to see that VE,SLBL {B* (a:k)} = 0, according to the property of the SBL estimator

{AEBL(xk.), BB (1,.) } Applying the mean value theorem,

A~k

b (zx) = —V2LSBE {b*(2y)} VLEPL(0),

(B.25)
where b*(z;) is some value between b (x) and 0. As
1 &~ 5 ~
NaD ; au{BR(xx) + BY (@) (Xaw — x) + 5, Y} e () Ky, (X — 1) = 0,
then
VLSEL(0) \/W Z @ B3 (xk) + BY (wr) (Xak — 24) + Tootey Y} Zi () K (X — )

:\/Thk ; %{Bz(l’k) + le(l’k)(sz — ) + Nk, Yi t Lig () K, (X — 1)

NG 2; G LB (wr) + BY () (Xik — 2x) + 10, Y} Zor () Kn (X,

ik — xk)

:(Ll, LQ)T.

For the notation simplicity, we denote 70(x,) = 32 (1) + B2 (21,) (Xox — 1) +n)_, in the following.

At first, we focus on the first element of VE,SZBL(O). By the Taylor expansion, we have

1) =——— 02 (x), Vi @i — 00 ) K, (X — 21) + O {nl/zh_l/2 0 =i 2}.
1 \/n_m;%{m’“) Y- — M) Ky (Xip — 5) + Op ki = ikl

By Theorem 1 the second term in ¢; has

. _ o — N
170 — i —e|* = O {(H oA ) ogn + H?™2 + | AP 4 E'A’ 8} . (B.26)
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Also, the first term in ¢; could be written as nl/Qh,;l/Q(Il + I,), where

1 < -
h=g D dT (n), Yoy (o — 00 ) Ky (X — 1) = O (HE 4|4, (B27)

i=1

1 < Y R N
Iy :E ZZI @A77 (), Yit (0 -k — ime) Kpy (X — xg).

Recall that V,, V,, and V,, are the vectors defined in (B.7). Denote that

- T 1 _ -1
(I.b - _{(I)ka’jab}lgkgp,jej 5 {®B,m,b<xk)}meM:| = - {EVQLP(Ovﬁy )} Vb7

] - 1 B -1
P, = _{(I)U,kj,v}lgkgp,jej ) {(I)B,m,v(mk)}me/\/[] == {EszP(O/V )} V,,

_ - 1 R

®, = [(@0sshicicyes Brmalelen] =~ {37L70.4) V),
Following the proof of Lemma|[B.9] it is clear that

1®o]] = Ous. (HEH|A]), 18] = OONTA[T), @] = Ous. {(H_1/2 + |40 log!?

Then, I, could be further written as Iy < Iy + o, + I3, where I, 5, and I, ), are equal to

th{m (@ ,Yz}{ SN CupUn(Xiw) + © s B ( }th(X — k),

k’;ﬁk JjET meM
n! Zqz{n“;(:cw,n}{ SN SuwjUni(Xiw) + Y ®pmuBi(S }tho( — ),
i=1 k’ﬂc JET meM
S () Y}{ 5 Bl (i) + 3 BB () Ko (X = ),
i=1 k'#k jeJ meM

respectively. By Assumption (A3) and the Cauchy Schwartz inequality, we have
[ Lop| < Crl|®fl[lw (@) | + Cof| Ry [ [|w ()]
According to Lemma [B.T1] we have
Iy = Oau (HZ 4 |A1Y) X Oy {1+ (H V2 + | A Y020, P 1og 2 ). (B.28)
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Similarly,
Ly < Ch||®yl[w(@n) || + Col| Py || (1)l
= Ops. (AHAI™) x Ops {1+ (H V2 + |A|—1)n-1/2h,;1/2 log'/?n}. (B.29)

Now, we divide /5, into two parts [, — f[;ﬂ, and ,I;’v, where

p
L, = Z Z Py wB[Uni (Xinr ) @275 (1), Yi } K, (X — )]
Kk jed

+ Z CI)BM,UE[E:;@(Si)QQ{??Af(l‘k)uYi}th (Xik — 1))

According to Lemma|B.11|and Assumption (A3), we have
%iUk’j(Xik’)QQ{ﬁio(xk)v Yi b K, (Xie — 2x) — BlUp (Xaw ) A7 (1), Yi} Ky (Xik — 21)]
i=1
= Ous (021 log!* ),
L Xn:Bm(Si)%{’ﬁf(fﬁk)a Yi} K, (Xip — 2k) — E[Bpn(S0) @7} (), Yi} Ky (Xik — )]

n -
=1

= Oas. (N0, ?10g % n).
Applying Cauchy Schwarz inequality, we have

Ly — Doy < (H Y2 4 |A]7Y) X O (0720?1082 n) x ||®, ||

— O, {(H-l + AR 1ogn} . (B.30)

Moreover,
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where p,, is a vector with elements E [Up; (X ) g2 {77 (2), Vi in, (Xie — ), 1 <k <p, ke J
for univariate spline, and E [Em(Si)qg{ﬁf(xk), Y} K, (X — :ck)], m € M for bivariate spline,

and matrix D is defined in the Lemma Applying Lemma we have

= Oas. {IJ*WAI*TF”2 10g1/2n} X Ops.(n"Y?10gt?n).  (B.31)

By (B.18) and (B.19) in Lemma [B.11| we have that E [Uy; (X ) g {77 (zk), Y } Kn, (Xix — x3)] =

O(HY?) and E [ém(si)qQ{ﬁ;(xk), i} K, (X — :vk)} = O(|A]). Therefore,

Var | L3 M0 0 sy p 0T BS) T | = O,
né<= o V{g?tm)}”> " ’ "2
Then, it is easy to verify that
0> Dhui = Ous(n/?log!?n). (B.32)
i=1
Therefore, by (B.30), (B.3T)) and (B.32),
I, = O, {(H_1 + |A|_2)n_1h;1/2 log n} + Ons.(n%10g' % ). (B.33)

Then, by (B.28)), (B.29) and (B.33), we have

I =0, (HT 4 | A 4 M A % O {1+ (H2 + |A]7H)n ™20, P log 2 )

+ O, {(H’1 + ]A]’Z)n’lhglﬂ log n} + Oa,s‘(nfl/2 logl/2 n). (B.34)

Combining dB.27[) and (IB.34I), we obtain that 1, = n1/2h,;1/2(11 + L) = Oa,s,(h,;l/2 log!/?n).

Following the above procedure and Lemma , we obtain 1y = Oy (h,;l/ ?log!?n). Therefore,

IVLSBL(0)| = Ous. (hy * log"? n). (B.35)
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Letn; = E,‘;(xk) + (X — xk),/B\,’;’ + ik + (nhy)~'/?b*T Z;;,. Then we have
—1 n
_ _ 1< 1 hy > iy (Xik — 1)
i [P ()] {23 s
=R Y (X — k) Y (Xik — )
~1
X qo (07, Y;) Kp, (X — fL"k;)} -

For any vector a = (aj,a) € R?, ||al| = 1, we have

- 1 hie ' Sor (Xik — )
a' Z a2 (17, Yi) Ky (Xix — 1) p @

=UNCR Y (X — )t (X — )

=> a1+ ax(Xip — 21) [} q2 (0], Y3) Ko, (X, — )
i=1

=3 {1+ aa(Xip — xi) /MY p2 (07) Ko (X — 1) {1 + Oas (1)},

1=1

As pa(n7) is bounded from zero and infinity, therefore

c {a? + a%/UQK(v)d'U} < /{Ch + as(Xix — o) [P} p2 () Kn (Xiw — ),

and [ {a1 + as(Xi, — x1) /hi}? p2 () Ko (Xow — i) < C {a? + a3 [v? K (v)dv} . Consequently,

the second order derivative matrix has the property
C ' hydy < [V2LSPY {b*(2)}] 7 < ¢ 'yl (B.36)

almost surely, for large enough n.

Plugging (]B.26[), (]B.35[) and dB.36[) into , by the Assumption (A6’), we have \B* (x)| =

Ous.(y/*10g"* n). m

B.2. Implementation for the Bivariate spline

B.2.1. An example of ¥

Consider the following simple triangulation. In the above figure, within this triangulation, one
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V3 3

A2

Al

V1 V2

Figure B.1: A simple triangulation with two triangles.

sees that there are two triangles A; :=< vy, v5,v3 > and Ay =< vy, v3, vy > sharing a common
edge e =< vq9,v3 >. Assume that there is a point v on the common edge e, then the barycentric
coordinates (by, by, b3) with respect to A; and Ay are (0,by, 1 — by) and (0,1 — by, by) respectively.

As aresult, the degree-d polynomials with respect to the two triangles can be written as

1 1 1 d' j
(®) = 3 0iBane(®) = X2 iyt = b)",

Jtk=d j+k=d

~ 2 2 (2 d! ke

(@ = 3 W Biioa(v) = D2 i (1= bk,
Jtk=d j+k=d

Therefore, to have p; and p, join continuously on edge e, we require fyéﬁ = 7(()2 for 5,k > 0 and
J + k = d. For simplicity, we consider the case that d = 2 as an example. When d = 2, then the

entire coefficients vector becomes

1 1 1 1 1 1 2 2 2 2 2 2
Y= (’YL’Y;)T = (’75,8,07’75,1),07%78,1775,2),07 7((),1)717’7((),0),277573,07’Yi,l),Oa 7%,8717’7((),2),077((),1),1778,8,2)T-

and the constraints are

1 2 1 2 1 2
’Y((J,z),o = 7((),0),2» 7((),1),1 = 7((),1),17 78,8,2 = 7(5,2),0-

B.29



Thus, in this case the constraint matrix W is

0001000000 0 -1
=1 000010000 0 =1 0

0oo0o00010O0O0-1 0 O

B.2.2. Construction of P

This section is about how to construct P. Given the triangulation A, the P is the block diagonal
matrices with P, 7 € A. Therefore, we focus on the construction of P, instead.

Supposing the polynomial piece of splineis ) ., irk=d Vij 7w B ; k( ) restricted on 7 € A, we have

{ Z %TjszT]iccl }

i+j+k=d
2 2
/ { > ALV BLU )} dsydsy + / { > WV VauBli(s )} dsydss
i+j+k=d T \itj+k=d
2
/{ > A V2B )} dsyds,
T N idj+k=d

:PYTT(PLT + PQ,T + P3,T>7T - 7TTPT7T7

J(d+1) o (d+2)(d+1)

T (d+2 . .
T T
where 77 = {%jk}iﬂ,%:d, and P, ;, P, ; and Pj ; are the 5 5 matrices with en-

ijk ijk

tries being | (v? B d) (v? Bjﬂk,) (s)dsidsa, [ (vslv8237d) (v81v5235;5k,> (s)dsyds and
I (VQ B;,f) <V2 BZﬁk,) (s)dsydss, respectively.

Suppose s(!) and 5 are two vectors in R2. According to the Theorem 2.13 in Lai and Schu-

maker (2007), the direction derivative of B;Z( ) with respect to s(!) has the expression

1 — 1 —
V. Bils) = d{alVBIY () + ol B u(e) + o B (s) )

=d > GBI s),

i+j+hk=d—1
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where (agl), agl), agl)) is the barycentric coordinate of s(*). And the second direction derivative with

respect to s(1) and s is

VoV Bols) =dd—1) > 45sM, s@)BI(s),

i+j+hk=d—2

2 2 1 2 1 2 1 2 2 2
where 55 (s"), s) = af )Vgill)jk(s(l)) +aj )’71’((j)+1)k(3(1)> +a )%(j()kﬂ)(s(l)) and (ag a5 )>

is the barycentric coordinate of s®). Therefore, the terms V2 sz’z, VSIVSQBZJ.’,? and V2, BZJ?,‘f are

the linear combinations of {B?l’2

ik <S)}i+j+k:d72' Let ¢y jk, €251 and c3 ;55 be the corresponding

coefficients. Then we have
2 p7d 2 prd T
/ <VSIBZ‘—7]€> <VslBiT’j’k’> (S)dS]_dSQ - Cl,’ijk’MTclyi/jlk/7
-
V., VB (Vv,,V,,B" dsydsy = ¢} ... M, o g
s1VsaDij s1 Vs Diyrjipy (s)ds 82 = Cg VI C2,it k! 5

T

2 7,d 2 ,d T
/ (VSQB’ijk) (VSQBi’j’k’> (S)d81d82 = C3,ijkMTC3,i’j’k’a
-

where M. is the (d+2)2(d+1) X (d+2)2(d+1) matrix with entries fT sz?,f_sz,’ﬂ;?dsl dss. By the Theorem

2.34 in|La1 and Schumaker (2007)), we have
(")) ()
(52) (%)

where A; is the area of triangle 7. Denote C1 = {c1iju}, ;41 C2 = {C2iji};y 4oy and C3 =

7,d—2 »7,d—2 o
/Blﬂk Bi/j/k/ dSldSQ = AT7
-

{€s.ijh}ivjip_q- We finally obtain Py = C/M,C,, Py, = C;M,C,, P3, = C;M,C; and
P, =Py, + Py, +Ps3.

Next we provide a simple example for P.. Consider the triangle A; in the Figure and d = 2.
The barycentric coordinate of s, is (—1, 1, 0). The barycentric coordinate of s is (—1, 0, 1). The set

of degree-d bivariate Bernstein basis polynomials within 7 is

{B300(5), Bi10(8): B.1(8), Biao(s), Byt (), Byoa(s)} -
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The second directional derivative of these bivariate Bernstein basis polynomials are the linear com-

bination of nggjo(s). For example,
Vi BTio(s) = =2B71,(s) + 2By o(s), V3, Blno(s) = —4Bg,(s).

In this case, we have C; = (2,—4,2,0,0,0), Cy = (2,-2,0,-2,2,0), C3 = (2,0,0,—4,0,2) and
M, = 1/2. Therefore, the penalty matrix P is
§ -8 2 -8 4 2

-8 12 -4 4 —4 0

B.3. More Simulation Results

In this section, we present more simulation results from Examples 1 and 2 in the main paper.

For Example 1, Figures and present the boxplots of the MISEs of the estimators based
on different combinations of knots and triangulations for Case I and Case II, where the number of
knots for the cubic B-splines is J, = 2,4, 6,8, and the triangulation for the bivariate splines are
taken to be Ay, A, and A3 with 109 triangles, 163 and 237 triangles, respectively. The results are
generally similar, although some of the MISEs of & are larger for /\; and those based on A, and
As.

For Example 2, Figure and Figure present the estimators and the 95% SCBs from a

typical simulation trial.
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Figure B.2: Boxplots of the MISEs of the estimators of functional components in Case I using

different combinations of knots and triangulations.
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Figure B.3: Boxplots of the MISEs of the estimators of functional components in Case II using

different combinations of knots and triangulations.
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Figure B.4: Plots of the true function (dashed line), its SBL estimator (black curve) and the 95%

SCB (grey band).
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Figure B.5: Plots of the estimated «(+) (left plot) and the true «(-) (right plot).
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