Supplementary Materials for “A Generalized

Gaussian Process Model for Computer Experiments

S1

with Binary Time Series”

Algorithm: Estimation of (3, w)

1: Set initial values w = (02,0) = 141, 8 = Ly, pie = 1, and set 7 = log {2 4 b
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Dit (1 pzt)

for each 7 and t.
: repeat

repeat

Set W as an N x N diagonal matrix with diagonal elements Wy = p;(1 — pi)
Set V.=W ' +0%(Rg® Ir)

Update 3 = (X'V'X)' X'V '

Set Z = 0*(Re @ I7)V (1 — X'B)

Update py; = (%) and 7;; = log 1p i pf’t”(tl p};: for each 7 and ¢

until {7;}: converges
Update w = arg min,, L(w), where L(w) is the negative log-likelihood function (12)
Update (02,0) = w

12: until 8 and w converge

13: Return 8 and w

S2

Assumptions

. The parameter 3 belongs to an open set B C R™ and the parameter w belongs to an
open set ) C R4+1,

. The model matrix X;; lies almost surely in a nonrandom compact subset of R™ such

that Pr(3r, S0 X4 X, > 0) = 1.



For any matrix A, define ||A|| = /tr(A’A); for the covariance matrix V (w), define Vj(w) =
OV (w)/0w; and Vj(w) = OV (w)/0w;0w;; for w € Q, denote — as uniform convergence
of nonrandom functions over compact subsets of €.

3. Jy(w)Py(w)™? LN W (w) for some nonsingular W (w), which is continuous in w,
w) = diag([[1I(@)Vi(w)]],- .., [H (@)Varr(w)]]) and [T(w) = V(w)™" -
X'V(w) ' X)"' X'V(w)™.

—~

where Py
V(w)'X

—~

4. If there exists a sequence {ry}n>1 with limsupy_,. rv/N < 1—9, for some § € (0,1),
such that for any compact subset K C €, there exist constants 0 < C;(K) < oo and
C5(K) > 0 such that

lim sup max{| Ay, [Ay],[A\Y]:1<i,j <k} < Cy(K) < o0
N—o00

and
lim sup min{|A;|, [\l |:1<i<k}>Co(K) >0,
N—o0

uniformly in w € K, where |\| < ... < |Ay| are the absolute eigenvalues of V (w),
IAI] < ... < |\y| are the absolute eigenvalues of V;(w), and |AY| < ... < |\J| are the

absolute eigenvalues of Vj;(w).

Assumption 2 holds when the row vectors of X are linear independent. Thus, if only
the linear effect is considered in the mean function, then orthogonal designs or orthogonal
array-based designs, such as OA-based Latin hypercube designs (Tang, 1993), can be chosen
for sampling schemes. The conditions for Assumption 4 can be referred to Cressie and
Lahiri (1996), in which the checkable conditions for rectangular lattice of data sites and
irregularly located data sites are given. For instance, for rectangular lattice of data sites,
with certain correlation functions, a sufficient condition is choosing data locations whose
minimum distance is sufficiently large. More details can be seen in Cressie and Lahiri
(1996). Thus, space-filling designs, such as Latin hypercube designs (McKay et al., 1979)

and maximin distance designs (Johnson et al., 1990), can be chosen for sampling schemes.
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S3 Proof of Theorem 3.1

The model (4) can be seen as a binary time series model with random effects by multiplying

an identity matrix on Z, that is,
logit(p) = XB+ InZ, Z ~N(Oy,X(w)),

where Iy and Z are viewed as the model matrix and coefficients of random effects, respec-
tively. Therefore, if the variance-covariance parameters are given, inference of 3 is a special
case of the binary time series model with random effects in Hung et al. (2008). Therefore,
following Theorem 1 in Hung et al. (2008), the score function Sy (83, w) is asymptotically
normally distributed.

S4 Proof of Theorem 3.3

According to Breslow and Clayton (1993), one can view the inference on the variance-variance

component as an iterative procedure for the linear mixed model
N=XB+InZ+e, e~ NOy W)

with the iterative weight W', Thus, it is a special case of the Gaussian general linear model
in Cressie and Lahiri (1993) with response vector ) and variance-covariance component
Y(w) + W with parameters w. Since the asymptotic distribution of REML estimators
for the variance-covariance parameters has been shown in Cressie and Lahiri (1993) for
a Gaussian general linear model, the result directly follows as a special case of Corollary
3.3 in Cressie and Lahiri (1993). Note that Assumption 4 in the supplementary material
S2 implies the conditions for Corollary 3.3 in Cressie and Lahiri (1993). See the proof of
Theorem 2.2 in Cressie and Lahiri (1996).



S5 Proof of Lemma 4.1

We start the proof by deriving the conditional distribution from a simple model (1) (without
time-series), and then extend the result to prove Lemma 4.1. First, a definition and a

lemma about multivariate log-normal distribution are in order.

Definition S5.1. Suppose & = (&1, ...,&,) has a multivariate normal distribution with
mean p,, and covariance variance X,,,. Then b = exp{&} has a multivariate log-normal

distribution. Denote it as b ~ LN (pt,,, Xpxn)-

Lemma S5.1. Suppose b" and b,1 have a multivariate log-normal distribution

b" " Xnxn
~eN( ), C )
bn—i—l Hn+1 T’ On+1

The conditional distribution of byy1 given b" is b, 1|b" ~ LN (u*,v*), where p* = 1 +

1y —1 -1
r Ean nxn

(logd" — pu™) and v* =02, — 1'%, T

Proof. Using transformation of a standard normal distribution, one can show that the joint

probability density function of the multivariate log-normal distribution b" is

1 1
(27)"/2 | Zsen V2 [Tiy b

1 - n
Jon (b17 sy bn) - exp{—§ (log b" — I"l’n)/ En>1<n (logb - I“l’n)}

Denote b"t = (by, ..., by, bug1), ™ = (1, - . ., i, fing1) and

E(n—‘rl)x(n—l-l) = ’ o
n+1

Yxn r ]



Then, the conditional probability density function of b, 1 given b" can be derived as

gbnﬁ-l‘bn (bn+1|bn) X g(bla oo 7bn7 bn+1)
1

X
bn—i—l

1 n+1 n+1
eXP{_§ (logb™"" — Nn+1) E(nl—l—l) x(n+1) (logd" ™" — pa, 1) }-

Let a; = logb™ — pu" and ay = logb"*t! — "+, Applying the partitioned matrix inverse
results (page 99 of Harville (1997)) gives

(lOg bn+1 n+1) » n1+1 (nt1) (log bn—H un—o—l)

-1
’ ’ Enxn r a;
=|a1 ay
/
r On+1 a;

:(a’2 -r Ean 1),0-2_21& (0’2 r Ean ) + a’lznxna’l

=(as — 7’2, ,a1)* /0221 + a2, a,

where 091 = 02, — 'S, 7 and is a real number.

Thus, the condltlonal probability density function of b,,1 given b" can be simplified as

1

1
n bn bn _ E 2 = /Z
gbn+1|b ( +1| ) X bn+1 exp{ 2022.1( -Tr n><n ) 2 n><n }
1 1
— — 'yl 2
X bn+1 eXp{ 20_22'1 <a2 2, ,a 1) }

1 — n n 2
= 5 exp{—5—— (logbuy1 = (ki1 + 725, (log " — ™))}
n+1 20921

Therefore, according to the probability density function of a log-normal distribution, we
have b, 1|b" ~ LN (p*,v*), where p* = pi,1 + 73, L (logh” — p") and v* = 099, =

2
an—f—l r Enxn L

Lemma S5.2. Consider the model (1) (without time-series), given (p(x1),...,p(x,)) = p",

the conditional distribution of p(X,41) 1s a logit-normal distribution, that is, p(X,.1)|p" ~



Logitnormal(m(p™), v(p™)) with

n — p n n —
m(p") = p(xnp1) + o Ry (log —n H) and u(p") =o%(1 - roRy'To),

1

where “n = (M(X1)7 s ,M(Xn)>/; :U’(Xl) =ap+ X;az To = (RH(XTH-h Xl)a s 7R9(Xn+17 Xn))/?
and Rg = {Ro(x;,%;)}.

Proof. Let n; = p(x;) + Z(x;) and b; = exp{n;} = p(x;)/(1 — p(x;)) fori =1,...,n+ 1.
(

Since (1, -, M, Mur1)’ ~ N(p" 02 Ry), where p"* = ((u"), u(x,41)) and

. Ry 19
Ty 1

we have (by,...,b,, bpi1) ~ LN (u"™! 02 Ry) by Definition S5.1. Thus, using Jacobian of

the transformation and Lemma S5.1, we have

Ip(en s D)lp(x1),p(xn) (Prt1[P15 - - - P)
( Dn+1 | D1 Pn 1
1_pn+1 1—291’ ’ 1_pn (1_pn+1>2

:gbn+1 |b1 ~~~~~ bn

—Pn+1

| (108525 — (uxunn) + R, (log 12
x————— exp{—

Pn+1 20'2(1 - ’I’/oRgl’l”g)

n 2
! (10g 225 = (u(xn1) + T R (10 257 — 1))

o exp{— —Pn+1
Prt1(L = Poy1) 202(1 — rhRy'rg)

Therefore, according to the probability density function of a logit-normal distribution, we

have p(x,,41)|p™ ~ Logitnormal(m(p"),v(p™)). O

Similarly, the result of Lemma S5.2 can be extended to the general model (3). Given
Y = (¥, - ¥ YUns11y - - - Yns1,5-1) s at a fixed time-step s, ps(x;) can be seen to have the

model (1) with mean function u(x;,Y) = Zle Orlis—r + 0o + X0+ Zle ~:1XiYi s—1. Thus,



by Lemma S5.2, denote p, = (ps(X1), ..., ps(X,))’, we have

Ds(Xnt1)|Ps, Y ~ Logitnormal(m(p,,Y ),v(ps,Y)),

where m(p,, Y) = (%1, ¥) + 75 Ry (log 125 — ), " = (u(x1, ¥, .., (o, Y)Y, and
v(p,,Y) = 02(1 — ryR,'rg). By the fact that Z;(x) is independent over time, which
implies p,(x) is independent of p;(x) for any ¢ # s, ps(Xn+1)|Dnt1,s and ps(X,41)|p,, Y have
the same distribution. So, ps(Xn+1)|Dnt1.s ~ Logitnormal(m(Dyp 1), v(Dpy1s)), where

m(Dn-i-l,s) - m(PS, Y) and U(Dn—‘rl,s) = U(psv Y)

S6 Proof of Theorem 4.3

(i) First, one can show that if (ps(Xn+1), Dnt1,s) has a joint distribution for which the
conditional mean of py(x,11) given D, ¢ exists, then E [p(X,11)|Dnt1,s) is the minimum
mean squared error predictor of p(x,41). See Theorem 3.2.1 in Santner et al. (2003).
Thus, by the result of Lemma 4.1, we have the conditional mean E [p(xX,+1)|Dpt1s] =
K(M(Dnt1.s), V(Dnt1,s)) with variance V [p(xX,41)|Dnt1.s] = T(m(Dys1.s), 0V(Dpgrs))-

(i) If x,,401 = x; fori =1,...,n, then m(Dy415) = log(ps(x:)/(1—ps(x;))) and v(Dy415) = 0,
which implies that

K(m(Dypyi,s),0) = eXp{m(Dn+1,S>}/(1 + exp{m(Dn-i-lﬁ)}) = ps(xi)

and 7(m(Dp415),0) = 0 by using transformation of a normal distribution. Thus, by
Theorem 4.3 (i), we have E [ps(Xp41)|Dnt1.s] = ps(x;) and V [ps(x,41)|Dnt1,s) = 0.

(ii) Let X ~ N(m(Dyi15),v(Dpi1s)), P = exp{X}/(1 + exp{X}), which has the dis-
tribution Logitnormal(m(Dy11s), v(Dnt1s)), and Q(q; Dpy1s) be the ¢-th quantile of P.
Consider the function f(x) = log(x/(1 — x)). The derivative is f'(z) = 1/(z(1 — z)). Thus,



for 0 < = < 1 the derivative is positive and the f(z) function is increasing in z. Then,

Pr{P > Q(q; Dnt1,5)} = ¢
% > Q(q;DnJrl,s)} =q
) > QD f =
o) =

< Pr {

<:>Pr{f(

< Pr {X > log

X —m(Dyy1s 1 s Dngis
& Pr mU(Dnii.s) > (log Qg Drr.s) — m(DnH’s)) =q
U(Dn—‘rl,s) U(Dn—i-l,s) 1- Q((L Dn+1,s)
1 Q(Q7 Dn—i-l s) >
sS——— (o 7 —m Dn s =z
V(D) ( = Q(q; Dny1,s) (Drev1) !

eXp{m<Dn+1,S) + Zgv U(DnJrl,S)}
T+ exp{m(Dn-i-l,S) + Zqv/ U(Dn-i-l,S)}

SQ(q; Dyy1s) =

S7 Metropolis-Hastings Algorithm and Approximation
for Theorem 4.4

The Metropolis-Hastings (MH) algorithm for generating random samples from p|Y is given

as follows.

1: for j=1to J do

2 Set Ny =nT +s—1.

3 Start with a zero vector p of size N;.
4: for £k =1 to N, do
5

Generate a random value p; from Logitnormal(m(p_,y—k), v(P_k, Y—k))-



6: Generate an uniform random variable U ~ Unif(0,1).

|
if U < min{l, fzklik } then

8: Setp—(p1,-~-,pk7-~-apNs)-

=

9:  Set pV) =p
10: Return {pW},—; .
In the algorithm, we first sample a value for the k-th component p; from the conditional

distribution of py, given p;, y;, j # k, which is Logitnormal(m(p_;,y—«), v(P_s, Y—#)), where

0.2

Qk] ( Dk )
m{P_g, Xz lo - X ) )
(P_r Y1) = 1 ;Qkk e w(xi) ), v(p_jy-r) = O

in which u(x;) = Zle OrlYit—r + X0+ Zle v XiYii—1 and Qy; is the (k, j)-element of R;l.
Similar to Zhang (2002), we use the single-component MH algorithm, that is, to update only
a single component at each iteration. Moreover, the proposed distribution f(py) is used for

the single MH algorithm, so that the probability of accepting a new p; is the minimum of 1
and Fpply) f (o) (_ f(ylp})
F(prlyr) f(p5) ) A
Based on the samples {p¥},_; _;, the mean, variance, and g-quantile of p(x,41)|Y

can be respectively approximated by

J
S ke, Y), v, )

— = > r(m( ), v(PV,Y))|,

Jj=1 J=1

(]
=
2
ﬁc
=
“;
MIH

and the g-quantile of {ps J_1, where pY is generated from Logitnormal(m(p¥),Y),v(p®, Y)).



Similarly, the distribution of ys(x,41)|Y can be approximated by the sample distribution

of {ygj ) ]le, where ygj ) is generated from a Bernoulli distribution with probability pgj ),

S8 Algorithm: Dynamic Binary Emulator

1: for j=1to J do

2: Set N =nT.

3 Start with a zero vector p of size N.

4 for=1to N do

5: Generate a random value p} from Logitnormal(m(p_j, Y—x),v(P_k, Y—k))-
6

7

8

Generate an uniform random variable U ~ Unif(0,1).

if U < min{l, ;Eg::ii;} then
Set p=(p1,..-,Pks---,DN)-

9: Set P, =D, Y ny1 =Y, zero vectors p, ., and Yney of size T
10: fort=1to 7T do
11: Given Dyy14 = {Pp 41, Y nt1}, draw a sample py(x,,41) from Logitnormal(m(Dy41,), v(Dpt14)),

and then draw a sample y;(x,,+1) from a Bernoulli distribution with parameter p;(x,1).
20 Update pr = (P iurt))s Yot = (Vs 1)) ()i = pilsa),

and (Ynew)t = Y(Xn+1)-
13 Set piow = Poew and Yl = Yaew-

14: Take pointwise median from {pfijé)‘v}j:17...’J and {yr(é)w}jzl,w].
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