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1 Variational EM Algorithm: Regression with BIVAS

1.1 E-Step

Let 0 = {a,, 0[25, 02, w} be the collection of model parameters in the main text. The joint probabilistic

model is

Pr(y,n,v, 81X, Z;0) = Pr(yn,v,8,X,Z,0)Pr(n,~, 310)
K 1 K Ui (1)
=N(y|Zw + > > mveBinxe) [ 7 (1 = o) [[ N0, 03)a7% (1 — a)' 5,
k J

k=1 j=1

By integrating out the latent variables {n,~, 8}, the logarithm of the marginal likelihood is given as
log p(y|X,Z;0) = logZZ/ Pr(y,n,v,8X,Z;6)d3
B
v m

2 ZZ/ q(na77ﬂ) log Pr(y’n77>ﬂ|xaz7a)dﬁ
Y n B

a(n,v,8) (2)

= Ey[log Pr(y, n,~,8|X,Z;0) —log ¢(n,~, 8)]

= L(9),
where we have adopted Jensen’s inequality to obtain the lower bound £(g). Instead of working with the
marginal likelihood directly, BIVAS iteratively maximize £(q) using the vairational EM algorithm. As
illustrated in the main text, we use the following hierarchically factorized distribution to approximate

the true posterior:

K Ik
a(n,7.8) = [T { a0m) TTaBirlne:viw)a(vin)) | - (3)
v ;

where we have assumed that groups are independent; and given a group, the factors inside are also

independent. With this assumption, we first rewrite the ELBO as:

L(q) = Eq() [Eqy,51m) log Pr(y.m. v, 8) — log q(n,~, B)]] - (4)



Let q(vi) = [T} a(vie) aBrlne i) =TI (0B lne. viw)a(viv)) and q(ne, vi, Be) = a(m) T3 a(Bjrelne. viw)a(vin),

the lower bound can be written in the following form:

L(q)

K K K K
=ZHq(nk)ZHq(%)/ﬁ <10gPr(y7nm B) - ZIOgQ("?k7’Yk>Bk)> 1T aBxlne, vsr)dB
k k k k
—Zq M ZHq ik /Hq Biwlneviw) | D 1T atm) D T atww /10gPr ¥:1:%8) [] a(Belnk, v)dBy | dBe

Nk Kk N k' 2k Kk
li L
= > atmw) Y T atue) / 1T a(Bselmws vs+) 1og a(i, ¥, Br)dB + const
Nk Ye o J J

=Eq(m,vi.80) [Exrr log Pr(y, m, v, B) — log q(nk, Y, Br)] + const

=Eq(ne) [Eatvi .81 ine) [Errzr log Pr(y,m,~, 8) — log q(n, vx, Br)]] + const

=q(nk = 1) [Eq(vy.85 Ine=1) [Exr2x log Pr(y, m—x,mx = 1,7, 8) — log q(nx = 1, vk, Br)]] (5)
+ q(nk = 0) [Eq(y,,,8e1me=0) [Exr 2k log Pr(y, m—k,m = 0,7,8) — log q(nr. = 0,7k, Br)]] + const,

where 1y, is from Bernoulli distribution and n_ is a vector obtained by removing the k-th term from
1. Ep 21 (-) denotes taking expectation with respect to the terms outside the k-th group. Now given

q(nk), when 1 = 1, we can focus on the expectations in Equation (5):

Eq(ve.8me=1) [Err2x log Pr(y, m—i,nx = 1,7, 8) — log q(nk = 1,7k, Br)]

Iy

Ui
:ZHCI(W)/ (Brrk log Pr(y, m—r, e = 1,7, 8) — log q(m = 1,7k, Br)) [ [ a(Bjr|ne, vix)dBx
i Bk j
Ui

k
=> TTatsw) / (B ek 1og Pr(y, m—r,mk = 1,7, B) — log q(vk, Brlne = 1)) [ [ a(Bix[ne, vix)dBr + const
i Bk

J

=> aq(v / Bkl =1 | > ] q(wk)/Ek/# log Pr(y,m—k,me = 1,%.8)] [ a(Bjrs vkl = 1)dByrx | dByn

Vjik Y—jlk 3’ F#Ilk J'#jlk
= alve / (Bjk sk, e = 1) log ¢(Bjk, vk Ink = 1)dB;k + const
Vik

:Eq(,b’]k,'yjkh;k:l) []Ej’;éj\k []Ek'7$k: 1ngr(y7 MN—k, Nk = 1777ﬂ)] - IOg(I(ﬁjkﬁjkmk = 1)} + const

=q(vix = DEq(s; ine=17;0=1) [Eir£iik [Bar e 108 Pr(y, m—i, me = 1, y—jk, v = 1,8)] — log q(Bjn, vjx = 1lnke = 1)]
(6)
+ q(vik = 0)Eq(8, Im=1.7;0=0) [Ejr 2k [Barr 1og Pr(y, m—i, e = 1,y—jk, vk = 0, 8)] — log q¢(Bjx, vjx = Ol = 1)] .
where the last equation is because of the assumption q(B;x, vjr|me) = ¢(BjklVie, e)a(v;k) and v_ji
is a vector obtained by removing the jk-th term in . E;/.;;(-) denotes taking the expectation with

respect to all variables inside the k-th group except the j-th one. Again, given ¢(v;x), when v, = 1,

we can further derive with a similar procedure from the expectation in Equation (6) that:

Eq(ﬂjkmk:l,'yjk:l) [EJ,;&]‘}C []Ek';ék: 10gPr(y7777k777k = 17’7*]‘]@77]‘1'@ = 17/6)] - logq(ﬁjkvvjk = 1|77k = 1)] (7)
=Eq (8, ine=1,v;5=1) [Ei'51k [Errsr 10g Pr(y, n—x,me = 1,Y—ji; vire = 1, 8)] = log ¢(Bjlne = 1,71 = 1)] + const,



which is a KL Divergence between E;/.; [Ek/#; log Pr(y, m—i, M = 1, Y—jk, Vi = 1,8)] and q(ﬁjkmk =
1,7y, = 1) given n; = 1 and ;5 = 1. Hence the optimal form of ¢*(8,x|nx = 1, v,k = 1) is given by

logq* (Bjlm, = 1,vje = 1) = Bjrgjip [Bargr log Pr(y, m—po e = Ly—jio e = LB (8)

Here we only derive the case when 7, = 7;r = 1, other cases can be obtained following the same
procedure. Since both 7 and 7, are from Bernoulli distribution, with the expression in equation
(8), we can first impose some variational parameters on ¢(v;5) and ¢(n), then derive the conditional
distribution of B;, given 71, and v, and lastly optimize the lower bound to find the variational
parameters.

First, we derive ¢(8;k|nk,vjx), which involves the joint probability function. The logarithm of the

joint probability function is given as

T T
logPx(y.m, . BIX, Z;6) = — Zlog(2m0?) — T3 — (Zw)T (Zw)
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To find the optimal form in Equation (8), We then rearrange Equation (9) and only retain the terms

regarding jk:

logPr(y,n,~,8|X,Z;0)

T
n 2 y'y
= — 510g(27'r0'€) — @

+77ij5ijJTky MYk Bk X, (Zw)
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+ log(a)yjk +log(1 — a)(1 — ;)
+ log(m)my + log(1 — 7)(1 — 1)
-+ const.

Now we can derive the log q(Bjx|mx = 1,7vj% = 1) by taking the expectation in Equation (8). When

e = Yjk = 1 & ngyjr = 1, we have

log q(Bjklme = 1,7k = 1)

L o7 1 2
= (‘wxﬂxﬂ - 2a> i
: . (1)
xT (y — Zw) — K S B Iy By XXk — S5 B [yion Bk x5ox 0
kY k'#k 2agr kAR Y5k Pk [ X X'k 3'#5 ' ik kP RIX X K
+ = Bik
+ const.

Since Equation (11) is a quadratic form of i, the posterior of ¢(B;x|me = 1,7 = 1) follows a

Gaussian of the form N (u;x, 53,), where

2
2 Oe
J kaxjk + %2%
(12)
K Lys
ik = ka(y — Z(d) — Zk/;ék Z]’f Ek’;ﬁk[Uk"Yj/k/ﬁj'k’]X?ka'k' — Z] iy E '#]\kh/j/kﬂj’k] ]ng’k
ik = 2 :
X?kak + %
Similarly, for ngvyi = 0, we have
1
log q(Bjk|neyjk =0) = —ﬁﬁfk + const, (13)
B



which implies that ¢(3;x|nkvjk = 0) ~ N (0, ag). Thus, the conditional posterior of §;; is exactly the
same as the prior if this variable is irrelevant in either one of the two levels (nx7y,x = 0). Now we turn

to g(nk) and g(v;x). Denote m, = g(nx) and ojr = q(v;%), we have

K Lk
a8 = [T {721 = m) = TT (a8 (1 = ) 9 N (e 520" 9 N (0,05) =04 ) | - (14)
k J

With this variational posterior probability function, the second term of the lower bound £(g) in (4)

can be derived as:

— E,[logg(n,~, B)]

K
=—E, Z (nxlog(my) + (1 — np)log(1 — ﬂk))]
k

K I

—Eq | DD mevirlogN (wik, s7) + (1 = meyin) N (0,03) + virlog () + (1 — vju)log(1 — ai)
P
K

== > Eq [(mslog(me) + (1 — mi)log(1 — )]
I’“{ . (15)

=N By [meviklogN (e, s3) + (1= i) N(0,05) + virlog(agr) + (1 — vj)log(1 — ai)]
kg
K I

- Z Z Eoe v {Eﬂ\nk=1,m:1[10g/\f(ujk, S?k)] + E,8|nk=1,7jk:o[logN(0, 0;23)]
kE J

+ Eﬁlnkzoﬁjkzl [IOgN<07 02)] + E[ﬂnkzoﬁjkzﬂ [IOgN(O7 Ué)]}

K Iy
=Y Eqlyirlog(age) + (1= yje)log(l — aj)] = Y Bglnilog(m) + (1 — mi)log(1 — ).
kg k
Note that —]Emnkzl,—yjkzl[l()g-/\[(ﬂjk» s?k)] is the entropy of Gaussian distribution, so we have

1 1
7]E5|nk:1,7jk:1[10g~/\/’(:u‘jk7 S?k)] - QIOg(S?k) + 5(1 + 10g(27r)).
Similarly,
= Egjn=t,7,0 =0 108N (1, s34 )]
=- Eﬁlnk:O,ijzl[logN(“jk’ 85’@)]

= — Egjnp=0,7;x=0[10gN (1, S?k)]

1 1
:§log(0?,) + 5(1 + log(27)).

Using these results, Equation (15) can be written as:



— Ellogg(n,~, 8)]

K
1 1
fz Z{ log (1 + log(2m))|mroyjk + [ilog(ag) + 5(1 + log(2m))](1 — mroyk)
K
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k
SN p PP
:Z Z PR 1ogsjk loggg) + ilog(af;) + 3 + 510g(27r) (16)
k J
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Combine (16) with (9), the lower bound is obtained as follow:

E,4[logPr(y, n, v, BIX; 0)] — Ey[logg(n, v, B)]
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where expectations in (17) are derived as follows:

Eq k] = 7, Eq [kl = i, (18)

E [n6vjx 85k = ZZ/ MYk Bikad Bk 1k, ik ) (i) a(Vik ) dBiji

Yik Tk
= Tk - ik + (1 — Tragg) - 0

= Tk Hjik (19)

B, [8] = /@  Bha(Bin)dBsn

= ZZ/ B3xa (B, vir)a(me)a(vin ) dBi

Nk Yik j

-/B B - [mraeN (i, s3) + (1 = mrai)N(0,03)] B
Jk
= mrai(s3y, + 1) + (1 — meaye)oh (20)

E, (B =53 / 31520 Bk, 131) 00 a (1) B

Nk Vik Bk

= Fkajk/ B?kN(Mth?k))d»Bjk
Bijk

= wkajk(sfk + M?k) (21)

Eq [mev57 1Bk Vi B5k ]
=Eq 75685 k751 Bk

=> > //nij/kﬂj’k%kB]kQ(ﬂjk|77ka’ij) (Vi) a(Bjre |, Vit )a (Vo) 4 (i) dB 1By i

M ViksVilk

=TRO k7 k Ok [k (22)

By plugging in the evaluations from Equation (18) to (22), the lower bound £(g) in Equation (17)



then becomes

E,[logPr(y,n,~, 8|X;0)] — E,[logg(n,~,B)]
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To get 7, and i, we set the derivative of £(g) in (23) to be zero, i.e.,

OB, [logPr(y,n,~v, B|X; 0)] — E,[logg(n,~, B)]

= ()7
aﬂ'k
OEq[logPr(y, 0,7, B1X; 8)] — Eqfloga(n, 7. B)] _
8ajk ’
which gives
_ 1
e 1+exp(* k)’
Mjk
where uy, 710g Z ajk 10g7 4 Ik
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1

dan — ———
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The detailed derivations in (24) is as follows:
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where we have used Equation (11) in the third equation above. Derivation of v, follows the same

procedure and is omitted here.

1.2 M-step

At M-step, we update the parameters 8 = {a, 7 0'[3, 02, w}. Setting the partial derivative of £(g) with

respect to model parameters to be zero yielding the closed-form updates:

K l
oIy 2w -3 TRk kX [°
2

n
Zk Zj [ (s ik JFNJk) (Wkajkﬂjk)z]xgrkxjk (26)
n
K L I
N Sk (e = )2 o k] X Xk
- .
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Kl
Dok g mwer(sh + H3y)

o3 = (27)
g Sk S mhak

| K b
N (29)

p P

| X
== gwk. (29)
w = (ZTZ 1ZT Z Z Wkajkﬂjkx]k (30)

2 Variational EM Algorithm: Multi-task Learning with BI-
VAS

2.1 E-step

Let 0 = {a,, ofjj , Uzj ,Wj }JLzl be the collection of parameters under the multi-task model formulated

as (14-16) of the main text. The joint probabilistic model is

Pr(y,n,v,8|X,Z;0) = Pr(y|n,v,8,X,Z,0)Pr(n,~, 8|0)

(31)
= HN yilZjw; + anjkﬁﬂ#m H T (1 — )t HN 3,07 (1 — )t 77k,

Jj=1 j=1
where x;;, is the k-th column of X, corresponding to the k-th variabe in the j-th task. Our goal
is to estimate the parameters @ by maximizing the marginal likelihood, and evaluate the posterior

distribution of 3;, based on the parameter estimates. The logarithm of the marginal likelihood is

log p(y/X,Z:6) =log 33 /ﬁ Pr(y, n, 7. 81X, % 6)d8
v n

Pr(y,n,v,B|X, Z;0)
1
- ;;/ﬁqm%ﬁ) o8 q(n,v,B) (32)
= Eq[logPr(y, n,7, 16|X7 Z; H) - q(na v, /6)}
= L(q).

Again, we assume that the variational distribution takes the form

K

L
q(n7%ﬂ)=H H (a(Bjklmwe vir)a(vin)) | - (33)

k

Actually, the variational approximation only assumes ‘between group’ factorizability (Hle a4k, Viks Bik))

because given the group, the tasks inside are independent due to model assumption. Follow the same

11



procedure in Section 1.1, the optimal form of ¢ is given by

log ¢* (Biklne = 1, vk = 1) = Ejrgjp Bz log Pr(y, m—p, e = 1, vk, vje = 1, 8)]. (34)

The Equation (34) contains the logarithm of joint probability funcion, which is
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K L K L
+log(@) 3> e +log(l—a) > Y (1= )
k=1 j=1 k=1 j=1
K K
+1log(m) > i +log(1—m) Y (1= i)
k=1 k=1

We then rearrange Equation (35) and retain the terms regarding jk

logPr(y,m,~, 81X, Z;0)

N; 2y Y1
=— 7log(27raej) - 207
MYk Bik XY j B MYk Bk X, (Zjw;)
oz, oz,
1 T
~ 557 ((mc’ygkﬁ]k) ijjk) (36)
€j
1 (& 1
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9e; \ kr2k I8

+ log(a)yjk + log(1 — a)(1 — ;)
+ log(m)m, +log(1 — m)(1 — ;)

-+ const.
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Next, we evaluate q¢(8;k|nk, vjr). When n, = v, = 1 < iy, = 1, using Equation (34), we have

log ¢(Bjk|ne = 1,71 = 1)

1 T 1 2
= | ——x5. X — — ‘

37)
K (
X7 (Y5 = Zjw;i) — 2opoen Brr ke vin Bine X3, X g
+ 3 Bik
o2,
-+ const,
from which we can see that the conditional posterior ¢(B;k|ne = 1,7k = 1) ~ N (1), s?k), where
2
2 Te,
Sjk - o2
X[Xjk + o2
. " . ., (38)
= X5 (Y5 = Z5w;) = D pn Bt [ Vi Bk |35 X
ik = o2 :
X?kak + UT;
J
Again, applying the property of Gaussian, we have
I o
log q(Bjk|nevjk =0) = _Fﬂjk + const, (39)
Bj

which implies that ¢(8;x|nkvjx = 0) ~ N(0, ogj). Thus, the posterior is exactly the same as the prior

if this variable is irrelevant in either one of the two levels (nzy;x = 0). Therefore we have

K L
Q(77>’77 5) = H ﬂ—Zk (1 - 7Tk:)l_nk H (az,quk(l - ajk)l_wk/\/(,ujka S?k;)nk’”k'/\/’(o> Ugj)l_nkﬂ{jk) ) (40)
k J

where we denote 7, = ¢(n;) and o, = ¢(Vjk)-
With this variational posterior probability function, we can now evaluate the second term of the lower

bound £(g) in Equation (32):
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— E,[logg(n, v, B)]

=-E, lz (milog(mi) + (1 — ni)log(1 — my))

=

Q

k

K L
SO mvirlogN (ks s7) + (1 = meyin) N (0,03,) + vwlog(ai) + (1 — vjx)log(1 — i)
k J

Eq [(melog(my) + (1 — mx)log(1 — 7x))]

. (41)
ZEq [nk'Y]klOgN(ﬂgka s76) + (1= myn)N(0,05,) + virlog(age) + (1 — vjn)log(1 — ak)

=M= wa =M=
QMN .

]Enk ’Y]k{EB\m 1,yjk= I[IOgN(:qua jk‘)] JrE,BI??k 1yjk= O[IOgN(O JB )]

+ E5|77k:07’>’jk:1 [logN(O, O—gj )] + Eﬁ"’]k:O»'ijZO [log/\/(07 O%j )]}

= > Eylvirlog(ai) + (1= yje)log(l — aji)] = Y Bglnilog(m) + (1 — mi)log(1 — ).
j k

Note that —]Emnkzl,—yjkzl[l()g-/\[(ﬂjk» s?k)] is the entropy of Gaussian, so we have

1 1
g1 21 08N (18, 520)] = 5108 (%) + 5 (1 +log(2m))

Similarly,

— Egjne=1,y;0=0[108N (1jk, 571.)]
= — Egjn,—0.;,=1 108N (1151, 571,)]
= - E6|nk=0,7jk=0[10gN(Mjkv Sik)]

L1 4 10g(2m).

1 2
:ilog((fﬂj) T3

Plugging these entropy terms into Equation (41), we have

qllogq(n,~, B)]

KL 1 1
:ZZ{ ~log(s7;) ( +10g(27f))]7fwjk+[510g(0§j)+§(1+10g(27f))](1—ﬂkajk)
kK J

K
— ailog(ay) — (1 — ayi)log(1 — ag)} — Y {milog(mx) + (1 — mi)log(1 — mx)}

k
K L
k

1 K
_ 5RO (logs?, — logaéj) + 5 Zlog(aﬁj) + g + glog(27r)

N“Mh

L

K
- Z Z[ajklog(ajk) + (1 — ojg)log(l — ak)] Z mrlog(my) + (1 — mg)log(1 — k)]
kg k
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Combine Equation (42) and Equation (35), the lower bound can be written in the following form:

Eqy[logPr(y;,n, v, B1X;0)] — Eqllogg(n,~, B)]

T, T
Y;Yi _ (Zjw;) (Zjw;)
_Z{ 5 log(2mo? ) 202 202
J J
K
Sk Eq mvinBin) xhys  yT(Zw;)  Sop By mevinBin] x5, (Zw;)
+ o2 + o2 a o2
J J J
K
2
o Z(]Eq (MkjkBik) }Xkaxjk)
€k
K K
L (303 B el By il s |
& k'k

K Y
— — Z log( 27T0B Z QJH (43)

Bi
K L K L
+1og(a) D> "By [yir] +log(1—a) > > Eg[1— ;]
k=1j=1 k=1j=1
K
+log(m) > Eg ] +log(1 =) Y Eq [1 — 1
k=1 k=1
K L »
+ Z Z iﬂkajk(logs?k - logaﬁ Z log(o —|— + log(27r)
k J
K L K L
- Z Z[O‘Jkk)g(ajk Z [(1 = aji)log(1 — )]
k k J
K K
- Z mrlog(m)] Z [(1 — 7p)log(1 — mg)].
k k
Again we can show with the same technique used in Section 1.1 that E, [nevjkBik] = Troyrtsjk,

Eq [(mvinBin)®] = meagn(sh, + 134), Eq [%] = maje(st + pd) + (1 — meaye)og,, Eq ] = m,
Eq [vj1] = aji. By plugging in the expectations, the lower bound (43) becomes
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E,logPr(y, n,~, B|X; 0)] — E,[logg(n,~, B)]

= Zjwj — Sop mronirXn| >
_ Jl (2 My K] k JRHjkX;
g { og( 7ra) 202

Jj=1

K
> Z k(T + 1) — (Wkajkujk)Q]XkaXjk}
e k

Var[nk’mﬁjk]

L
5 Z 271'0'6] 20[3 Z WkOéJk ]k + ,U]k) + (1 — Wkajk)agj]
J

Jj=1 k=1j=1
K L l—a
ZZ ajrlog(—— +ZZ — aji)log(7———)
k=1 j=1 k=1 j—1 ik
K K 1
1 1 — )l
Z kOg Z( Wk)Og(l_m)
k=1 k=1
K L L
1 K p P
ZZ B Trojklog( ]k ? Zlog(agj) + 5 + §log(27r).
kE J 'BJ J

To get m and oy, we let

OB [logPr(y;, n, 7, BIX; 0)] — Eqlloga(n, v, B)] _
aﬂ'k ’

OEq[logPr(y;, m, v, B1X; 0)] — Eqlloga(n, v, B)] _

8ajk
which gives us
1
T = ———————,
T Ix exp(— k)
:u]k
where uy, flog + Zajk logi AL I
jk‘
1

dor = ——
aq Oé_yk; 1+eXp(_'Ujk)7

« 1 S?k M?k
where v, :logm + 5Tk IOgTQ_ += -
J
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The derivation of (45) is as follows:

52
+ Z ajilog ]2

U, —log
K
§ : T T § : T
+ O'T ajk,ujkxjkyj - ajkujkxjk(zjwj) - Wk/ajk/ujk/ajkujkxjk,xjk
j j k'#k

L L L

1 1 1

~ 97 > (s + 15X Xk — 305 > (st + ) + 3 >k
e i F

flog + Zajklog 2
T K T
X‘k(}’j - ijj) = Dk Th Okt Mk X o X
j ¢
;ij/s?k
L
kxjk 1 1
_*Z%k Jk+'u]k)( s Jz> +§Zaik
ej Bj j
1/sjk
ajkM?k L ajkﬂjzk
flog + Za]klog Z 5 — Z 952
STk r ik
lu’Jk
_log + Za]k 10g—+f
B] Jk

where we have used Equation (38). Similarly, we can derive vj.

2.2 M-step
At M-step, we update the parameters {Ue ,0[3 , T, ,w;}. First we con51der0 , by setting 2 Uogpr(’éﬁ"”mx’zﬁ)] =
¢
0, we have
K
o _yi—Zjw; — 325 meorpinXe |
ol =
’ N;
K 2 2 21T (47)
Dok (Mo (s + 1gr) — (Teovinge) X5 Xk
N; ’
For aﬂ , set dL(Q) = 0, we have
Ok +
U%j Zk‘ J ( ]k u]k) (48)

Zk TGk

Accordingly,

1 K L
J
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K
K
wj = (Z?Zj)ilz?(Yj - Z'frkajkﬂjkxjk)~ (51)
3

2.3 Summary of multi-task EM algorithm

In summary, we have

2

2 O—@j
Sjk - T 52
T . °j
Xjk‘x.]k + 0'/23v
J

x5y = Ziw; — Yin)
‘LLJk B T + OEJ'
XX —5—
kIR T o (52)

1 s 1 L 52k ,lLQ-k
—— = wh =1 Z o log 2% 4 IR
Tk 1_|_eXp(_uk.)7wereu;c Ogl—ﬁ+2;a3k<0ga2 +32 >

Bj jk
1 « 1 52‘k ,UQ'k
o = —— , where v, = lo + = log—2% + 2%
T T exp(—og) v i 1o 2™ ( gag,j 83,
for E-step; and
K 2
o Y —Zjwi — > meQkirXjkl|
Oc; = N.
j
K
Sk (TR (s, + 13y) — (Thagrper) 21X Xk
N; ’
K 2 2
o 2ok TROGE(SS), + 1Gk)
Bj Zf ThOk ’
LK L (53)
o =— Z ik,
p PR
| K
K
w; =(Z]Z;)7'Z] (y; — Zﬁkajk/ijkxjk),
k

for M-step.

3 Complete outcomes of simulation study with p € {—0.5,0,0.5}

Here we present the complete outcomes of simulation study described in the main text with p €

{-0.5,0,0.5}.
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Supplementary Figure 1: AUC of BIVAS, varbvs, cMCP and GEL (coupling parameter 7 = 1/3) in

identifying active predictors.
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Supplementary Figure 2: AUC of BIVAS, varbvs, cMCP and GEL (coupling parameter 7 = 1/3) in

identifying active groups.
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Supplementary Figure 3: Mean aquared error of BIVAS, varbvs, cMCP and GEL (coupling parameter
7 =1/3) in estimating 3.

%*+$w ﬂww“ﬁﬁyﬁg
LR |
s e borer
1'* ++ +* s h #%
ZZ'*; RN ‘* ﬁ . 4+ # *W ** +"+

-----
0.05:0.8 0.1:04 0.2:0.2 0.40.1 0.8:0.05 0.05.0.8 0.1.0.4 0.2:02 0.4:0.1 0.8:0.05 0.050.8 0.1:04 0.2.0.2 0.4:0.1 0.8:0.05

Method B8 BIVAS E3 varbvs B3 cMCP EF GEL

Supplementary Figure 4: Fitting times of BIVAS, varbvs, cMCP and GEL (coupling parameter 7 =

1/3).
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4 Cases of strongly correlated variables: p € {0.9,0.95,0.99}

We further compared the performance of BIVAS with alternative approaches for p € {0.9,0.95,0.99},
where the variational assumption is badly violated.

The results are shown in Supplementary Figures 5-10. Supplementary Figures 5-6 show that BIVAS
and varbvs have similar performances in FDR and power when p is large. Because only the columns
of X within the same group are correlated, the covariance matrix of the true posterior of 8 will be
sparse if most of the groups are inactive (i.e., small 7). In this case, the variational assumption is not
badly violated. Hence both methods have well-controlled FDR and high power when the sparsity-
in-group dominates (See left-most columns in the panels of Supplementary Figures 5-6). As more
groups become active, the true covariance matrix of 3 is no longer sparse. Therefore, both methods
have inflated FDR and decreased power when the ‘bulk’ of sparsity moves to individual variable
level. According to Supplementary Figures 7-8, BIVAS still outperforms other methods in AUC and
group-AUC although the gain is less than that we obseved when p is small. Supplementary Figure 9
shows that all approaches have comparable performance in the estimation accuray of 3. Regarding
the computational efficiency, BIVAS is still faster than other methods in most cases (Supplementary
Figure 10).

To sum up, our method has comparable performance with alternative approaches in most cases
when there is large correlation between variables. While we have reduced benifit of using BIVAS in

this scenario, we note that this situation is rare and unrealistic in most real data applications.
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Supplementary Figure 5: FDR of BIVAS and varbvs for individual variable selection when p €
{0.9,0.95,0.99}. We controlled the global FDR at the nominal level 0.1 (the red dashed lines).
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Supplementary Figure 6: Power of BIVAS and varbvs for individual variable selection when p €

{0.9,0.95,0.99}. We controlled the global FDR at the nominal level 0.1.
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Supplementary Figure 7: AUC of BIVAS, varbvs, cMCP and GEL (coupling parameter 7 = 1/3) in

identifying active predictors when p € {0.9,0.95,0.99}.
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Supplementary Figure 8: AUC of BIVAS, varbvs, cMCP and GEL (coupling parameter 7 = 1/3) in

identifying active groups when p € {0.9,0.95,0.99}.
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5 Influence of fixed effects

In this section, we conducted simulation in the presence of covariates Z with fiexed effects w. In
practice, the number of fixed covariates r is usually much smaller than the sample size n. Here we
considered n = 1,000, » = 5, p = 5,000, and K = 250 with 20 variables in each group. The true
values of fixed effects were set as w = [1,2,3,4,5]7. To analyze the performance of BIVAS under
various situations, we varied SNR, p and (7, ) in turn and evaluated AUC, group AUC, MSE, FDR,
power and the estimates of w. The results are shown in Supplementary Figures 11-13. As shown in
the bottom rows of the three Supplementary Figures, BIVAS provides accurate estimations of fixed
effect w under various situations. Besides, by comparing the variable selection performance (i.e. AUC,
group-AUC, MSE, FDR and power) with those evaluated without fixed effects term given in the main

text, we can observe the patterns are not influenced by the covariates Z.

AUC group AUC 0006 Mean Squared Error s FDR power

10 —_ —— 10 —_— — . 08
0.9
| 0.004 02 06
0.95 I
08 i 04
0.002 0.1
? ﬁ 02
1 0.0
0. 2
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05 1 2

1 2 05 1 2 05 1 2 05 1 2 1
SNR SNR SNR SNR SNR

Supplementary Figure 11: AUC, group-AUC, MSE of 8, FDR power and eistimates of w with SNR
varied at {0.5,1,2}. We controlled FDR at 0.1 (the red dashed line in the FDR panel). The red

dashed lines in the bottom rows represent the true values of w.

25



AUC group AUC Mean Squared Error FDR power
0.20-

1.00- 1.00-
t—?‘—| Ijl 0.004- |
0.99- 0.99- ) . 0.15-
! : i 0.75-
It 1 0.003-
0 05
P

0.10

0.002- 0.50-
1 0.05-

0.96- - 0.001- 0.25-
0.00

-05

0957 0 0.000- 1
0 0.5 -0.5 -0.5 0 05 0 05
P P P P
oy (A% [AY 0y a9
15- J 2.50- 1 2a |
4.4-
5.2- ‘
12- 2257 32 |
|__L| ;£| $ ‘ ’J—T “ 50
09- \—'—‘ \_’_1 2.00 30 a 48
0.6- 1 175 28 ‘ 38- 46-
i | 26 441 )
-05 0 05 -0.5 0 0.5 -0.5 0 05 -05 0 05 -05 0 0.5
P P P P P

Supplementary Figure 12: AUC, group-AUC, MSE of 3, FDR power and eistimates of w with p €
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lines in the bottom rows represent the true values of w.
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cMCP GEL

SNP | gene | SNP | gene
HDL | 98 95 123 | 55
RA | 712 | 629 | 56 53
T1D | 531 | 474 | 111 | 98

Supplementary Table 1: SNPs and genes identified by cMCP and GEL.

6 Posterior mean comparisons of BIVAS and BSGS

In this section, we compared the posterior means of 3 obtained by BIVAS and BSGS. We chose
n =50, p = 100 and K = 10 with 10 variables in each group. Then, we made group 1,2,5,8 active
and set the corresponding nonzero effects 571 = 831 = Bo1 = 3.2, 12 = P22 = 1.5, f35 = —1.5
and fB7g = —2, where f3;;, represents the effect size of the j-th variable in the k-th group. The total
number of iterations of the BSGS Gibbs sampler was set at 2000 and the fixed parameters were set
as Tij =5, pr = 0 = 0.5. We used the same values to initialize BIVAS. It took 192.648 seconds for
BSGS and only 0.198 seconds for BIVAS to fit the model. The resulting posterior mean estimates of

the two approaches are given in Supplementary Figure 14.

bivas

BSGS

Supplementary Figure 14: Posterior means of 3 obtained by BIVAS and BSGS. The dashed regression
line is fitted by the points. The solid line represents a perfect match.

7 Real data results produced by penalized methods
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Supplementary Figure 15: Manhattan plots of High-Density Lipoprotein (HDL) produced by ¢cMCP
and GEL. Plotted on the y-axis is the relative effect size.
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Supplementary Figure 16: Manhattan plots of Rheumatoid Arthritis (RA) produced by ¢cMCP and

GEL. Plotted on the y-axis is the relative effect size.
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T1D: cMCP-SNP T1D: GEL-SNP
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Supplementary Figure 17: Manhattan plots of Type 1 Diabetes (T1D) produced by cMCP and GEL.

Plotted on the y-axis is the relative effect size.
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