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A Proof of Theorem 1 (Identification)

For deriving the identification of the unconditional effect, we first repeat the definition of the types. In the derivations we
also first permit for an undefined type, which will be assumed to have zero probability mass later. Let N, be a symmetric
neighbourhood about zg and partition N into N.m = {2 : 2 > 20,2 € N} and N = {2 : 2 < 20,2 € N.}. According to their

reaction to the instrument z over A, we can partition the population into five subpopulations:

Tie = a if  Di(z)=1 VzeN. and Di(z)=1 Vze NI
Tie = n if  Di(z)=0 VzeNT and D;(z)=0 Vze N
Tie = ¢ if  Di(2)=0 VzeN. and D;(2)=1 VzeNF
Tie = d if Diz)=1 VzeN. and D;(z)=0 Vze N
Tie = ind if  D;(2) is nonconstant over N or over N.'.

A preliminary observation is that F'x 7 is permitted to be discontinuous in Z at 2y, whereas Fz is assumed to be continuous

at zg. A few preliminaries are helpful for later derivations. By Assumption 1, Fy is differentiable with fz(z9) > 0. We can

derive!
' s Fy(z0+¢) — Fs(z0) .. w
lim Pr (2 > 202 € Ne) = gli%Fz(zo o) Fy(zo—¢) on0FzGote)—Fz(z0) _ Fz(zo—e)—Fz(z0)
g g
_ fz(20) :}
fz(z0) + fz(20) 2
Similarly,
1
lim Pr (X <z,Z<z|ZeN;)= lim Pr (X <2|Z <z0,Z e N.)Pr(Z < z|Z e N.) = §F_(x\zo)
E— E—
and

lim Pr (X < z|Z eN.) = lim Pr (X <a|Z e NT)Pr(Z < z|Z e No)+Pr (X <z|Z e NF)Pr(Z > %|Z € Ne)

F~(x|z0) + F*(x|20)
5 .

Since by Assumption (1vi) the limit functions F~(z|z), F't(z|z) are assumed to be differentiable in z at zp we obtain

i Mx1zen. (@) _ [ (2]20) + £ (2]20)
1m == .
e—0 dx 2

The following derivations make also use of Bayes’ theorem in that

Pr(rie =clX =2,Z ¢ Ne) - leZeNa (z) = fX\n.,E:c,ZeNE () -Pr(rie =c|lZ € Ne) (1)

We first characterize the denominator of «v. Consider first the partition:
E[D|X,Ze N} -E[D|X,ZeN]

E[DIX,Ze NS 7. =a|Pr(r. =a|X,ZeNS) —E[D|X,Ze N, 7. =a]Pr(r. =a|X,Z € NJ)
+E [D|X,Z e Nt 7 =n]Pr(r. =n|X,Z e N) —E[D|X,Z e N7 ;7. =n|Pr(r. =n|X,Z € N)
+E[DIX,Ze NI 7. =c|Pr(re=¢|X,ZeNI)—E[D|X,Z €N, 7. =c|Pr(r. =c|X,Z € NJ)
E[D|X,Ze Nt 7 =d|Pr(r.=d|X,Ze N) - E[DIX,Z e N ,7c=d|Pr(r. =d|X,Z e NI)

+E[D|X,Z e N ,7.=i|Pr (7. =i|X,Z e NI) - E[D|IX,Z e N ;7. =i Pr(re. =i|X, Z e NT),

1A comment on notation: All these equality signs are of course only valid if all the termwise limits exist. (In other words, the equations should be

read from right to left.)



where we define the conditional expectation as zero if the conditioning set has probability mass zero. (E.g. if Pr (7. = i|X,Z € N) =

0 then we define E [D|X,Z € N, 7. =] = 0.) Making use of the definition of the subpopulations this equals

= Pr(re=a|X,ZeN)—Pr(r.=a|lX,Z e N)
+Pr(re=cX,Z e NY) = Pr(r. =d|X, Z € NJ)

+E DX, Z e Nt 7o =i|Pr(r. =i|X,Z e NJ) - E[D|IX,Z e N ,7. =i Pr(r. =i|X, Z e N ).

Now consider

/ (E[DIX =2,ZeN| -E[DIX =,ZcN_]|)- fx|zen. (x) dz
which we can rewrite by entering the previous derivation
= /{Pr (7‘E =aX =27 6./\/;) —Pr (7'E =aX =217 6./\/';)} fx|1zen. (v) dx
+/Pr (re=cX =2,Z € NF) - fx|zen. (x) dz — /Pr (te =d|X =2,Z € NT) - fx|zen. () dz
+/E [DIX =2,Z e NI 1. =i|Pr(re =i|X =2,Z € NT) - fx|zen. (z)dz
—/E [DIX =2,Z e N ;7. =i Pr(re =i|X =2,Z € NT) - fx|zen. (z) dz.
By adding and subtracting [Pr(r. = ¢|X = ,Z € N;) - fx|zen. (z) dz and making use of (1) we obtain
= /{Pr (re=alX=2,ZeNS)=Pr(re=aX =2,Z€N7)} fxzen. (x)dz
f/Pr (re=d|X =2,Z € NJ) - fx|zen. (@) dx
+/E DIX =2,Z e NF 7. =i]|Pr(re =ilX =2,Z € N) - fx|zen. () dx
—/E DIX =2,Z e N, 7. =i Pr(re =ilX =2,Z € NT) - fx|zen. () dx
+/{Pr (7'6 =X =x7Z 6/\/‘2‘) —Pr(re=cX =2,Z ENE)} - [x|zen. (x) dx

4 Pr(r. = d|Z € A) / Fxiromezen. (@) dr.

=1

Now we consider the limits of each of the terms in the previous expression. Since probabilities as well as the variable D are
bounded by zero and one, we can take limits in the integrals. By Assumption (1iii), the first and the fifth term are zero, since
Z is independent of the type close to zp. Also, by Assumption (1ii) gl_r)r(l) Pr(r. =d|X,Z € NJ) and ghl% Pr(re =X, Z € N;)
are zero. Hence, only the limit of the last term is nonzero and is equal to Pr(r. = ¢|Z = zp). Since all terms have well defined

limits it follows that

lim [ (E[DIX=2,ZeN|-E[D|IX =2,Z€cN])- fxzen. (x) dz = Pr(r. = ¢|Z = ).

e—0

Now consider the limit expression on the left hand side. We can rewrite the left hand side (before taking limits) as
/(E [DIX =2,Ze NI - E[DIX =2,Z € N_|) - fx|zen. (z) dx
= /(E DIX=2,Ze NI|—-E[DIX =2,Z e N | — (d¥(z,20) —d" (z,20))) - [x|zen. (z) dx

/ (z]20) + £ (z]20)
/

+ dx

(dF(X,20) —d™(X,20)) - fx|zen. (z)dz — / (dF(z,20) —d ™ (x,20)) - I~

z]20) + £ (x]20)
2

2

+ dz.

(dF (z,20) — d~ (=, 20)) I



Since D is bounded, the limits of the first and second term are zero. Hence, we obtain that

iiﬂ% (EDIX =2,ZeN| —E[DIX =x,ZcN_]|)- fx|zen. (x)dz = / (dF (x,20) — d~ (=, 20)) I~ (w]z0) ; f*(m|z0)dx
or altogether that
/ (d (2, 20) — d~ (z, 20)) I~ (@lz0) —; f+(x|zo)dm = lim Pr(r. =¢|Z € N;) = Pr(7c = ¢|Z = 2). (2)

Now, the numerator of 7 is examined analogously. First consider

ElY|X=2,ZeNI -E[Y|X =2,Z € N[ |
= E[Y'X=2,ZeNt r.=a|Pr(re=aX=2,ZeN})-E[Y'X=02,Ze N ,7.=a|Pr(r.=a|X =2,Z € N)
+EY\ X =2, Ze N 7. =n]Pr(re=n|X =2,Z e N ) - E[Y| X =2,Ze N_,7. =n]Pr(r. =n|X =2,Z € )
+EYNX =a,ZeN re=c|Pr(r.=c|X=2,Ze NS)-E[Y | X=2,Zc N 7. =c|Pr(re =c|X =2,Z € N])
+EY X =2, Ze N 7. =d|Pr(re=dX=2,Z e N")-EY'X=2,Zec N ,7.=d|Pr(re. =d|X =2,Z € N])
+E [

YIX=2,Ze NS 7. =i]Pr(r: =i[X =2,Ze N )—E[Y|X=2,Ze N ,7. =i]Pr(r. =i|[X =2,Z e NJ).

Now consider

lim [(E[Y|]X=22eN]-E[Y|X=2,2€N]) fxzen. (v)dz

and insert the previous expression. All terms have well defined limits, mostly zero. The limits of the terms for the 7. = a
and 7. = n populations are zero by Assumptions (1iii) and (1liv). Since the conditional expectation functions for Y° and Y*
exist and are bounded by Assumption (1vii) from above and below and since conditional probabilities are bounded and since
glg% Pr(r. =d|X,Z € N ) and ili% Pr (7. =X, Z € N;) are zero by Assumption (1ii), also the limits of the terms for the 7. = d

and 7. = i subpopulations are zero. Hence, it remains

= lim/{E Y'X=2,ZeN r.=c|Pr(re=cX=2,ZeN})-E[Y|X=2,Ze N ,7.=c|Pr(re =c|X =2,Z€ N}/

e—0
by adding and subtracting terms with limit zero we obtain
= lim [EYVIX =2,Ze N re=c] (Pr(re=cX =2,Z € NI) = Pr(re = | X =2, Z € NO)}* fx|zen. (w) dz
+gii%/ {(EY' X=0,ZeNS re=c|-E[Y'X=5,ZeN,7.=c|} Pr(r.=c|X =5,Z € N.) - fx|zen. (z)da
—gi_r% EY | X=2,ZeN ,ro=c| {Pr(re=c|X=2,Z€N)=Pr(r. =c|X =2,Z € N})} - fx|zen. (x) dx
—;Lng)/{E [YO|X =z, ZeN,,7.=c|]—E [YO|X =z, ZeN,me=c|} Pr(re =c|X =2,Z € N\U) - fx|zen. () dx

—l—lir%/E Y'Y X =2,Z € Noeyre =c|Pr(re =c|X =,Z € NL) - fx|zen. (@) dz.

By assumption (1iii) the first and third term have limit zero. By assumption (1liv) the second and fourth term have limit zero.

By making use of (1), we obtain
lim [(E[Y|IX =2,Ze NI - E[Y|X =2,Z € N7]) - fx|zen. (v) dz
E—

= lim Pr(r. = c|Z € No) - /E Y'—YX =2,Z € Noyme = ¢ fxprocezen. (z)dz
E—

= liIl'(l)PI‘(TE =clZeN,) E [Yl ~Y%ZeN., 7. = c} .
£—



Now consider the limit expression on the left hand side. We can rewrite the left hand side (before taking limits) as
/ (EY|X=2,Ze NS|-E[Y|X=2,ZcN])- fx|zen. (x)dx

= /(E YIX=2,Ze NI -E[Y|X=2,ZeN| - (m*(X,20) —m ™ (X,20))) - fx|zen. (x) dx

[ (x]20) + f*(2]20)
2

+/ (m™ (2, 20) — m™ (2, 20)) fx|zen. (x) dz — / (m* (2, 20) — m™ (z, 20)) dx

+/ (m™*(z, 20) —m™ (2, 20)) I~ (o) + f+(x‘zo)da:.

2

Since the conditional expectations of Y exist and are bounded from above and below, the first two terms have limit zero. Hence,

we obtain that

ii_I}% (EYIX=2,Ze NS|-E[Y|X=2,Z€cN|)- fx|zen. (x)dz = / (m™*(x,20) —m™ (x, 20)) f~(z]z0) —; f+(x|zo)dx.

Putting all these pieces together we obtain, with Assumption (1i) and using (2)

[ (m™(z,20) — m™(x,20)) - f’(wIZo)-;ﬁ(wIZo)dx B Ehi% Pr(re =c|lZ e N,)-E [Yl -Y°Z e N7 = c]

[ (d*(z, 20) — d—(, 20)) - Mdz N lim Pr(r. = ¢|Z € N;)

£—

= lmE[Y' - Y°|Z e Moy = ¢].
e—0

What happens if the monotonicity assumption is not valid in the sense that there are defiers (but no individuals of the

indefinite type)? For this case, repeating all the previous derivations gives

[ (m™(z,20) — m™(x,20)) - Mdm
J (@ (@, 20) = d-(w, z)) - LGzl I o) gy
Eliir(l)Pr(Ts =cZeN)-E[Y'-Y ZeN, To=c|-Pr(rc=d|ZeN.)-E[Y' =Y Z e N., 7. =d]
ii_}n% Pr(r. = c|Z € N.) — Pr(r. =d|Z € N;) ’

provided that Assumptions (1iii) and (1iv) also hold for the defiers. Now, if it is the case that the average treatment effect is the

same for the compliers and defiers, then the treatment effect is still identified by the same formula because

lin%) {(Pr(re=clZ e N.) =Pr(r. =d|Z e N))} - E[Y' =Y°|Z e o720 = (]
_ E—

= =lmE [Y'-Y"Z =c|.
lim Pr(re = c|Z € N7) = Pr(re = d|Z € N.) li B | |2 € Nes7e =]
E—r

Hence, the same estimators can be used for this case.

B Lemma 1: Linearized representation of the local linear estimator
Consider first the estimation of m™ (zg, z9) at a location xy by local linear regression using only observations to the right of it:

: g b(Zs — ) — (X — BV KT
g}l}gz; (Yj —a—=b(Z; - 2) = (X; —20))” - K1,
j:

where I;r = 1(Z; > #) and a product kernel is used



where £ is a univariate second order kernel function, which is assumed to be symmetric and integrating to one. The kernel & is

a univariate kernel of order \.

The following kernel constants will be used later: 1, = [u'k(u)du and i, = f u'k(u)du and fi = %2 — 2. (With symmetric

kernel fiy = 3.) Furthermore define ji, = f u'k?(u)du. The kernel constants for the higher-order kernel are defined as 1, =
Julk(u)du and 7, = f ul B2 (u)du

To simplify the derivations define
Y =Y; —m™ (w0, 20).

The local linear regression estimator can then be written as

n

ingri (Y} = (a —m™ (2z0,20)) —b(Z; — 20) — ¢ (X; — 1:0))2 . Kjlj'

or as

mln - K I+
Z

1
o Zj — 20 Xj — Xo !
XJ - (17 hz ’ ( h_L )

and 3 = {a — m™ (zo, 20), h.b, hwc’}’. The first order condition of the local linear estimator is then

where X is the L + 2 column vector:

m* (o, 20) — mT (w0, 20) = €} - ZX XK Y XY KT
-1
1
= ZX XKL

* +
nh, hL ZXJYJ Kj[j

nh,hL
2w 55

—1
1 1 <
=e) - {Ai(wo) +op (W) P+ Y+ 0, | —— — Y X;YFKGIT
1 { +( O) p( ) P \/m nhzhé’gjj J%5
I,
WL 261A+1(xo)Xj (Y —m* (x0)) KT (14 0,(1)), (3)
T =1

where e; is a column vector of zeros with first element being one, and the symmetric matrix A, is given in Lemma 2 below.
(Lemma 2 contains the proof of the second equality.)
For A > 3 we obtain after tedious calculations the following expression for e’lA_T_l(xo) retaining only terms up to order h, and

hy:

==
N

_ —_ 0 To,Z !

s i (i P58 o+ 2y A) + hafiy 25 G35 B)
_ 5 _ —2)!

~z (lu’lc +h. (MQ f*Jc(z(Edt;f)’;[ng + 2'U'1A + hoy ";+1 8*?;:8)

i
! o, (27 o) o ) 2
W 2he oz}t 6751 1) (4)
ALt (10,2 _
—2h, <a SN )(;_?):
where
La/\2f+m,z L 3/\2f+xz
¢ =1L ) o= Ti (0, )
=1 Oz, Ii1tq o,
and
L 8>\—1 +(x y R L 8’\_1 + (o 2
A= fA_EO 0) C B=% fA(ﬂo 0) o
=1 0z, "0 & oz,



The expression for A = 2 with 3 = 0, i.e. for a symmetric second-order kernel, is simpler. Then the following expression for
e’lA_T_1 is obtained where a few higher order terms have also been retained:

— P _ \ 8ln f(x0,2 — Aln 1 (x0,2 2 '
o + h (2,u2/1,1 + ,u3) fia(z 0:20) + 2/11,u3hz ( f(’)(z : 0))

— — — Oln T0,2 R Oln 0,2 2
_/1'1_(2“%"‘7(2) hz f (zo 0) 2/1'1 L2h3< T (zo 0))

z

~ _ — Aln f1 (xo,z dln 1 (z0,
(f2u+(2u1u2*u3)hz( nl °>))hx R

S|~

~ — — Aln f1(x,2 dln f1(xo,z
(—QM + (201 iy — [i3) Bz ( fa(z . 0))> hy fo(LO 0)
where

. T Oln f+ (xo, oA O ft (x 20\
D = [* (@0, 0) (u b (M o) PRI 020y (nfagiloo)) +O(2 + hi)) .
=1

C Lemma 2: Denominator of the local linear estimator

Under the assumption that nh,hL — oo, it is to show that for A > 3

1

- 1
—— XX KT = Ay(x0) + 0p(hy '+ h2) + O, () (5)
AR j=1

nh,hL

x

where the symmetric matrix A4 (zo) is

_ L ate, ;
11+ (w0, 20) + g 2020
_ 002 (@
+%M2h§ fa(;mzo)
_ _ 4 8f T (w0, _ — 4 9f T (wo,
A f (o, 20) + fighs PRl iy fH (o, 20) + ighs M)
1- 120 f (2o, 1- 120%f (xo,
+§N3h2 fa(;zo ) +3 0407 fa(zwzo z0)
15)) 2f+($0720)
N ,h>‘72 2 (2%;1_2
m ! 0N o) Bt O (ao.20) A g h, S o)
(A=1)! oz} (A—=1)! o) oxy "0z
Y A—1 [ 102 (w0,20)
toonihe <2 .
0
0
nahy ™t 9 T (w0,20) Eyinahy "t 02 (wo,20) 0 ... 0
20T 9 ! O-DT g2 ! g

In the calculations terms of order h)~2 k., h2 h)~1 h2=2 . h, and (h;‘z)2 were retained, the terms of lower order are ignored.
The relationship (5) is shown via mean square convergence for each element of A, (zp). Ounly the derivations for the (2,3)
element are shown here, with the derivations for the other elements being analogous.

XX K,;IT and denote it by &
J5jT 07
j=1

1 ~(Zj -2\ (X1 — 20 +
- K. I
¢ nhzhgj_1< h. ) ( Iy it

- 1 Zj*ZO Xj17I01 I+
s e (5%) (22

Consider the (2,3) element of

_1
nh,hk

which has the expected value:




= ﬁ// (z;jO> (ml ;fm) (Z_ZO) ﬁ (xl _xm) L(z > 20) f(x, 2)dzdxy - - - d .

=1

With a change in variables: u = %20, vy = £ and v = (vy,...,vz)" and an expansion about the point (zo, 20), considering

only points to the right of zy, we obtain

L
- /n-/uvm H 1(u>0)f (o + hyv, 20 + h,u) dudv
1=1

1 oMVt (m0,20) , 5 1/ / L
= ———>h}, w1k ( | I (u > 0)vy tdudv + O(h) " h, + h))
_ ' A—1 x x

(/\ 1). 81‘1 Py

A1 ot
(/\El) 0 g (CE(),ZO)h,\ 1/u k ( du/ / Hn (v)) dv + O(hX"Yh, + h))

A—1 4+
- S sl o+ )
2 L

by bounded convergence.
To show convergence in mean square, it also needs to be shown that Var (§) converges to zero:

2

1 ~(Z—= Xj1—x _
Var© = B - @0 =8 ||ty Y (2) (B ) | - on
z T =1 z g
= | (5 F(mmon) e (220 T (0 1(e s ) i, 2 g — O()
~ nh2h2L h. B k h. z:f I z > z9)f(@, z)dzdxy Ty, .
L
A—
" nh hL/ /u vik® H L(u > 0)f (zo + hov, 20 + hou) dudv — O(h2?)

= nh, th (zo, 20) - M2772770 (1—|—0(h +hz))—0(hi>‘_2)

where a change in variables: u = %20, vy = #-2% and v = (vy,...,v1)" and an expansion about the point (o, z0) has been used.

As it has been assumed that nh,hZ — oo, the variance of ¢ converges to zero. Hence, mean square convergence has been shown,

which implies convergence in probability by Chebyshev’s inequality.



D Proof of Proposition 2

The derivation of the asymptotic bias and variance of 4, ,;,. is similar to the results of Theorem 3. Here only a sketch of the

derivations is given, with more details in Theorem 3. To derive the asymptotic properties of 4, define 4 = % and v = %. We

need to establish the distribution of

%Zn: (ci‘*‘(Xi,Zo) — dA_(Xi,zo) ) Kh( '—ZO) [ (dt(z) -

=1

. s A A\ : %i;(WHHXi,zo)*ﬁf(Xi,zo) ) K (Z522) f(mﬂa:)—m‘(az))-wdx

_(.'L‘)) . f’(w\zo);ﬁ(w\zo)dx

To ensure that both A and T’ converge to A and T, respectively, the kernel is scaled by f(zg) for the remainder of this proof
(which does not change the estimator since it appears in the numerator and the denominator of the above expression):

Zi — 2o _l”(ﬂ)
Kh( h >_hf(zoh) .

Note that 4 — v can be written as

A A [(A-A T-T r-r
) == = = — |1 - — . 6
(vv)rr<rvr>< 1“) (6)
The derivation proceeds in two steps. First the term A—Ais analyzed, with analogous results for [' — T. It is shown that bias
and variance converge to zero with growing sample size, implying convergence in mean square and thus in probability. This also
implies that the last term (1 — —) is 1+0,(1). Hence the first-order behaviour of 4 —+ is determined by the term AF;A —'yf;rr

n

ol

nd (5 — ) = nt (A;A—WF;F>'(1+%(1))~ (")

In a preliminary step the term A—-Ais analyzed. (The derivations for [ —T are similar.) Write A—Aas

i — % “(x]z (x|
A=A == (b (X, 20) — i (X, 20) ) Ko (Zlh 0> —/(er(x,zo)—m*(w,zo)) EaC 0);f (2] O)dx

:Lg (T (X, 20) = m (X, 20)} Ko (Zi ; ZO) B :Lg {m™(Xi,20) —m™ (Xi, 20) } Kn (Zlh—z()> (8a)
S oo 8 (52) [t - m oy (S52)] o

+E [{m+(X, z0) —m~ (X, z0)} Ky, <Z ; ZO)] - / (m*(z,20) —m™ (z, 20)) - I~ (zlz0) —; f+(m|z0)dm. (8¢)

D.1 Calculation of the bias term

Consider first the term (8c). This represents the bias if the functions m*™ and m~ were known. To ease notation we ignore

the terms containing m~ for the moment and retain only those with m*. (The derivations for m~ are analogous.)

ZO)} _ /m+(x’Z0) I (2l20) -QF [ (=) o

h
{E[m+(X,zo)Kh(ZhZ°> Z>zo] /m z, 2) (;”|Z°)d}

+{E {mﬂX,ZO)Kh (tho> (Z < zo} /m 2, 20) (;‘ZO)d }

E {mﬂx, 20) K (Z




Concentrate on the first term. (The second is analogous.)

E {m+(X, 20)Kn (Z;ZO> 1(Z > zo)} —/m+(x7zo) SElz0)

2

= [ mt (e z0) EZO) (Z_hz(’> 1(z>zo)f(x,z)dxdz—/m+(x,z0)~f+(§|zo)dx
= [ fmt(2, 20) ;((:)))1@ > 0)f(x, 20 + uh)dadu — /m 2, 20) - m
where u = 22 (, 20 + uh) as f+(z,20) +uh (2, 20) + 2u2h2 L (2, 2) + o(h2) gives
— 2f /m 7, 20)f* (, 20)dr + “1 /m z, 20) ag+(x,zo)dm

2 £+
+;L(2/;;2) /%m+(xaz())aaf2 (1' Z(] dm—/m £L' 20) wdx_i_o(fﬂ)

Note that the first term is zero since fT(z|z0)f(z0) = f*(z, 20). Repeating the analogous derivations for the terms neglected so

far, the bias term (8c¢) is

- (x 20 (T, 20
f}L(Z;) / (m+(w720) - mf(x,zo)) <af 527 : i & éz )> do+ O,

Now consider the first term (8a):
Consider the first part of (8a). (The results for the second part of (8a) are analogous.)

1 — Zi —
= {mt(Xi, 20) —m* (X3, 20) } Kn ( ZO) :
ni~ h
The subsequent derivations are exactly identical to those of Theorem 3 until (20). Using (20) we obtain

E |:{Th+(Xi,zO) — (X 20) ) K (ZZ- ;zoﬂ

2 — 1 lie 02m™t A=l 4
_ ol — flafiz 0°m™ (X5, %) - X“zO) Fm*(Xi,z0) 4| Zi— 2
A—1
_ 2#2 H1H38 m (Xuzo M o*m™* (X, 20) N K ()
; //{h 022 77’\2{ +; ox; Wi f(ZO)f(Xz,zo—Fuh)dudX (1+0,(1))
Zi— zo

where u = We can split the integral into two parts: for u > 0 and for u < 0 and expand f(X;, zo + uh) about f(X;, z0)

in the two separate integrals to obtain after some calculations:

22 = a2 At ( A-log 4 - +
o 113 — fiyjiz 0°m™ (X, 20) N o’'m Xz,zo) 0*m™*(Xy,20) | (X 20) + fT(X4, 20)
/{hz 2ji 92 M AZ{ +SZ:1 or; 2f(20) Bi1 - 0p(1)

Combining this result with the analogous derivations for the second part in (8a) and with the bias term (8¢) and repeating

the derivations for the term I' — I" and combining everything in (7) gives as total bias of the % estimator:

hjt Oft(, of (w,
P [ (st 0) = 20) 2 ) ) (220 20 ®
+lh2ﬂ§ — fqfi3 / 82m+(.’L‘,Z0) _ 62m_(x,zo) . 82d+($,20) + 82d_(.’];‘ ZO) f_(aj ZO) + f+(x Zo)dm
2% 922 922 T g2 T g2 2f(z0)
L A-1 A—1
Pm*(z, z) o'mt(z,z0) , 0*m(w,z) m~ (z, zo (z, 20 —l—f"’(w 20)
T hﬂ?)\ / {; Al Oz + ; oz} Ws Al 9z B ; ox§ 2f(20) de

L o g+ A=l og gt A - A1 g
_ D oMt (z, z) dt(z,20) , Od (z,20) 0°d (, Zo) | f (@, 20) + f (w0, 20)
Fh$77>\/{l=21 Al 9z +; oz Ws Al 9z ; dx; 2f(20) de.



D.2 Calculation of the variance term

Remember that we defined the kernel function here by scaling with f(zo):

K (Zi —2’0> _ “(Z'i;z())_

h hf(Z())

For calculating the variance we first examine the first part of (8a). (The results for the second part in (8a) are analogous.)

For the subsequent derivations we define the L + 2 column vector X as in Lemma 1 as
Z X A\’
L= 2 S — 2
X;=[1* J
(e ()
Z X - x\'Y
i — 20 j — X
Xjx, =1~ 4 .
35X ( ? hz ? ( hz ) )

As a preliminary we will also need the term

and define

_ Zi— 2
E |:{€/1A+1(Xj) Xix, (Yi —m¥(X;,20)) Kix, } Kn < z 3 O) |Xia}/i7Zi:| (10)

which we can split into two parts by multiplying with 1(Z; < z9) +1(Z; > 2z9) = 1. Examine first the part

;o 1 Zi—z
b {1 (Z; < 20) {1 AT (XK x, (Y = m ™ (X 20)) Kix, } e < N 0> X0 ¥ Zl} ’

where the derivations for 1(Z; > z;) are analogous. We obtain

= hL// (u < 0) {e} ATH(X + vhe) X xion, (Yi — mT (X5 + vha, 20)) Ko Xitoh, } ;f((z?) - f(Xi + vhy, 2o + uh)dvdu,

X —X.: Z;—z
where v = =4—* and v = ==, and after inserting the expression for e} A} !

_ OfT(Xi4+vhy,z — NMagy1 (A—2
}L (;LQC—F h, (MJWC—F 2,u2u1A> + hafig == 5= 1; B) )
_ -0 Xi+vhg,z — A—2)!
—3 (ulc +h,- (MMC + 203 A) + by B B 1;,13) Zi—z
<0) L (Xitvha,zo) (A-2)! )
_ hL ’U —2h1; ( — . C;él )1 _
// er X +'Uhm,2()) C (‘)xi‘ 1 (A 1)' (%1
LT (X +vhy,z A—2)! _
—2hq ( ! B(wi_t o) 'C?fL) EA_S! VL
(Y = mT(X; + vhe, 20)) & Zi — % ~Hl_i(—1)l)- () - f(X; + vhy, 20 + uh)dvdu
% % x5 ~0 hz 1 f(ZO) % zs <0 9
and a Taylor series expansion about (Xj, z9) we obtain:
Y,—m (X ZO) <Z7Z()> <_ _ Zi— 2 fi(Xl )
=hk= SaRd iy — i 14+0(h,+h
2/ (ol T A e i e R
Complementing these calculations with those for 1(Z; > zy) gives an expression for (10) as:
Y —m*(Xi, 20) (Zi_z0> < _ Zi_ZO) [~ (Xi, 20) + f1(Xi, 20)
=ht= 22y - ’ (140 (hy + hy)). 11
2[f (20) h fo =i fH (X5, 20) ( ( ) (1)
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Now, if we develop the expressions for the projection theorem, everything is identical to Theorem 2 with the only exception
that K} is replaced by Kj. Using the previous result, we obtain the following for the expression E [¢;; + ;| X5, Y;, Z;]

71 - Zi — 20
B hzhLE (1 AT (X)X x, (V) = m™ (X3, 20)) K x I |1 X0, Y5, 2] - K, (h) (1+0p(1))
7

1 _ -z
—‘rmE |:{€/1A+1(Xj)Xi7Xj (Y; — m+(Xj7zo)) Ki,Xj (1 + Op(l))}Kh < J A O) XZ,Y;,ZZ:| . Ij

_ _ L A—1 ng
{hg ,U% 7’{1’1/1“3 82m+(X’i720) + hi\nAZ {a)\m+(Xi5Z0) + Za m+(XinO)ws} + O(hﬁ + hzhx + h;\+1)} . Kh (Z’L - ZO)
=1

20 022 Aoz — oy h
1 Y; — T)’LJF()(Z Zo) (ZZ — Zo> < Zz — Zo> fi(Xl Zo) + er(Xl Zo)
— . K flg — [l ’ =2 (14O (he + hy)) - I
he  20f(%0) h oIy, JH(Xi, 20) ( ( /)
For the following variance calculation, the second term, which is mean zero and of order = - (14 O (h. + h;)) clearly dominates

the first term, such that we can ignore the first term in the following. The second term, however, is identical to the corresponding

expression of Theorem 2. It thus follows immediately that

2 = Gij + Sji Sij + Sji
Var (nz (E[ |X“YZ,Z] E[2

=1

Mz#o — 2y iy fiy + B3y [ 03 (2, 20) (f (2, 20) + f1 (=, ZO))2 .
i / 1722 (x0) Tz 70) dr - (1+ O (h, + hy + h))

where 03 (X, z) = lim F [(Y — (X, 2 X, Z = 2+ .

[ R

Collecting all terms (8a), (8b) and (8c), the variance of A — A can be approximated. The term (8c) can be ignored as it is a
nonstochastic bias term. We thus obtain that Var (A —A

N———

= Iver {5z -t o) s (252}
—I—%Var {{m‘(xi,zo) —m™ (X, 20)} Kn (Zi - ZO)}
et (£ i s (52
+;Cov{{m (X, 20) — m* (X, 20) } K (ZZ;Z”> i (Xiy 20) =m™ (X5, 20)} Ko <ZZ;ZO>}
+icov{{m (X0 20) - +(Xi720)}Kh(Zihzo>’{m (Xo,20) — m (Xz,zo)}Kh(ZihzO)}
+;00v{{m‘(xi,zo)—m‘(Xi,Zo)}Kh(Zi;%)’{m (X3, 20) = m™ (Xi20)} K (Zi;Z())}

_ n}l : fisiio 41;;?;;1(2; fitfis / o2 (i, 2) L Zﬁ (Zfz Z)(f” D Gy (140 (h, + by + 1) (13)
- Pafio ‘42‘;2]0’21(";;)+ ity / o2 (2, 20) @ Z;)(Zfz Z)(“ O 4y (140 (hs + ho + 1)
w0 [ (o) ) (7 Gvn) + ) di (1 0 =0 (1) 4o ()

where the following terms have been plugged in

1Va7‘{{m+(Xi,zo) e (X 20) ) K <Z¢ ; zo> _E |:{m+(X,ZQ) —m~ (X, z20)} K (Z;zoﬂ}

n

- el nes o (5] A et (552

n

11



1 _ 2 K2 (u)
5//{m+(x,zo) —m~(z,20)} I Zo)f(x,zo + uh)hdzdu

(
_% (//{m+(x,20) —m (z,20)} i;gz)f(x,zo +uh)hdwdu>2

20 Splitting the integrals into the parts Z > zp and Z < zp and with a series expansion about (X, zg) we

where u = Zl;

obtain

= nhf2 ) /{m x,20) (w,zo)}2 (ff(z,20) + f(z,20)) dx + O (i) .

Also, the covariance terms are of lower order. First,
1 7. — 5 1 Zi — z
ov{n; {m*(X;,20) = m* (X4, 20)} Kn ( ’h 0) ’ﬁ; {m™*(Xi,20) = m™ (X4,20) } Kn ( 1h O)}

1 i Siq +§‘1' 1 n _ ZL — Z
_ COU(EZ (Elsi; + il X0, Vi, Zi) — Elsi; + i) + E [J2J} +op(1), 52 {m*(X;, 20) = m™ (Xi, 20) } Kp, <h°>)
=1 P

1 Sij + Sji
= nE[{(E [Sij + il X3, Yi, Zi] = B [sij +5i]) + E [W} }

A Koz = (e} i (252 ) = | 06,200 - (b (2520 [ H a4 0,00

/m Xi, Z;) m+(X1,zO)K<Zizo) (ﬂ ﬂlziz()) (X5, 20) + FH(Xi, 20) (140 (he + ha)) - IF

Nh 2/1f (20) h. h (X4, 20)
' {{m+(Xi, 20) —m™ (Xi, 20) } Kn <Zi ; ZO) -F [{er(X, 20) —m”~ (X, 20)} Kp (Z ;L Zo)] } f(Xi, Zi)d X, dZ;
m(Xi, 20 + uh) — m* (X, 2) o h Y\ (X 20) F fT(XGS 20)
~al ] %] () s (un) (1o =) EEAR L o) 1)
. {{m+(xi, 20) —m~ (Xy, 20) } (ZO)) E [{m+(x, 20) —m™ (X, 20) } Ky (Z - m)] } F(Xi, 20 + uh)dX;hdu
where u = Z";ZO and a Taylor series expansion about (X;, z0) gives

i (0+0(h+hz+hr))0<n2z>'

z

Also, the following term is of lower order

1 n
OU{TL; {m+(XiaZO) lezo }Kh (

ST IRARER——E.

) {m™ (X, 20) = m™ (X, 20) } K (ZZ;Z[))}
i v s (5]

_ g {{W(XZ-, 20) = m* (Xi, 20)} K (

n

Y {{ﬁﬁ(Xi,zo) ot (Xa20)) K (

(L (52 (- ) CESRR ) ot ) -5
(e (22 (e =) LS ) o) 1)

—%0 (h) +12) O (k) + h2)

12



—04 1oo@+h@oub+hg—ioa@+h300@+ha:o( 1),

nh, nh,

because IV - I = 1(Z; > z0) - 1(Z; < z9) = 0.

The variance Var(I' — ') can be derived analogously to the variance Var(A — A), and is also of order O(—— + ). The

covariance terms can be computed similarly to Theorem 2 and are also of order O(-— + -=-).
z

E Proof of Theorem 3

To derive the asymptotic distribution of 4ppp, define yppp = % and v = %. We need to establish the distribution of

2 . 2 (A A
ns (Ygpp — ) =n? TTT

%Z (m+(Xi7 ZO) - m_(Xi7 ZO) )K;; (@) f (m+(:L', 20) —m~(z,20)) - f_(1|20);rf+(®|20)dx

2 i=1
=mn5 —
n ~ ~ _ f—(x|z0)+fT (x| ’
L3S (3 (Xi20) = d- (o) ) K (Z2) S (@7 (020) = (o)) - gl
where
* Ho — [y |’LL|
Ky (u) = —=————Kj (u).
W= Gy
To derive the asymptotic distribution of 4zpp, note that 4ppp — v can be written as
A A [A-A T-T Ir-r
) —Y)==—-—== — 1= — . 1
(YrpD —7) T ( T 7T ) ( P ) (15)

The derivation proceeds in two steps. First the term A—Ais analyzed, with analogous results for [ — T. It is shown that
bias and variance converge to zero with growing sample size, implying convergence in mean square and thus in probability. This

also implies that the last term (1 — %) is 1 + 0,(1). Hence the first-order behaviour of 4, — v is determined by the term
S -y in

) A-A T'-T

VRDD’Y—< T T )'(1+0p(1))- (16)

In a preliminary step the term A — A is analyzed. (The derivations for I' — T' are analogous.) Write A — A as

A . i — 2 (x| (x|
A-A= %Z (™ (Xi, 20) — 1™ (X3, 20) ) K (Zlh 0) —/(m*(m,z())—m_(x,zo)) i O);f (@lz0) 4,
i1

%Z {m*(Xi,20) — m* (X5, 20) } K, (Zi ; Zo) _ %Z {m=(Xi,20) —m™ (X;,20)} Ky (Zlh_zo> (17a)

ZZ'—ZO
h

+i§ {m* (Xe20) = (e} K (252 ) = 8 () - o (b w2 (552) ]

+E [{m+(szO)_m_(XaZO)}KZ (Z;LZOH —/(m+(x,zo)—m_(x,20)) . f_($|20)‘;f+(”3‘20)dx. (17¢)

13



E.1 Calculation of the bias term

The calculation of the bias term is done in several steps. Consider first the term (17c). This represents the bias if the functions
m™* and m™ were known. To ease notation we ignore the terms containing m~ for the moment and retain only those with m™.

(The derivations for m~ are analogous.)

. {mﬂx’ WK (Z?Lﬂ B /mw%) FRCE RS MCEIN

2
_ {E {m"'(X, 20K (Z;"’O> 0z > ZO)} - /m+(x,z0)f+(;|z(”dx}

+ {E [m+(X, 20K (Z;ZO> (Z < z) } /m (, 20 ;”‘))dx}.

Concentrate on the first term. (The second is analogous.) By inserting the expression for the boundary kernel we obtain

E [m+(X7 0K (Z;ZO) (7> ZO)} _ /m+(x,zo)f+(;‘|”z°)dx

S (|20
[ [m*t (2, 20) K] <h0) 1(z > z0) f(x, 2)dxdz — /er(x,ZO)L‘)dx

2

J "'fer(vaZO)ﬁQ - e B <z 7 ZO) 1(z > 20) f(, z)dzdz — /m+(x,zo)f+(x|z‘))dx

2iuf(20) h h 2
_ — /i |ul f*(z]20)
= [ [mT(z,2) 2 A7 o) —=————k (u) (u > 0)f(z, 20 + uh)dzdu — /m+(x, zo)Todx

where u = 2520, Expanding f(z, 20 + uh) as f*(x,2) + uh%(az,zo) + 1u2h28 f (x,20) + o(h?) gives

h
mzo x\zo)d
m™(z, mT(z,
0) 2f 0) 5

m™(z, zo) af o o
Wh 02 (z, z0) (B fiq _—0M1Mz)daj

=2 92 f+
+h2%/m T, 20) 8f2 (2, 20)dx + o(h?)

+

Note that the first term is zero since
[T (z|20) f(20) = [T (2, 20)

and the second term is also zero. Repeating the analogous derivations for the terms neglected so far, the bias term (17c¢) is

0?2 f~

_ 5 it
hQIZTéZf;?’/ (m+(1‘720) _m_(CE,Zo)) (aai;(x,zo) + a;(x,z())) d33+0p(h3).

In contrast to Proposition 2, this term is of order O(h?).

Now consider the first term (17a):

markus ab hier alles noch nachrechnen Consider the first part of (17a). (The results for the second part of (17a) are

analogous.)
1 i " % Zi — Z
ﬁz {m™(Xi, 20) = m™(Xi, 20) } Ky <h0) :
i=1

By inserting the expression from Lemma 1 for the nonparametric regression estimator m™(z, 29) we obtain

1 - * Zi_zO
=02\ ks hLZ AT X, (Y = (i 20)) Ko T (14 0y(1) K (222
=1

where



We can rewrite this expression as:
LS i L s (S i Sij +Sji Sij +Sji
- Ly Ly (s p [ ) p [t )
i=1j=1 i=1j=1

where ¢;; = {ﬁhgeiAf(Xi)Xj,Xi (Y = m*(Xi, 20)) Kjx, I (14 0p(1 ))} Kj; (#572). The term 5 >y S5 s a nondegen-

i=15=1
erate von Mises statistic to which a projection theorem can be applied. This requires that E [(g”?’) } < o(n), see Serfling
-~ 2 L. .. 2 L. -
(1980, p.190). Notice that E {(ﬁ) } = B[(225)] + Var (#542). Tt is shown further below that E [si;] = O(h2 + 1)

and that Var (%) = O(ﬁ) Both terms are o(1) by Assumption 2. Hence, the projection theorem can be applied. The

von Mises statistic is asymptotically equivalent to the corresponding U-statistic, and its projection is
y y g J
,Z < [“J TSy, Z} E [“j ;FCJD +E [“j ;r”i] +o0p(1). (19)

The first term determines the variance of (17a) while the latter part determines its bias.

Calculate first the bias term. For this the following expression will be needed:
E [l ATHX)) - X x, (Y —mT (Xi, 20)) Ky x, I X3, Y, Z4]

1
Zi=20
h,

:/ellAIl(Xi) Xo=Xn | (m(X;, Z;) — m* (X, 20)) Kjx I - f(X;, Z;)dX;dZ;

z J

X;L—=Xir
1
U
L
=hhl [ [eLATNXG) - | vr | (m(XG 4 vhe, 20 + uhs) — mT (X, 20)) H (u>0)- f(X;+vhyg, 20 + uh,)dvdu
1=1
vL
where u = Zjh:ZO and v = ¥ Because of the term 1(u > 0) the integral is evaluated only when v is positive, such that we

can expand m(X; + vh,, 20 + uh,) about m™(X;, 29) and expand f(X; + vhg, 29 + uh,) about fT(X;,29). Consider a Taylor
series expansion of m(-) f(-) up to order A. Due to the structure of the vector A} '(X;) and since & is a kernel of order A all terms
where powers of v; lower than A — 1 appear will be zero. Only the A — 1 and the A terms of the series expansion will remain as

well as the first two terms with respect to z as well as higher order terms:

1

u

L
=hhE [ [ ATG) | n H 1(u > 0)

=1

vL

amt (X Zo)f+(X Zo)uh +3m ( i,20) f (X 120) 2h2 omt (Xi,20) 91 (Xi,20) 2h2

0z 0z
Y
1. BN A +(X“z ) 9~ 5f+(X ,20)
X "’Z:ﬁ“ hy <92_:1(5) d . o . ) x dvdu,
L A 2 A—1—s p+ 2
+IZ (}\1 )'Ul 1h* 1 (Zl(xsl) 6(2(1, 0) 9 — Af 1({1, 0 ) +O(h§+h§+1)
=1 s=

15



A A-1
where ()‘) = -+ . Notice that the summation of the partial derivatives in ) and Z starts with s = 1 and not with s =0
s! ()\ EDN

S
s=1
since the expression (m(X; + vhy, z0 + uh.) — m*™(X;, 20)) f(X; + vhy, 20 + uh,) is zero at v = u = 0 when only derivatives with
respect to f but not with respect to m are taken in the Taylor series expansion. Now entering the expression (4) for e'lAf(XZ-)

gives after some tedious calculations:

h hL 1 8m+(Xi Zo) (9f+ (1‘0 Zo) 32m+(Xi Zo) f+(X1 2’0) 8m+(XL Zo) 6‘f+(X, Zo)
—h? Al ! ! ! . = O(h, +h
f+(Xl,z0) (7 ,U1M3){ 0z 0z + 022 2 + 0z 0z + O + x)}
>\ s
. L el (Z( )2 m+<$)l<,,zu> o) g;(xl,z()))
o MM hE Y =1 A
f (XuzO) C =1 1 fH (0,20) C1 =2)! 1 A—1\ 8°m™T (Xi,20) O 17 FT(X4,20)
- or ' T L#L (,\ DINCEN Z( s ) oz} dap 17
With some further calculations these terms simplify to
22 m = 92 Alos 4
_ L), 2P — Bifig 0°m (Xivzo Xz,zo) I*m* (Xi,20) 4 3 2 A1
= hht {hz o7 92 77)\2 + ;7(%? wi b 4+ O(h% + h2h, + W)Y (20)
-1
)T (X2 L FT (0,2 2 f T (z0,2 A—2)! 1 (X2 . o
where wl = {S!()\S)I(_QI?OS) - azf(’lo o, < Bxl)\EQO 0)> (A—l)(!s!()\)—l—s)! 61?71(75 0) } /f1(X;, 2). Notice that w, =
0.
When a second order kernel A = 2 is used throughout, the expression simplifies to
i3 — [iyfis 0°mT(X; 10%m Xl
hahk {h2 = 2;‘1"3 = 8(22 »20) 22 ’ZO) +O(h2 + h2hy + h;”;)} . (21)

With this intermediate result, the total bias can be computed as
E[¢ij] = EE ¢ X;, Y3, Z;]

03 — iy fig 0°m* (X, 2 ’m X 9 m™* (Xi, 20) )‘7183m+(X- 20) Zi—z
hzhL h2/~L2 13 i520) h/\ is 20 i»20) K i 0
’ { T2 o2 AZ N S D ra "\

s=1

2 3 — M1H33m (Xis20) | ,a *m XMZO) S Omt (X z) | ex [(Zi— %0 NI 1
//{h 022 +h AZ{ Al +Z Bxf Wy Kh L f(XuZz)Xmde

1
.
h.hE

(1+0,(1))

s=1

&*m* (X, P mt X“ —omt (X, fiy — [i
//{hzﬂz fh/is ma(;ﬂ 20) 4R AZ{ m ZO) +Z ma(gjs Z(J)w;r}},“;ﬂf‘(:ol)M,{(u)f(XZ-,,zO—HLl”L)aludXi7
( !

s=1

where u = ZI;Z“. We can split the integral into two parts: for u > 0 and for v < 0 and expand f(X;, zo + uh) about f(X;, z0)

in the two separate integrals to obtain after some calculations:

=2 = = 2 A + — +
. o U 7[1,1[1,38 m (Xl,Z() o'm X“ZO + . f (Xiaz()) +f (Xiaz()) )
B / {hz 2] 022 Z { Z ws 2f(20) i

H =1

Combining this result with the analogous derivations for the second part in (17a) and with the bias term (17¢) and repeating

the derivations for the term I' — T' and combining everything in (15) gives as total bias of the 4ppp estimator:

1 2 — i - _ Ofr ’f-
thW / (m+(x, z0) —m~(x,20) — (d+($,zo) —d (=, zo))) W(m,zo) + W(w, 20) | dx (22)
Y [i3 — Fiyfig / ?*m*(z,20)  0°m”(z,20) 0%d* (v, 2) " 0%d”(w,20)\ (%, 20) + f+(=’ﬂ,20)dm
220 072 022 T2 T g2 2f(z0)
L A-1 A—1
’m*(x, zo) o'mT(z,z0) , 0*m~(x,z0) Fm~(z,20) _ | f(m,20) + fT(z,20)
”*/ ; { * ; omy T T A-om ; ox; o’ 2f(z0) de
L A-1 A—1
oAd*(x, zo O°dT(z,20) . O (w,20) O%d—(z,20) _ | f(x,20)+ fT (=, 20)
/Z{ ! ; ooy 0T N0z ; e 2f(20) -
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E.2 Calculation of the variance term

For the subsequent derivations we define the L + 2 column vector X as in Lemma 1 as
Z X N\
i — 20 i — X0
X, = 1 J J
(B ()
Z X - x\\
j — 20 j — X
X,y =[1,~ J .
o ( Cohe ( ha ) )

For calculating the variance we first examine the first part of (17a). (The results for the second part in (17a) are analogous.)

and define

As a preliminary we will also need the term

;o (2 — %
E {{elA;(Xj).Xi,Xj (Y; —m*(Xj,20)) Ki,Xj}Kh( J - 0) |Xi,n,zi] (23)

which we can split into two parts by multiplying with 1 (Z; < z9) +1(Z; > 2p) = 1. Examine first the part
Zj —

Z
FE |:1 (Z] S Zo) {ellA_T_l(Xj)XLXj (Y; — m*(Xj,zo)) Kz,X7}K}>: < 0) |X“}/Z,Z1:| s

where the derivations for 1(Z; > zj) are analogous. We obtain

= hL// (u<0) {el X + vhy)Xi X, oh, (Y; - mT(X; +vhm,zo)) Ki x,+vh, } Wm(u)-f(Xi+vhx,zo+uh)dvdu,
0

X;—X; Z;— . . . _
where v = =4—* and u = hzo, and after inserting the expression for e} A +1
x

— — 0 vhy,z R —2)!
RoC + h (ﬂ:a%ch 2#2#1-'4) + hofiy n:,“ E/A\ ?; B)

N

1
i

1
T —_ AfT (Xitvha,z _ A—2)!
% (“1C the (MZ]”'f(X(-i-v—mzC + 203 A) + by iy 2 B fg,B) -
_ L (u <0) on, (a* S (Xitohazo) o, ) A2 I
= e //fJr X + vhy, 20) - C oz #1 | G v
ALt Xi+vhg,z A—2)! _
~2ha ( fa(zfl 2 Cyr > E,\ 1%. vL

L
Y — mT(X; + vhy A R — iy || (X, + vhy R)dvd
( m*(X; +v ,zo))n( > l;[/i —v;) Q,Mf(zo) —=———k(u) - f(X;+ vhg, 20 + uh)dvdu,

and a Taylor series expansion about (X, zg) we obtain:
Y m (Xz Zo) (Zz —Zo) ( _
hL ’ K fiy — [i
QMf(ZO) hz 2 !
Complementing these calculations with those for 1(Z; > z) gives an expression for (23) as:

Yi—mt(Xi,20) (Zi—20)\ (. _ (X3, 20) + (X3, 20)
=hi= 2/1f(20) H( h ) <M2 — ) JH(Xi, 20)

Zi — 2o
h

(X, z0)
)f*(Xi,zo) (1+0((h,+hy)).

Zi — 20
h

'(1+O(hz+hﬂc))'

With these results we obtain the following for the expression F [¢;; + ;| X;, Y;, Z;] in (19)

E[cij + <5l X4, Y, Zi]
1 o % Zz — Z
= WE [V AT (X)X x, (Y — mT (X, 20)) K x, I |X0, Y5, Zi] - K, (h 0) (1+0p(1))
z'%
Zj — 20

—1 Xj)X’i,X_j (YvZ — m+(Xj,ZO)) Ki,Xj (1 —+ OP(I))} K;; <

1
i B | {4 )'X“Y"’Zl} I
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22 _mom 92+
fi3 — Jiyfig 0" (X, z0) A
= {h? hn
e R ONE

m

1Y - m+(X¢7ZO)K (Zi — 2p
hz Qﬂf(ZO) hz

)(M-ul

For the following variance calculation, the second term, which is mean zero and of order h

XZ,Z()) A7188m+(Xi,Zo)
2 o
) J(Xi,20) + (X5, 20)
FH(Xi, 20)

Zi — 20
h

the first term, such that we can ignore the first term in the following.

Now the variance of (19) can be approximated as follows:

(140 (h. +

Zi —
ws} + O(h2 + h2h, +hg+1)} K} ( - ZO)

h)) - I

-(1+ O (hy + hy)) clearly dominates

2Z<E[<2J+%1X1,YZ,Z} E|:§ij+§ji:|)>

ni— 2
1
= Var(Blo; +ilXi, Yi. Zi] = Elsij + <5il)
1 1 Y; — m+(X1 Zo) <Zz — Zo) < Zz — 20 > fi(XZ 2’0) + f+(Xz Zo) )2
== — _ — K iy — [ ’ (A4 O (hy + hy)) - I
B | (e o= | 2 20 T2 (140 e+ 1)

=F

(Y = m™ (X, Z;) + m™ (X5, Z;)

nh? - 4% 2 (2o

h

z‘))2 | X, Zs = 20 + uh] + (m™(X;, 20 + uh) —

i

h

X (14O (hy + hy))

(f~ (X, 20) + [T (Xi, 2))°

) E [(Y; (X, Z
= 7hz
x| ]

_ _ 2
(g — fiyu)” -

where u = Zih_z"
z

Mzﬂo — 2fapfiy fiy + 1R fis

1(u>0)- f(X;, 20 + uh)dudX;

A% 2 (z0)
(140 (hy+ hg))

and with a series expansion about zg we obtain

nh,

/ o3t (x, 20) (ff(w,Zo)Jrer(%Zo))Qd
4,u f2(20) fH(z, 20)

where o3 (X, 20) = lim F [(Y —mt (X, 2)? X, Z = 2 + g]
E—

JT(Xi, 20)?

z- (140 (hy+ hy + 1))

Collecting all terms (17a), (17b) and (17¢), the variance of A — A can be approximated. The term (17¢) can be ignored as

it is a nonstochastic bias term. We thus obtain that Var (A — A)

1
= nVar{{m+(Xi,zo) —

1 .
+5Var {{m (X3, 20)

1
+—Var {m (Xi,20) —
n

1
+—Cov { Xy, 20) —
n

XzaZO

{
+TllCov{{m (X, 20) —

{

{

1
+—Cov
n
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m () 53 (252

-} K (22}
X“,zo}Kh(ZZ;ZO>—E[{m X, 20) (X,zo>}KZ(Z;z°>H
H(Xoz0)} K (ZZ;Z“) A (X, 20) = m™ (Xi, 20)} K (Zi;a))}
Xz,ZO}K,L(ZZhZO),{ i) - ()} 13 (2520
xz,zo}Kh(Zl;ZO) {m*(Xi,20) - (Xl,zo)}Kh<Zi;Z0>}



—_ 9. . — 9. _ 2
1 p3jig — 2gfiyjiy ﬂ@uz/(ju(x ZO)(f (2, 20) + [ (@, 20))"
- Y

nh., 472 £2(z0) (@, 20) - (140 (h. + he +h)) (25)
1 [igfig — 2figfiy iy + [i3 fis 2— (f(z,20) + fT(x, ZO))2
nhz 4,&42]02(20) /UY (1‘72’0) f*(x,zo) dx - (1_|_O(hz +hw +h))

i/iz,uo—mlz/h/h + i3 fig m* (. 20) — m— (2, 20))° (F+ (2. 20 (2. 20)) da - _ 1 o 1
o TP IR [ (0, ) 200 (7 0200+ 200 - (14 000) =0 (1) o ()

where the following terms have been plugged in

Var {{mﬂXz—, 20) = m™ (X, 20)} K (Zh_zo> -F [{m+(X’ ) —m (X, m)} K <Z_ZO>} }

h

{m*(Xi,20) = m™ (X4, 20)} K (Z}:Zo)j - % (E {{er(X’ %) =m” (X, 20)} K <Z;ZO)D2

Y e (X)) P2 T Lz Zi — 2o ’
({m+(lezO) (Xla 0)} 2/1f(30) Kh< h )) ]

- = Zi—20 p— ?
E [{m*(X,2) —m (X, 20)} 2 25]1"(z0)h |Kh <ZZ h 0>]>

-3 m 5 %0) =M 'Zzwfm i, 20 + uh)dudX;
_n//{ (X, 20) (X5, 0)} < 27if (z0) ) hzh 2 (u) f(Xi, 20 + uh)dudX;

_711(//<{m+(X’Z°)_m_(X’ZO) W;M(u)f()(’zwuh)dudx)f
_ Zi—z

where u = #i%¢ Splitting the integrals into the parts Z > 29 and Z < 2y and with a series expansion about (X, zp) we obtain

1
= -E
n

_ 1 (blig — 2o jin + fiFis) /(m+(X )
nh 4/'12‘](‘2(20) iy <0

n

-m~(X;, Zo))2 (f1(Xi,20) + 7 (Xi, 20)) dX; - (1+O(h)) — O <1)

Further, the following two terms are of lower order:

1 — Z;
Ov{ni_zl{m+(Xi7z0)_m+(Xi7ZO)}K;; ( hZO

) ; ié {m*(Xi,20) —m™(Xi,20) } K, (Zi ; ZO)}

& S+ 5 18 g (Zi=>
:OO“(EZ(E[%+€ji|Xi7Yi,Zi]—E[% +<ji])+E{”2ﬂ +0p(1)752{m+(Xi720)—m (Xi,20)} Kjp (== ))
=1 =

h

1 ij +Sji
nE[{(E [§z’j +§ji\X1‘,Yz‘, Z;| - F [Qj + Cji]) + F {%2%} }

. {{er(Xhzo) —m™(X;,20)} K. (Z ; ZO) - F [{m+(x, 20) —m™ (X, 2)} K}, <Z ;L ZO)} }} (14 0,(1))

1 Sij + Sy
~ 2B |(Blo+ 61X Y 2 = Bl + i) + B | S5

E {{er(Xi,Zo) —m™(X;,20)} Kj, (Z,;zo) - E [{er(XvZO) —m™ (X, 2)} Kj, (Z_ZO)”
Zi — 29 > I (X4, 20) + fT(Xi, 20)

h
/mXZ,Z m*(Xl,zo)K Zi—z20\ (-
nh 20 f (z0) h. Ha =i h FT (X4, 20)

A (s - (s} 5 (2522 ) - B |0 - o (a7 (2520) | s ziaxaz,

(14O (hs +hy)) - I
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1 m(Xi,zo—l—uh)—m“'(Xi,zo) h o — i i f_(XiaZO)"i_f—i_(Xi?ZO). 1 (u

o] i (o) (o) (-l ) EERE T (00 ) 102 0)
- Fg — iy Jul 1 - (2~

. {{er(Xi,zO) —m (X“Zo)} mﬁﬁ(u) —F |:{m+(X, ZO) —m (X, ZO)} Kh (h)] } f(Xi,ZO —|—uh)dX1hdu

where u = Z";ZO and a Taylor series expansion about (Xj, zo) gives

(0+O(h+hz+hx))o<nzz>.

- nh,

Also, the following term is of lower order

Cov {;Z {m*(Xi, 20) —m™ (X4, 20) } K, (Zi ; ZO) ’%Z (™ (X, 20) = m™(Xs, 20)} K (Zi ; ZO>}

_ rle{{m+(Xi’ZO) —m* (X, 20)} K (Zi ; ZU) {m™(Xi,20) —m™ (Xi, 20) } K <Zlh_zo)}

o5 () ot 85 ()

(e () (- m A2 EESRLS) o)
(e (52) (o ) PSR 1) 1)

0 (R4 1) 0 (12 + 1)

_ L A 2 _l A 2 A 2\ _ 1
=0+ =0 (W +12) O s + 1) nO(hm+hz)O(h$+hz)—o<nhz),

because Ii+ I =1(Z; > 20) - 1(Z; < 29) = 0.

)

The variance Var(f‘ —T") can be derived analogously to the variance Var(A — A). The missing piece to the total variance

term is the covariance between (A — A) and (I’ — I'), which is derived in the following. Using the terms (17a) and (17b) and the

corresponding terms for I' — I'; the covariance is

Cov (A N (f —r))
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I (. A Zi— 20\ I . Zi— 2

= _’YCO’U E;Zl:{er(XinO) _er(Xi?ZO)}Kh h aE?:l {d+(Xi7ZO) —d (X“ZO)}K}L < L )
1 o R % Zi — 20 1 "~ _ « Zi — 20

+7Cov EE {m™(Xi, 20) —m™(Xy, 20) } K, W 3 {d (Xiy20) — d (XZ,ZO)} Kj ( - )

Il
N

N
I

I\

S

—yCov

S|
=%

«
I
—

{’I?A’L+(XZ‘, Zo) — m+(Xi, Zo)} K

>
| =
—~
ISH
L
“N
N
|
S
o
vt\z
(=}
S~—
—
=
> %
7N\
N
=
N
o
N———

3

N
|
N

S

=
>

(X, 20) —m™ (X4, 20) } K,

S|
>

+~vCov

-
Il
-

\
3
—~
ISH
—
>
JN
(=)
S~—
IS
>
vN
(=}
~—"
—
=
%
/N 7 N
N
=
N
o
N———

—~yCov m(Xi, 20) —m ™ (X4, 20) } K,

©
Il
A

n

%Z {d*(Xi, 20) —d™ (X4, 20) } Ky ( ‘ 5

N
\
w

o

+~Cov m~ (X, 20) —mf(Xi,zo)}K

S %

S|
INgE
—
>

«
Il
—

N

\

W

o
~

>

3

lzn: {d+ X, 20) d+(Xi,zo)}K;;

n

N
|

N

(=)

{m™*(Xi,20) —m ™ (Xi,20) } K.

o %
N
>
N
o
N———

3=
>

—~vCov

.
Il
N

lzn: {d X“zo —d (X“ZU)}K;;
=1
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N
I

N
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©
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Z{m+(Xi,Zo) XzaZO }Kh
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These terms are calculated in the following:
Term 1:

1 n
—")/COU (nz {m X“ZQ XzaZO }Kh (

= 2 [ (o) Ot 3 (Z20) i) — Ot 1 (Z22) ]+ 002 + 12900002 + 1)

> %Z {d+ XZ,Z() d (Xz,Zo)}K;; <Z1h_20>

1=1

N———

1 1 Y»—m"'(X» Zo) Z*—Zo _ _ Z'—ZO ( Zo)+f+(X' ZO)
I 7E 7 7 (2] 3 _ K2 iy (2] . 1 I+
T ) S\ w T F+(Xr20) 1+ 0 (ks +ha)) - 1
1 D; —d+(X‘ Zo) (Z —Zo> < _ |\ Z; — 2 > f_( ) +(X Z()) 1
S i LT - : UL (14O (hy 4 hy)) - I 4+ —O(h? + h))?
hz 2#.]0(20) hz 125) 251 hz ( 1,,30) ( ( )) ] n ( )
11 D; —d*(Xi,20) o (Zi — 20 Zi—20|\> ([~ (Xi,20) + T (Xi,20)\”
I 77E }/:Li + X»L (3 (2 2 (3 - = 7 (3 (3] I+
g | 0 ) 2 et (252) (- | 22 ) (E iR )
plus terms of lower order. Further derivations give
11 + + +
= ’Y*ﬁE[(Yi—m (Xi, Zi) + mT (X, Z;) — m* (Xi, 20))
—d" (X, Zi) +dT(X,, Z;) — d+(Xi,ZO)K2 (Zi - Zo) ( | Zi—= >2 <f_(Xi7ZO) +f+(XiaZO)>21+]
472° () e )\ 7 (Xi, 70) :

11 E[<E (Y —m* (X, 2)) (D - d*+(X, 2))|X, Z]

nh 477 f2(z0) + (" (X, Z2) = m (X, 20))

w2 (2220 (-
h/z 2 1

- // <E[(Y_m+(XvZ))(D—d+(X,Z)) | X, Z = 20 + uh] + (m™ (X, 20 + uh)

d+ (Xi7 Zz) — d+ (Xi, ZQ))
47% £2(20)
2 (Xiy20) + (X, 20) ?
> ( (X4, 20) ) 7]

==

Zi — 20
h.

—m*(X;, 20))

d+(Xi,ZO —+ uh) — d+(Xi, Zo))

42 ) 472 f2(z0)
- (X (X ) 2
. n}l . K2 (u) (tg — fiq |u‘)2 (f (Xz}fz)z;fzo;Xu 0)> <1 (u>0) f(X;, 20 + uh)dudX;
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where u = Zi}: 20 and with a series expansion about zy we obtain
z

_9. R _9. _ 2
:_7u5u0—2u2mu1+uiuz/U%(X,m) (f~(Xir20) + [* (X0 20))"

nh, 4% £2(20) (X4, 20)

where 031, (X, 20) = lim E[(Y — m*(X,2))(D —d*(X,2))|X,Z = z +¢].

Term 2:

~vCov (ii {m*(X;,20) — m* (X4, 20)} Ky (Zi ; Zo) 7111271: {J_(Xi,zo) - d_(Xi,ZO)} K} (Zi ; ZO>>

=1

_ V%E {{m"’(Xi,zO) —mt (X, 20) ) K (Z — ZO) ~{cz_(Xi,zo) - d_(Xisz)}KZ (Zi - ZO)} - %0 (h)+12)°

1 1 1 1
:0+50(h§+h§)—0(hz+hw)—50 (h§+h§)2 =0< )

h
because I;" - I, = 1(Z; > 20) - 1(Z; < z9) = 0.

Term 3:

I .
—~vCov (nz_zl {m+(X¢,Zo) XuZO }Kh (

%) Z{d (X, 20) - Xazw}Kz(ZiZZO))

= %E[{m+(Xi;Z()) —m*(Xi,20)} Kj, <Zi ; ZO)

(it (352) i (459)])

i
= 7E[(E [Sij + il X3, Ys, Zi] — E[si5])

(it (352) - (459)])

_ //mXuZ -mt (X 20) (Zi—20)\ (. f(Xi, 20) + [ (X, 20)
B 2/1f(20) " h Ha = JH (X4, 20)
Z; — Z0 Z; — 20

'{{d+(szo) —d™(Xi, 20)} K, ( : - ) -FE |:{d+(XiazO) —d (Xi,20)} K, < : - )]}-f(Xi,Zi)dXidZi

Zi — 20
h

(140 (hs +hy)) - I

m(X;, z uh) —mt(X;, z _ _ (X, 2 (X, &
o () (o ) CESRI ) 000 10

- Ao — fqul - o (L2
: {{d+(Xi720) —d~ (X, 20) mg"ﬁ (u) — B {{dJr(Xi,Zo) —d (Xi,20)} K}, ( 5 O)] } - (X3, 20 + uh)dX;hdu
7

#i2%0 and a Taylor series expansion about (X, zp) gives

where u =

= (0+O(h+h +hg)) = < ! )

nh,

Term 4: The derivations are analogous to Term 2.

Term 5: The derivations are analogous to Term 1 and yield the expression

_9. . _9. — _ 2
:_vuiuo—%zmul +M%M2/J§/D(X>ZO) (= (X 20) + f1(Xiy20))"

nh., 4% £2(20) [~ (Xi, 20)
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Term 6,7 and 8: The derivations are analogous to Term 3.

Term 9:
1 - — * Zi B 1 "~ _ % Zi — Z
—yCov (n; {m*(Xi, 20) —m™ (X4,20) } K, < W ZO) agizzl {d" (X3, 20) —d™ (Xi,20) } Ky ( 7 O))

_ —W%Cov <{m+(Xi,zo) —m~ (X, 20) } K (Zi - ZO) AdT (X, 20) — d™ (X4, 20) } K, <Zi - ZO))

_ —v%E {{er(Xi,zo) —m~(X;,20)} K}, (ZZh_ZO> {4+ (X, 20) — d- (X, 20)} K (Zi ; 0 }

+7%E |:{m+<Xi,ZO) —m(Xi )} K (Zlh_zoﬂ E {{d*‘(Xi,zo) —d (X, 20) } K} (Zi = Zo)]

_ .t // [ (Xs, 20) — m™ (Xi,20)} {d (Xi 20) — d=(Xi, 20)} w;ﬁ () f(Xi, 20 + uh)dX;hdu

1 cozo) —mT .z Mln u oy u hdu
+t (//{er(Xz, 0) (X, 20) } 2% f(z0) h (u) f(X;, 20 + uh)dX;hd >

(//{d*(Xi,zo)—d(Xi,zo) W;m(u)f(Xi,zo—i—uh)dXihdu)

where u = Z";z". Splitting the integrals into the part 1(Z > zp) and 1(Z < z9) and using a Taylor series expansion about

(X;, 20) gives

- oy
_ n—Z//{m+(Xi,zO) —m(Xi,20)} {dT(Xi, 20) — d~(Xi, 2) } F2H0 42’;;’2:)* P2 (£=(Xi, 20) + £ (X4, 20)) X340 <i)

Having computed all variance and covariance terms, we obtain the first order term of the variance of 4, — v using (16) as

Var(Yppp) = % (Var (A - A) —2vCov (A —AT - F) +v*Var (f - F)) (14 0,(1))

_ 3o — 2ffiy fig + [itfio
2471 f2(20)
2 2 2 2— 2— 2—
- / (UYJF(QC’ ) = 2oy plez0) + 7'y (2 ) - (2220) = Broyp(e o) + 77 o ZO)) (f*(z,20) + [~ (2,20))" d
nh, (=, 20) [ (z,20)

+ % / {m™(x,20) — vd* (x,20) — m™ (z, 20) +7d_(x,2’0)}2 (@, 20) + 7 (2, 20)) do ),

x(

where o3 (X, 20) = gl_I%E (Y —m™(X,2))(D—dT(X,2))|X,Z = 20 + €]
and o3 (X, 20) = lim B [(D AN (X, 2)P X Z = 2+ e}.

Having derived asymptotic bias and variance, the asymptotic normality follows from Theorem A of Serfling (1980, page 192)

for U and V-statistics. This follows as we have shown above that E [(gij + gji)2] < oo and that the U-statistic is not degenerate,

such that by the projection theorem the first order term can be written as a sum of independent and identically distributed

random variables.
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F Proof of Theorem 4

To simplify the derivations, it is helpful to define a random variable W =Y —~D and define w™ (X, 2) = lir%E WI|X,Z =z+¢]
£—
and

o3 (X,2) = lim B [(W —wt (X, 2)) X, Z =2 +e} :

and analogously for w™ and O'%V_. The asymptotic variance can then be written as

_9.. . _9.. 24 2—
_ R3jg — 2[ofiy fiy + BTy i/ ow (x,20) | ow (z,20) 4 - 2
Vrop = T24/% £2(20) U ) T (o) (e z0) 7 (e 20))"

(
+ / {wh(z, 20) — w_(x,zo)}2 (fH(z20) + [ (2, 20)) dz ).

Now consider the asymptotic distribution when not controlling for X. Obviously, if Assumption 1 is only valid with condi-
tioning on X, the estimator would clearly be inconsistent. Now, suppose the instrumental variables assumptions hold with and
without conditioning on X, and consider the asymptotic distribution without controlling for any X regressors. In the follow-
ing, all functions without an = argument are defined as the respective conditional expectation without conditioning on X, e.g.
wt(z) = Ehl}(l)E [W|Z = z +¢]. First, if Assumption 1 is valid when X is the empty set, this implies that w™(z9) —w™(29) = 0
as can be shown by a few simple calculations. Furthermore, continuity of f(z) near zg implies that f*(z9) = f~(20). Repeating
all the previous derivations of Theorem 3 for this case without regressors, one would obtain the following asymptotic variance

matrix

_2.. — —_ . _2..

afly = 2fgfiyfiy + fifly o oy 2-
Viox = Nowr (z0) + 057 (20)) -
X FzﬁQf(zO)Tz ( W( 0) W( 0))

The asymptotic bias term would be:

Now we can compare V,, x to Vrpp. Note that we can write

E[(W—w+(2))2|z} - E[E {(W—w+(X,Z)+w+(X,Z)—w+(Z))2|X,Z} |Z]

E [E {(W —wt(X,2))°|X, Z} |Z] +E [E [(w*(X7 Z) —wt(2))’ X, Z} \Z}
which, after taking limits and using intermediate results from the proof of Theorem 1, gives

()2 (x| 2 [ (z|z (|2
U%}F(zo):/aa}_(x,Zo)f ( |O)J2Ff ( | O)dx+/(w+(m,20)7w+(20)) f ( |0)J2rf ( | O)dsc.

With this preliminary we consider the difference Vgrpp —Vio x, Where for notational convenience we premultiply with the common
scaling factor
_o.. o 9. N -1 _ _ 2
(u%uo — 2y iy + M%/@) Vno — Voo x) = / (0?4/*(96720) Lo (I,ZO)) (F* (wl20) + £~ (w]20))”
T2 f(z0)r " [ (z[z0) [~ (z]z0) 4

+ %Z / {w*(z, 20) — w_(x,zo)}2 (ft(z]z0) + [ (w]20)) d — (U%V*(zo) + U%V*(zo))

_ [ (o) | ot (@ z0) (FHal) + 7 (]0)
- [ (s + ) 1 !

+ %/{uﬁ(:p,zo) —wf(x,zo)}2 . (er(sc\zO) +f7(9:\zo)) da
- /U@L(xazo)f_(x‘zo) T f+($|z0)da: - / (0t (z,20) — w+(z0))2 7 (x|z0) + f+($|z0)da:

2 2

“(x|20 + x|zo _ _ “(x|z0 + x|zo
B R E Al PR LTCE VR SRS YR U E TR
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Using the assumption that fT(x,20) = f~ (=, 2¢) this expression simplifies to

— [ (5 {0 @) w0} = (0 (o 20) — w0 (20))” (070 20) = w () ?) Floo)d

— /( 52 {(wH (2, 20) —w"(20)) — (w™ (2, 20) —w (20)) + (wF(20) —w™ (zo))}2

— (w*(z, 20) —wF(20))” = (W (2, 20) —w (20))” ) f(|z0)dz

r

= /( EZ {(w* (2, 20) = wH(20)) = (w™ (z,20) — w (20)) + (wF (20) — w_(zo))}2
— (w*(z, 20) — w+(z0))2 — (w™(z, 20) — w_(zo))2 ) f(z|z0)dx
Now using that w(z9) — w™ (20) = 0 we obtain

_rz—2

(20 } f(z|z0)

w_(zo)}2 f(z|z0)dx

rz/ (w+(x,zo) - w+(z0)) (wf(x,zo) - wf(zo)) f(x|z0)dx

z_2 2_2 _
_I . vl VT = RVVIV (27)

where V' is defined as V' = Var(w™|z) = [{w"(z,20) — wt(20)}? f(2]20)de and V~ analogously

and C is defined as the covariance [ (w'(z,20) — w'(20)) (w™(z,20) — w™ (20)) f(z|20)dz and R = ﬁ is the correlation
coefficient. If Vt =V~ =0, then Vrpp and V,, x are identical. Otherwise, we consider conditions under which (27) is negative

for every value of V¥ and V. A first observation is that (27) is not bounded from above if r, > 2. Now, assume 7, < 2 in the
following. It follows immediately that if R > 0, then (27) is negative.
Finally, consider the case when r, < 2 and R < 0. We can write (27) as

r,—2V*t r,—2 v+
= - — _— e— 2
14 ( 5 T + 5 r.R V) ; (28)

which has a global mazimum at /V+/V— = TT;RQ. Evaluating (28) at this maximum gives

V- r, — 2 r.R 2+7"z—2_7‘§R2
2 T, — 2 2 r, — 2

1 V-
:irz—g(rg(l_Rz)_47’z+4)
1 V- 1+R 1-R
= 1-R¥)(r,—-2 -2
2ol R)<T 1—R2><T 1—R2>
which is negative if r, < 2 and
<9 1+R
SR

Finally, if R = —1, the expression (28) is negative only for r, < 1.
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