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A Proofs and Technical Details

A.1 Proof of Theorem 1

We will use the following convexity result (cf. Nordstrém, 2011) in the proof of Theorem 1.

Lemma 1. For any positive definite matrices By and By of the same dimension,
{aB; + (1 - )By} ' <aBi' 4 (1 —a)B;! (1)
wn the Loewner ordering, where 0 < o < 1.

Proof of Theorem 1. The unbiasedness can be verified by direct calculation,

E{BL|Z. Ia(n;) = 1} = By, [Ey{BLIZ, Ia(n;) = 1}] = E,, (B) = B.

Let W = diag(winr1, ..., wnNr,). The variance-covariance matrix of the sampling-based

estimators can be written as

V{BLIZ, Ia(n;) = 1} =Eq, [V {BLIZ. Ia(n,) = 1}] + Vo, [Ey{B.|Z, Ia(n;) = 1}]
—0%Ep, { (X"WX) ™ (X"W2X) (X"WX) ™ | 4V, (8)

—0°E,, [{ (XTWX) (XTW2X) " (XTWX) }_1}

>0? By, { (X"WX) (X"W?X) ™ (X"WX) }| o 2)



The last inequality is due to Lemma 1. Notice that WX (XTWQX)_1 XTW = pr(WX),

the orthogonal projection matrix onto the column space of WX. Define

w177L1X1T
Byx =
WnLnXy
Notice that the column-space of WX = (wynr1Xy, ..., wnnLan)T is contained in the column-

space of By x. Hence we have pr(WX) < pr(By x) in the Loewner ordering, i.e.,

x] (xix7) " x1I(np1 > 0)
WX (XTW?X) " XTW <

x! (ang)f X, I(np, > 0)

where () is the indicator function. From this result, it can be shown that

XTWX (X"W2X) " XTWX < Y xix I (1 > 0). (3)
i=1
For sampling with replacement,
k
P >01Z) =1-(1-m)f =m» (1-m) " <km.
=1

For sampling without replacement,

Thus, in either case, P(n.; > 0|Z) < km;. Therefore,
P{ne; > 0,1a(n,) = 1|Z}
P{ia(n;) = 1|Z}
P(n; > 0[Z) < km;
~ P{Ia(n,) =12} = P{ia(n.) =1|Z}
Combining (2), (3) and (4), we have

P{np; > 0|1Z,In(n,) =1} =

_ . _1
V{BL|Z71A(T’L) =1} > En, {inXﬁ(nu > 0)}]
L i=1

. -1
= g2 inx?P{nLi > 0|Z>IA(T’L) = 1}]

Li=1

n -1
_ O PIa(n,) =12} {meix?} |
i=1

k



A.2 Proof of Theorem 2

Proof. Let z;; = {22;; — (2m); + 201)j) }/ (2(n); — 2(1);). Then we have,

1 Ty—1
Zaxz — 1By 'M(8)(BY) ", (5)
where 3 )
-1 n v -1 n o
1 k Zi—l 5'21'1 ce k Zi:l 51'21'(1
—1 n s -1 -1 n [V
M(S) — k Zz‘zl 0iZin Zz 15211 ook Zizl 0iZi1 Zip
(6) = . , . :
1 n v -1 n Y Y -1 n 52
k=) i 0iZip K30 0iZnZy o kT YL 0iF,
and _ .
1
_Zantzan 2
]33 _ Z(n)1—2(1)1 Z(n)1—2(1)1 (6)
_Zmp A 2
Z(n)p—*(1)p Z(n)p—*(1)p |

Note that Z; € [-1,1] for all i = 1,...,n and j = 1, ..., p, which implies k=" >"" | 67, <1
for all 1 < j <p. Thus,

+1 _ n o +1
:ﬁ o) (L R 0 ! <1 (7)
p+1 p+1 -

where \;, j = 0,1, ..., p are eigenvalues of M(8). From (5), (6) and (7),

L 2 et 2
25& = k7B 2 M(8)] < [ ] = = 1 Govs —205)”
j=1 Z(”)J - Z(l)j =1
If the subdata consists of the 2F points (ay, ..., a,)" where a; = z(n); or z1y;, j = 1,2, ..., p,

each occurring equally often, then the 8" corresponding to this subdata satisfies M((S ) =1
This §°" attains equality in (7) and corresponds therefore to D-optimal subdata. ]

A.3 Proof of Theorem 3

Proof. As before, for i = ,n, 7 =1,...,p, let z;); be the ith order statistic for 2y, ..., z,;.

For | # 7, let z ' be the concomitant of 2(4)1 for zj, i.e., if 24y = 24 then z]( o Zsjs



i =1,...,n. For the subdata obtained from Algorithm 1, let z; and var(z}) be the sample
mean and sample variance for covariate z;. From Algorithm 1, the values z;, j = 1,...,p, in
the subdata consist of z(,,);, and zj(m)l, l=1,.5—1j+1,...ppm=1,...,r,n—r+1,..,n
Note that the subdata may not contain exactly the r» smallest and r largest values for each
covariate since some data points may be removed in processing each covariate. However,
since r is fixed when n goes to infinity, this will not affect the final result. Therefore, for
easy of presentation, we abuse the notation and write the range of values of m as 1,...,r,

n —r+1,...,n. The information matrix based on the subdata can be written as

* \ T~ * —1 k OT Ty—1
(XD> Xp =Bj (B4) ) (8>
0 (k—1)R
where
1
__ A
B4 _ \/var(zi‘) \/var 27 (9)
__ % 1
var(z}) var( )_
From (8) and (9),
|(X5)"X5 | = k|(k— 1)R| Hvar ) > k(k—1)PX. (R Hvar ). (10)
7j=1

For each sample variance,

S 3 e (T 3 ) (-5

(z:l i=n—r+1 I#j 1=1 i=n—r+1
r n )
> ( + D ) (205 — 77)
=1 i=n—r+1
r n ) r )
=D o=z "+ > Gwi—7") +5E -7
=1 i=n—r+1
T s —_xl\ 2
25 ( ]u B Zjl)



> (2nmri1)j = 2)7)

Do | 3

(11)

>oii 2@/ and Zt =300 2,/

where Z7* = (ZLl + Z?:nfﬂrl) 2w/ (2r), z;l
From (11),

(12)

2
var(zr) >0 = 205)” (Forins — Zs
2k -1) SR OV
Thus,

* * pr(zn'_zl')Q Zn—r+1)7 — *(r)i 2
X5 2h(l — 17N () T[ M=l (et o)

Z(n)j — *(1)j

rP - 2 T (P — 205\
=5 F A (R) LG =20 < [ 1 ( = -
This shows that

* * 2
|(X5)TX5| > Anin(R) y ﬁ (Z(n—r+1)j - Z(r)j)
+1 fl .
—kfw ?:1(Z<n)j — 2(1)5)? PP j

A.4 Proof of Theorem 4

Proof. From (8) and (9),

1 T
~D = 0
V(8|1Z) = *{(X5)"Xp} ' =o®BF [F T | B..
0 LR!
E—1
Thus
n 1 1 B
V(6P|Z) = o* (%—quTR 1u), (13)
and

v = T &

T
where u = { — zi/\/var(z7), ..., —Z/ Var(z;)} and (R™1);; is the jth diagonal element
of R7%

From (13), V(3P|Z) > 02 /k because u™R'u > 0.



Denote the spectral decomposition of R as R = VAVT. Since A™' < AL (R)I,,

R = VA'VT < VAL (R)LVT = AL (R)IT. Thus R, < A\ (R) for all j. From
this fact, and (14) and (12), we have
X o> (R, 4po?
V(37|Z) = 2 < . 15
( i | ) k—1 Var(z;-‘) EAmin (R) (2(n—r+41); — 2()5)? (15)
Similarly, we have
. o2 (R 402
V(BP|Z) = I > . 16
B = T v ) % M @)y — 200 1o
Here we utilize the following inequality
k 2
. 1 o At EW; k 2
var(zj) <o — Z:; (’Zij B ST (25 = 2a1)) " (17)
where the last inequality is due to the fact |2; — Z(””;z“)j | < Zmi 20 forall i =1,..., k.
]

A.5 Proof of Theorem 5

Proof. For (21), it is a direct result from (20).
For (22), we consider the five cases in the following. For the first case that r is fixed,

from results in Theorems 2.8.1 and 2.8.2 in Galambos (1987), we have that

Z(n—r i 2(r)j Z(n)i — 2(1)j
(n—r+1)j (r)j _ Op(l) and (n)j (1)j _ OP(1>~ (18)
Z(n)j — *(1)j Z(n—r+1)j — Z(r)j

Combining (21) and (18), (22) follows.

For the second case when r — oo, r/n — 0, and the support of Fj is bounded, (18) can
be easily verified.

For the third case when the upper endpoint for the support of Fj is oo and the lower
endpoint for the support of F} is finite, and r — oo slow enough such that (23) holds, if
we can show that z(,—,41);/2m); = 1 + op(1), then the result in (22) follows. Let b, ; =
F-Y(1—n7"). From Hall (1979), we only need to show that z(,—,11);/bn; = 1 + op(1) in
order to show that z(,—r11);/2m); = 1 + op(1). For this, from the proof of Theorem 1 of
Hall (1979), it suffices to show that

L= F(bny) }1/2 [1 A 21U
1= F{(1 = €)bn;}

— 00,
1-— Fj{(l - E)bn,j}
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which holds by directly applying the assumption in (23) and the fact that r — oc.

For the fourth case, it can be proved by using an approach similar to the one used for the
third case. It can also be proved by noting that z(); = —(=2)m-rt1)j: 21); = —(—2) )
and the fact that the condition in (24) on z becomes the condition in (23) on —z.

For the fifth case, it can be proved by combining the results in the third case and the

fourth case. O

A.6 Proof of Theorem 6

Let 0, and pj,j, be the jth diagonal element of ® and entry (ji, j2) of O, respectively, for
Jy71,02 = 1, ...;p.  As described in the proof of Theorem 3, from Algorithm 1, the values
2j, 7 = 1,...,p, in the subdata consist of z;;, and zj(-i)l, l=1,..9—1,7+1,...p,0=1,...,7,

n—r+1,. nwherez()

Let v = (Z5)™1 and Q = (Z)"Z},. Then

are the concomitants for z;.

E vT
(Xp)'Xp = : (19)
v Q

The jth diagonal element of €2 is
T n ) 2
i)l
b (X 3 )aer (D T e @
=1 t=n—r+1 I#j i=1 i=n—r+1
while entry (ji, j2), j1 # Jo, is
_ (1)1 (4) () ()1
JlJ2 - <Z+ Z > (Z(Z)Jl %o +z(1)J2Z] J2) + Z <Z+ Z )Zjl Zja (21>
=1 t=n—r+1 I#j1j2 \i=1 i=n—r+1
The jth element of v is
il
TELP IR S FUES o S S KX @
=1 i=n—r+1 I#j =1 i=n—r+1

Now we consider the two specific distributions in Theorem 6 and prove the corresponding

results in (26) and (27).



A.6.1 Proof of equation (26) in Theorem 6

Proof. When z; ~ N(pu,X), using the results in Example 2.8.1 of Galambos (1987), we

obtain

= —o;v/2logn +op(1 1=1,...,m7,

(23)
2y = M + 05/ 2logn + 0p(1), i=n—r+1,..,n
Using an approach similar to Example 5.5.1 of Galambos (1987), we obtain
z](-i)l = p; — pijoj\/2logn+Op(l), 1=1,..,r (24)
(Z) = pj + pjoj/2logn +Op(1), i=n—-r+1,.,n
Using (23) and (24), from (20), (21) and (22), we obtain that
p
Q;; =4rlog na?- Z ple + Op(y/logn), (25)
I=1
p
Qj,;, =4rlognoj oj, Z P P, + Op(y/logn) (26)
1=1
v =0p(1), (27)
respectively. From (25), (26) and (27), we have
Q =4rlogn®pP*® + Op(y/logn) and v = O0p(1). (28)
The variance,
-1
. E vt 2 1 —vTa!
V(8"X) = o? == SEC)
v Q C - v Q'+ vwTo!

where ¢ = k —vTQ v = k+ Op(1/logn) and the second equality is from (28). Note that
from (28) Q' = Op(1/logn), so

Q' — (drlogn®P*®) ' = Q' (4rlogn® P*’P — Q) (4rlogn® p*®) !

N R s

Thus

41
"~ drlogn

(@P°®) " + Op {W} | (30)
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Combining (19), (29) and (30), and using that k = 2rp

0 (i) Or ()

o) e o i)

v(8"IX) =

A.6.2 Proof of equation (27) in Theorem 6

Proof. When z; ~ LN(u,X). Let z;; = exp (Uy) with U; = (U, ..., Uyp)t ~ N(p, X).
From (23),
(i) = eXp(U() ) - exp( iV 210gn>0P( ) OP(1)7 L= 1a e T
2); = exp(Uyy;) = exp(ojy/2logn){e +op(1)}, i=n—-r+1,..,n
Without loss of generality, assume that p;; >0, 1,7 = 1,...,p. From (24),
z](-i)l = exp(U;i)l) = exp(—p;05y/2logn)Op(1) = 0p(1), i=1,...r1,
z](-i)l = exp(U](i)l) = exp{ojv/2logn — (1 — pij)o;+/2logn + u; + Op(1)} (32)

=exp(o;y/2logn)op(l), i=n—r+1,..,n
Using (31) and (32), from (20), (21) and (22), we obtain that

(31)

Q; =rexp(20;+/2logn){e* + op(1)}, (33)
Qj, i :27"exp{(0j1 +O_j2)\/210gn}0}3(1), (34)
v; =rexp(a;1/2logn){e" + op(1)}. (35)
From (19), (33)-(35), for A,, = diag{l, exp (01v/2logn), ...,exp (o, 210gn
AN XE)TXHAL = A;I bV A,;l ag op(1 (36)
rvi rBsg,

where v; = (e, ..., e*)T and By = diag(e?, ... From (

).
V(ALB1X) = 0* A, {(X) X} } 1A, = o [ :];1 +op(1)

= — + op(1).
k —u pA +uul,



A.7 Proof of results in Table 1

When the covariate has a ¢ distribution, from Theorem 4, for simple linear model, the
variance of the estimator of 5, using the D-OPT IBOSS approach is of the same order

as (Zmy1 — 2(1)1)*2. From Theorems 2.1.2 and 2.9.2 of Galambos (1987), we obtain that

1/v 2/V'

2 — 2y Xp n’Y. Thus, the variance is of the order n~
For the full data approach, the variance of the estimator of 3; is of the same order
as (D1, 24)"'. When z; has a t distribution with degrees of freedom v > 2, from Kol-
mogorov’s strong law of large numbers (SLLN), > 22 = O(n) almost surely. If v < 2,
E[{22 }!/@/v+9)] < 0o for any a > 0. Thus, from Marcinkiewicz-Zygmund SLLN (Theorem
2 of Section 5.2 of Chow and Teicher, 2003), >, 22 = o(n****) almost surely for any
o > 0. This shows that the order of (3, 22)7 ! is slower than n=3/**®) for any o > 0.
For the UNI approach, the lower bound for the variance of the estimator of f; is of the

n 2

same order as n(>_1_, 22) "%, which is of order O(1) when v > 2 and is slower than n?»~1+@

for any a« > 0 when v < 2.
For the intercept [y, the variance of the estimator is of the same order as the inverse of

the sample size used in each method.
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