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S.1 PROOFS OF ASYMPTOTIC RESULTS

Let P, denote the empirical measure for n independent subjects, IP denote the true proba-
bility measure, and G,, = /n(P,,—P) denote the empirical process. The proofs of Theorems

1, 2, and 3 make use of five lemmas, which are stated and proved in Section S.4.

S.1.1 Proof of Theorem 1

We first show the existence of the estimator (/0\,.,1) Let M = S SUDseyy, SUDP X, (1),8
BT X ()| + Zk,K:KI_H |7k|. For any (0, A) in the parameter space, the integrand in the ith
term of /,,(0,.A) is bounded by

K

omn ]

k=Ki+1

— Ain Yie Ak
(Ak{}/ik}eM‘bH) {1+/ P Xik(5)+’7kbi1+bi2dAk(8)} ¢(bi;g)_
0

Thus, 1,(0,.A) attains the maximum for finite values of Ay for k = K; 4+ 1,..., K, so the
estimator (5, ﬁ) exists by allowing /A\k(Tk) =ccfork=1,..., K.

We shall prove that limsup, /AXk(Tk — €) < oo with probability 1 for any ¢ > 0 and
k=1,...,K; and that limsup,, Kk(Tk) < oo with probability 1 for k = Ky +1,..., K. By
definition, ln(/é, .Z) —1,(0,A) > 0 for any (0,.A) in the parameter space. We wish to show
that if limsup,, Kk(Tk —¢€) = oo for some € > 0 for k = 1,..., K; or limsup, /A\k(Tk) = 00
for k= K;+1,..., K, then this difference must be negative, which is a contradiction. The

key is to construct a suitable function in the parameter space that converges uniformly to

Ap.



For k = 1,...,K;, we define the step function Aj with Kk(t) = Ayo(t) for t =
k1, -, tkm, such that it converges uniformly to Agy. For k¥ = Ky +1,..., K, we con-
struct function A by imitating Kk Specifically, by differentiating [,,(8,.4) with respect to
Ap{Y;} and setting the derivative to 0, we find that /AXk satisfies the equation

Ap oy (8:05B.7A) T (Y 0,05:B.Ak) 6 (b S) b
MY} 5 Sy (0.05:8.3.A) ¢ (b:5) ab

, (81

where

K1 Lk T Rk T
J1(b,0;8,7,A) = H {exp {_/ eP Xk(s)'i‘bldAk(S)} — exp {_/ P Xk(8)+b1dAk(8)}:|
k=1 0

0

Y;

K A k
« H |:{eﬂTXk(Yk)+’ka1+b2Ak{Yk}} b exp {_ / GBTXk(5)+’kal+b2dAk(S) }} :
Ki+1 0

and

Jok (t, b, 0,3, ”ch) = I(Yk > t)e,@TXk(t)+'ka1+b2.

We replace 0 and A on the right side of equation (S.1) by 8y and A, respectively, to
obtain a similar function. We denote the solution as Kk By the Glivenko-Cantelli result
in Lemma 1, Kk converges uniformly to Ay in Uy for k = K; + 1,..., K. We denote
A=(Ay,... Ag).

Clearly, n™! {ln(/é, /Al) —ln(eo,fl)} > 0. Let dpm = {(Uikm < Tix < Uigymyr) for
t=1,....,n, k=1,..., Ky, and m =0, ..., My, where Uy, rr,,+1 = 0o. By the fact that

e (14 y) <1+ ey < ell(1 4+ y), we obtain
0 < n',(6,A4) —n'1,(6,, A
n K
< o)+t Y ST low (nAufval)

i=1 k=K1+1
~ YANIA
n K B X i (Vi) +7kbit +bio i
-1 e S
Y log/ I1 { T T & (b, 2) db
i=1 b E=Ki+1 1 + fo e ik Ye0i1 szAk (t)
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n K
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1 k=K1+
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1 =K1+

=

oMb

o3[ {1 + f\k(Yik)}

< O(1)+nt Zn: Z log (nﬂk{xk}) —nt Zn: ZK: [Aik log {1 + ]X\k(Y;k)}] .

=1 k=K1+1 i=1 k=K1+1

é (b; f:) db

We first show that limsup,, /A\k(m) < oo using the partitioning idea of Murphy (1994).

Specifically, we construct a sequence uyy = 7 > U1 > - - > ug g, = 0. Then,

o1 Zn: i{: log (n/A\k{Y;k}> —nt z”: ZK: [Aik log {1 + /A\k(sz)}]

i=1 k=K;+1 i=1 k=K+1
K Qr—1
+ Yy —121 it € [Urg+1, Urg)) log (nAk{sz}>
k=Ki+1 ¢=0
K —~
S
K Qr—1
- > > at ZAuJ ik € [qu+1yukq))10g{1 + Ax(uy, q+1)}
k=K1+1 ¢=0 i—1

which is further bounded by

et Y Y AikI(Yik:Tk)log{1+7\k(Tk)}

1=1 k=K1+1

_ Z {(Qn)—l Z Al (Yig = 1) — n1 Z Apd (Y € [ul,uo))} log {1 + /A\k(Tk)}

k=Ki1+1 =1 =1
K Qp-1
_ Z Z { -1 ZAzkl ik € [ukqaukq 1 ZAzkl ik € [uk q+17uk‘1))}
k=K1+1 g=1 i=1 =t
x log {1 + Kk(“kq)} .

Note that uy, is chosen such that the coefficients in front of log{l—l—xk(ukq)} are all negative

when n is large enough. Thus, the corresponding terms cannot diverge to oo. However, if
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Kk(Tk) diverges to oo, then the first term diverges to —oo. We conclude that there exists

some M* < oo such that maxg, +1<x<x limsup,, Kk(Tk) < M*fork=K;+1,... K.

~

We denote A* = (Kl, o ,KKI,/A\KIH, ..., Ak). Then,

0 < n_lln(a,ﬁ)—n_lln(eo,z*)

n

O1)+n" Z <log/bﬁ [exp {—6M||b||/A\k(Uz‘/c7Mik)}]&Wlm ¢ (b; i) db)

i=1

IN

K

o) +nt Y <log/ 11 [exp {—eﬁb/A\k(Ui,Mik)}]éi’Mik ¢ (b; 2) db)
1 [BlI<1 3.2y

1=

il ; {log /b>1 & (b; i) db}

n K

i=1 k=1

IN

Therefore, for k =1,..., K, limsup, /A\k(Tk —€) < oo with probability 1 for any € > 0. By
choosing a sequence of € decreasing to 0, it then follows from Helly’s selection lemma that
along a subsequence, /A\k — A, pointwise on any interior set of I, and 00, = (B
We denote A, = (A1s, .-, Ags).

We now show that 8, = 0y and A, = Ay. First, we consider the differentiability of Ay,
for k= K;+1,...,K. By the definition of /~\k, /AXk(t) is absolutely continuous with respect
to Ay(t), and

Ag(t) =

P, v <S,O;§, .Z)‘

where
I 1 (b, 05 8,4, A) Jag(t, b, O; B, 7)1 (b; £)db
t70707-/4 -

! ) Jy J1 (6,05 8,7, A)¢(b; Z)db

To take limits on the two sides of equation (S.2), we first show that the denominator of

the integrand is uniformly bounded away from zero. It follows from the Glivenko-Cantelli



property in Lemma 1 that

sup ’Pnyk <t7 07 007 -’40) - ]P)Vk <t7 Ov 007 -’40)| —a.s. 0

teUy
and

sup
teUy,

P,,v (uo;@, .,Zl\) — Py (t,0;0,, A,)| =45 0.

Note that for any € > 0,

Py, (t, O; 0y, Ay)
€+ |PV}€ (tu 07 9*7 A*>|

lim sup Ay (7x) 2/ dAyo(s).
0

n

Let € — 0. By the Monotone Convergence Theorem,

/Tk ]P)Vk (ta Ov 007 AO)
o [P (t, 050, Al

dAk() (t) < Q.

We claim that minsey, [Prg(t, O; 0., A,)| > 0. If this inequality does not hold, then there
exists some t, € U such that Pug(t,, O; 0., A,) = 0. The function Puy(t., O; 0., A.) is

right-differentiable almost everywhere. Thus, there exists 6 > 0 such that for ¢t € (,,t.+9),
|Pug (¢, O0; 0., As)| = |Pu (t,0; 0., A) — P (L, 0; 0., A)| < O)|t — ¢

almost everywhere. Hence,

t*+5 1
T dA(t) < oo,
/t* [t =t

which is a contradiction. By taking the limits on both sides of (S.2), we conclude that
Ay« (t) is absolutely continuous with respect to Ago(t), so that Ag.(t) is differentiable with
respect to t. In addition, d/A\k(t)/d/Kk(t) converges to dAy.(t)/dAxo(t) uniformly in ¢.

Define

(6, A) = log{L(O,A) + L(@o,ﬁt’)}

2

and

M:{m(e,A):Oe@,AEDLm Xoeee XDKl,oo XDK1+1,M X oee XDK7M}7
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where L(6, A) is the objective function for a single subject, and Dy . = {A : A is increasing

with A(0) = 0, A(7x) < ¢}. By the concavity of the log function,

- 1 . - - -

Pm(®, A) > {Pn log (8, A) + P, log L (8, A)} > P,1(80, A) = Bym(6o, A).
It follows from Lemma 1 that the class M is Glivenko-Cantelli. Thus,

0 < Pum (6, ﬁ) —Pum (90@)
= P {m (5, ﬁ) -m <00,.Z>} +op(1)
= Plog [L(e’“@ - Lwo’A)] +op(1)

2L(6,,.A)
1 Hf:le Ap{Yi o Jo i <b, 0; 8,7, j) (b; 3)db
= Plog — + + 0P(1)
b

2 Hli(:Kﬁ-l Ar{Yi ) Jy 1 (b, O; By Yo, A> W(b; 3o)d
- [log { 1 HszKlﬂ A, (Ye)2* [, J1 (b, 05 B,,7,, A.) ¥(b; 2,)db }

—+
2 2 Hi(:Kl—l-l A;O(Yk)Ak fb ']1 (ba Ov /307 Yo> AO) ¢(b7 20>db

such that the negative Kullback-Leibler information is positive. The identifiability result in

Y

Lemma 3 implies that B, = By, v, = Yo, 2x = 20, and Ap.(tx) = Ago(ty) for k=1,... | K
and t), € Uy. We conclude that || — 6|| — 0 and |Ay(t) — Aro(tx)| — 0 for any t, € U.

Because A is continuous, A converges uniformly to Ay on [, Us.

S.1.2 Proof of Theorem 2

Let
Jl(ba O? IBJ v, A)Ql(ta u, v, bla Xk7 /67 Ak)w(bﬂ 2)
fb/ Jl(b/7 Oa 167 7’ A)¢(b,7 E)db/

Hy(t,u,v,b,0;0, A) =
fork=1,..., K, and

J1<b7 Oa /37 v, A)Q2(t; Yk, b, Xk, /67 ’yk)l/}<b’ E)
Jy LV, 0; 8,7, A)p(b'; Z)db’

Hgk(t, b, O, 0, A) =



for k=K +1,...,K, where

Q1<t7 u,v, b17 le /67 Ak)
I(v>t)exp {— I BT X(s)+b1 dAk(s)}
exp {— [ €A Xr()tbidAy(s)} —exp {— [} e#" Xr)Hb1dA,(s)}

](u > t) exp {_ fou eﬁTXk(s)+b1dAk(8)}
exp{— [ 63Txk(5)+b1dAk(8)} —exp{— [y eﬁTXk(sHbldAk(s)} ’

— er@TXk(t)-H’l

and

Q2 (t7 u, ba Xka /Bv Wk;) - _](U Z t)BBTXk(t)J'_’W“bIJ'_bQ_

Then, the score function for 8 is 19(0, A) = (15(8, A)T, 1, ., (0, A), ..., 1,,.(0,A),1,2(0, A),
l52(8,A))", where

Ky Mg
150, 4) — ZZ%/ /Hlk (£, U Unoms1, b, O: 0, A)db X (£)d A4 (2),
k=1 m=0
+ Z {Aka Ye) / /H% (£,b,0: 0, A)dbX , (£)dA4 (1 )}
k=Ki+1

f, b1J1(b, 03 B, 7, A)ib(b; X)db
L Ti(b, 05 B, Ay (b; ) db

[ Ji(b,0; 8,7, )Cbi,ﬂz(bj;Uj)¢(b3—j§a3—j)db
[ 11(b,0; 8,7, A (b; Z)db
2

for j = 1,2, and ¢/, (b],aj) is the derivative of ¢(b;; ]) with respect to o7.

L, (6,A4) = A / /bngk (t,b,0: 0, A)dbd A (t),

1,2(0, A) =

The score
operator for A along the submodel dA.p = ((1 4 €hy)dAy,. .., (1 + ehgx)dAg)" for h =
(hl,...,h]() with h, € Lg(/Lk) for k = 1,...,K1 and h; € BVl(uk) for k = K1—|—1,...,K
is

K1 My

[4(0,A)(h) ZZ@W/ /Hlk (t, Ukms Ukm+1, b, 056, A)dbhy, () d A (1)

k=1 m=0



N i {Akhk(Yk)+ /0 b /b sz(t,b,O;H,A)dbhk(t)dAk(t)},

k=Ki+1
where BV;(B) denotes the set of functions on B with total variation bounded by 1.

Clearly,

-~

G, {le(a» «4)} = —/nP {h)(a A) —1lg (007-/40)} :

and

-~

Gy, {zA(é, A)(h)} - —\/mp{zA(@, A)(R) — 14 (80, Ao) (h)} .

We apply the Taylor series expansions at (6y,.4y) to the right sides of the above two
equations. In light of Lemma 5, the second-order terms are bounded by

i % {Kk(Ukm) - AkO(Ukm)}Q + i {Kk(yk) - AkO(Yk>}2

k=1 m=0 k=Ki+1

~ 2 ~ 2
HB- sl 1= ol + 8- 2o

Op()VnE

= Vn {0p<n—2/3> +0p(1) [[B= 8o +0p(1) 17— all* + 0p(1) [ - onQ}
= or (o valp-s v vt vl )

Thus,

-~

G, {le(a, A)} = —/nP {loe (5 - 90> +lga(A— Ao)}
+0p (w8 - 0+ ViAol + Va8 - 3.
and

G, {ZA(aa A)(h)} = —V/nP {lAe(h) (5 - 90> +Lga(h, A~ «40)}

+0p (w4 VB - 80|+ vAIT - ol + v |2 - 2

).
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where lgg is the second derivative of 1(0,.4) with respect to 0, lg4(h) is the derivative
of lg along the submodel dA.p, l49(h) is the derivative of [4(h) with respect to 6, and
Iua(h, A — Ay) is the derivative of I4(h) along the submodel dAy + ed(A — Ay). All
derivatives are evaluated at (6y,.Ap).

If the least favorable direction exists, we denote it as h* = (hj,..., h} ), where h}
(k=1,...,K;) is (p + Ky + 2)-dimensional vector of functions in Lo(u), and hj (k =
Ki+1,...,K) is (p+ K+ 2)-dimensional vector of functions in Lo (Uy). We first show the
existence of A", which is the solution to I%l4(h*) = 'yl with [*| as the adjoint operator of

l4. Let Q = Hf:ll Lo(pg) X HkK:K +1 Lo(Uy). We equip Q with an inner product defined as

D RO e Z / MO )+ S | monRana,

k=Ki1+1
where hY) = (hgl), . h%)) and h'® = (h§2), . hg ). On the same space, we define

IRl = P{l(80, Ao) (h)*}'"
K1 My
P ([Z Z5km/ /Hlk (t, Ugms Ukm+1, b, O; 00, Ag)dbhy (1) dAgo(t)
k=1 m=0

o\ 1/2

+ Z {Ahk Yk / /Hgk(t, b, O; 90, Ag)dbhk(t)d/\k()(t)}
0 b

k=Ki+1

for h = (hy,...,hk). It is easy to show that || - || is a seminorm on Q. Furthermore, if
|h]] = 0, then P{l4(0¢, A¢)(h)*} = 0. Thus, with probability 1, [4(68y, A4o)(h) = 0. By
the arguments in the proof of Lemma 5, hy(tx) = 0 for ¢, € Uy for k =1,..., K. Clearly,
k|| < ¢ < h,h >'? for some constant ¢ by the Cauchy-Schwarz inequality. According to
the bounded inverse theorem in Banach spaces, we have < h,h >'/2< ¢||h|| for another

constant ¢. By the Lax-Milgram theorem (Zeidler, 1995), h* exists and for any ¢, € U,
Tk

/ {Z5km/Hlk (tks Ukm, Ukm1, b, 05 89, Ao db/Hlk 8, Ukm, Uk m+1, b, O; 907A0>db}
0 m=0
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xhy(s)dAgo(s)

= P{Z5km/H1k tis Uk Ukm1, b, O; 8o, Ag)dblg (90,-40)} (5.3)
m=0

for k=1,...,K; and

/OTk ]P) ( |:[(tk S Ck) exp{—Ak(tk)} + /bHQk(tk, b, O; 90, Ao)db:| /bHQk(S, b, O; 00, Ao)db)
X hip(s)dAo(s) + P I (ty < Cr) exp{—Ax(tr) }] hi (i)

= P {E{le (90, Ao) ‘Tk = tk}[(tk S Ck) exp{—Ak(tk)} + /HQk(tk, b, O; 90, .Ao)dblg (00, Ao)}
b

for k= K;+1,..., K. We differentiate (S.3) with respect to ; to obtain

ti
qk1 tk h’k: tk + Z/ qu S tk hk’ )dS +/ qu(s,tk)h;;(8>d8 = qk4(tk)a
0

where i1 () > 0and q; (k=1,...,K;j =1,2,3)and g;, (k =1, ..., K) are continuously
differentiable functions. Thus, h* can be expanded to be a continuously differentiable

function in [0, 7,]% with bounded total variation. It then follows that
G {108, A) } — Gu {148, D) (h") }
—— /P {lag (8~ 89) + Loa(A — Ao) | + /P {Lig(h*) (8 — 80 ) + Lua(h”, A~ Ag) |
+0p (w720 Vi [B- g0+ V7~ ol + v |8 - =)
=V [{lo (B0, Ao) ~ L (60, A0) (1)) 7] (B~ 60)
+0p (w704 Vi [B- g + VA — ol + Va8 - =),

Using arguments in the proof of Lemma 2, we can show that lg(8¢, . Ag) —4(60,.Ao)(h")
belongs to a Donsker class. It follows from Lemma 4 that the matrix P[{ls — [4(h*)}®?] is

invertible. Then, 8 — 8y = Op(n~1/2), and

~ -~

Vi (8- 60) = ({1600, 40) ~ 1400, 40) (h)}] ) G {108, ) ~ 14(®, A)k")} + 0p (1)
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The influence function for @ is the efficient influence function, such that /n(6 — 6y)
converges weakly to a zero-mean normal random vector whose covariance matrix attains

the semiparametric efficiency bound.

S.1.3 Proof of Theorem 3

Let A* be the estimator of A in the bootstrap sample. We denote @n as the bootstrap
empirical distribution and @n = \/ﬁ(@n — IP,,) as the bootstrap empirical process. Using

arguments in the proof of Theorem 2, we can show that
ol (0.} - R f0(0.2) (5 5)
B (3-5) ion (-]}
o+ -] 11 -5

and

G, {zA (@, ﬁ) (h)} — /P, {ZA (5, ,AT) (h) — I (5*,,1*) (h)}
— /P, {lAe(h) (5 _ 5*) Yl (h,ﬁ— ,AT*)}
+0p (w7204 Vi [B- B0+ V7~ ol + v |8 - =),

o (60.4)} - G {14 (8.4) ()

an{l ( >+19A(ﬁ—ﬁ*)} VP, {zAg( )(§—§*>+JAA(h*,ﬁ—ﬁ*>}

Op<1/6+\/_HB o+ Vil + i[5 - )
{0
(»

I
§ &y

+

~ var[{ (8.4 00} (5-9)

LOp —1/6+\/—Hﬁ 50H + V|3 =7l +\/_HE EOH)
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By the arguments in the proof of Theorem 2,

~ ~

Vi (0-8") = ([{to (00, 40) ~ 14 (60, 40) (0)}]) " G {160, 2) ~ 148, H)0*) b + 0 (1)

= ([ {10 (60, 40) ~ 1400, 40) ()] ) G {108, 2) ~ 148 A) (W) } +0p (1),

where the last equality follows from Theorem 3.6.1 of van der Vaart and Wellner (1996).
Therefore, ﬁ(é—é*) converges weakly to a zero-mean normal random vector, and \/n (@—

5*) and \/ﬁ(/é — 60)) have the same asymptotic distribution.

S.2 SIMULATION STUDIES UNDER MISSPECIFIED MODELS

To investigate the performance of the proposed dynamic prediction methods under mis-
specified models, we conducted a series of simulation studies by generating the event times
from the proportional odds models with random effects. The cumulative hazard functions

take the form of
¢
Ap(t; X, by) = log {1 + / B Xr ()b )\k(s)ds}
0

for k =1,2 and
t
Ak(t;Xk,bl,bg) — log{l _|_/ eﬁTXk(S)"F’kal-‘rbz)\k(S)ds}
0

For k£ = 3,4,5. We set the parameters to be the same as in the simulation studies with a
terminal event. We fit models (1) and (2) and estimated the cumulative incidence functions
of events 3 and 4 given that at the first monitoring time ¢, = 1, event 2 has occurred but

events 1, 3, and 4 have not. The results are shown in Figure S.3.

S.3 ARBITRARY COMBINATION OF INTERVAL- AND
RIGHT-CENSORED EVENTS

We consider a more general setting where both the symptomatic and asymptomatic events

can be right- or interval-censored. Let n, (kK = 1,..., K) denote, by the values 1 versus 0,
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whether T} is interval- or right-censored. If 7, = 1, let (L, Rx) denote the interval that
brackets Tj; otherwise, let (Y, Ax) denote the right-censored observation. For a random

sample of n subjects, the data consist of {O; : i =1,...,n}, where
Oi = {0k, MLk, Me Ry (1 — 1) Yire, (1 — 1) A, X (1) 1 k= 1,..., K}

The likelihood function concerning the parameters (3,7, X, A1, ..., Ax) is then given by

n K Lie . Rip . Tk
H/b H [exp {_/0 P Xik(5)+bildAk(s)} — exp {_/0 B Xik(5)+bi1dAk(5)}:|
i=1 2

v k=1

_ Y; 1—m
o« [{eBTXik(YikHb“)\k(Y;k)}Alk exp {_/ k egTXik(5)+bildAk(8)}] )
0
K

L; Ry Mk
X H ({exp {_ / * eﬁTXik(8)+’kai1+bi2dAk(3)} — exp {— / ’ eﬁTXik(8)+'kai1+bi2dAk(S)}:|
0 0

k=Ki+1

Ai YL 1—%
[{e,@TXik(Kk)Jr’kaﬂeriz)\k(yik)} k exp {_/ eﬁTXik(s)+’kail+bi2dAk(S)}:| > ¥ (b;; 3)db;.
0

We adopt the nonparametric maximum likelihood estimation approach. Fork =1,... K
withn, =1, let 0 = tpo < tpn < tpa < -+ < tgm, < 00 be the ordered sequence of all L;;, and
Ri, with R, < oo. Fork=1,..., K withn, =0, let 0 =ty < g1 <tpe <+ <tpm, < OO
be the ordered sequence of all Yj; with Ay, = 1. The estimator for A, (k=1,...,K)is a
step function that jumps only at ¢y, ..., ¢k m, With respective jump sizes Ag1, ..., Ak, -

For k = 1,..., K with n, = 1, we let R}, = I(Rjx = 00)Ljx + [(R;, < 00)R;, and
introduce independent Poisson random variables Wiy (I = 1,...,my, ty < RY) with
means Ay exp(8 X + ba) if k < Ky or Ay exp(BT Xip + Yeba + biz) otherwise. Let
Ay = ZtleLik Wi and By, = I(Ry, < 00) ZLik<tkl§Rik Wi The objective function in the
nonparametric maximum likelihood estimation can be viewed as the observed-data likeli-

hood for {A;xy =0,By, >0:i=1,....mk=1,...  K,n =1 U{Yip, A :i=1,... ,nsk =
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1,...,K,7’]k = 0} with (VVzklabz) (Z = 1,...,7’L;k’: 1,...,K,’I]k = 1,[ = 1,...,mk,tkl S R;kk)
as latent variables.
We propose an EM algorithm with W, and b; as missing data. In the M-step, we

update B by solving the equation

~

> iy Xl (ta < Rj)E {eXP (ﬂTXjkl + bﬂ)}]

Xkt — Y Ity < R;k)E {exp (ﬁTXjkl + bjl)}

n K, mp
Z [Z {nk ZE(Wzkl) I(tw < R3,)
=1

i=1 | k=1

S IV = Ya) X (Y E |exp {87 X0 (Vi) + b31) | ) }

+(1 = k) A (Xik(Yz' ) — =
Sy IV > Ya) B [exp { B" X (Vi) + b1 }]

Xin —

K me
+ Z {nk ZE (Wira) I(tie < Rjy,)
=1

Yoy Xul(tn < Rjy)E {GXp (BTXW + kbj1 + bjz)}
k=K;+1

Z?:l I(tkl < R;k)E' {exp (ﬂTXjkl + 'kajl + bjg)}
S TV = Y X e (Yar B [exp { 87X ju(Yiw) + wbjn + bjo) § |
_ —0.
2?21 I(Yj, > Yi)E [exp {ﬁTXjk(Yik) + vbjr + bj2}}

We update v, by solving the equation

+(1— ) Ak (Xik(Yi ) —

> [{nk Zk](tkl < Ri)E (Wiwba) + (1 — ni) Ag.E (bi1>}

i=1 =1

- Z {ﬁkf(tkl < Ri)E (Win) + (1 — mi) A (Vi = tkl)}

=1
y > i {med (ter < R3p) + (1 — i) (b < Vi) } E {bj1exp (B" X ju + xbj1 + bj2) } B
S el (b < Riy) + (1= i) (ti < Yir) } E {exp (8" X ju + bj1 + bj2) }
We update A\ by

0 {med (< BB (Wi + (1= ) Al (Vi = )}
N S Ity < R3) + (1 — i) [(ty < Yip)} E {exp (8" Xiw + bir) }

fork=1,...,Kiandl=1,...,m; and

ki

Doy {nkf(tkz < R3)E (Wiw) + (1 — ) AT (Vi = tkz)}

S el (b < Rj) + (1 —mi) Ity < i)} E {exp (8" X + ubin + bi2) }

14



~

for k=K, +1,...,K and I = 1,...,my. Finally, we update o7 by o = >_" | E(b;)/n for

j = 1,2. In the E-step, we evaluate the conditional expectation of Wy, (k=1,..., K,n, =
Ll =1,...,mgty < R}) and the other terms of b; given the observed data O, for
i = 1,...,n. Specifically, the conditional expectation of Wy, (k =1,..., Ky,m = 1;1 =
1,...,mg, ty < RY) given O; and b; is

M exp (B X g + bir)

TX 00 +bi
1-— exp <— ZLik<tkl/§Rik )\klleﬁ ikl Tbi1

I(Li <t < Ry < 00)

and the conditional expectation of Wiy (k= K1+1,... . K,np =11 =1,...,my, t < R})
given (752 and b; is
Akl €Xp (BTXM + Ykbin + bi2)

I(le <ty < Ry < OO) - .
1= P <_ ZLik<tkl’<Rik )\kl/eﬁ Xikl/—i—%b“—i_biz)

We iterate between the E-step and M-step until convergence.

S.4 SOME USEFUL LEMMAS

Lemma 1. Under Conditions 1—5, the classes of functions

H, = {/Jl(b,O;ﬂ,'y,A)w(b; S)db:0 €O, Ac Dl}
b

and

ﬁQk = {/Jl(b7 07/6777A)J2k<t7 baOnBﬁk)w(bv 2>db 10 € @;t S Z/{k,A € Dl}
b

for k = K1 +1,..., K are P-Glivenko-Cantelli, where Dy = D oo X - - - X Dk, 00 X Dy 1,11 X
-+ X Dk, and M is a finite constant.
Proof. Define

ft BT XR (Db N (s)
Wi(t, X, by; B, Ay) = =2
k(a ) 17/37 k?) Ak(ﬂc)

15



for k=1,..., Ky, where 8 € B and A € D . The class of functions {65TX’“(S)+b1 B €
B}, with X and b; as random variables, is a VC class with VC-index V. Thus, the class
Wi = {Wi(t, X, b1;8,Ax) : B € B, A € Dy} is a convex hull of the VC-class with the
Ly (PP)-bracketing number given by Of{exp(e=2"/(V*+2)} (van der Vaart and Wellner, 1996,
pp. 142-145).

For any (B(l), A,(cl)) and (6(2), A,(f)) in B X Dy, ti € Ui, and any positive constant M,
if A](Cl)(Tk) > M and A;Q)(Tk) > M, then

" T by g (1) "og@T by g A (2)
exp {—/ B Xils)+ YA, (s)} — exp {—/ B Xr(o)+ YA, (3)}
0 0

< 2exp (—Me*M*“’l') :

If A](:)(Tk) < M and A,(f) (1) < M, then

ti T tr T
exp{— / A Xk<8>+b1dA,<j>(s)} —exp{— / A Xk<8>+bldA,<f>(s)H

0 0
ty
< sup exp{—/ e/GTXk(S)"l‘bldAk(S)}’
BEB,ALEDy, 00, Ak (Ti) <M 0

X {‘Wk (t,X,bl;ﬁi(l),Ag)) A <t,X,bl;ﬁ(2),A§f)) ‘ M

Wi (8%, b5 80, 00) [AP () = AP ()|}

< ’Wk (t,X,bl;B(1>,A,§1>> — Wy (t,X,bl;IBQ)?A](f))‘M+6A7+|b1|

AP () = AP (7).

In the remaining scenario, we assume, without loss of generality, that AS)(Tk) < M and

A;f) (1%) > M. Then,

Ty by g (1) Ty by 7 A (2)
exp {—/ P K(s)+ YA, (s)} — exp {—/ P K(s)+ YA, (s)}
0

0
tr
< sup exp{—/ eﬂTXk(s)+b1dAk(S)}'
ﬁengkGDk,oozAk(Tk)SM 0

x [|exp { AL @i (8. X080, 407) = exp { a1, X018, 40) }|

+Jexp { 2w (1,018, 00) } = exp { AP Wi (1, X0 82, 47) }]
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< <6M+|b1||/\,(€1)(7'k) — M!) + 2exp <—Me’]\7"b1|> i

Because there exist M /e e-brackets to cover [0, M], the above results imply that there
exist O {exp (e 2/(V+2) 1 x M/e brackets (B, Ay and (8%, A?) such that

t T tk T
exp{—/ e Xk(sHbldA,E})(s)} —exp{—/ P X’“(S)erldA,f)(s)H
0 0
< (M + eﬂﬂbl‘) €+ 2exp <—6_M_|b1‘M> .

Therefore, there exist O {exp (e 72"/(V+?) /e} e-brackets to cover {exp{— [1* e Xr&H01dA,(s)}
BeB A€ Dyo} in Ln(P).
For any (ﬁ(l),'y(l),A,gl)) and (5(2),7(2),A,(€2)) in BxGxDyyfork=K +1,...,K,

Ye T (1) Ye T )
exp {_/0 eﬁ(l) X (s) 4y, bl+b2dA](§1)<S)} — exp {_/0 eﬁ(g) Xi(s)+7y bl—&-bsz](f)(S)}’
< sup

Yy
exp{—/ eﬁTXk(5)+’ka1+b2dAk(s)}‘
BEBYEG, A €Dk, 1t 0

Y; Y
/ T B Xk b g ) ) / "B Xue e g ) )
0 0

X

N Y;
< {C*eMb (H'B(l) B [3(2)‘ I ‘%(61) _ %(gz)D N / ke €g<1>Txk(s)+v§1)b1+b2d (Ag) _ A;{”) (S)’}
0
< {C* 30 _6(2)H + 0|y —%9)‘ n ‘AS)(yk) _Al(f)(}/k)‘ +/ ‘Al(gl)(S) —Aéz)(s)‘ds},
0

where the last inequality follows from integration by parts. By Theorem 2.7.5 of van der
Vaart and Wellner (1996), the bracketing number of B x G X Dy, 5 is of order O{exp(e™!)}.
Thus, the bracketing number of H; is of order O{exp(e2/(V+2) 4 ¢1)e~1}. Therefore,
the class 7:21 is Glivenko-Cantelli. Because I(Y}; > t) is Glivenko-Cantelli, ﬁzk is Glivenko-
Cantelli by the preservation of the Glivenko-Cantelli property under the product.

Lemma 2. Under Conditions 1—5, the classes of functions
Hy = {/Jl(b,O;ﬁ,'y,A)zb(b; 3)db:0 € 0,A¢€ D2}
b

17



and

Hoi = { [ (0,01 8.7, 4) (1.0, 0: 8.0 Db 0 € 0.1 €Uy A € Dz}
b

for k = K; +1,..., K are uniformly Donsker, where Dy = Dy pr X - -+ X Dk ar, and M is a
finite constant.
Proof. As in the proof of Lemma 1, for any (5(1),A,E:1)) and (6(2),1&,(62)) in B x Dy and

tr € Uy, we have

BT by g (1) " Ty by 7A (2)
exp{—/o P k(s)+ tdA, (s)} — exp _/o P K(s)+ LA (s)

< CMnl {C* 3m _ g@|| + ‘ AD () — A,<j>(t)‘ n / AV (s) = AP (s) ds}.
0

Thus,
‘Jl(b,o;ﬂ(l)j,y(l),A(l)) — Ji(b, @;5(2)’7(2)7/1(2))‘

< a0 g+ =]+ 3 [ oo 4
k=170

+ i {[A0 ) = AP @] + AP (R = AP (R} + i A () - Aff)(Yk)‘} |

k=K1 +1
where C is a constant. By the arguments in the proof of Lemma 1, the bracketing numbers
of H; and Hyy. are of the order O{exp(e~!)}. Thus, H; and Hay are uniformly Donsker.
Lemma 3. Under Conditions 1-5, if there exist 3, € B, v, € G, X, € §, and strictly
increasing and continuously differentiable Ay, (t) for k =1,..., K and t € Uy, with A, (0) =

0 such that

/bH <Z . {exp{ / T BEXL b g, (s )} _exp{_/ouk,mu 633Xk(s)+b1dAk*(5)}:|>

k=1
BT X}, (Vi) Fyionbr+b Ak Y BT X (5) typab 4D
% H {e « Xk (Vi) +msb1 QAk:*(Yk:)} exp _/ P Xn()tmabitb2 gn, () V] (b; 2,)db
k=K+1 0

18



i

k=1

Ukm T Uk,m+1 T
Z Skm [exp{ / eBo Xk(5)+bldAk0(s)} — exp {_/ ePo Xk(5)+b1dAk0(s)}]
0

T Ak Yk: T

> H [{eﬁo Xk(Yk)+’Yk0b1+b2Ako(Yk)} exp {_/ Bo Xk(5)+7kobl+b2dAk0(s)}] ¥ (b; 20)db

k=Ki+1 0

(S.4)

with probability 1, then B3, = B, V. = Yo, 2x = 20, and A (t) = Apo(t) for k=1,... | K
and t € U,,.

Proof. For any k € {1,...,K;} and m € {0, ..., My}, we set 0,y = 1 in equation (S.4) for

m' = ., My, and take the sum of the resulting equations to obtain
Ukm T s T A
/HeXp{ / eB*Xk(S)+b1dAk*(S)} H |:{€ﬁ*Xk(Yk)+7k*b1+b2Ak*(Yk)}
br—1 k=K1+1
exp { / 5* Xk(5)+'7k*bl+b2dA ( )}] ¢(b; 2*)db
km o K T Ag
/Hexp { / ePo Xk(5)+b1dAk0(S)} H |:{€/30 Xk(Yk)‘i‘"/kObl"szAkO(Y}c)}
bi=1 k=K1+1

Vi
exp {—/ ePo X’“(s)ﬂ’“obﬁdeAko(s)H ¥(b; 3)db.
0

Because m is arbitrary, we can replace Uy, in the above equation by any t; € U. For

k=K +1,...,K, weset A, =1 and integrate Y}, from 0 to t, € U to obtain

/exp{ Z/ ,3 X (s) +b1dAk Z / ,3 X 8)+’Yk*b1+b2dA ( )}w(b7 2*)db
k=Kji+1
/exp{ Z/ ePo Xk () 1 dA(s)

Z / ﬂo Xk 8)+’Ykobl+bsz ( )} w(b’ Eo)db
For any k =1,..., K;, we set t;y = 0 for k' # k in (S.5) to obtain

k=Ki+1
t T
/ exp{—ebl/ P X AL, (s )}(b(bl;af*)dbl
b1 0

19
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tg
= /exp{—ebl/ PO XEG) N 4o (s )}¢(bl§gfo)dbl-
b1 0

By the arguments in the proof of Theorem 1 of Elbers and Ridder (1982), we find 0%, = 0%,

and
/Ot BIXL(E) g, (5) /Ot BEXL) g7 o (5). (S.6)

We differentiate both sides with respect to t; and take the logarithm to obtain

B X 1. (t) +log Mew () = By X1 (tr) + log Mo (ts) (S.7)

forty eUyand k=1,... K. Fork=K;+1,...,K, weset tp =0 for &’ ¢ {1,k} in (S.5)

to obtain

t1 tr
/ exp{—eb1 / BOX1G) g o (s) — emithe / P XEG) gA L, (s )}¢(b1;a§0)¢(62;a§*)db
b 0 0

t1 ty
= /eXp {—Gbl/ eﬂgxl(s)d/\lo(s) - 67k0b1+b2/ GBOTXk(S)dAkO(S)} ¢ (b1; U%O)Qb(bZ;Ugo)db-
b 0 0

We let bgk* = 'Yk*bl + bg and bgko = ’)/kgbl + bg to obtain

t1
/exp{—ebl/ ePo X (s dAm( )}
by 0

tk
X [/ exp {—eb?”“* / eﬁgxk(s)d/\k*(s)} & (bars — Vrsb1; ag*)dbgk*} dby
b3k« 0

t1
— /exp{—ebl/ ePo Xa(s dAlo( )}
by 0

ti
X {/ GXP{ b3’“°/ POXRE) A 4o (s )} P(bsro — ’Vkobl;ago)dbskol db .
b3ko 0
e apply the inverse Laplace transtorm to both sides to obtain
W ly the i Lapl fi both sid btai
tr T
/ exp {—eb%* / P+ Xk(s)dAk*(s)} B (bsks — Yixb1; 05, )by
b3k 0
tr
= / exp {—ebs"’o/ PO XE N0 (s )} @ (bsko — Yeob1; 030)dbsio
b3ko 0
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for any b;. By the arguments in the proof of Theorem 1 of Elbers and Ridder (1982), we

2 _ 2 _
find 03, = 03y, Yk« = Vo, and

te b
/ €ﬁ* Xk(s)dAk*(S) — / eﬁoXk(S)dAkO(S) (SS)
0 0

for k= Ki1+1,..., K. We differentiate both sides with respect to t; and take the logarithm
to obtain

B X k(tr) +log M (tr) = By Xk (tr) + log Mo (tr) (5.9)
for t,, € Uy, and k = K; + 1,..., K. By Condition 5, (S.7), and (S.9), B, = B, and
Mes(tr) = Apo(ty) for k= 1,... K and t; € U,. We let X (t) = 0 by redefining X(¢)
to center at a deterministic function in the support of X (¢) in (S.6) and (S.8) to obtain
Api(tr) = Apo(ty) for k=1,..., K and ty € Uy.
Lemma 4. Under Conditions 1—5, the matrix P[{lg — l4(h*)}®?] is invertible.
Proof. If the matrix is singular, then there exists a vector v = (v, va, v3,v4)T with v; € RP,
vy = (Vo.ry11,---,v2k) € RE2 and vs, vy € R such that vTE[{lg — l4(h*)}®*v = 0. It
follows that, with probability 1, the score function along the submodel {0y+ev, A (—vTh*)}

is zero. That is,

K, M, .
/(ZZfSkm/ Q1 (t, Upm, Ums1, b1, X By Aro) {vT X k() — v R (t) } dAgo(t)
b \ k=1 m=0 0
¢,2 (blyo-%o) ¢/2 (b270'§0> K
T T30 A TX Y, by — Th* Y,
I o(b1; 07y) M d(ba; 03y) Z [ k{01 Xk(Ye) + vapby — v hi (Vi) }

k=Ki+1

+ /OTk Qa(t, Yi, b, X5 By, Yho) {01 X (t) 4 varby — v hy(t)} d/\ko(t)])

XJl(b, 07 ,30, AQ)@U(b, Zo)db =0

with probability 1. For any t, € Uy, for k = K1+ 1,..., K, we let A, = 0 and set Y, = 1,
to obtain
Kq Mk

/b [Z > 5ksm/0 ) Q1(8, Ukm, Ukan+1, b1, X i By, Aro) {01 Xk (s) — v hip(s)} dAgo(s)

k=1 m=0
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¢:,%O (b1, U%o) ¢;%0 (b2, U%O)

~+vs3 + s
gi)(bl; %) ¢(ba2; 03)
I Z / B0 X 1o(s)+7rk0b1+b2 {UTXk (s) + varbr — v hi(s }dAkO ]
k=K1+1

K1 My Ukm ¢ Ukmt1 1
H Z Skom [exp{ / eBo X’“(SHbldAko(s)} — exp {_/ ePo Xk(s)JFbldA@(S)}]
0

k=1m=0
K t
x [ exp {— / eﬁoTXMS)Wobﬁ@dAko(s)} Y (b; Bo)db = 0.
k=K1 +1 0
For any k = 1,..., K; and my € {0,..., M}, we sum over all possible 0y, with mj =
mg, ..., My to obtain

(25/ o2, (b17 U%O)

(b;go (b2 ) U%O)

s

k,m
/ g ﬁOTXk S)+b1 {'UTXk ) — 'UTh* }dAk() ) + V3

k=1 B(b; 0'%0)

K

k=Ki1+1

k=Ki+1

+ Vg

P(ba; ‘7%0)

i
+ Z / eﬂoTXk(S)+’7k0b1+b2 {’Urerk(S) + ngbl _ ’I.?Th;;(s)} dAko(S)]
0

Uk:m
Xexp{ Z/ r ﬁng -HndAkD Z / 50Xk +7k0b1+b2dAkO( )}Q/J(b;zo)dbo.

Because my, is arbitrary, we can replace Uy ,,, in the above equation by any t;, € U,. We

apply the inverse Laplace transform to obtain

¢;%0 (bl ) J%O)

(b;go (b27 U%o)

K1 tr
ﬁOTXk(S)—H)l TX o Th* dA
B [ s oo o o
K

12
+ Z / €0 Xk (5)tmobi-+by {v] X(s) + varbr — v hy(s)} dAgo(s)
0

k=Kji+1

for any b; and by. Therefore, vo =0, v3 = v, =0, and

K th
S [ SRl (X0(s) = hils)) dhaals) =0,
k=10

We differentiate both sides with respect to t; to obtain v1{X(t)

+ v

¢(b25 (7%0)

=0

— hi(ty)} = 0 for

tr €Uy and k =1,..., K. By Condition 5, v; = 0. Hence, the matrix P[{l(; — l,4(h*)}®2}

is invertible.
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Lemma 5. Under Conditions 1—5,

E i % {Kk(Ukm) — AkO(Ukm)}2 + i {Kk(yk) — AkO(Yk)}2

k=1 m=0 k=Ki+1
2)

Proof. By Theorem 1, A is consistent for Ap. Thus, there exists a finite constant M such

0r(n72%)+ 0 ([[B - o[ + 17—l + £ - 20

-~

that /A\(Tk) < M. By the Donsker results in Lemma 2, m(/H\, ) is in a Donsker class. Note

that

1
/ /14108 Ny(e. M, Lo(B))de < O(572)
0

In addition, by Lemma 1.3 of van der Geer (2000) and the mean-value theorem,
P {m (5, .Z) -m (007./1)} < —cH? {(5, A), (90,./1)} ,

where ¢ is a positive constant, and H{(0,.A), (6, A)} is the Hellinger distance, defined as

/ [eXp {logLéﬁ,A)} - {logL(QHO,.Z() }rd“

with respect to the dominating measure . By Theorem 3.4.1 of van der Vaart and Wellner

0, A), (00, A)} = Op(1/r,,). In

(
particular, we choose r,, in the order of n'/3 such that H{(6, A), (8o, A)} = Op(n=1/3).

1/2

(1996), there exists r, with r2¢(1/r,) ~ /n such that H{

By the mean-value theorem,

{/b I1 (Z S [exp{ / meﬁTXk(sHbldf\k(s)} —exp{—/OUk e ATXk(s)mdAk( )H)

k=1

~T ~ Ak Yk ~T ~ o~ ~
H {eﬁ Xk(Yk)-i-'ykbl-;-bgAk{Yk}} exp {_/ B Xk(s)(s)+"/kb1+b2dAk(S)} (b; X)db
0

k=Ki1+1

Ukm Uk,m+1
/H (Z Okm [exp{ / G'GEX’“(S)erldAko(S)} — exp {—/ eﬁgx’“(s)erldAko(S)}])
b 0

k=1
23



K

2
Y
H [{eﬁng(Yk)+’7kob1+b21~\k{yk}}Ak exp {_/ k eﬁoTXk(S)Jr’Ykothbszk(S)}:| w(b§ Eo)db} ]
0

k=Ki+1

= Op(n=2/3).

Consequently, using the mean-value theorem again, we have

Op(n=*%) + 001) |8~ 5| + 0|8 - o] +00) 15 70l

K

M, Ukm - Uk,m+1 —~
/{H ( 5 [exp {_/ eﬁgxk<s)+bldAk(8)} exp {_/ eﬁgxk(s)mdAk(S)}D
b = 0 0

k=1

Y,
H |:{eﬁng(Yk)+7kObl+b2Kk{Yk}}Ak exp {_/ g eBng(5)+“/kObl+b2de(8)}:|

0

K My, Ukm Uk,erl
_ (Z Skm [exp {_/ 6B0TXk(S)+bldAk0(8)} — exp {_/ eﬁoTXk(S)—i-mdAkO(S)}])
0 0

2
K ~ A Y ~
H [{eﬁoTXk(Yk)+"/kob1+b2Ak{Yk}} b exp {_/ eﬁgxk(s)-l-"/koh-&-bzd[\k(s)}] } W (b; Eo)db] )
0

>FB

K1 My

T R
E 5 5km/ Q1(t, Uk, Ukm+1, b1, X i3 B, Aro)d(Ag, — Ago) (1)
0

k=1 m=0

>coly { </b Jl(bao;/@0¢’70aA0)

K T . 2
+ > {Ak (Kk{Yk} —Kk{Yk}> +/0 Qa(t, Vi, b, X1 By, vro)d(Ax Ak)(t)}] P(b; 2o)db> }

k=Ki1+1

for some positive constant ¢y. We define a norm in V = Hle BV (Uy) such that for any

fE<f17"'7fK)T€V7

Ki M K 1/2
£l = E{Zka(Ukm)2+ Z fk(Yk)Q}
k=1 m=0 k=K1+1
In addition, we define a seminorm
Ky My -
[fll2 =E { (/b J1(b, O; By, ¥o, Ao) [Z > 5km/0 Q1(t, Upms Ug 1, b, Xis B, Aro)dfi(2)
k=1 m=0

1/2

K - 2
+ 0y {Akfk(yk)+/ Q2(t’Yk;abyxk;BOa’YkO)dfk(t)}] ¢(b;20)db>

k=Ki1+1
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Note that if || f||o = 0 for some f € V), then

Ky My

/Jl(bao;ﬂ07'707-’40) lzz5km/ Q1(t, Ukm, Ugm+1, b, X Bos Aro)dfis(t)
b 0

k=1 m=0

+ Z {Akfk(yk> + /Tk Q2(t7Yk7b,Xk;ﬁoﬁko)dfk(t)}] Y (b; Xo)db = 0 (S.10)
0

k=Ki1+1
with probability 1.

Consider k = K1+1,..., K. For Ay =0, we set Y}, = 7 in (S.10) to obtain an equation;
for Ay =1, we integrate Y}, from 0 to 75 in (S.10) to obtain another equation. We add all

the equations for £k = K; +1,..., K to obtain

K1 M, Ukm Uk,m+1
/ > Okm {exp {—/ eﬁgx’“(s)%ld!\ko(s)} — exp {—/ eﬂoTX’“(SHbldAko(S)H
b1 =1 0 0 0

m=

M .
X {Z 5km/ Q1(t, Ugm, Ugm+1, thk;/BOvAkO)dfk(t)}} (b1 7o)dby = 0.
m=0 0

For any k € {1,..., K1} and any my, € {0,..., My}, we set Uy, = 0 for &/ # k and sum

over all possible 0,y with m’ = my, ..., M}, to obtain

Ukm T Ukm T
/ { / eﬁoxk<t>+bldfk(t)} exp {— / eﬂoxk<5>+bldAk0(s)} d(by; 0%))dby = 0.
b1 0 0

Therefore, fi(Ugm) =0for k =1,..., Ky. Because m is arbitrary, fi(tx) = 0 for any ¢, € Uy
for k =1,..., K;. In addition, we sum over (S.10) with all possible dy,, for k =1,... K,

and m =0,..., M, to obtain

J

K

- Ak Yk T
|:{€ﬂ0 Xk(yk)+'yk0b1+b2Ak0{Yk}} exp {_ / eﬂo Xk(s)+7kob1+b2dAk0(S)}
0

k=Ki1+1

X {Akfk(yk) + /Tk Qa(t, Y, b7Xk;ﬂOa%o)dfk(t)H Y(b; Xp)db = 0.
0
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For k = Ky +1,...,k, we let A, =0 and set Y}, = t;, € U}, to obtain

K e s
/ Z {{/ e'BOTX’“(Sdek(S)} exp {_/ eﬁoTXk(s)+’YkOb1+b2dAkO(s)}:| Y(b: Xo)db = 0.
br=K1+1 0 0

We set tpr = 0 for k' # k to obtain

tr tg
/ {/ eﬁng(S)+dfk(S)} exp {_ / eﬁoTXk(S)+’Ykob1+b2dAko(S)} w(b’ Eo)db —0.
b 0 0

Therefore, fi(tyx) = 0 for any t, € Uy, for k = K; +1,..., K. We obtain f = 0, implying
that || - [|2 is a norm in V.

By the Cauchy-Schwarz inequality, for any f € V,

K1 My

/J1(b O; Bys Yo, Ao) {Zz5km/ Q1(t, Ugm, Uk ms1, b1, X i Bg, Ako)dt

k=1 m=0

Ifll: < <E

2

+ Z Qz t,Y, b, Xk,ﬂo,%o)dt} Y(b; Xp)db

k=K;+170

Ki M K 1/2
E{Zka(Ukm)2+ > fk(Yk)2}>

k=1 m=0 k=Ki+1
< allflh,

where c¢; is a finite constant. By the bounded inverse theorem in the Banach space, we

have || f||2 > ¢\||f]|1 for some constant ;. Therefore,

Op(n~*%) + 0 (H@—ﬂon A =l + | - EoHQ)

K, Mg N 2
> CocllgE Z Z {Ak(Ukm — Neo(Ugn) } Z {Ak (Yz) AkO(Yk)}
k=1 m=0 k=K +1

The lemma thus holds.
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(a) Survival function
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(b) Cumulative incidence function
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Figure S.1: Estimation of (a) the baseline survival function and (b) the baseline cumulative
incidence function with n = 200. The solid black curve and dashed red curve pertain,

respectively, to the true value and mean estimate from the proposed method.
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(a) Proposed model with a history of diabetes, hypertension, and Ml
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(b) Proposed model without a history of diabetes, hypertension, and Ml
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(c) Fine and Gray model
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Figure S.2: Estimation of the cumulative incidence of stroke for a 50-year-old white female
smoker residing in Forsyth County, NC, with BMI 40 kg/m?, glucose 98 mg/dl, and systolic
blood pressure 113 mmHg: (a) proposed model with MI developed at year 5 and diabetes
and hypertension developed between baseline and year 3; (b) proposed model without MI,
diabetes or hypertension by year 6; and (c¢) Fine and Gray model.
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Figure S.3: Estimation of the baseline cumulative incidence function conditional on the
event history under the mis-specified model. The solid black curve, dotted blue curve, and
dashed red curve pertain, respectively, to the true value and the mean estimates from the
proposed method with n = 100 and n = 200.
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Table S.1: Summary Statistics for the Simulation Studies With a Terminal Event

n = 100 n = 200

Profile Bootstrap Profile Bootstrap

Bias SE SEE CP SEE CP Bias SE SEE CP SEE CP

Bf11 0.058 0.825 0.797 0.951 0.879 0.968 0.024 0.505 0.515 0.959 0.544 0.969
Bz 0.031 0.445 0.436 0.955 0.502 0.980 0.020 0.291 0.286 0.946 0.310 0.964
P21 0.042 0.780 0.794 0.960 0.881 0.980 0.022 0.521 0.517 0.955 0.549 0.961
P22 —0.019 0.452 0.437 0.948 0.498 0.978 —0.013 0.295 0.288 0.944 0.311 0.961
P31 —0.019 0.675 0.724 0.968 0.694 0.962 —0.014 0.457 0.477 0.957 0.468 0.954
P32 0.007 0.353 0.393 0.973 0.372 0.956 0.005 0.245 0.260 0.963 0.253 0.957
By —0.027 0.716 0.775 0.971 0.749 0.959 —0.020 0.483 0.505 0.963 0.500 0.960
Baz 0.008 0.385 0.421 0.972 0.405 0.968 0.014 0.268 0.276 0.953 0.271 0.948
Bs1 0.019 0.631 0.680 0.970 0.659 0.959 —0.004 0.440 0.451 0.959 0.446 0.955
Bs2 —0.009 0.339 0.361 0.969 0.343 0.950 0.007 0.230 0.240 0.957 0.234 0.950
v 0.004 0.313 0.331 0.972 0.490 0.985 —0.002 0.225 0.226 0.967 0.264 0.977
v 0.009 0.374 0.410 0.982 0.549 0.980 0.008 0.261 0.277 0.977 0.311 0.980
vs  0.019 0.335 0.371 0.980 0.502 0.980 0.003 0.244 0.252 0.974 0.281 0.974
o? 0.134 0.598 0.933 0.969 0.753 0.950 0.077 0.424 0.573 0.970 0.453 0.945
o5 —0.129 0.390 0.519 0.993 0.532 0.974 —0.047 0.289 0.332 0.988 0.327 0.981

NOTE: SE and SEE denote, respectively, the empirical standard error and mean standard error esti-
mator. CP stands for the empirical coverage probability of the 95% confidence interval based on the
Wald method for the profile-likelihood approach and the 95% symmetric confidence interval for the
bootstrap approach. For 71, 72, 02, and o3, bias and SEE are based on the median instead of the

mean, and SE is based on the mean absolute deviation. For o

based on the log transformation.

2

and o2, the confidence intervals are

Table S.2: Estimation Results for the Random Effects in the ARIC Study

Parameter Estimate Std error p-value
YMI 0.7145  0.1258 <0.0001
YStroke 0.9045  0.1450 <0.0001
YDeath 0.7184  0.1026 <0.0001
o? 0.5801  0.1215 <0.0001

o3 1.1465  0.1165 <0.0001
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