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Appendix A: Proofs

A.1 Auxiliary Results and Notation

Throughout the proofs we will assume without loss of generality that E(V;) = 1. Further,
we will denote with C' a positive and finite constant that does not depend on A,, and T, and
can change from line to line. Finally, to improve the readability of the proofs we introduce

the following notation:

‘/t?,@ = ‘/tfl+(LI€nJ72)/n7 ?n = ]E(ft,nvz-i-fi) , KE (07 1]7 = 1a "'7Ta (Al)

and we will use similar notation for f7 , and if the latter does not depend on ¢ (the null
hypothesis for our test), we will further simplify notation to f. We next denote with X°

and X¢ the continuous and discontinuous parts of X:

t t t
Xi=Xo —|—/ asds +/ o dW,, XI= / /x,u(ds,dx). (A.2)
0 0 o Jr

With this notation, we set

d.n(u) = cos (\/ 2un, / VLA ) — cos (\/ 2uny [V A ,W)
T n n n n n n
- Euzl(u) (‘/t,nn|At,nW||At,n—AnW‘ - ‘/;f,lﬁi/n|At,li,W||At,H/—AnW|) )
(A.3)

T T
% 1x n c C n n
o= 5 I ALXINL 0 X Fe= 3 VAL WAL o W (A

- NZOVAZ VAV 1%
L (u) = —= Z sin (V2un, [V AT W) vn \/t;_ be (A.5)
u



Lemma 1. Suppose Assumptions 1-3 hold with K = {x,x'} and let sup,cp, E(|a;|?) +

sup,cr, E(0f) < oo for some ¢ > 8. Then, for p € [1,4] and k € (0,1] and with = > z— %,

we have
E|f, — ful? < CAP[AI 22020 ) ALP/2407 ) APFI=20/0) (A.6)
E|f, — flr < AN (A7)
Elf. — [P <CT7', EJull(u) — ull(u)]? < C(ju| v 1)T, (A.8)

for some positive and finite constant C' that does not depend on .
Proof. For the first bound in (A.6), we make use of the following algebraic inequality

AL XIAL A, X Tpap g — [AFXCAL A, XN < CU2l{ap Xe[z0, U A2, 0 Xe|>00)

t,k—Anp
n c n d n d n c
AL XA e n, XN ay o xaj<ou,) T 1ALX AL A, XLy, xd1<20,)
n C n C
AN AL 2, XL ag, xelz 3 U 1ap, o X2 U 1AL X42% U 187, X123 )

+ ‘A?,HXdl‘AZK—AnXdllﬂAZKXdlSQvn n |A§’;R_AnX‘i\§2vn}'
(A.9)

By Markov inequality and Burkholder-Davis-Gundy inequality and taking into account the

integrability condition for a and o as well as making use of F'(R) < oo, we have
E[A} X9 < CAY?, P (|A} XS] > v,) < CANZ=) 0 P(A?, X4 £ 0) < CA,. (A.10)

From here, by application of Holder’s inequality, we have

i (|AZan|p|AZR—Ande{lA?ﬂ,A Xd|szvﬂ}> < CAPTE, (A11)
12 (’AZnXd’p\AﬁannXC!p1{|A?,iXd\szvn}) < CAPEE, (A.12)
n c n c 1-(¢—2p)w
E (180X VI, X P pag,xemy v iag, o 1) < CAT P70 (A13)
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n (4 n (4 p+q_q2p
E (|At,HX PIAY e a, X Lgap x> U jar Xd|zv7"}> <CA, " . (A.14)

t,k—Ap
Next, |A7, XA}, _ A, X9 is nonzero only if there are jumps in both intervals and further
by Markov’s inequality we have P, (f:JFA" Jg p(ds, dz) > 1) < C’ET(fTT+A" bsds) for any 7.

From here, using successive conditioning, Assumption 2, the above inequality and Holder’s

inequality, we have

E (188X PIAL s, XPLag o, n 10, o xoicany ) < CAZPT (A15)

t,k—An
Combining the above bounds, we get the result in (A.6). For the second bound in (A.7),

we use the algebraic inequality
‘ ‘AZmXcl ‘AZK—ATLXC’ - fgn‘/t?‘f ’AZHW| ’AZH—ARW| |
< {AZHXC Y, fﬁnVZZAZnW“AZn—Aan| (A~16>

+ AL A, X =\ IEVEAL AW VALV
For r € [2,q], by application of Burkholder-Davis-Gundy inequality, inequality in means
and making use of the integrability of a;, o; as well as the smoothness in expectation of o;
and f;, we have
E|A?, X — /R VAL W] < CALT2, (A.17)
From here the result follows by an application of Hélder’s inequality (raising the term
AT A X or | VAW to power ).

For the first of the bounds in (A.8), we make use of the decomposition
T

T

rl T I n n n n 2 1 n n T

fH - fn = Tg Z ft,n‘/t,n <n|At,nWHAt,/~cAnW’ - ;) + T Z(ft,n‘/t,n - fn) (A18>
t=1

t=1
Successive application of the Burkholder-Davis-Gundy inequality, given the integrability

condition for oy, gives

p
E < TP, (A.19)

d 2
S v (AL vl s w1 - 2)
t=1
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Applying Lemma VIII.3.102 of [2] and Holder’s inequality and taking into account the

integrability assumptions for o, as well as for the mixing coefficient of Y;, we have

T

Z(fz?lﬁ‘/zlﬁ - 7/«@)

t=1

E

2 T
<O (T —k)ay < KT. (A.20)
k=0
Combining the above two results, we get the first bound in (A.8). The second one is proved

in an analogous way. O]

Lemma 2. Suppose the setting of Lemma 1 and in addition f,, = f. (constant time-of-
day) fort € Ny. Let 0 < € < inf.cpq) fu/4 and assume ¢ > 8 and w > 2/q. Then, we

have
T T 1 (-4 (5-=
Elull(u)ly7sq — uli(w)| < C(lul V1) [ﬁ Vva. A ( )} , (A.21)
where the positive and finite constant C does not depend on u.

Proof. The derivation is done on the basis of the following bound:

) n =\ VnApP.X
Sl (V QU”AMX/ fn) —\/T 1{|A2NX|§vnﬁ|ﬂ|>e}
I

— sin (\/ 2un V;?HA,?,HW> Vvn V{ZA?,NW‘

(A.22)
< CIVnAL X 1gap, xi<oy — V) FEVEAL W] + Oz o Vi VI AL W

+ C\/;L VZLH|AZKW| (\/a‘\/ﬁAZan - \/ﬁ fgm?ﬁAZHW} + 1{\AZNXd|>O}>
+ Ol = £21 (Vi Vi A2, W] + VanVi A W)

for a positive and finite constant C' that does not depend on u. Applying Cauchy-Schwarz

inequality

E [V Vil Ar W] ([VRALXE = vy FVEAL W]+ Tgap, xaso )| < CVAG.
(A.23)



Applying Burkholder-Davis-Gundy inequality and making use of F'(R) < oo, we get

E|VnA} X1gar xi<v.y — Viy/ [EVEALW| < C(AWDZ=0 v (/A (A.24)

By application of Holder’s inequality as well as the results of Lemma 1 (and using w > %
and ¢ > 8), we have
B|1F. = 121 (Vay VAt vl avzan )
(A.25)

/ n (¢-4)(3—= 1
T 1{‘ﬁe|§€}\/a ‘/t?K‘At,nW’] S C (Anq ( ) \/ V An \/ ﬁ) .

Combining the estimates in (A.23)-(A.25) with the bound in (A.22) we get the result of

the lemma. O

A.2 Proof of Theorem 1

We make the decomposition

3
cos (\/ 2unA}, X/ ﬁ) — cos (\/2un fg}Hthl,{AZNW/\/?H) = ngjg(u, k), (A.26)

J=1

where

Xﬁ{(u, K) = cos (\/ 2unAZ,$X/ ﬁ) — cos (\/ 2un fﬁ,{‘/;?ﬁAZHW/ f:) ,

Xo2 (u, k) = cos <¢2un\/fz;v;zA;tHW/ ﬁ)—cos (vzun\/fz?HV;zAZHW/ f;),

9 (u, 5) = cos (wun TRCINALY ﬁ)—cos (Vzun fz}ﬁm,iAzKW/\/ﬁ).

The proof will then consist of analysis of the separate terms in the decomposition. Using

the inequalities | cos(z) — cos(y)| < 2|sin(*5¥)| < |z — y| A 2 we can bound xﬁi as follows
1 n c n n AT
Xt (W )] < 2Lgan asg § fueey + OVunI AL X — ([ fEVEALL V], (A.27)

6



where € is some constant satisfying 0 < e < inf,cj 1] f«/4, and € and C' do not depend on
u. From here, applying Burkholder-Davis-Gundy inequality, the smoothness in expectation
assumption for o; and f;, the integrability assumptions for a;, b; and o; and Lemma 1, we

have
T

> Xt (u,

t=1

1

T

K) ‘: 0, (@\/%). (A.28)

k), we have the following bound (note that f, is bounded both from

Turning next to X( )(

below and above)

2 n n S irs
i B) < 215 | Focq + CVuny VAL W || f = Fil, (A.29)

for a positive and a finite constant C' that does not depend on u. Using Assumptions 1-3

and applying Lemma VIII.3.102 of [2] and Holder’s inequality, we have

T
" 2

E X_;ﬁ ViAW = \/;EW;I

Using this bound, Cauchy-Schwartz inequality and Lemma 1, we have

T 12w)AwAZ
;xfﬁ(u,ﬁ) = (\/—\/qu) w\/ s \/) (A.31)

for ¢ being the constant of Lemma 1. For XS{

2

C
< —. .
<= (A.30)

(u, k), we have

) (u, )] < CJu| v 1) (Viy/ fr Ve AL WV DI fe — ol (A.32)

for a positive and a finite constant C' that does not depend on u. Then, by application of
Cauchy-Schwarz inequality and Lemma 1, we have \%TH Zthl Xf’g(u, k)|l = O,(1).
Finally, using Assumptions 1-3 and applying Lemma VIII.3.102 of [2] and Hélder’s

inequality, we have

T
Z {COS <\/ 2un 4 /f[fn‘/;’jiAZRW/, /75) i o) (e—uft+n%+ﬁ/E(ft+~W+m)):|
t=1

2

< CT, (A.33)




for a positive and a finite constant C' that does not depend on u.
Combining the above bounds, we get the consistency result of the theorem. For further

use, we note also that
e s )|+ [ (u, 5)]] = 0,(1/VT), (A.34)

provided TA, — 0 and w < Under this same condition we also have ZZ — L, =

O,(1/VT). 7

A.3 Proof of Theorem 2

The proof consists of two lemmas.

Lemma 3. Under the conditions of Theorem 2, we have

T

Bp(w) — ) — 0 D dia(w)

t=1

P

VT = 0. (A.35)

Proof of Lemma 3. We denote 0 < € < inf.cp 1] f./4 and make the following decompo-

sition
5
(\/ 2unA}, X/ ) — oS (\/ 2un %?HAZHW> = Z X,EJBL(U, K), (A.36)
=1

where, using the fact that f; . = f., we denote

X(l)(u K) = cos (\/ 2uni}, X/ ) — cos (\/ 2uny /[ frVi AL W/ ﬁ) :

3 (u, 5) = cos (mun VALY f)— (mn VALY ﬁ),

XIE?)TZ(’LL K) = —sm (\/2u VAL ) V2un,y VI AL W (fﬁ ;nf’?> :
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1 e O b i
X,Sft{ (u, k) = —5 sin (\/ 2un %ﬁAt’KW) V2uny [V AL W (f—g> Lyzi<ap

X ) = 3o (VI [TV AL W £) (T = 52) Wz

with f, being an intermediary value between ﬁ and f, and further

gla; ) = — cos (%) 4“—; — sin (%) %. (A.37)

We can write

1 & ol
X (k) = 7 > X)) S (SVinl AL WAL 5, W] = 1)
t=1 t=1
) | . (A.38)
= (= uL(u) + ul(u Z( ZHWHAZR,AnW|—1>.
t=1

With this notation, we finally have

The proof consists of showing the asymptotic negligibility of the terms \/LT Dy ngr)z (u, k)|
for j = 1,2,4,5 as well as the negligibility of vTx® (u, ) for arbitrary x € (0,1]. For
j = 1,2, this was already established in the proof of Theorem 1 under the condition for w

(4)

t,n

of the theorem. For x;, (u, k), since € < inf,cjo 1) fi, we have

X (u, )| < CVamy Vi | A2 W e — f212, (A.40)
(5)

for some positive and finite C' that does not depend on w. Similarly, x;, can be bounded

as follows
)| < O (un VL ALIWP 4+ funVEIAL W) T = 2P, (A1)
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with C as above. Therefore,

%H >l + %H > x|
(A.42)

T
rs n 1 n n n n
<l P72 (WAL + \fnvislap )
for some positive and finite C' that does not depend on u. From here, since

T

1

=3 (VAL 4\ ViAW) = 0,(1),
t=1

and utilizing the result of Lemma 1, we have \/LTH ST X,Efl,z(u, ®)|| +\/%7|| ST xﬁ‘? (u, k)| =

op(1).
We are left with ¥* (u, ). Using Lemma 1 and Cauchy-Schwarz inequality, we have

Bl (1) < o (A3

for some positive and finite C' that does not depend on u. The asymptotic negligibility of
VT||IXP) (u, k)| then readily follows. O
To state the next lemma, we will need some additional notation which we now introduce.

We decompose

(1) = €, (u) + &5 (w), (A44)
where
551,2 (u) = cos (\/ 2un V&AZHW> — e Vi — cos (\/ 2un V{LN,AZK/W) + e Wi

ul W)V (0 1AL WAL, W] = 1) = ul @)V (03 1AL WAL s, W] =1),

6(2)('“) — Wil _ e*uv;’fn, + Uﬁl(u) (‘/ZlH _ Vt771,4> '

10



Fix a positive integer [ and denote for t =1,...,7T"

-1

2 2

o) = > (Bl () = Bua (62, (w))) (A.45)
k=

0
With this notation we set
g (1) = ) (u) + &1 (), (A.46)

and denote the difference

7 (u) = %i (dt,n(u) - dt,n,l(u)> . (A.47)

Using the decomposition

T l l
S (Bginw) — Eag, (w) = z(zmgm” ZEtgﬁ)an

t=1 k=0 k=0
(A.48)

we have

T—
Ri (u ZMW” Z (B, () —Eogh(w) . (A49)
t=0

k:
Using the mixing condition for Yy, the integrability assumption for V;, and Lemma VIII.3.102

of [2], we have /E[E(62) , (u)? < Koi/*(EI, , (u)|®)!/%. Therefore, since a, = o(k~)

as k — oo, by Fatou’s lemma, the limit dt,n,oo = ft,n + AEZOO is finite almost surely, where

e i= 1m &0, = 3 (Bu62,,) —Ea(6),) (A.50)
k=0
and the same holds for
B,
R?’,oo = zlgilo RT,l = T Z <E0(f ) ET(§T+kn)) . (A.51)
k=1

11



Finally, we set

& (u) = 7 Vire — eVt L ul! () (Vigw — Vi)
and define 52[)(15) and éil(u) from it exactly as we defined 52731(“) and EEQM(U) from
& (w)

Lemma 4. Under Assumptions 1-3 with K = {1}, asn — oo and T' — oo with TA,, — 0,

we have .
1 ~ C P
—— Y dipoo = N(0,K) and VT||Rr|| = 0. A.52
T2 e & N KO B (A52)
Proof of Lemma 4. By dominated convergence, we have E;_; <cznw(u)> = 0 and

IE(| |c2;noo||2) < 00, and therefore the array {@7n7%}t€N . is a martingale difference sequence
and we can apply Theorem C of [3] to establish the CLT result. In particular, it suffices to

show that the following is true:

T
1 ~
> B (||dt,nm||2> 5 Trace(K), (A.53)
t=1
1 <& ~
szt—l <||dt7n,oo||2+b> 50, for some . € (0,1), (A.54)
t=1
1 T
't s P .o
= B <<dt7n,oo,ei><dt7n7oo,ej>> L (Keie;), Vi,jeN,, (A.55)
t=1

where {e;};en, is an orthonormal basis in £?(w). We have

B 1|[€)]2 = Eoor|Ima (V% V)2, (A.56)

where for two positive constants C; and Cy, we denote 1, (C1, Co) = \/E (7, (C1, Cs)?) with

7,(C1, C3) = cos (\/ QUC1Z1) — 7 — cos (\/MZZ) + eTuC2

A,
—ul'(w) (C1 (512121 = 1) = € (512112~ 1)), (A.57)

12



for some independent standard normal random variables 71, Zl, Zy and Zg. From here, we

have

Evtl|domool® = Boy (I (Vi VI + 1€ ) + 2Bey ({650, E00)) - (A58)

Using successive conditioning, we can write

Epo1 (6 0E (W) = B (an > S[E 01 (67 (1)
1=k,k’ k=0 (A59>

By lnie (62 ()] ) '

For « = k, k" and k > 0, we have for some positive and finite C"

E

515173(”) (]Et 14 Lend §t+kn( u) — E,_ 14 Lenl=2 2€t+k (U ))‘

2
< Ry ¢ ot €0~ E (B a2 )
= \/E@;B(u))ﬁﬁ Ew%ﬁam) B (B 1006 @)
< C(lul v WE B (6% (0) = €% s, (B et (620 (0) + €20, ()]
2) 9 1/4
< C(Jul v 1) (B0 (0) = €208, 0 (w)?)

2) 2 2) 2\\ "
. (E ((E@mmw))  (Blatéuan,n) ) )

1/16
> v DAY o (BIERF) T < Clluf v )AY g,

(A.60)

where for the first inequality we have made use of Cauchy-Schwarz inequality, for the second
equality we use the stationarity of V; (and hence of its conditional expectation), for the third

inequality we again made use of the stationarity of V; as well as the integrability assumption

13



for V;, for the forth inequality we used Cauchy-Schwarz and Jensen’s inequality, and for
the remaining inequalities, we made use of the integrability and smoothness in expectation
conditions for V;, as well as Lemma VIII.3.102 of [2].

From here, since by Assumption 3, a = o(k~'%/3) for k — oo, we have

1 2
Bl (u)El)

(u)| < C(|u* v 1)AY4, (A.61)

for some positive and finite C' that does not depend on u, and therefore

IS [ (s (20082 00) i = 1) (A02)

Using the mixing condition for Y;, Lemma VIII.3.102 of [2], Lebesgue’s dominated conver-

gence theorem as well as Assumptions 1-2, we have

C
\VAL 2
|10 (Vs VI P = Vi, Vi) [ 11600 = 1602 < (A.63)

for some positive and finite C' that does not depend on u. Furthermore, given the square
integrability of V;, the assumption that \?t is a Markov process (and hence the condi-
tional expectation of a transformation of it is a function of the process at the time of the

conditioning), and by an application of an ergodic theorem, we have

—ZEt 1 (1mVise, Vi) [P+ 1EZN2) 5 E (Inu(View, VeI + [1611)  (A64)

provided E(| |§~§20)0|]2) < 00. The latter is guaranteed by the mixing condition for Y, use of
Lemma VIII.3.102 of [2] and Lebesgue’s dominated convergence theorem upon making use

of the inequality

1€ (u Zuat €2 (w) = By (€2, ) |E(ED, (w) — Bt (65, (w)),  (A.65)

k,p=0

14



which in turn implies for some positive and finite C' that does not depend on u

S <0 3o}

k,p=0

To establish (A.53), using stationarity, we therefore need to show that
2
E (|lm(Va, Vi )lI2 + 1EP212) = Trace(K),
For this, using dominated convergence, it suffices to show

E (||77u(V,€,V,€/)|| ) + hm E <||§1 Il ) = Trace(K).

We have
-1

E(1€7)F) = > E [Eae ) (Bule, ) - Eo(e, )]

kp—O
_ Z E (6%, (n) (Ea(e%,(w) — o2, ()]
_ Z E[E® (w)Eo(€? ()] = 3 E6® (w)Eo (€2 (u))]

!
—ZE[@%) P uN] = > EIEP (u)Eo (62 (u))],

(A.66)

(A.67)

(A.68)

(A.69)

where for the first equality we made use of successive conditioning and for the second

inequality we made use of the stationarity of the sequence {ft(Q) (u)é’t(i)s (u) }+>0 and arbitrary

fixed s > 0. We now bound the last two terms in the above inequality. Using Lemma

VIIL.3.102 of [2] and our integrability assumption for V;, we have

1/8
VEESE @) < Call® (B @) " =0

15
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for some positive and finite C' that does not depend on u. Therefore, with C' as above, we

have

~
|
—

-1

B[ (u)Eo (¢ (u Z VEIE (£ () [2E[Eg (£ (u) [
h=1 k=1 (A.71)

18 -1

< C(EEP@)) " al* Yo},

k=1

S B[ (w)Eo (€2 (u) SZWEH% ) |2E o (67 (u)) 2
P = (A.72)

( (5(2) )1/8 3/82a3/8

From here, taking into account the rate of decay of ay, we have
llim E (HA?Z)HQ> = Trace(K) = / F(u, w)w(u)du, (A.73)
—00 ’ 0

where the operator K has kernel k(z,u) = > E[(?l(z)gl;(u)] and we denote

dy(w) = (Vv — e ore) — () (Vican — Vicrw).

From here the result in (A.68) and hence (A.53) readily follows. The convergence in (A.55)
is shown analogously.

We are left with establishing (A.54). First, using the integrability condition for V; as
well as the mixing assumption for Y; and applying Lemma VIII.3.102 of [2], we have

241

. 1- 2k =
E[Eo (¢ (w)** < Cay”+ (ElgD(@)f) (A.74)

for some constant C' that does not depend on u and any ¢ € (0,6). From here, by inequality
in means, the exponential decay of the weight function w in the tails, since oy, = o(k=%/3),

and by the monotone convergence theorem, we have for C' as above
E||dy.no0||*T < €, for some ¢ € (0,1), (A.75)
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and from here the result in (A.54) follows trivially.
We continue with the bound for R% (u). Using monotone convergence, the bound in

(A.70) above as well as the rate of decay condition for the mixing coefficient ay, we have

. C
El| Ry || < T (A.76)
for some positive and finite C, and therefore v/T R} || = 0p(1). O

Combining Lemmas 3 and 4, the result of the theorem follows.

A.4 Proof of Corollary 1

Let Y = N(0, K), with the operator K given in equation (13). By the spectral theorem
for compact self-adjoint operators (see [4]) it follows that there exists a complete set of

eigenfunctions (¢;) in £?(w) and associated (real) eigenvalues A; > Xy > ... > 0 such that

Moreover, the eigenfunctions form an orthonormal basis for £?(w). By Parseval’s identity,

it then follows that

I = ZA ( L ) , (A78)

Theorem 2 implies that (Y ¢;) is normally distributed with mean zero and variance (Ke;, €;).

The result then follows upon showing that Cov((Y, &), (Y,€;)) = \id;;, where §; ; is Kro-

17



necker’s delta. Thus, for any 7,5 € N, we have

Coulty, (Vo)) =E | [ Yot [

Ry

Y () (wlu)d]

[/nh /ﬂh Y U)Y(t)ei(“)w(u)fj(t)w(t)dudt]

(
E Y (u)Y ()] & (u)w(u)e;(t)w(t)dudt

+ /Ry

k(u, t)e;(u)w(w)e; (t)w(t)dudt

k(u,t)e(u)w(u)e;(t)w(t)dudt

+
+

I
%\%\E\%\ =
%\%\?\%\

Ai€i(t)e; (Dw(t)dt = Ajdy j,
.

where the last equality follows by the definition of the eigenvalues of K.

+

A.5 Proof of Theorem 3

We will first proof the following Lemma about the error in the kernel K.

Lemma 5. Suppose Assumptions 1-4 hold with IC = {k, '}, and with fi, = f. (constant

time-of-day) for t € Ny. Then, for w € [%, %} , for q the constant of Lemma 1, and as

n — oo and T — 0o, we have

B
I~ Kllus = 0, (B \/ G2V B2 ). (A79)
Proof of Lemma 5. We have
|| K — KH%IS = / / |kr(u, s) — k(u, s)|2w(u)w(s)duds. (A.80)
R+ JR+

Our goal will be to decompose suitably kr(u,s) — k(u, s) and bound the second moments

in this decomposition. We first we introduce some auxiliary notation. We set
Yo(u, 8) = E(do(u)do(s)), vk(u,s) = Eldi(u)dry1(s) + disr(u)di(s)], k=1,
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T

Yo (u, ) Zdtn Vi (s), Ap(u, 5) Z W) (d—ron(8) + disin(s))], k> 1,

and the corresponding quantities in which dt,n (u) are replaced with dy,,(u) are denoted with

Yi(u, s). With this notation, we can decompose

ko (u, 5) Z% u, s <;jh (BLT) - 1) - i v, (u, 5)

Jj=Br+1

_ . (A.81)
+ Z L0 (4) Grws -,
By conditioning on the sigma algebra of the original probability space, we have
Eld (2)d;(w)] = E[dy(:)d;(w)], for j > 1, (A.82)

where c@(u) is defined in the proof of Theorem 2 and using again the notation of that proof,
we can write

Eldo(2)do(u)] = E(7,,(Vs, Vi) (A.83)
From here, using Lemma VIII.3.102 of [2], Holder’s inequality and the fact that E|V;|® < oo,
we have

E(d(2)d;11 (w))] < Cal* (Bldy (2)PEldy (uw)[*)®, j >0, (A.84)

for positive and finite C' that does not depend on u, z and j. Similarly, for k& € [0, j] by
considering separately the cases j — k < k and j — k > k, we have

1/4

[ (din(w)dy—jn(8) i (@) dej 10 (9))] < C/aGryv; (Eldon(w)["Eldon(s)[*) ", (A.85)
for positive and finite C' that does not depend on u, s, 7 and k. Finally, for £k > 7+ 1 and
J=0

[E ((den(u)dr—jn(s) = 7;(u, 8))dii(u)di—jr.n(s))]
< O/t %5 (Eldo () Eldoa(s)*) "
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where C' is a positive and finite constant that does not depend on u, s, j and k. Using the
first of the above bounds as well as the continuous differentiability of A in a neighborhood

of zero, we get

> Bl ()| < OB EAWPEGG . (as)
li|>Br
;”(“’ s) (?h (é) - 1) < OB;S (Eldi (u)PEldi (s)*) /" (A.88)

For y =0,1,...,T — 1, we have

" C J T—5—-1 Can
By (w,9) = 5w )l < 77— (Z VG Y VA + e
J \i=o k=j+1 (A.89)
1/4

X (Bl do o (u)"Eldo.u(s)[")

where in the above three bounds C' is a constant that does not depend on j, T, v and s.

Taking into account Assumption 3, with C' as above, we have

n ] 1/4
E|j (v, 5) = 7;(w, $)* < Cv/agpa) (Eldon(w)"Eldon(s)") - (A.90)
Hence, using the boundedness of h and Assumption 3,
ST—j (] B /
_ n T 1/4
> h{ =) (7 (u5) = 75(u,9)) | < C—= (Eldon(w)|*Eldon(s)[*) ", (A1)
= T Br T

for some positive and finite C' that does not depend on u and s.
We proceed with the difference 77 (u, s) — 7 (u, ). If we denote 0 < € < inficjo,1) fi/4
and € > 2sup,.¢( 1] f5, then it suffices to analyze this difference on €2, = {w : ﬁ, fﬁ, € [e, E]},

since P(Q2,,) — 1 from the results of Lemma 1. We will do so henceforth without further
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mention. Making use of sup,cp, [uL'(u)| < e7', we have for some positive and finite C

that does not depend on wu:

(JuLl,(w)] A e | AL XI|AL o X Lpag,y/ fa+ ul (Wn Vi AL WAL,y W
< CnVi Ay WAL o WI|f. — £2]
+ On|| AL XI|AR _a X Lpap ) — [EVEIAL WAL o Wl
+ OV AT WIIAY, o WL ()] A e + ul(u)].
(A.92)

Therefore, with C' as above, we have
(i (1) = de ()] < V1) Celu) +C0 G (W) +¢D), Ndin(u)] < CGHI+C)), (A93)
where we denote

¢ = nVr AL WA o W+ iy Vi |Ar, W,

2 n n n n n n
&P = nl|ALXNAT, o, X[Liap,y — [EVEIALWIAT, A, W],
Colw) = | = 2]+ |[ull(w)] A e 4+ ul'(u)],

and we note that by application of Lemmas 1 and 2 and for ¢ > 8 (¢ is the constant of

Lemma 1), we have

Il = 0, (% \V VAL Aff‘“’(%—w)) | (A.94)
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We can bound

BT T BT
D17 (. 5) = 9w 9)] < Z iy (1) = di(@)] S [diyn(s)
Jj=0 t=1 j=—Br
T
| Z ‘dt ]n dt jn( )|
t=1 j=—Br
T
= din(w) Z | di—sin(5) = dijn(s)].
=1 j=—Br
(A.95)
Using inequality in means as well as the fact that E|V;|* < oo, we have
1 < i
1) 1) o
]E (T _ BT ; Ct,ocCt_j’ﬁ> S C, j — —BT, ceey 0, ceey BT) (A96>

where «, 5 = K, k’. To proceed further, we bound the k-th moments of Ct@). Using successive

conditioning, Holder’s inequality as well as the fact that F|b;|* < oo, we have

E[| AL XA -8, X [Tpap, 3 Liap, xizo, ar,_, xizoy]®

(A.97)
< ARPFUP (A} XT#0and A7, o, X #0) < CA,

1+ 2 +k(2w— 1)

Applying successive conditioning, the smoothness in expectation condition for o;, Holder’s

inequality as well as the integrability conditions for a;, b; and o, we have

n k(2w—1)
kEHAt,HX"Atﬁ—AnX'l{AZK}l{A” Xd=0, A7

t,k—An

xizg)F < CALT . kel1,2], (A.98)

k(2m—1)

k]EHAZHXHAt,K—AnXll{A }1{A" Xd#o Atn A XdZO}] < CA 5 ]f 6 [172] (A99)

Using these bounds, Holder’s inequality, the smoothness in expectation condition for o, as

well as the integrability conditions for a; and o, we have

7 4 k(20— o o) (Lo kA a—k
E|Ct(2)|k SC[Aé+k(2 1) \/A1+ 52 1)\/qu 2k)( 3 )\/Aﬁ/\ q }7 kell,2], (A.100)

22



where ¢ is the constant of Lemma 1. Using E|V;|® < oo and applying Holder’s inequality,

we have
E|¢P W] < OVA,, EICPC?| < CVA,, t=r K, Vst >0, (A.101)

provided (¢ —4) (3 — @) > 3. Therefore,

1 2 1
2 X0 3 @ 3 ) cemvaL

j=—Br j=—Br

E(T 1B Z [ < Z (Q)D < CBr/A,. (A.103)

j=—Br

where « = k, k’. Combining these results, we get altogether

Z T; L (éT) (37 (u, 8) =5 (u, 9)) || = Op(BTA). (A.104)

Combining the bounds in (A.87)-(A.88), (A.91) and (A.104), we have altogether the result
of the lemma. O

We can decompose,

Z(k,K') — Z Aix2 + Z ()\ — )\zT) X2 (A.105)

t=pr+1

By assumption we have that pr — oo as T" — oo. Hence, Parseval’s identity implies that

ZZZPT 11 AiX? = 0p(1). Furthermore, by Theorem 4.4 in [1] it follows that
sup Nyr = Ayl < ([ K — K]l (A.106)
j>

Therefore, we have

\Z(k, k') = Zp(k, K'

Ai — XzT‘ X7+ op(1)
(A.107)

pr

< sup MgT =D xE Fop(1) = 0,(1),

=1
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where for the last bound, we made use of the result of Lemma 5 and the rate condition for

pr in the theorem.

A.6 Proof of Corollary 2

The result under the null hypothesis follows from Corollary 1 and Theorem 3 and applica-
tion of portmanteau theorem.

Under the alternative hypothesis, one can easily show using the integrability conditions
of the theorem and using some of the bounds in the proof of Lemma 5 that we have
| Zp (ki K!)| = O,(Br). Furthermore, from the proof of Theorem 1, under the conditions of
the theorem, we have T||L, — L||? = O,(T). These two results yield the asymptotic power
of one by taking into account that Br/T — 0.

A.7 Proof of Theorem 4

We start with introducing some auxiliary notation and establishing some preliminary re-

sults. We introduce the set
T, = {w 118 = 6| gcan/n}, (A.108)

for some finite constant C' > 0 and some deterministic sequence a,, — oo when n — oo
such that «,/logn — 0. Then, since 0 — 0 = O,(1/n), we have P (Y,) — 1.

We next denote

-~
€t =9 (Zm’%) -9 (ZM,%)
n n

e . (A.109)
—g (Z(tfl)nJannj ,9) +g (Z(tq)nﬂqu , 9) ,
and with this notation we can write
AP X = AL X & (A.110)
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We finally set

T
/\'/'C nmw n
K=y D IALX A a X Ly, (A.111)
t=1
Using the definition of the set T,, as well as the Lipschitz condition for the function g, we
have
L R — o\ 2
7= Rl < CIP- Bl L IALXIAL sXI 4+ () . (i
t=1

Next, due to o, /A7~ — 0, we have [}, | < v, for n sufficiently large. Therefore, for n

sufficiently large, the following bounds holds

1F7¢ = fellpray < PV = ful + 172 = fl, (A.113)

where f,ﬁ” and ﬂz) are defined as ﬁ but with v,, in the set A}, replaced by v, /2 and 2v,,

respectively.

Part (a). Similar to the proof of Theorem 1, we decompose

3
cos (\/ 2unAZ,€)A(/\/ ﬁ") — cos <\/ 2un ft’}RVZLHAZKW/\/?K) = Z )?YE],)Z(UJ, k), (A.114)
j=1
where we denote

555172(14, K) = cos (\/ 2unAZH)A(/ fA;) — COS (\/ 2un fﬁHW?HAZHW/\/ fg) ,
Rio(u, K) = cos (\/2un VAL W/ f) — cos (vzun VAT W/ f) ,

) = cos (VaunFLVEALWY T, ) = cos (Vauny T AL T ).
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We start with )?5172 (u, ). Using the algebraic inequality |cos(x) — cos(y)| < |z —y| A 2 for
x, y € R, we have
~(1 n c n n n
|X§,72(u7 k)| < 21{Agﬂxd¢0 U fr<e u Y&} + Cv un|At,nX Y ft,l{%,l{At,NW‘
+ CVunl€,],

(A.115)

where 0 < € < inf.¢jo1) fo/4, and € and C do not depend on v and n. Form here, by
(1)

t,n

1 as well as by making use of Lemma 1 and the bounds in (A.112) and (A.113) and the

performing similar steps as for the analysis of the term ;. (u, ) in the proof of Theorem
fact that «,/logn — 0, we have
T

> R (u, k)

t=1

1
T

‘:op <\/A_n\/%) (A.116)

We continue next with 5{752,2

(u, k). For n sufficiently large, using the algebraic inequality
| cos(z) — cos(y)| < |z —y| A2 for z, y € R and Taylor expansion as well as (A.113), we

have

~(2
R (u, )] < 217,

<e U fo<e U TS}

o y 4 (A
+ ClrVan VAL W 1T = Bl 4 1T = J 172 = Jul + 1 = Tl

Using the integrability conditions of Assumption 1, inequality in means as well as Cauchy-
Schwartz inequality, we have

p

E <CA™P pell,2]. (A.118)

T
n n n
T Z |At,nX| |At,/€fAX’
t=1

From here, using the same steps as in the analysis of the term ng(u, k) in the proof of
Theorem 1 as well as the bound for ]?,Z —J/”::C in (A.112) and upon applying Hélder inequality

and taking into account the integrability conditions in Assumption 1 and that «,,/logn —
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0, we have altogether

(1 2w)AwA L
m)‘ <\/_\/Aq 24 \/ s \/ ) (A.119)

(3)

t,n

T

>R

for ¢ being the constant in Lemma 1. Next, the term X( )(u, k) equals the term x; (u, k)

in the proof of Theorem 1, and hence using this proof we have

-0, (%) . (A.120)

From here, the proof of the result in part(a) of the theorem follows from the proof of

T

Theorem 1.

Part (b). From the above bounds for Q(l)(u, k) and )?g(u, k), we have

t,n

T
1 ~
- > R, W (u, k)| = 0,(1/VT), (A.121)
t=1
provided TA,, — 0 and @ < 5= . Under this same condition, we also have L — L, =

0,(1/V/T). From here the proof of the result in part (b) of the theorem follows from
the proof of Theorem 2 upon using the same decomposition of cos (\/ 2unAZH)? / ﬁ”) —

cos (v2un\/V/, A7, W) as in that proof, with XEQ (u, k) and Xﬁz(u, k) replaced with X\Elg(u, K)
and 5{152,2(7;, ) defined above.
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Appendix B: Additional Monte Carlo Results

B.1 Sensitivity to the Choice of u,,,;

In Table 1 and Table 2 we provide Monte Carlo evidence regarding the sensitivity of the
testing procedure to the different choices of u,,,, under the null and alternative hypotheses,
respectively. Recall from Section 4 in the main text that we calculate the test statistic as
e (Btw) = Zi(w) ) ()

The middle panel of Table 1 and Table 2 corresponds to the original choice of 4,
reported in Table 1 in the main text. As seen from the tables, there is very little sensitivity

of the performance of the test to the choice of 4.

B.2 Sensitivity to the Choice of By

In Table 3 and Table 4 we provide Monte Carlo evidence regarding the sensitivity of the
testing procedure to the different choices of By under the null and alternative hypotheses,
respectively. Recall from the main text that Br is the cutoff parameter determining the
number of lags used in the computation of the critical values of the test statistic. The
middle panel of Table 3 and Table 4 corresponds to the original choice of By. As seen
from the reported results, the performance of the test under the null hypothesis is not very
sensitive to the choice of By. This is consistent with the fact that d;(u) defined in Theorem
2 has little time series persistence. Similarly, the power of the test does not change much

across the different values of By.
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pbr

T 1 2 3 4 5 6
Umaz: 230 Lin, (tmaz) = 0.025

250 0.064 0.055 0.051 0.050 0.049 0.049

500 0.063 0.049 0.047 0.047 0.047 0.047

1000 0.069 0.053 0.052 0.052 0.051 0.051
1500 0.069 0.056 0.052 0.051 0.051 0.051
2000 0.065 0.049 0.046 0.045 0.045 0.044
2500 0.056 0.044 0.042 0.042 0.042 0.042
Umaz: 20 Lin, (tmaz) = 0.05
250 0.054 0.046 0.045 0.044 0.044 0.044
500 0.067 0.057 0.055 0.055 0.055 0.055
1000 0.055 0.050 0.049 0.048 0.047 0.047
1500 0.059 0.053 0.048 0.047 0.047 0.047
2000 0.055 0.048 0.047 0.047 0.047 0.047
2500 0.069 0.062 0.061 0.060 0.060 0.060
Umaz: 230 Lin, (maz) = 0.1
250 0.065 0.055 0.054 0.052 0.052 0.052
500 0.045 0.038 0.036 0.036 0.036 0.036
1000 0.063 0.057 0.055 0.053 0.053 0.053
1500 0.064 0.060 0.058 0.058 0.058 0.058
2000 0.065 0.055 0.054 0.053 0.053 0.053
2500 0.061 0.055 0.053 0.052 0.052 0.052

Table 1: Monte Carlo Results under the Null Hypothesis, f;, = fi, for different choices
of Uqe. The table reports empirical rejection rates of the test of nominal size 0.05 using
1,000 simulations. C,, and K/, correspond to 8:40-9:10 and 12:30-13:00, respectively. The

values of v,, and Br are set as in Section 4 iggthe main text.



8:40 - 9:10 vs 12:30- 13:00 8:40 - 9:10 vs 14:30 - 15:00
pr pr
T 1 2 3 4 5 6 1 2 3 4 5 6
Unnaw: 230 Li, (tmae) = 0.025
250  0.081 0.058 0.052 0.046 0.045 0.045 | 0.319 0.270 0.250 0.238 0.233 0.232
500 0.126 0.095 0.077 0.070 0.065 0.063 | 0.598 0.566 0.540 0.528 0.520 0.519
1000 0.214 0.154 0.130 0.116 0.112 0.109 | 0.930 0.918 0.907 0.905 0.900 0.900
1500 0.221 0.178 0.160 0.148 0.144 0.144 | 0.989 0.985 0.984 0.983 0.982 0.982
2000 0.340 0.265 0.238 0.220 0.213 0.209 | 0.998 0.997 0.997 0.997 0.997 0.997
2500 0.406 0.312 0.284 0.270 0.263 0.258 | 1.000 1.000 1.000 1.000 1.000 1.000
Umaz: 230 Lin, (thnaz) = 0.05
250  0.093 0.075 0.064 0.062 0.061 0.061 | 0.322 0.292 0.278 0.269 0.267 0.266
500 0.139 0.100 0.086 0.076 0.075 0.074 | 0.623 0.588 0.571 0.562 0.555 0.554
1000 0.168 0.126 0.106 0.099 0.096 0.094 | 0.918 0.903 0.901 0.893 0.890 0.887
1500 0.229 0.173 0.149 0.140 0.135 0.133 | 0.993 0.990 0.989 0.989 0.989 0.988
2000 0.339 0.285 0.266 0251 0.240 0.232 | 1.000 0.998 0.998 0.998 0.998 0.998
2500 0.410 0.347 0.308 0.292 0.286 0.279 | 0.999 0.999 0.999 0.999 0.999 0.999
Umnaw: 23" Lin, (tmae) = 0.1
250 0.102 0.083 0.075 0.071 0.069 0.067 | 0.359 0.328 0.318 0.314 0.313 0.310
500 0.141 0.127 0.115 0.111 0.111 0.110 | 0.660 0.643 0.634 0.626 0.622 0.622
1000 0.214 0.182 0.171 0.171 0.167 0.165 | 0.951 0.939 0.935 0.934 0.934 0.934
1500 0.288 0.245 0.233 0.230 0.227 0.227 | 0.993 0.993 0.992 0.992 0.992 0.992
2000 0.418 0.364 0.351 0.342 0.341 0.337 | 0.997 0.997 0.997 0.997 0.997 0.997
2500 0.447 0.407 0.397 0.390 0.382 0.379 | 1.000 1.000 1.000 1.000 1.000 1.000

Table 2: Monte Carlo Results under the Alternative Hypothesis, fi, # f., for different
choices of u,,,,. The table reports empirical rejection rates for the test at nominal size 0.05

using 1000 simulations.
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pbr

T 1 2 3 4 5 6
Br = |T'5]/2

250 0.061 0.055 0.053 0.051 0.050 0.049

500 0.060 0.053 0.050 0.050 0.050 0.050

1000 0.065 0.059 0.057 0.057 0.056 0.055
1500 0.055 0.049 0.046 0.046 0.045 0.045
2000 0.059 0.048 0.046 0.044 0.044 0.042
2500 0.069 0.057 0.054 0.054 0.054 0.054

Br = LT1/5J
250 0.054 0.046 0.045 0.044 0.044 0.044
500 0.067 0.057 0.055 0.055 0.055 0.055

1000 0.055 0.050 0.049 0.048 0.047 0.047
1500 0.059 0.053 0.048 0.047 0.047 0.047
2000 0.055 0.048 0.047 0.047 0.047 0.047
2500 0.069 0.062 0.061 0.060 0.060 0.060

Brp =2|T"?|
250 0.057 0.051 0.049 0.048 0.047 0.047
500 0.059 0.046 0.044 0.044 0.044 0.044

1000 0.066 0.055 0.054 0.054 0.054 0.053
1500 0.053 0.046 0.045 0.045 0.045 0.045
2000 0.056 0.048 0.048 0.046 0.046 0.045
2500 0.068 0.057 0.055 0.055 0.054 0.054

Table 3: Monte Carlo Results under the Null Hypothesis, f; . = f., for different choices of
Br. The table reports empirical rejection rates of the test of nominal size 0.05 using 1, 000
simulations. K,, and K], correspond to 8:40-9:10 and 12:30-13:00, respectively. The values

of u,m.: and v, are set as in Section 4 in the3rlnain text.



8:40 - 9:10 vs 12:30- 13:00 8:40 - 9:10 vs 14:30 - 15:00
pr pr
T 1 2 3 4 5 6 1 2 3 4 5 6
Br = |T'*]/2
250 0.080 0.066 0.059 0.057 0.056 0.054 | 0.348 0.319 0.310 0.297 0.290 0.285
500 0.124 0.095 0.076 0.071 0.067 0.067 | 0.690 0.663 0.647 0.635 0.627 0.623
1000 0.188 0.142 0.126 0.120 0.113 0.113 | 0.929 0.919 0.910 0.907 0.903 0.902
1500 0.242 0.195 0.173 0.167 0.163 0.161 | 0.983 0.982 0.979 0.978 0.977 0.977
2000 0.331 0.260 0.234 0.221 0.217 0.216 | 0.998 0.998 0.997 0.997 0.997 0.997
2500 0.337 0.283 0.268 0.258 0.247 0.243 | 0.999 0.998 0.998 0.998 0.998 0.998
Br = LT1/5J
250 0.093 0.075 0.064 0.062 0.061 0.061 | 0.322 0.292 0.278 0.269 0.267 0.266
500 0.139 0.100 0.086 0.076 0.075 0.074 | 0.623 0.588 0.571 0.562 0.555 0.554
1000 0.168 0.126  0.106 0.099 0.096 0.094 | 0.918 0.903 0.901 0.893 0.890 0.887
1500 0.229 0.173 0.149 0.140 0.135 0.133 | 0.993 0.990 0.989 0.989 0.989 0.988
2000 0.339 0.285 0.266 0.251 0.240 0.232 | 1.000 0.998 0.998 0.998 0.998 0.998
2500 0.410 0.347 0.308 0.292 0.286 0.279 | 0.999 0.999 0.999 0.999 0.999 0.999
Br =2|T"?|

250 0.080 0.053 0.047 0.046 0.044 0.043 | 0.311 0.264 0.238 0.231 0.229 0.226
500 0.119 0.076 0.064 0.060 0.059 0.059 | 0.668 0.631 0.610 0.601 0.595 0.593
1000 0.199 0.142 0.121 0.115 0.110 0.105 | 0.925 0.909 0.902 0.897 0.896 0.894
1500 0.242  0.195 0.170 0.161 0.157 0.153 | 0.982 0.982 0.979 0.978 0.978 0.977
2000 0.340 0.260 0.226 0.214 0.208 0.207 | 0.998 0.998 0.997 0.997 0.997 0.997
2500 0.351 0.293 0.258 0.248 0.242 0.239 | 0.999 0.998 0.998 0.998 0.998 0.998

Table 4: Monte Carlo Results under the Alternative Hypothesis, fi, # f., for different
choices of Br. The table reports empirical rejection rates for the test at nominal size 0.05

using 1000 simulations.
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