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Appendix A. Mathematical details 

A.1. Notation 

This paper uses the decomposition of the Total Factor Productivity (TFP), as proposed 

by Ferreira and Marques (2016), in order to evaluate the relative performance of a set of 

four different groups of councils. For the sake of simplicity and without loss of 

generality, let us consider two groups, A and B, with sizes ஺ܰ and ஻ܰ, respectively. 

Each group is characterized by an efficient frontier, which is composed of the efficient 

entities in the Pareto-Koopmans sense. We use the following notation: 

 

 Ω஺ ൌ ሼ1, … , ݆஺, … , ݊஺ሽ is the set of decision making units (councils) composing 

the group A; 

 ൫ ௜ܺ௝ಲ, ௥ܻ௝ಲ|ܼ௣௝ಲ൯ ∈ Թା
ሺ௠ା௦ሻൈଵ ൈ Թ௤ൈଵ the set of m resources (X) consumed by 

the ݆஺th council from A in order to deliver s different types of services (Y), and 

subjected to q characteristics, Z, external to the production process; 

 ߲Ω஺ is the efficient frontier (also called technology) of groups A; 

 ൫ݔ଴,௜, ଴,௣൯ݖ|଴,௥ݕ ∈ Ψ஺ is the council under evaluation, also denoted by council0; 

 ቀݔ଴,௜,ௗԦ
⋆஻ , ଴,௥,ௗԦݕ

⋆஻ ቁ ∈ Թା
ሺ௠ା௦ሻൈଵ is the set of m+s targets of council0 with respect to 

the frontier of group B, ߲Ω஻, and Ԧ݀ ൌ ሺ݀௑ሬሬሬሬԦ, ݀௒ሬሬሬሬԦሻ is a directional vector controlling 

for the direction in which council ൫ݔ଴,௜,  .∗଴,௣൯ is projected on ߲Ωݖ|଴,௥ݕ
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A.2. Assessing economies of scope 

Definition 1 deals with how the TFP between two councils can be assessed. Together 

with Hypothesis 1, it will be employed henceforth. From Definition 1, if council2 is less 

productive than council1, then ܶܨ ஺ܲ஻ሺݔଵ, ;ଵݕ ,ଶݔ ଶሻݕ ൏ 1. Furthermore, this TFP 

formulation is decomposable into several terms. With respect to economies of scope, 

the most important is the technological gap, as described in Definition 2. 

 

Definition 1 (TFP): TFP between two councils, ሺݔଵ, ,ଶݔଵሻ and ሺݖ|ଵݕ  ଶሻ is definedݖ|ଶݕ

by ܶܲܨሺݔଵ, ;ଵݕ ,ଶݔ ଶሻݕ ൌ
ࣛሺ௬మሻ

ࣛሺ௬భሻ

ࣞሺ௫మሻ

ࣞሺ௫భሻ
ൗ , with ࣛ:Թ௦ → Թ and ࣞ:	Թ௠ → Թ.∎ 

 

Hypothesis 1 (TFP): If both ࣛ and ࣞ functions are the geometric mean of their own 

arguments (vectors), then the measure of TFP obeys/verifies the axioms of positivity, 

continuity, monotonicity, homogeneity, identity, commensurability and reversal 

property (O’Donnell, 2012): that is, it is a multiplicatively complete index (Ferreira and 

Marques, 2016). The TFP can be computed as in equation (1). 

 

,ଵݔሺܲܨܶ ;ଵݕ ,ଶݔ ଶሻݕ ൌ
ࣛሺݕଶሻ
ࣛሺݕଵሻ

ࣞሺݔଶሻ
ࣞሺݔଵሻ

൘ ൌ ൭ෑ
ଶ,௥ݕ
ଵ,௥ݕ

௦

௥ୀଵ

൱

ଵ
௦

൭ෑ
ଶ,௜ݔ
ଵ,௜ݔ

௠

௜ୀଵ

൱

ଵ
௠

൙  (1) 

∎ 

 

Definition 2 (Technological gap): There is a technological gap (TG) between two 

technologies, ߲Ω஺ and ߲Ω஻, if one of them can deliver more services (outputs) with 

fewer resources than the other. Considering the councils ሺݔଵ, ଵሻݖ|ଵݕ ∈ Ω஺ and 
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ሺݔଶ, ଶሻݖ|ଶݕ ∈ Ω஻, council1 lies in a region of Ω஺ more productive than Ω஻ if: its 

benchmarks consume fewer resources than the ones in ߲Ω஻, i.e. ܫߜ஺஻ሺݔଵ, ;ଵݕ ,ଶݔ ଶሻݕ ൏

1, and/or those benchmarks produce more goods/services than their counterparts from 

Ω஺, i.e. ߜ ஺ܱ஻ሺݔଵ, ;ଵݕ ,ଶݔ ଶሻݕ ൏ 1. Additionally, ߶஺஻ሺ∗ሻ ൌ ߜ ஺ܱ஻ሺ∗ሻ ⋅  ,஺஻ሺ∗ሻ. Thusܫߜ

߶஺஻ሺݔଵ, ;ଵݕ ,ଶݔ ଶሻݕ ൏ 1 when ߲Ω஺ is more productive than ߲Ω஻ in the production 

regions of COUNCIL1 and council2, respectively, (Portela and Thanassoulis, 2006; 

Ferreira and Marques, 2016) being: 

 

 

ە
ۖ
ۖ
۔

ۖ
ۖ
ۓ
,ଵݔ஺஻ሺܫߜ ;ଵݕ ,ଶݔ ଶሻݕ ൌ ඩෑ

ݔ
ଶ,௜,ௗԦ
⋆஺ ∙ ݔ

ଵ,௜,ௗԦ
⋆஺

ݔ
ଶ,௜,ௗԦ
⋆஻ ∙ ݔ

ଵ,௜,ௗԦ
⋆஻

௠

௜ୀଵ

మ∙೘

ߜ ஺ܱ஻ሺݔଵ, ;ଵݕ ,ଶݔ ଶሻݕ ൌ ඩෑ
ݕ
ଶ,௥,ௗԦ
⋆஻ ∙ ݕ

ଵ,௥,ௗԦ
⋆஻

ݕ
ଶ,௥,ௗԦ
⋆஺ ∙ ݕ

ଵ,௥,ௗԦ
⋆஺

௦

௥ୀଵ

మ∙ೞ

 (2) 

∎ 

 

Definition 3 (Economies of scope): A council exploits economies of scope when it can 

produce two goods by consuming fewer resources than it would occur under the 

separate production of those outputs (Baumol et al., 1988).  

 

Definitions 2 and 3 complement each other. Economies of scope occur whenever the 

non-externalizing councils outperform the externalizing ones. Mathematically, this 

occurs when ߶ா,ோሺݔଵ, ;ଵݕ ,ଶݔ ଶሻݕ ൏ 1, with ሺݔଵ, ଵሻݖ|ଵݕ ∈ Ωா and ሺݔଶ, ଶሻݖ|ଶݕ ∈ Ωோ. It 

is promoted by ܫߜா,ோ ൏ 1 (for the output levels close to ݕଵ and ݕଶ, NE consumes less 
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resources than E) and/or ܱߜா,ோ ൏ 1 (for the input levels close to ݔଵ and ݔଶ, E produces 

less goods/services than NE). We should note that the values of ߶ா,ோሺݔଵ, ;ଵݕ ,ଶݔ  ଶሻ areݕ

dependent on the input/output relationship, since it is not usual that a frontier, ߲Ωா or 

߲Ωோ, dominates the other over the whole range of inputs and outputs. In other words, 

after a certain threshold, we should be able to determine (dis)economies of scope. 

 

 

A.3. Targets computation 

As we can see from equation (2), it is defined by means of both input and output targets, 

with respect to two different frontiers and according to a pre-specified directional 

vector. Hypothesis 2 and hypothesis 3 are valid hereinafter: 

 

Hypothesis 2 (Targets): Targets are assessed through a semi-parametric tool 

(directional order-, cf. e.g. Aragon et al., 2005; Daraio and Simar, 2014) for such a 

purpose. ∎ 

 

The directional order- (DO-) method is less sensitive to outliers, extreme data and 

the curse of dimensionality (high number of variables and low number of councils). 

DO-allows for both input contraction and output expansion to reach the efficient 

frontier. DO- empirically determines that frontier after defining the probability of 

observing councils above the frontier, 1 – , (Daraio and Simar, 2007), and estimates a 

radial distance measure,  ෡ࣶ, according to the direction defined by Ԧ݀ ൌ ൫݀௑ሬሬሬሬԦ, ݀௒ሬሬሬሬԦ൯ ് 0ሬԦ. 
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Hypothesis 3 (Parameters): In this study, we select =0.99, i.e. assuming the 

existence of 1% of potential outliers. Furthermore, Ԧ݀ ൌ ൫݀௑ሬሬሬሬԦ, ݀௒ሬሬሬሬԦ൯ ൌ ሺ1ሬԦ, 1ሬԦሻ is assumed 

for targets assessment. This choice of directional vector assumes that both the input 

contraction and output expansion occur at the same rate.	∎ 

 

Definition 4. (DO-). Consider the transformation 

൫ ௜ܺ௝ಲ
ᇱ , ௥ܻ௝ಲ

ᇱ ൯ ൌ ቀexp ቄ
௑೔ೕಲ
ௗ೉
ቅ , exp ቄ

௒ೝೕಲ
ௗೊ
ቅቁ , ݆஺ ൌ 1,… , ஺ܰ (Daraio and Simar, 2014), and 

the equation: 

 

 
ृ஺൫ݔ଴,௜, ଴,௥൯ݕ ൌ min ቊ min

௜ୀଵ,…,௠
ቆ
଴,௜ݔ
ᇱ

௜ܺ௝ಲ
ᇱ ቇ , min

௥ୀଵ,…,௦
ቆ ௥ܻ௝ಲ

ᇱ

଴,௥ݕ
ᇱ ቇቋ (3) 

where ॴ is the indicator function. Let us denote by ृሺࣦሻ
௫௬  the ࣦth order statistic of the ஺ܰ 

councils, such that ृሺଵሻ
஺ ൑ ⋯ ൑ ृሺࣦሻ

஺ ൑ ⋯ ൑ ृሺேಲሻ
஺ . The radial order- based distance is 

given as follows: 

 

 
෡ࣶ൫ݔ଴,௜, ଴,௥൯ݕ ൌ log ቊ

ृሺఈ௡ಲሻ
஺ if ஺݊ߙ is an integer

ृሺሾఈ௡ಲሿାଵሻ
஺ otherwise

 (4) 

 

Council ൫ݔ଴,௜,  ଴,௥൯ is technically efficient regarding the -level frontier of Ω஺, sayݕ

∂Ω஺
ሺఈሻ, if ෡ࣶ ൌ 0. It is technically inefficient if ෡ࣶ ൐ 0 and super-efficient if ෡ࣶ ൏ 0. 
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Targets of council ൫ݔ଴,௜,  ଴,௥൯ are, then, computed through equation (5) [because ofݕ

Hypothesis 3]. 

 

 

ቐ
ݔ
଴,௜,ఋ಺ሬሬሬሬԦ
⋆஺ ൌ ଴,௜ݔ െ ෡ࣶ ⋅ Ԧ݀ ൌ ଴,௜ݔ െ ෡ࣶሬሬԦ

ݕ
଴,௥,ఋೀሬሬሬሬሬԦ
⋆஺ ൌ ଴,௥ݕ ൅ ෡ࣶ ⋅ Ԧ݀ ൌ ଴,௥ݕ ൅ ෡ࣶሬሬԦ

 (5) 

 

Mutatis mutandis, it is easy to obtain the remaining targets required for equations (2). ∎
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