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A Appendix

First, note that

Iw.y) = [ Ko 0= 20— y)u((0.0), bos(z,1) (A1)
A (0,10).Bo0(.9)) ¥ ((0.0). B0 (z,)) dvdw
— /Kb (1) —Tr,w — y) Vu (('U,w)a 9071)(1’, y)) '

: [f(v,w) - ¢ ((v,w), 00,b(x7 y))] dvdw 5

where u((z,y),0) = Vlog(¥((x,y),0)). We follow the idea in Hjort and Jones (1995) and
Tjostheim and Hufthammer (2013). The matrix J,(z,y) can be written as:

:1: y /K ZII+b17’ y+b25) Ho,b(xay))ut ((x+b1rvy+b28)790,b($7y))'
) ((x +bir,y + bas), 0 p(z, y)) drds
/K (4 bir,y + bas), 0o p(x,y)) -

' [f(l’ + bl?", Y+ b28) - ¢ ((IE + 517", Y+ b25)7 90,1)(1" y))] d?“ds,

£=4  Taylor expanding u, it follows that

where we set r = b

He,y) ~ [ K@K D@ yyus(r syl D' z,9)
) ((z 4+ b1,y + b2s), 00 (2, y)) drds
/K (@ + bar,y + bas), Bop (2, y)) -

' [f(x + bl?“, Y+ 628) - 1/} ((‘/Ij + bl?", Y+ b2$)7 00,1)(1.7 y))] deS,

where wy(r, s) is the 6-dimensional vector defined by wi(r, s) = (1, by7, bys, b3r?, bibors, b3s?)

and D(z,y) is the 5 x 6-matrix D(z,y) = ( , gz, gZ’ ;g;, aajay’ ;gy“). Taylor expanding



1, Vu and f only at the first order, we have that

Jp(z,y) ~ D(z,y)Y (z,y),004(z,y)) {/K(T)K(s)wb(r, s)wh(r, s)drds] D'(z,y)

= V(). foa(,9) £ (@ 9) = (@), 600w )] [ KK (s)drds,
Computing [ K (r) K (s)wy(r, s)w}(r, s)drds, we obtain the following matrix

1 0 0 b 0 ab?
0 abt? 0 0 0 0
0 0 abl 0 0 0
H, =
ab? 0 0 b 0 b3

0 0 0 0 2% 0

abi 0 0 a®b33 0 [by

where o = [ K(s)s?’ds > 0 and 8 = [ K(s)s*ds > 0. The matrix H, is of rank 5, therefore,
D(z,y)H,D'(x,y) is of rank 5. Hence,

Jb(x7y) ~ D(‘Ta y)¢ ((‘Ta y)a GO,b(xvy)) Hth('Ia y)

= Vu((z,y), 00(x, ) [f (@, y) = ¢ ((z,9),00,5(x,y)] = Jp2(x, y). (A.2)

It follows (cf. Tjostheim and Hufthammer (2013)) that (bibe) 2J,2(x,y) is non-singular
and positive definite as by, b, — 0. The same idea can be used to find an approximating

expression for

Mie,y) = bibs [ K3 (0= 2,0 = y)u((v,), Oos(,9))) (A3)
((0,0), Boa. ) F (0, w)dvdw
=it ([ Koo = .0 = pul(0,0), 600 . 9)f (v, w)dedu )
([ Koo~ 0yt ) 0, )



B Appendix

In this appendix the proofs of the theorems in Section 2 are given.

Proof of Theorem 2.1. Define M < oo such that |L®)((X,,Y;),0) — LO((X,,Y:),0)| <
Cyl0 — 0] and C; < M and A < oo such that ||L®((X,,Y;),0)]ls < A. Given § > 0, let
{n(0;,0) : 1 =1,..., B} be a finite sub-cover of ©, where 7(6;,0) = {0 € © : |0 — 0;| < ¢}.

Then
sup | Ly p(0) — pp] = max  sup |L,5(0) — ). (B.1)
0€0 b 0en(9:,0)
Hence, we can write
B
P (sup | L p(0) — 6] > e) < ZIP’ < sup | Ly p(0) — | > e> . (B.2)
CEC) i=1 9en(6:,0)

By the Lipschitz continuity of {L(b)((Xt, Vi), 9)}, if 6 € n(6;,6), then

5 n
| Lnp(0) — po] < Ly p(0) — L p(05)] + | L p(05) — pa| < ” > Cr+ [Lp(0:) — -
t=1

By the Markov inequality,

5 n
P ( sup L p(0) — pip| > 6> <P (n > G > ;) +P <|Ln,b(0i) — | > ;)

0€n(8:,0)

ne \ =
20M 4
< . + ?Var (Lnp(6:))

By the mixing inequality (Corollary A.2, Hall and Heyde (1980)) and the 4-dominance of

{LO((X,,Y)),0)},



—_
vl
—_

[t—s]|

‘L(b)((Xh Y;f)7 91)”4‘|L(b)((X57 }/’5)7 9,)”404 2

IA
3| o0
M=
M=

8A2 B sl 8AZ2

n—1 .
< ?ZZaT =3 (n+22(n—j)a;)
=1

2 n—-1 2 1 on
S% (n+2(n—1)2a%> :8A<n+2(n—1)w>.
n

n2

Therefore,

26M  32A2 3 —at
P ( sup |Lpp(0) — pp| > e) < 5T + 3 <n+ 2(n — 1)M>

n2 I
0€n(9;,6) 1— a2
32A2 04l —a?
C+ 2 n+2(n_ 1) 1 )
1— a2

Vn sufficiently large, V¢ > 0, § < % From this, it follows that, as n — oo,

P (sup | L p(0) — pip| > e) < B(, V¢ >0, B < o0,
00

therefore,

lim P (sup | Ly p(0) — 1 |> e) =0, Ve > 0.

This means that

L,y(0) —E (L,(0)) = 0 uniformly on ©. (B.3)

Note that, from the stationarity of the process {(X,Y;)}, it follows that E (L, ;(0)) =

E(L®((X;,Y;),0)). From the fact that L, is continuous on © a.s. — P with maximizer

0.5, assumption A2) and (B.3), it follows that L, ;,(60s) — E (Lns(60s)) Lo, Moreover,

using (B.3]) and the definition of 6, and 6y, (that is, assumption A2)), we have that



Ly (0np) =B (LO((X, 1), 004)) = suPgeo Lnp(6) —supgee E (L (X, Y3),6)) — 0. This
means that L, ,(65.5) — Lins(00p) L. By the assumption that 6,,, is a maximizer of L,,,
for every € > 0 there exists a n > 0 such that | L, ;,(6,5) — Lnp(6) |> n for every 6 with
| Oy — 0 |> €. Therefore, if we take 6 = 6y, the event {| 0, — s |> €} is contained in
the event {| Ly p(0np) — Lns(6op) > n}, meaning that for every e > 0, there exists n > 0,
such that

P (| by — Oop |> €) <P (| Lip(Ons) — Lus(Bo) |> 1n) — 0.

The last statement of the theorem follows since 0y, — 6y by definition. O

Proof of Theorem 2.2. 1t is a generalization of Theorem 3 of Tjgstheim and Hufthammer

(2013). Define Q,(0) = L, ;(0) and consider the Taylor expansion of V@, (6)

__n
(b1b2)?

=YQu(l03) + -V Qu(O)Vi(Bns — o)

0= " VQu(buy) = -

vn
where 6 is determined by the mean value theorem. Therefore,

(babo)?
\f

(bib2)?

VQR( ) VQQn( )\f(@z,b - HO,b)

3
2

= O 19200, (60) + (V2Qu(®) — V2Qul00)) ] ViiBus — b01).

If we can prove that
1. %VQH(QO’{,) —0 a.s.;

2. %VQQH (Bop) — J a.s., where J is a 5x 5 positive definite matrix that can be identified
with the limit of Trba)? b sJnp as n — 0o and b — 0;

3. lim,, o0 limsupy_,o & | V2Qn(0) — V2Q,(00,) |< 00;

4. Var( b1b2 LNV Qn (6, b)) = mMn,b;

then, using Theorem 4.4 of Masry and Tjgstheim (1995) and Theorem 2.2 of Klimko and

Nelson (1978), we have the result. To prove point 1., we need to use Theorem 4.1 of Masry
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and Tjgstheim (1995) and assumption A2). Indeed, with u((z,y),0) = Vlog(¥((x,y),0)),

we have that

1 1
;VQH(G) \9:9071; = W/Kb(v —z,w —y)u((v,w), 00 )Y ((v, w), 0 p)dvdw
1 n

N KX — 2 Y — (X Vo), 6o,
2 1h)? g;; b(Xi = y)u((Xe, Y1), 00,)

~0 (e () ) o () ).

and assumption 3, stated in the theorem, can be used. In the same way it is possible to

prove point 2.,

(b1b2)?
1
(b1b2)?

1 n
e STKY(X =2, Y — ) V(X YY), 6
2 1b)? g;; b( Xt t — y)Vu((Xt, Y2), 00,5)

+

%v%gn(e) P— / Koo — 2, w — g)u((v, w), 80,5l (0, 1), 60,50 ((v, w), Bo.)dvduw
/Kb(v —z,w —y)Vu((v,w), o) ((v, w), Oop)dvdw

1 1 n
" T e o oY V(X X0, )
t=

1 -
+ W /Kb(v —z,w—y)Vu((v,w),00p) f(v,w)dvdw — J a.s. ,

where J;5 is defined in Appendix [A] Point 3. follows from the mean value theorem and
the fact that the third derivative of @’ (0) = (b1b2)?@Q,(f) can be bounded by a constant

)

A

[2Qu(8) ~ T Qulb0.)] = Q@) 60, ~ 0

1 3 (A i c
= —— — R —
n5(b1b2)2v Qn(e)(eo,b 9) = n(b1bg)2

1
no

where @ is determined by the mean value theorem and | 6y, — 6 |< 6. Finally, point 4. is

a straightforward consequence of the definition of V@Q,,(6o;)- O



C Appendix

In this appendix the proof of the theorems in Section 3 are given.

Proof of Theorem 3.1. The proof is just an application of the continuous mapping theorem.

]

Proof of Theorem 3.2. The proof of this theorem is essentially the same as for of Theorem
3.1 in Lacal and Tjgstheim (2016). The asymptotic normality for b fixed is proved as

in that theorem. We only need to evaluate the variance of [ A,(x,y)dG,(z,y), where

Var ( / Ap(@,y)dGo(z, y)) —E ( / Ay, ) Ap(v, w) G (z, )G (v, w))
- i;gjﬂzmb (X0, Yy) Ap (X5, V7))
Y E ( / Ay (X, 1) Ab<v,w)dF(v,w>>
-8 (f Aoy (X2 (o)

+ n/Ab(a:7 y)Ap(v, w)dF (z,y)dF (v, w)

=F1+Ey+ Es+ By

The contribution of terms with r # s to E is

n—k

n

U5 [ e (o a0 v, w) = S F [ (o) (0, w)

T#S k=1

[aFO @y, v, w) +dF @y, 0,w)]

whereas, terms with r = s contribute with [ A,(x,y)Ay(z,y)dF(z,y). Moreover, Fy =



E3 = —E4, SO that,

Var </ Ab(m,y)dGn($,y)> = /A?,(x,y)dF(l‘,y)

—n/Ab(m,y)Ab(v,y)dF( y)d

+/AbxyAbvw z":n i
k=1

+ / Ap(@, y) Ap(v, w)dF (z, y)dF (v, w)

F(v,w)

[dF( x,y,v,w) + dF(_k)(:L‘,y,v,w)}

- [ A A0, w)dF @, ) dF (0, w)

— [ APy

—/Ab(a;,y)Ab(v,w)dF(x,y)dF(v,w)

n

+ [ ) o, w) Y- ”T_k [P ey, 0,0) + aF Oy,
k=1

/AbxyAbva

(v, w).

Focusing on the last two terms, if we add and subtract 37, 228 (2, 4) F (v, w), we have:

n

n 1 _
/Ab:cyAbv w) {n b (z,y,v,w) + dF* )(x,y,v,w))+7ndF(ac,y)dF(v,w)
—Lon n

‘\"T‘ A

n —

NE

= /Ab(:c,y)Ab(v,w) [dF( )(x,y,v,w) - dF(x,y)dF(v,w)}

n

—k

n

k=1

M=

+ /Ab(a:,y)Ab(v,w) [dF(fk) (z,y,v,w) —dF(x,y)dF (v, w)] .

B
Il

1

Therefore,

Var ( / Ab(az,y)dGn(x,y)> -~ / A2z, y)dF(z,) — [ Ap(z, ) Ap(v, w)dF (z,4)dF (v, w)
" n—k

+/AbxyAbva

[dF(k x,Y,v,w) — dF(m,y)dF(v,w)}

3

[ dFR) (2, y,v,w) — dF(m,y)dF(v,w)]

To check whether the variance converges, we need to prove the convergence of the sum in



the last two integrals. Using Assumption A1 and Corollary A.2 of Hall and Heyde (1980),

and choosing arbitrary 1 < ¢ < p such that % + % <1,

—h / Aol ) Ap(v,w) [1O (2,90, 0) — f(e,9)f (0.0)) dedydvdw |

| Z

n

(X5, Yo) Ap(Xs—k, Yer)) — E (Ap(Xs, Ys)) E (Ap( X, Ysi)) |

j—1_1 (R—1) &n f 1_1_1nk
Al ? ":SHAprHAquO< > (o' ))

k=1

Q=

<8Z
1—1_1

(8 P q
P 8| Al Abllg < o0,
— P q

where f®) is the density function of (Xi,Y;, X,,Y;) with & = t — s. The same is true
for k = s —t. For n - oo and b — 0, we need assumption 3 of Theorem 2.2 and use
the approach of Joe (1989) and let b — 0 in the expressions for b fixed. Finally, the
asymptotic normality of [ Ay(z,y)dG,(x,y) follows from Francq and Zakoian (2005) since

p > 2, Assumption A1 holds and

lim Var (/ Ab(x,y)dGn(x,y)) < 00

The last part of the theorem follows from the above proof, from Theorem 2.1, and Propo-

sition 6.3.9 of Brockwell and Davis (2006). O

Proof of Corollary 3.1. This follows in a straightforward fashion from the method of proof
of Theorem 3.2. O

D Appendix

In this appendix the asymptotic theory for the validity of the bootstrap is given with some
auxiliary preliminary results proved in Appendix [E]

Let (A, G,P*) be the probability space where {X;} and {Y;*}, the bootstraps of {X;}

10



and {Y;}, respectively, are defined. In particular, for the estimation part, the two times
series are bootstrapped together ({(X;,Y;}), while, for the independence testing part, they
are bootstrapped separately ({X;} and {Y;}). As we stated in Section 2 for 6, and for 6,,;
we assume that the point (x,y), at which the local log-likelihood is estimated, is fixed, so
that, 0, = 0y ,(z,y), which is the 5-dimensional vector of parameter estimates obtained
with the bootstrap.

First, we need some expressions for calculating the mean value and the variance of a time
series under the bootstrap and referring to the probability space (A, §,P¥). For fixed b, con-
sider a stationary time series {Zt(b)(ﬁ)}, 0 € © and define Z,(0) = Z,,(0) = 1 31| Zt(b)(ﬁ),
Zam(0) = Zppp(0) = X0, ozn(t)Zt(b)(Q), where «,(t) is defined below. Moreover, E* is the
mean value under the measure P/. From Politis and Romano (1994) and Gongalves and

White (2004), we know that, for the stationary bootstrap,
E* (Z3(0)) = Zn(0) (D.1)

and, again, using Var to denote the covariance matrix,

Var' (Z3(0)) = 25 S(Z0(6) - Z(6)(20(0) - Z,(0)) (02)
s=1
n—1 n—r
+ 5300 X [(290) - 2,0)(Z00) - Z,0))
T=1 s=1

and where
()—(1—T><1—1>T+T<1—1>M nf (1) <1 (D.3)
Tn\T) = n L n L ) TZI’YnT > in .
and for the moving block bootstrap,
* 7 % & ~ ln
B (2:(60)) = Y an(0)2” = Z,(6) + 0, (1) (D.4)
t=1

11



where
t
gy 1St<l—1
n
()= L I<t<n—l,+1 > om(t)=1 (D.6)
! t=1
—t+1
ey, n—lh+2<t<n
-t _ B
Gy 1St<h—[7]-1 n—r]
Bn(tﬂ-) N #ﬂ’ ln_ | T |§ t S n_ln+ 1, Z Bn(taT) =1. (D7)
i t=1
n—t—|7|+1
T "~ hmt2<t<n—|7|

Remark D.1. It is easy to see that |7, (t)] < 2, an(t) < and (,(t,7) < —f— for

1
n—Ilnp+1 In+1

every t, 7 =1,...,n.

In the next theorems, Zfb) will be a scalar related to the log-likelihood, i.e. Zt(b)(Q) =
L®)((X,,Y;),0), or a vector being the gradient, i.e. A% (0) = VL®((X,,Y}),0), or a matrix
being the Hessian matrix of the log-likelihood, i.e. Z\”(6) = V2L®)((X,,Y,), ).

To the assumptions A1)-A3) of Section 2.1, we need to add the assumptions A4 and

A5 below.

A4) (A, §) is a measurable space, (A, G, P¥) is a complete probability space, for all w € €,
and {L;,b AX QX0 — R} is a sequence of random functions such that L;, ,(0) =
Lap(X5(0 @), YA 0)),0), where X7(0w) = Xoxy (@), Yi(0w) = YVorn(@),
7, A — N weQ, e A, 775 and 7} are vectors of random indexes, represent-
ing the bootstrap operation. If the two time series are bootstrapped together, then

¥ = 7Y Moreover, the block length [, is such that I, = o(y/n) as n — oo.

12



A5) For § € © and for every t =1,...,n, {L(b)((Xt, Yi), (9)} is Lipschitz continuous on O,
{VL(b)((Xt, Yy), 6)} is 6-dominated on © uniformly in ¢, n, and {VQL(b)((Xt, Y,), 9)}

is Lipschitz continuous on © and 2—dominated on © uniformly in ¢, n.

Assumption A4 sets the stage for proving the validity of the bootstrap. It defines
the probability space of the bootstrapped samples {X;} and {Y;*}. Assumption A5 is
needed in Theorem [D.2] and it is fulfilled in the situation we consider. Indeed, the kernel
function has a compact support and the term log(¢((X:, Y;), 6)) is differentiable, therefore
{L(b)((Xt,Yt),O)} and {VzL(b)((Xt,Yt),é’)} are Lipschitz continuous. Further, since the
kernel function has a compact support and the continuous term log(i((X;,Y;),6)) has
a maximum in the compact set ©, so {VL(b)((Xt,Yt),Q)} and {VQL(b)((Xt,Yt),Q)} are
bounded by a constant. This implies that the two processes are, respectively, 6-dominated
and 2-dominated.

We will use the following notations, taken from Gongalves and White (2002, 2004), for
the convergence of variables in the probability space (A, G, P¥). First, we write Y,* CLN 0,

if for any €,6 > 0,

nli_}rgloP(w PE(N:| Y (A w) [>€) >6) =0.

Further, we write Y* =% N(0,1) prob- P, if for every subsequence {n'}, there exists a
further subsequence {n”} such that Y, =% N(0,1) a.s. (see Goncalves and White (2004),
page 210). This definition is based on the fact that convergence in probability implies almost

sure convergence for such kinds of subsequences (see Theorem 20.5 of Billingsley (2012)).

D.1 Estimation

We need to show that the bootstrap is valid and to do that we need to prove the consistency
(Theorem [D.1]) and the asymptotic normality (Theorem [D.2)) of the parameter estimates

after the bootstrap.

Theorem D.1 Let assumptions A1), A2) and A4) hold, and let {L(b)((Xt,Yt),H)},

13



6 € O, be Lipschitz continuous on © and 4-dominated on © uniformly in t,n.. More-
over, assume that, as b = b, — 0, 02 = Var(LW(X;,Y;),0) — 0% < oo and p, =

E(L®(X,Y,),0)) = p < oo, forallt =1,...,n and 6 € ©. Then 67, — by e 0.

Proof of Theorem[D.1]. Using the same arguments as in Theorem 2.1 with (D.1]) and (D.4))
instead of the stationary condition and Lemmas [E.T and [E.2] in Appendix [E] it is seen that

Py, P
055 — 6oy —— 0. Therefore,

2 (B (167~ 0u 1> 6) > €) <P (B (1 63— b0 > ‘23) =

+P (‘ en,b — HO,b ’> g) — 0,

as n — oo and V¢,& > 0. m

Theorem D.2 Let the assumptions of Theorem 2.2 and A1) - A5) hold, then
Vhiba M, ¢ T/ (05, = Ony) =% N(0, I5) prob — P.

Proof of Theorem[D.4 By A4 and Lemma A.1 of Gongalves and White (2004), X} is
G—measurable, Vw € (2. Therefore, L}, , is G—measurable, V(w,0) € Q x ©. By definition,

L}, , is continuously differentiable of order 2 on © a.s. —IP. Taylor expanding VL, ,(0), we

have that

VL, (Onp) = VL, (05) + V2L (05) (Onp = 0) + 0 (1)
= [VQL;:,b( :—Zb) - VQL:,b(QO,b)] (Qn,b - :b>

+V2L5,(000) (Ons — 05,) + 0y (1),

where o0,+(1) denotes the small order under P}. To prove this theorem, we first need

to ensure that [VQL;’b(H:L’b) — V2L27b(90’b)] (HM, — 9;71,) 45 0 and second calculate the

14



asymptotic distribution of VL (0,). For the first part, we have that

V2L 0(054) = V2L (80p) = [V2Li 3 (050) = V2 Lap(05.0)] + [V2Lnp(05) = V2L p(600)]

+ [V2Ln,b(90,b) - V2Lz,b(90,b)} = F1 + Ey + Es.

Applying Lemma and Lemma to each component of Z”(0) = V2L®)((X,,Y,),6),
it follows that V2L ,(8) — V2L, ,(6) —= 0 uniformly on ©. We have that, for suitable

matrix and vector norms | - |,

| By |< sup | V2L5,4(6) = 9Ly (6) =225 0,

| Ep | < — Z | V2L Xtvyt)aen ») — VELO (X, Y7), 00) |

n Py P
< T3 B fon IS M 16— 0 |25 0
t=1

and

* PLP
| Es|< sup | VELnp(0) = V2L, 4 (0) [—— 0,

where M is a sufficiently large constant such that C; < M, foreveryt = 1,...,n. Moreover,

we have that

Vi (VL (0n6) = VEns(0ns)) = V1 (VL 5(005) = VLns(60))
=V (VLip(0np) = VLnp(00))

Vi (VL — VL, (004)) = By + Ez + Es.

Taylor expanding Es and Fj3, we have, in probability,

Voibs M, 3 (By + Bs) o \JbibaM, (V2L (008) — V2 L(00s)) /(0 — Oos).

15



but, from Theorem 2.2, \/b1byM,, 7 Jnp3/1 (Onp — 00p) = N(0,I5), which implies, together
with A3, that /nv/bibe(0np — Oop) = O,(1). Moreover, applying Lemma to each
element of Z”(0) = V2LO)((X,,Y;),0), it follows that:

V2L: () — V2L, (0) =% 0 prob — P, V0 € © .
Then, from the results above and from A3, it follows that
_1 J
\/blbgMn’f (EQ + Eg) =7 0 pI'Ob —P.
By the definition of 6, \/nV Ly (0,5) = 0, therefore,

1 -1
VnaJbiba M, 2V Ly (0np) — \/b1b2 M, 2 Ey

_1
= \/bibo M, 2 (B> + E3) =% 0 prob — P.

Applying (E.5) of Theorem of Appendix [E| with Z§">(9) = VLY ((X,,Y;),0) and V, =
_1
(biba) "' M, we have that /bib, M, 2 By =% N(0, I5) prob- P. Therefore,

_1
Vi bibs M, 2V LY, (6,,5) =™ N(0,I5) prob — P

Now, putting everything together, using Theoremwith z (0) = V2L§b)(9) and Lemma
[E1

VL (Onp) = V2L, (003) (O — 055) + 0pe (1)

= V2L (60,6) (en,b - 9;7;,) + 0p+ (1)

Using the Markov inequality, the mixing inequality (Corollary A.2, Hall and Heyde (1980))

and the 4-dominance of {VQLib)(é’)}, one can show, using the same technique as in ([E.3]),
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that V2L, ;,(60s) — E (V2L 4(005)) £ 0. This leads to

VL, (0np) = E (V2 Luy(600)) (0ns — 054) + 0p(1) + 050 (1)

= —~Jup (O — 054) + 0p(1) + 0pe (1).

Therefore,

_1
biboM,, 2 Jo /1 (05 — Ons) =% N(0, I5) prob — P.
0

Like in Section 2.1, Theorems[D.1|and[D.2]still hold if we consider the case of {(X;, Y;_x)}
instead of {(X;,Y;)}, because to prove them it is just sufficient to substitute 6 with %),
Also in this case, the matrices M, ; and J,; will depend on the lag k. Moreover, the same
asymptotic results hold with essentially the same proofs for the bootstrapped time series

X" and V""", where, X;"" and Y,"" are originated from the transformed series { X", Y;"}.

D.2 Testing

To ensure the validity of the bootstrap, we need to check the consistency (see Theorem [D.3
below) and the asymptotic normality (see Theorem of the test statistic 7);,. We can
do that for both the stationary and the moving block bootstrap.

Theorem D.3 Under the assumptions of Theorem[D.1] and assuming that h is continuous,

it follows that Ty, — Tpp LN

Proof of Theorem[D.5 The proof is just an application of the continuous mapping theorem

to the result obtained in Theorem [D-1l O

Theorem D.4 Under the assumptions of Corollary 3.1 and Theorem 2.1, and A4, it

follows that

(NI

Vi [Co (A)] 72 (T, — Top) =% N (0,1) prob—P.
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Proof of Theorem[D.]] For the stationary bootstrap, the proof of this theorem is the same
one as for Theorem 4.4 part B in Lacal and Tjgstheim (2016). Instead, for the moving block
bootstrap, we need to check whether E* (—I*((z,v), Onp(z,v))) N —1((z,y),00(x,y))
still holds, where I((x,y),0) = ;;Ln,b((x,y),e). This is true because, using the same
reasoning of Theorem 4.4 part B in Lacal and Tjgstheim (2016) and (D.4),

B (=1 ((5:9). Ono (:))) = ~1((,9): Ona:9)) + Op () ~ ~T((2: ). o(z0)),

where the last approximation holds in probability. O

The situation with a standardized and normalized series {(X}",Y;")} can be treated
in essentially the same way, with modification mentioned in the remark after Corollary
3.1, under the null hypothesis of independence between {X,;} and {Y;}, and with the test
functional T}, ;, having the same asymptotic distribution. Finally, a bootstrap version of the

test functionals in Remark 3.2 can be constructed.

E Appendix

The proofs of the lemmas are inspired by corresponding lemmas in Gongalves and White

(2002, 2004). We prove Lemmas [E.1| and |E.2| in the situation in which {Zt(b)} is a scalar,

but the results still hold with notational changes when {Zt(b)} is a vector or a matrix.
Indeed, as is well known (Brockwell and Davis (2006)), the convergence in probability of a

vector or a matrix holds when convergence in probability of their components holds.
Lemma E.1 Let {Zt(b)(H)}, 0 € O, be a stationary and 2-dominated on © uniformly in
t,n, ¥t = 1,...,n, l, = o(n) and l,, — oo. Moreover, assume that, as b = b, — 0,

o2 = Var(Z") = 02 < 00 and p, = E(Z") = p < 0o. Then, Y0 € ©, © a compact set,

Z5(0) — Zn(6) —=25 0

n

18



both for the stationary and for the moving block bootstrap.

Proof. Define A < oo such that, by the 2-dominance, ||Zt(b)||2 < A. This is reasonable

1
since 122 = (B (1)) = (o + i)* = (0% + )t as b 0.

Z3(0) = Zn(0) = | Z2(0) =B (Z3(0))| + [E” (Z:(0)) — Zu(6)] = E:1 + E;

For the second term, using (D.1)) and (D.4)), we have that:

(i) for the stationary bootstrap, Fy = 0;

(¢7) for the moving block bootstrap, E; = O, (l—")

n

Therefore, in both cases, Fs 0. Applying the Markov inequality twice, we have:
_ 1 _
* * * 2 * *
P (P, (| By |>0) > &) <P (Var* (Z(0)) > 6%) < —625]\\/% (Z3) I

By (D.2), (D.5), Remark , the Minkowski inequality, the Holder inequality and the

2-dominance property of {Zt(b)(ﬁ)},

(7) for the stationary bootstrap,

[Var* (Z;;(e)) I < % SUZO0) = Zn(0) )21 Z2(0) — Z ()2
s=1

n—rt

1 _
oz () X [128(0) = Za(0)]121125,0) = Zu(0)12

+28-(0) = Zu(0)]21128P(9) = Za(0)]

<i 4A2+—Z T)8A2%(n — 1) < A2(1+2(n—1)l>
n ")/n T) S n nl -

n

19



(77) for the moving block bootstrap,

[Var* (Z3(0)) Il < Zan N ZP0) = Zan@)1211280(6) = Zan(0)]l2

ln—l

o Z(l—n)thr[HZ(b() O Z2,0) ~ Zan )1

H1ZE(0) = Zan(®) 12128 (0) = Zan(0)]12]

4N2 A2t}
< 2l >+8*Z <1—>Zﬁnt7
s=1 =1

_4aa? Il 2A2],
1+2 1—— = .
( #23 )) ;

Therefore,

Lemma E.2 Let {Zt(b)(ﬁ)}, 0 € O, be Lipschitz continuous on O, that is | Z\"(6) —
ZOW@Y IS C 1 0—0| as.—P, V0,0 € © with a sufficiently large constant M such. that
Cy < M. Moreover, assume that Y0 € ©, © a compact set, Z*(0) — Z,(0) BTN 0, that is

Lemma holds, with 1, = o(n) and l,, — co. Then, V4§, & > 0,

lim P (]P)Z’; (sup | Z:(0) — Zn(0) |> 5) > §> =

both for the stationary and for the moving block bootstrap.

Proof. The idea of this proof is equal to the one of Lemma C.2 of Lacal and Tjgstheim

(2017). The only thing that we need to check is whether the following expression still

holds:
P (P:; ( sup | Z3(6) — Z:(6:) |> 5) > 5) <S,
0en(6;,€) 3 3 3

Vn sufficiently large and V(¢ > 0, where n(6;,¢) = {0 € © : |0 — 6;| < ¢} with € > 0. By the

20



Markov inequality and the Fatou’s lemma for series,

9677(01 76)

* *(b *(b
_MZE ( sup | 27 0) — ;¥ (6,) \).

oen(8ie)

_ _ 5 3 _ _
IP’ZZ( sup | Z(0) — Z1(6,) |> >< E( sup | Z;(0) — Z3(6) )
0€n(0;,€) 0

For the stationary bootstrap, using (D.1)), we have that

* 0 % 1) 3 X2 « *(b) *(b)
P sup |Z,(0)—Z,6;)|>-|<—> E sup | Z, (0)— Z, " (6;
(0677(02-76)’ ) (@)1 3) 5"; <9€n(9i,e)| 00 o (0]

< 63 sup ’ Zt(b)(e) i Zt(b)(az) ‘
N = 0en(6i,e)
R 3¢ n

< — < -

- %ZQ Z oI+ 1) ZC

=1

and for the moving block bootstrap, using Remark [D.1], we have that

0€n(bs,¢) 9en(8;,¢)

* 7% 7% * *(b
IP’w< sup | Z3(0) — Z7(6;) | )_ 5nZE ( sup | 27" 0) - z;®(0;) |>
3 L,
<3 ant) sw 1200) - 206 | +0, (1)
t=1

9677(91':6)

3e " Iy
L — ).
- 5(n—ln+1)gct+0p<n)

Therefore, again using the Markov inequality for both, asymptotically,

_ _ 5 ¢ n
P [ P* ZXO)=ZX0) |>=| >2| <P Ci >
(2, op 125002300 > ) > §) < (s )

t=1
< —E <
S8t 1) (;@

Vn sufficiently large, I, = o(n), ¥¢ > 0 and € < 9%. O]

c,o\m

Lemmas and [E.4) are needed in Theorem which is used to prove the asymptotic
normality of Zt(b) = VLgb)(G).

Lemma E.3 Let {Zt(b)} be a univariate stationary time series with second moments, 6-

21



dominated on © uniformly int,n, vVt =1,... n, withl, = o(y/n) andl, — oo and a-mizing
with o, = O(a¥), a € (0,1). Moreover, assume that, as b = b, — 0, o} = Var(Z )

0% < oo and py, = E(Zt(b)) — p < 0. Then, using the notations of Gongalves and White
(2002), 62 — 02 =5 0, where 62 = ooy = Var' (ﬁZ;) and o), = oy, = Var (\/ﬁZn>, both
for the stationary and for the moving block bootstrap.

Proof. First we state the proof in the situation of the stationary bootstrap and, then, of
the moving block bootstrap. Define }A%(t, T) = Zt(b) Zt@ﬂ R(t,7)=E (Zt(b)Zt@T) and A < 0o
such that HZt(b)HG < A. Then, we have that,

n n—1ln—r
= v (520) = v () 2 S cm(a020) e
n — = [
2 n—1ln—r
:g§+g (R(tﬂ')_ub>
=1 t=1

. P
1. 62 —02 —0;

2. 62 — 52 5 0;
where, 62 is equal to 62, except that it replaces Z, (for the stationary bootstrap) and Za,n

(for the moving block bootstrap with a defined in Section 3) with . First, we will prove
these two steps for the stationary bootstrap (S) and then, for the moving block bootstrap
Step 1 (S): Since

1 n n—1n—7
Gy = -~ >, (Z(b - Mb) + = Z > (T ( - Mb) (Zt(?,-)’r - Mb) (E.2)
t=1 =1 t=1
with ~,, defined in (D.3)), we have that
1 & 2 'R« A
&%_Ug:[nz<zt(b)_ub)2_ab EZZ{ Rt)T)_R(th)
t=1 =1 i=

(s = (s (27 + 2L, ) + 3] = B+ Bs.
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By the Markov inequality, the mixing inequality (Corollary A.2, Hall and Heyde (1980))
and the fact that E (E;) = 0,

P(| E1 |> 6)_ (;i( b)_ﬂb)2>
o (4 ()

n

:222
SR "

1 n

n

IN

ETzZZsu( ) )l (29 — )2 305

b) [t—s|
= ZZM — w212 = )2

t=1s=1

+ ’Hb 4 iia‘tgs‘

t=1s=1

(A

because, by the Minkowski inequality and the 6-dominance of {Zt(b)}, we have that ||Zt(b) —
llg < (HZ ”6 + |u])? < (A + |us|)?. Therefore,

S(A + [ip))t S It
PE>9< = MY Y a (E3)
t=1s=1
8(A + |up)) = N
€“n =1
€“n =1

as n — 00, since a € (0,1). To prove that the absolute value of Ey R 0, we show that the

bias and the variance of E5 go to 0 as n — oo.

nlnT

*ZZI% ) =D R(t,7) = iy (yu(7) = 1) |
=1 t=1

’I’Ll?’LT

S*ZZ\% ) = LI R(t,7) — i |- 0,

Tltl

| E (E2) |

| /\
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by Remark [D.I], the dominated convergence theorem for series, the mixing inequality
(Corollary A.2, Hall and Heyde (1980)), since + | v,(7) — 1| - | R(t,7) — ui |= 0 and, by
the fact that {Zt(b) } is 6-dominated,

Z*”Yn —1\Z]Rt7' ,ub|<z 3 8A2a2<24A22a2<oo

T>1 T>1 T>1

By the Cauchy-Schwarz inequality,

Var (EQ —Var <nz:1 nz:T [’Yn Mbp)/n( ) (Zt(b) —+ Zt(?‘l'):|>
=1 t=1
2”21”21% CO\,(nZT[A(t,T)_M (20 +22.)].
=1 A=1 t=

(L | t=1
\lVar (rbz_‘:\ [ﬁi(s, A)— (Zéb) + Zg}\)})
s=1

By the mixing inequality (Corollary A.2, Hall and Heyde (1980)), we have that

n—r

-2 ()

t= t=1

=3 var (22— (thm

#23, 3 Cor (A2 - (2 4 20) 202 - (204 21))

— b b
< Zuz< 128 — (2 + 28|13

n—mT N—T

+23° % 812028 — (22 + 205129 2% — (29 + 28 )50’
t=1 s=t+1

s|

n—1t n—r7 lt=s|
< (n—7)(A2 4 2w A) +16(A% + 2l Y Y o',
t=1 s=t+1
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because, by the Minkowski inequality, the generalization of the Holder inequality and the
6-dominance of {Zt(b)},

b b b
120 28— (22 + 2815 < 128020 15 + 1ol (12215 + 122, 113)

b b b
< 1261122 16 + 1ol (12113 + 11221 113) < A% + 2| A.

Therefore, using the reasoning of (E.3)),

(5 e+ 22)]) < 7 3 (1 16 5 05
t=1

t=1 s=t+1

1 n
< (A2 4 2| A)2(n — 1) (1 + 160‘3_0‘13> .

1—as3

Putting everything together and using the definition of ,,, we have that,

n—1n—1 n—r
Var (E2) < % Z Z ’yn(T)*yn()\)J Var <Z [R(t, ) — (Zt(b) + ZS’QT)D.

7=1)\=1 t=1
(g ®) | )
Var (Z [R(s,)\)—ub (Zs +Zs+)\)}>
s=1
) ) Oé% Oé% n—1n—1
< (A% +2[mplA)*(n—1) [ 1+ 16 " SN () m(N)
- =1 \=1
2 1 as
< (A% +2|uwp|A)*(n—1) [ 1+ 16 — |1z =0
1— a2

since I, = o(y/n) and «a € (0, 1).
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Step 2 (S): By (D.2)) we know that,

TLlTLT

1& _ _ _
7132 2 S (A ) (- 2)
t=1 =1 t=1

1 n B 92 n—1n—r7
S (20 - 24 25 S 20 20,

nia [

9 n—1ln—r1 B ) ®)
+= )IDS (7)) Zn (Zn — 7z _ 7 +T)
Sy 2 St oS (1)

n t n n In\T t+7 ~ n

i
I
N
I
I
~+~
i
A

because,

92 n—1n—r7

o, 9 _
n Z Z Vn(T)Zn (Zn - Zt(b) Zt(—l:‘)‘l') = EZH [

=1 t=1

S
|
\]
M=
AN
=
|
]
=
|
(]
IS
Te
¥
S~—

S
-
Il
—
o~

I
—_
-
|
—_

==

Il
|
[\
N
S~
N
—_
|
S
'
/N
—
|
=
N~~~
3

1 2 n—1ln—7

n =1 n 7=1 t=1

N el 1\"

+ 24 (ub—2Zn) > (1—;> (1—1) -

=1
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|
\]
M=
N
=
\
™
N
=
\
M1 1
3
+
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M= s
N
=
N
N
=
\
N
N
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t-7)
In



Therefore,

n—1
_ _ 1\7 _
aﬁ-&i:—zg—223§:<1—> <1_z> — i + 212,
n

T=1 "
S () (-2) (2
() 2 (2w S (D) (1= 1) o

=1

because (Zn — ,ub)2 =0, (%) = 0,(1) and (Zn - /lb>22¢ 1 (1 - 7) ( — i)T =0, (%) =
0p(1), since I, = o(y/n).

The proof for the moving block bootstrap follows the same technique as the one for the
stationary bootstrap.

Step 1 (M): Since

ln—1

=3 enlt) (20 ) +2 5 (1= 1) T e n) (2 ) (22 ) (B3)

with «,, and 3, defined in and (D.7), we have that

[

z(l—n)mm( L) (A0 + 200,))

nlnT

LN (e )]:Elw.

=1 t=1

+2

By the Markov inequality, the Minkowski inequality, Remark [D.1I] the 6-dominance of
{Zt(b)}, the mixing inequality (Corollary A.2, Hall and Heyde (1980)) and the fact that

E(El) =0,
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P(l E1[>¢€) < 6%Var (Z o (t) (Zt(b) _ Mb)2>

t=1

b5 St (3 ) (22 )
t=1s=1

= E%ZZ%@)%@)H(ZS’) — sl (2 — ) lsa 7
t=1s=1

8 b lt—s|
= 52> anan(IZ" — mslRlIZP = wollfa

IN
X
B>
e -
=
s
=
[+
Q
3
=
Q
3
O
Q;
wo| T

VAN

because of the same reasoning as for (E.3), I, = o(y/n) and a € (0,1). To prove that
Ey 5 0, we show that the bias and the variance of Fy go to 0 as n — oo.

By Remark [D.1]

ln—1

=
E E2|—2!Z(1—)Zﬁnt7( =) =SS (R ) )|
n =1 t=1
lnl n—-rt 9" n—1n—r
<22 > 1 Ba(t,7) || R(t,7) Mb’JrﬁZZ\R — 1 |
Tl"tl T=l, t=1
In—1n—71
$23 3 1 Bult) — - | Rl 7) — 4 |
T7=1 t=1
92 lnflTn—T n—1 n—7
Sin—wrl;ﬁ;' R(t,T Nb|+ Tzl:n;Uth ui |
In—1 1 n—r )
+22| l+1 E’;|R(t77>_ﬂb‘
n—1ln—1
<2 maX{T }\R(tT) 12 |
Tzuzl —lp+ 1) b
2l In—1n—1
(n—l —|—1 ;;|Rt7 |
2 ln—1n—7
_n—l—f—lz:nln;:lu%(t7 Mb‘—i_( l+1 ;;’RtT |
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The first term is going to 0, because of the dominated convergence theorem for series,
since - | R(t,7) — p2 |— 0 and, by the mixing inequality (Corollary A.2, Hall and Heyde
(1980)) and the fact that {Zt(b)} is 6-dominated,

_ 2,3
DR SEPTOR Y IE pEA UYL s

'r>1 n t=1 >1 Nn ™>1"

Also the second term is going to 0, because, by the mixing inequality (Corollary A.2; Hall
and Heyde (1980)) and the fact that {Zt(b)} is 6-dominated,

(I, — 1)16A%(n — 1) -
> Z | R(t,7) — i |< az =0
(n_l +1 st n(n—I+1) 5
Therefore, E (| £, |) — 0. By the Cauchy-Schwarz inequality,
ln—1 7\ =T . b .
Var (Eq) = 4Var Z <1 — l) Z Bn(t,T) (R(t, T) — Wp (Zt( ) 4 Zt(+)7>)
=1 n/sot=1

By the Minkowski inequality, the generalization of the Holder inequality, the mixing in-

equality (Corollary A.2, Hall and Heyde (1980)), Remark |D.1} the 6-dominance of {Zt(b)}

and the same reasoning of (E.3)),
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Var (5 o) [R00 7 = (204 280)] ) = Vor (5 pute) [0 280, — o (29 + 212

= 3 e var (202, o (27 + 212,))
t=1

n—1T n—T

+23° 3 Bult.m)Buls,m)Cov (2720 =y (27 + 21, ) 2P 28, — o (20 + 210, ))
t=1 s=t+1

b
<Z/32 NZP 28, - w2 + 2813

n—mT NnN—T

|t—s]|
+235° % Bult,7)Bu(s, 1820 20, — (2 + ZE 151 20 20 — (20 + 2 )30

t=1 s=t+1

(A2 4 2] | A)? ( S TN )

< + 16 o 3

(n_ln+1)2 ;s;—s—l
_ (&A1) (| cas ot

(n—ln+1)2 1— a3

Therefore,

v <585 (-7 (1) v (55 e - (80 22)] )

=1 =1

: \lVar (TLZ_:A [R(s, A) — iy (Zs(b) + ZgA)D

s=1

1 o\ lp—11,—1
4(A2 4+ 2|up|A)2(n — 1) a? —a? )\ & ”( 7')( )\)
1+ 16 1——)(1-+
S L ) = 2l
A(A2 19 2 L n = 2
AATEAAR ) (g mat) ()
(n =1, + 1) 1—a2 2

since [, = o(y/n) and a € (0, 1).
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Step 2 (M): By (D.5) we know that,

ln—1

> an(t) (Z(b _an) +2 Z (
i 0 (27) -2 +2IZ_1( )fﬁn<t,r>z§b>z§27
= /5

28 (1) S (B 2on (2 212)

F) 2 07 (27 = Za) (22 = Zun)

o~
3

~+
=

In the same way,

ln—1

; (Z“’ ) + 12 = 24 Zeym + 2 Z (1 _ ln) Z Bu(t, 72" 20

28 (1) e (- (2 4 212).

31



Therefore,

ln—

672L - Zgzn Nb + 2,U/bZa n+t2 Z <1 - l> Z Bn t 7_) |:Zc2v,n - Za,n (Zt(b) + Zt(-?-)fr)
T=1 n

1+ (27 + 28] =~ (Zaw — ) +2 5 (1 -7
=1 n

Z /Bn t T [ amn (Zoc,n - Nb) (Zt( ) + Zt(i)7-> :U’lﬂ
= - (Za,n - ,ub>2 +2 (Z?x,n - Nl%) lnz_:l (1 - ;—) gﬁn(tﬂ—)
=1 n/s =1
ln—1

—<mf@z@—)zmwu )+ (A2 )

1
*4Hb an — b Zl(l)zﬁ”tT
= —( an ,Ub) + (Zin— ) l - 1) 2pup (Za,n_,ub> (ln_ 1)

~2(Zan =) 5 (1 1) S A0 [(A7 - ) + (2~ )

— 2 - - B -
_(Zam ,ub) (ln —2) 2<Z°"" 'ub) 1<1 ln)

T=

St [(2 — ) + (22— )] o
t=1

N

because [, = o(y/n). Actually, by Remark [D.1]

_ I, — 2 _
P (| Zon— o P11 21> &) < o2y (2,,) < Lo =2l 5m a2y
t=1
|1, —2 | oin

- 0

_e(n—ln—i-l)Q_> ’
P (| Za — s [> €) < 2Var (Zan) < — 2 5

n ~ € )= e(n— 1, +1)2
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and

) S e () + (2 )]

%n_ (1—;)§5n(t T){ (|Zt _Nb|)+E(’Zt(~bk)T_Nb‘)}

t=1

]

Lemma E.4 Let {Zt } be a dx 1 stationary time series with second moments, 6-dominated
on © uniformly in t,n, ¥Vt = 1,...,n, with l, = o(y/n), I, = o0, n — oo and a-miring
with o, = O(a¥), a € (0,1). Moreover, assume that, as b — 0, ¥ = Var(Zt(b)) - ¥ <
oo and pp = ( ) — u < co. Then V, —V, =5 0, where V,, = Var* (ﬁZ;:) and
Vi, = Var (\/ﬁZn) are covariance matrices, both for the stationary and for the moving

block bootstrap.

Proof. Define W; = AtZ”, X € R? such that A‘A = 1. If we apply Lemma to the time
series {W;}, we have that MV — MV, A -5 0 which implies V,, — V,, 5. ]

To prove the asymptotic normality of the parameter estimates after the bootstrap, we
will need the following theorem from Gongalves and White (2002), adapted to our situation.
The only change to be made in the proof is that, in our case, to ensure the consistency of
the variance after the bootstrap we use Lemma [E.4]

Theorem E.1 Let {Zt(b)} be a 5 x 1 stationary time series with second moments, 6-
dominated on © uniformly int,n,Vt = 1,...,n, withl, = o(y/n) andl,, — oo and a-mizing
with ap = O(a*), o € (0,1). Moreover, assume that, as b — 0, £ = Var(Z") = ¥ < oo

and p, = E(Z) = p < oo, V,, = Var' (\/HZ;) and V,, = Var (\/ﬁZn) are covariance
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matrices, and, in particular V,, is positive definite uniformly in n. Then, V,, = O(1),
Vi 2/n (2 = Zn) =5 N(0,I5) prob— P (E.5)
and, Ve > 0,

nli_}rgP(sup ]]P;“J(\/H(Z:—Zn) ﬁx)—P(\/ﬁ<Zn—ub) §:c) |>e> =0

zeRd

both for the stationary and for the moving block bootstrap.

F Appendix

For the estimation of the parameters and for the test of independence, we need to calculate
the bandwidth and to do this there are several algorithms available. For our purposes, we
are using the one based on the likelihood cross-validation technique as was done in Lacal
and Tjgstheim (2017). This consists in two steps. First, we calculate the leave-one-out

estimate H;Z(x, y) of 6(z,y), that is, the maximum point of

1
n—1

ZKI) (X] - T, }/j - y) 1Og (77[) ((va ij)a eb(xvy)))
i

- [ K0 2w = )6 (0, 0), 0z, )) dvdu

Then, we take the bandwidth b = (b1, by) such that the following expression is maximized

CV(b) = %Zlog (v (X0 Y0, 0,5(.9) ) -

As was done in Lacal and Tjgstheim (2017), to avoid extreme bandwidths, we implement
lower and upper bounds for the bandwidth (e.g. expressed as a fraction of the standard

deviation). As expected, such bounds are less needed in the standardized case, because the
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bandwidth is often close to 1 for the sample sizes considered by us. For more details see
Lacal and Tjgstheim (2017).

For the choice of the block length for the bootstrap we use the R-function b.star of the
R-package np (for more details see Politis and White (2004) and Patton et al. (2009)).
We are aware of the fact that the algorithm proposed by Politis and White (2004) uses the
global Pearson serial correlation to calculate the block length. Therefore, it may not be
quite appropriate for our purposes, and we have consequently introduced a lower bound on
the chosen block length. Note that there is a recent paper by Nordman and Lahiri (2014),
where they compare asymptotically different procedures for selecting the block length. It

may seem that this paper too, to some extent, is based on autocorrelation concepts.
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