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Supplementary Material

Sample splitting

Our procedure described in Sections 3.2 and 3.3 consists of two parts, the calibration of a

factor model (i.e. estimating B in equation (1)) and multiple inference. The construction

of the test statistics, or equivalently, the P-values, relies on a “fine” estimate of f based on

the linear model in (25). In practice, b;’s are replaced by the fitted loadings Bj’s using the

methods in Section 3.2.

To avoid mathematical challenges caused by the reuse of the sample, we resort to the

simple idea of sample splitting (Hartigan, 1969; Cox, 1975): half the data are used for

calibrating a factor model and the other half are used for multiple inference. We refer to

Rinaldo et al. (2016) for a modern look at inference based on sample splitting. Specifically,

the steps are summarized below.

(1)

(2)

Split the data X = {X;,...,X,} into two halves X; and X». For simplicity, we

assume that the data are divided into two groups of equal size m = n/2.

We use X; to estimate by, ..., b, using either the U-type method (Section 3.2.1) or
the adaptive Huber method (Section 3.2.2). For simplicity, we focus on the latter and

denote the estimators by 31(26'1), e ,Bp(Xl).

Proceed with the remain steps in the FarmTest procedure using the data in X5. De-
note the resulting test statistics by Ti,...,7,. For a given threshold z > 0, the

corresponding FDP and its asymptotic expression are defined as
FDPy,(2z) = V(2)/R(2) and AFDPg,(z) = 2p®(—2)/R(2),

respectively, where V(z) = 3,4, I(|Tj] = 2), R(2) = >_1<;<, I(|Tj| = 2) and the

subscript “sp” stands for sample splitting.

The purpose of sample splitting employed in the above procedure is to facilitate the

theoretical analysis. The following result shows that the asymptotic FDP AFDPg,(2),

constructed via sample splitting, provides a consistent estimate of FDP(z).



Theorem A.1l. Suppose that Assumptions 1(i)—(iv), Assumptions 2-4 hold. Let 7; =
AjWnp, Tjj = Qjjwnp With a; > U;J/Q, aj; > vau"(X]?)l/2 for j = 1,...,p, and let v =
Yo{p/ log(np)}'/? with 79 > 7.. Then, for any z > 0, |AFDP,(2) — FDPy,(2)| = op(1) as

n,p — 0.

B Derivation of (6)

For any t and a; > U;]/ 2, Lemma C.3 in Section C.1 shows that, conditionally on f;’s, the

rescaled robust estimator v/n fi; with 7; = a;(n/t)'/? satisfies
- . 1 ¢ _
Vi (fiy — pj —bj f) = {\/ﬁ > U (b] fi+eij) — \/ﬁbng} + Ryj, (B.1)
i=1

where the remainder Ry; satisfies P(|Ry;| < ajn~?t) > 1 — 3e~t. The stochastic term

n=1/23n T](b fi+eij) — \/ﬁb;Ff in (6) can be decomposed as

;ﬁ ST BT fi+eiy) — Vbl F = Z{E (6] fi+ 2ij) — Eg, 0, (0] fi + =)}
i=1
5
1 n
+—= Z{Ef/rj(b;‘rfi +eij) — b fi}, (B.2)

\/ﬁ i=1

~~

where f =n='>"" | f; and Eg,(-) = E(-|fi) denotes the conditional expectation given f;.
Under the finite fourth moment condition v; := (Ee )4 < o0, it follows from Lemma C.4

that as long as n > 4aj_2 maxlgign(bjTﬁ)Qt,
|Roj| < 8a U n~13/2, (B.3)

Given {f;}l*1, S;j in (B.2) is a sum of (conditionally) independent random variables with
(conditional) mean zero. In addition, we note from (C.4) in Lemma C.4 that the (condi-
tional) variance of £ (b?fz + ;) given f; satisfies [vary, {€] (b;FfZ +&ij)} — 0245 SnTlt
Therefore, by the central limit theorem, the conditional distribution of S; given {fi}!'

is asymptotically normal with mean zero and variance o, j; as long as t = t(n,p) = o(n).



This, together with (B.3) implies that, conditioning on {f;}7_;, the distribution of v/n fi;
is close to a normal distribution with mean /n (u; + b;r f) and variance o j;. Under the

identifiability condition (2), 0. ;; = 0;; — ||bj||3 for j = 1,...,p. We complete the proof.

C Proofs of main results

In this section, we present the proofs for Theorems 1-5 and Theorem A.1, starting with

some preliminary results whose proofs can be found in Section D. Recall that

n
w =
P\ log(np)’
which will be frequently used in the sequel. Also, we use ¢, co, ... and C1,Cs, ... to denote

constants that are independent of (n, p), which may take different values at each occurrence.

C.1 Preliminaries

For each 1 < j < p, define the zero-mean error variable §; = X; — p; and let p;, =
argminger E¢-(X; —6) be the approximate mean, where ¢, (-) is the Huber loss given in (5).

Throughout, we use 1, to denote the derivative of £, that is,

Pr(u) = E;—(u) = min(|ul, 7) sign(u), v € R.

Lemma C.1 provides an upper bound on the approximation bias |p; — p; -], whose proof is

given in Section D.3.

Lemma C.1. Let 1 < j < p and assume that v, ; = E(|¢;]") < oo for some £ > 2. Then,
1/2

as long as 7 > 045 we have

i — sl < (1= 057 2 o 78 (C.1)

The following concentration inequality is from Theorem 5 in Fan et al. (2017), showing
that zi; with a properly chosen robustification parameter 7 exhibits sub-Gaussian tails when

the underlying distribution has heavy tails with only finite second moment.



Lemma C.2. For every 1 < j < p and t > 0, the estimator fi; in (5) with 7 = a(n/t)!/?

/2 . ~ _
for a > Jjj/ satisfies P{|fi; — p;| > 4a(t/n)'/?} < 27t as long as n > 8t.

The next result provides a nonasymptotic Bahadur representation for fi;. In particular,
we show that when the second moment is finite, the remainder of the Bahadur represen-
tation for fi; exhibits sub-exponential tails. The proof of Lemmas C.3-C.6 can be found

respectively in Sections D.4-D.7.

Lemma C.3. For every 1 < j < p and for any ¢t > 1, the estimator f; in (5) with

7 =a(n/t)"/? and a > ajlf satisfies that as long as n > 8t,

<C (C.2)

at
n

NG

_ 1 ¢
\/E(IU’] - M]) - ﬁ ;wT(&j)
with probability greater than 1 — 3e™!, where &; = X;; — p; and C > 0 is an absolute

constant.

Under factor model (1), note that §; = b;r f +¢j for every j. The following conclusion
reveals that the differences between the first two (conditional) moments of &; and ¥, (&;)

given f vanish faster if higher moments of ¢; exist.
Lemma C.4. Assume that E(|¢;|") < oo for some 1 < j < p and k > 2.

(1) On the event G; := {|bij] <7}

N pT - Oc,jj Ele;[" }
o) o 1 <min | b, T )

almost surely. In addition, if x > 2, we have

L Bleh (2, E5r)

e G T T g S ) Sy (O

almost surely on G;.

(2) Assume that vy, == E(|e;|*) VE(|eg|”) < oo for some 1 < j # k < p and k£ > 2. Then

lcov £ (Y7 (&5),1r (k) — cov(ej, ex)| < Cmax(vjkTZ’“,vjszQ*Q”) (C.5)



almost surely on Gjj, := {|bij| V |bf f| < 7/2}, where C > 0 is an absolute constant.

Lemma C.5. Suppose that Assumption 1 holds. Then, for any ¢ > 0,

P{IVafll: > CrAs (K + )2} <e™, (C6)
IP’{ max | fill2 > C1Af(K +logn + t)1/2} <e, (C.7)

1<i

and P[|Z; — Iglls > Comax{A3n V2K + )2, Afn~Y(K +1)}] < 27!, (C.8)

where f =n"1Y"" , fi, flf =n~t3°0 fiff and C1,Cy > 0 are absolute constants.

The following lemma provides an £.-error bound for estimating the eigenvectors v,’s of
BTB. The proof is based on an (s, eigenvector perturbation bound developed in Fan et al.

(2018) and is given in Appendix D.

Lemma C.6. Suppose Assumption 2 holds. Then we have

Xo— Ml < olI2H = Bllax - |12 C.9
@B&I ¢ — M| < pl|Zn | max + || Ze|| (C.9)
and max ||Uy — Uyl < C’(pil/ZHﬁH — X max —&—p*lHEaH), (C.10)

1<<K

where C' > 0 is a constant independent of (n,p).

C.2 Proof of Theorem 1

To prove (15) and (16), we will derive the following stronger results that

PV (2) = 20(—2) + Op{p~™/? + w, /* + n~/*log(np)} (C.11)
p . .
and p 'R(2) :1Z{©<_Z+ WM;) —i—CI)(—z—\/ﬁM])}
= V%.ji VOe.ji
+ Op{p™™/2 + w,}/* + n~1 2 log(np)} (C.12)

uniformly over z > 0 as n,p — oo, where wy, , = \/n/log(np).
For1 <j<pandt>1,set 7 =aj\/n/t with a; > 0']1-]/2. By Lemma C.3, for every



J € Ho so that p; =0,

-1/2 a;t

T — 0.5 (Sj+ Roj)| < 1 T (C.13)
with probability greater than 1 — 3e~* as long as n > 8t, where
1 n
S; = N > Sy with Sij = r (b] i+ £ij) — Eg,0, (b] fi + €55), (C.14)
i=1

Ry = n—1/2 Z?:l{Efﬂ/)Tj(b]Tfi +€45) — b}fi}. For j =1,...,p, denote by &;(t) the event
that (C.13) holds. Define &1(t) = (;_; £1(t), on which it holds

cia;t cia;t
I<|T0j\ > 2+ J ) <V(z) < I<\T0j\ >z — J ) (C.15)

—-1/2

where Tp; := o_ ;57 (S; + Rj). Next, let &(t) denote the event on which the following hold:

IVaflls < CLA(K + )72, max || filla < CoAs(K +logn +1)1/2,

and ”gf —Ikll2 < Cy max{A?cnfl/Z(K + t)l/Q,A?cn*l(K +1)}.
From Lemmas C.3, C.5 and the union bound, it follows that
P{& (1)} <pe? and P{& (1)} < 4e .

With the above preparations, we are ready to prove (C.11). The proof of (C.12) follows

the same argument and therefore is omitted. Note that, on the event &;(t),

max b f;| < C1A||bjll2(K +logn + )2 forall 1 < j < p.

By the definition of 7;’s,

T e ) -
lrélzagxn\bj fil <7;/2 forall j=1,...,p, (C.16)

as long as n > 4(C1Af)%(K + logn + t)t. This, together with Lemma C.5, implies |Ro;| <



8a U] n~1t3/2 almost surely on &y (t) for all sufficiently large n. Moreover, taking (C.15)

into account we obtain that, almost surely on the event & (t) N &2 (t),

ST I(joz 2851 > 2+ e V) < V() < S (02128 2 2 — e V) (C1T)

JE€EHo J€Ho

as long as n 2 (K + t)t. For z € R, define

Vi)=Y I(o_}?S;>x) and V_(z) = Y I(o_/*S; < —a),

J€Ho JE€Ho

so that (C.17) can be written as

pal{v+(z + eon V) + Vo (2 4 con 2t}

< pyV(2) < py Vi (2 — con™V2) + V(2 — eon™V21)}, (C.18)

Therefore, to prove (C.11) it suffices to focus on V. and V_.
Observe that, conditional on F,, := {f1,..., fn}, 1(0;11{25’1 > 2)y..., I(o:, %25’ > 2)

are weakly correlated random variables. Define

Y; =1(0. /%S, > 2) and P;=P(o_1*S; > 2| Fp)

€77 €77

for j =1,...,p, and note that

1
Var<p Z Y;

1 1
]-“n> = o E var(Y;|Fn) + — Z cov (Y, Yi[Fn)

j€Ho 0 jeHo 0 jkeHo:j#k
1 1
< -t D {EWIF) - PR (C.19)
Po po G keMoj#£k

almost surely. In the following, we will study P; and E(Y;Y}|F,) separately, starting with
the former. Conditional on F,, S; is a sum of independent zero-mean random variables
with conditional variance s? = var(S;|F,) = n Y0, s?j where sgj := var(S;;|Fy). Let

G ~ N(0,1) be a standard normal random variable independent of the data. By the



Berry-Esseen inequality,

sup|P(o j1°5; < | Fa) ~ B(sjo. j°G < al Fy)
TeR
1 - T 3 1 T e 3 3
S Ga g 2 Ealtn O fi e S s 3 (BT £ + Eleyl’) - (C.20)
i=1 J i=1
almost surely, where conditional on F,,, s;o 6]1]/ G ~ N(0, s o J]) Since maxi<i<np ]b fil <

7j/2 for all 1 < j < p on &(t), applying Lemma C.4 with k = 4 yields
Ocjj — 4a72 4( + 16a _2t2)n_1t < 832 < 0cjj (C.21)

almost surely on the event &£ (t). Using (C.21) and Lemma A.7 in the supplement of
Spokoiny and Zhilova (2015), we get

SLEIEHP(S] 6”/ G < z|F,) — ®(zx )|<a U n~'t (C.22)

almost surely on &(t) as long as n = (K + t)t. Putting (C.20) and (C.22) together we
conclude that, almost surely on &(t),

max |Pj — ®(—2z)| < n V2K +logn 4 t)'/? (C.23)
1<5<p

uniformly for all z > 0 as long as n 2 (K + t)t.

Next we consider the joint probability E(Y;Y;|F,) = P( EJIJ/ S; > z, Ek,é Sk > z|Fn)
for a fixed pair (j,k) satisfying 1 < j # k < p. Define bivariate random vectors & =
(s{lSij,sngik)T for ¢ = 1,...,n. Observe that &1,...,&, are conditionally indepen-

dent random vectors given F,,. Denote by A = (auy)1<uv<2 the covariance matrix of

nV2Y &= (s j_lSj,S];lSk)T given F,, such that

Zcov]e (Sij, Sik)-

a1 = a2 =1 and a2 =as =
ns;jsy S

By Lemma C.4 and (C.21), we have |a12 — 7. jx| < n~'t almost surely on & (t). Therefore,

the matrix A is positive definite almost surely on & (t) whenever n > t. Let G = (G, G2)T



be a Gaussian random vector with E(G) = 0 and cov(G) = A. Then, applying Theorem 1.1

in Bentkus (2005), a multivariate Berry-Esseen bound, to n=1/2 31 | €, gives

sup |]P’(3j_15j >z, s,;lSk > y|Fn) —P(G1 > z,Gy > y)]

z,yeR
1/2 1 T e s T ¢ 13
3/221@ IAT2E]13) < f+ —73 2 (b Fil® + b fil)
=1
almost surely on & (t). Taking = = sj_lagl/é zand y = s, lalfk z implies

E(Y;Y5|Fn) — P(G1 > 55 022 Gy > 570 kkzl}' )|

5]]
n

1 1

< —=+4—= bl fil> + bk fil®). C.24
Nﬁ+n3/2221(|]f|+|kf|) ( )

For the bivariate Gaussian random vector (G1,G2)T with a12 = cov(Gy, G2), it follows from

Corollary 2.1 in Li and Shao (2002) that, for any z,y € R,

x2+y2 } < |a12|‘

P(Gr22,Gy 2 y) — {1 — 2(x) {1l — (y)}] < el 12' p{ 2(1+ Jai2]) 4

This, together with the Gaussian comparison inequality (C.22) gives

P(G1 > 571027 2,Go > sy 0l 21 Fa) = @(=2)%] S el + 07 (C.25)

almost surely on () as long as n 2 (K + t)t.

Consequently, it follows from (C.19), (C.23), (C.24), (C.25) and Assumption 1 that
E[{py ' Vi(2) — ®(—2)}*|F] S p ™ +n V2K +logn + t)"/? (C.26)

almost surely on & (t) as long as n 2> (K + t)t. A similar bound can be obtained for
E[{py 'V_(2) — ®(—2)}2|Fn). Recall that P{&;(£) NEx(t)} > 1— (p+4)e " whenever n > 8t.
Finally, taking t = log(np) in (C.18) and (C.26) proves (C.11). O



C.3 Proof of Proposition 1

To begin with, observe that

(b - b)) f| <

‘\/jﬂj (IWn ;| + 1bjllzllvVafll2).

By Lemma C.5, |[v/nf|2 < (K +1logn)'/? with probability greater than 1 —n~!. Moreover,

| £ll2]lb; — bj]l2,

'@m

it follows from Lemma C.2 that maxi<;<p |[ft; — p] < {log(np)}l/zn_l/2 with probability

at least 1 — 2n~!. Putting the above calculations together, we conclude that

~ 1
max |T; — T7| < og(np)

jeHo T TIIY \/n

+ (K +logn)'/? Jax (Ibj — bjll2 + 555 — o5])
SJSp

with probability at least 1—3n~!. Combining this with the proof of Theorem 1 and condition
(17) implies palff(z) = 2®(—2z) + op(1). Similarly, it can be proved that (C.12) holds with
R(z) replaced by R(z). The conclusion follows immediately. O

C.4 Proof of Theorem 2

We first note that the & = fJU defined is a U-statistic of order two. For simplicity, let C
denote the set of (g) distinct pairs (i1,i2) satisfying 1 < i1 < ip < n. Let h(X;, X;) =

X - X)X — X;)T and Yy = ¢, (R(Xi, X)) = mb1 (77 h(X;, X)), such that

TZYU

2

We now rewrite the U-statistic & as an average of dependent averages of identically and
independently distributed random matrices. Define k = [n/2], the greatest integer < n/2

and define
Wi,y =k (Y12 + Yog + ...+ Yap_1.2).

Let P denote the class of all n! permutations of (1,...,n) and 7 = (i1,...,4,) : {1,...,n} —

10



{1,...,n} be a permutation, i.e. w(k) =1 for k =1,...,n. Then it can be shown that

~ 1
E:EZWW.
TeP

Using the convexity of maximum eigenvalue function Apax(-) along with the convexity of

the exponential function, we obtain

exp{ (S — 2)/7} < % 3" exp{ma(Ws — 2)/7}.
TeP

Combining this with Chebyshev’s inequality delivers

P{Amax(E — ) > t/v/n}
- P[exp{)\max(kf? —kX)/7} > exp{kt/(rv/n)}

- e—kt/(r\/ﬁ)% 3" Eexp{Amax (W Ws — kE)/7}
" nep

1
< e_kt/(T‘/ﬁ)—' Z E trexp{(kWr — kX)/7},
n TEP
where we use the property e*max(A) < tre? in the last inequality. For a given permutation

™= (il, - ,in) € P, we write Yﬂj = and Hﬂj = h(X Xizj) with EHﬂj =3.

1251125 251>

We then rewrite W, as W, = k:_l(Yﬂ + ...+ Yy), where Yr;’s are mutually independent.
Before proceeding, we introduce the following lemma whose proof is based on elementary

calculations.

Lemma C.7. For any 7 > 0 and = € R, we have ¢-(z) = 7¢(z/7) and
—log(1 — z + 2?) < ¥y (x) <log(l + x +z?) for all z € R.
From Lemma C.7 we see that the matrix Yr; can be bounded as

—log(I, — Hnj/T + sz/7'2) < Yr;/m <log(I, + Hrj/T + H%/TQ).

11



Using this property we can bound E exp{tr(kW, — kX)/7} by
k—1

E,_1Ey trexp { D V- (k/T)E+ Yﬁk}

j=1
k—1

< Ep—1)E trexp { Yaj — (k/7)2 + log(I, + Hyj /T + H%/#)} (C.27)

Jj=1

To further bound the right-hand side of (C.27), we follow a similar argument as in Minsker
(2016). The following lemma, which is taken from Lieb (2002), is commonly referred to as

the Lieb’s concavity theorem.

Lemma C.8. For any symmetric matrix H € R**¢, the function
f(A) = trexp(H +1log A), A€ R4

is concave over the set of all positive definite matrices.

Applying Lemma C.8 repeatedly along with Jensen’s inequality, we obtain

k—1
E{trexp(kW, — kX)/7} < Etrexp { Z Yo — (k/7)2 +log(I, + EH i /T + EH?rk/T?)}
7j=1

< trexp { Zlog(lp +EH.;/T+ EHEU./T?) _ (k/T)E}

j=1

k
<trexp <ZEH£,€/7'2> ,
=1

where we use the inequality log(1+x) < z for z > —1 in the last step. The following lemma

gives an explicit form for v2 := |[EH?Z, ||

Lemma C.9. We have
1
JER? (X1, X2)2 = 5 [EA(X = w)(X = )T + x(B)T + 257

Proof of Lemma C.9. Write X = X1 and Y = X5. Without loss of generality, assume that

12



E(X)=E(Y)=0. Let H; = XX, Hy =YY", His=XY"T and Hy; = YXT. Then

{(X-Y)(X -Y)'}2 = (H| + Hy — Hyy — Hy)?
= H} + H + Hi, + H3, + HiHy + HyHy + HioHoy + Ho Hyo
— H1Hy9 — HioH1 — HiHo1 — Ho1Hy — HoHy19 — Hi9H>

— HyHsy — Ha1 Ho,
which, by symmetry, implies that
E{(X - Y)(X —Y)T}? =2EH? 4+ 2EH?, + 2REH Hy + 2EH 5 Ho;.

In the following we calculate the four expectations on the right-hand side of the above

equality separately. For the first term, note that
EH? =E(XXTXxXT).
Let A = (Aj;) = H%, and we have
p p P
EAj;, = E(Z XijYk> =E (Yk > ijm> => ojon,
(=1 /=1 =1

where o is the (j,k)-th entry of ¥. Therefore, we have EH%, = 2. For EH; H», using

independence, we can show that EH; Hy = ¥2. For EH2Hos;, we have
EH2Hy = E(XYTY XD = E{EXYTYXT|Y)} = tr(D)X.

Putting the above calculations together completes the proof. O

13



For any u > 0, putting the above calculations together and letting 7 > 2v%\/n/u yield

P{Amax(E — X) > u//n}

b ku kv?
—ku nT § : 2 2
S@ /(\F)trexp< EHﬂ_k/T> Spexp<—\/ﬁ7_+7_2>

j=1
ku? u?
<pexp| — o2 <pexp| — 1602 )

where we use the fact that k := [n/2] > n/4 for n > 2 in the last inequality. On the other

hand, it can be similarly shown that

POwin(S ~ %) < —u/vi) < e - 125

16v2

Combining the above two inequalities and putting © = 4vv/t complete the proof. ]

C.5 Proof of Theorem 3

First we bound max;<;<, HBJ — bj||2. For any t > 0, it follows from Theorem 2 that with

probability greater than 1 — 2pe~t, | Sy — 3| < 4v(t/n)Y/2, where v is as in (19). Define

~ ~1/2 ~1/2. ~ ~ = ~
b = o~ Vijyeees ¥ U;)" € RE, such that [|bj — bjll2 < ||bj — bjll2 + [|bj — bjll2. By

Assumption 2, (20) and (21), we have

~ —1/2 ~ — ~ ~1/2 _ S
N2 =X = B = X/ + 0 S o7V (180 - B+ 1B,

elloo = IBelloo/I1Bell2 < I1Bllmax/[Bell2 < =2

and [|Brl|oc < |15 — Bella + [Belloo S p B0 — B +p7 /2%
On the event {||Zy — 3| < 4v(t/n)'/2}, it follows that

A2 NP < ovE(np) 2 +p72 and [yl < p V2 (C.28)

14



as long as n > v?p~1t. Write ¥y = (Up1,...0p) . It follows that, with probability at least

1—2pe™t,
-~ o~ K 1 1/2
1b; — bjl> = { Z()‘éﬂ - )\e/ )? @?j} Sp twvin 2 40)

for all 1 < j < p. Similarly,

K 1/2
7 ~ /i~ _ —1/2 —~ _ _ _
1b; — bjll2 = {ZM(% - vﬁj)Q} < max N/% VK |5, — oo S vVE (mp) 2 4+ p /2.

— T <K
By taking ¢ = log(np), the previous two displays together imply (22).
Next we consider maxj<j<p [0z, — 0=,;j|. Note that with probability at least 1 — 4pe™*,
maxi<;<p |§] - IE(XJQ)| < (t/n)'/? as long as n > t. Therefore, it suffices to focus on
1B;11 — 1|b;]3, which can be written as Y3, (Ar — )03, + Sope; Me(3; — 7%). Under

Assumption 2, it follows from (20) and (21) that on the event {||§U — 3| < 4v(t/n)'/?},

118113 = 11b;113|
K K

< e = AlllBellZ, + D XellBelloo + 10elloo)1Be — Teloo
=1 =1

vVt (np)H? +p/?

N

as long as n > v?p~'t, which proves (23) by taking ¢t = log(np). O

C.6 Proof of Theorem 4

1/2

For j1;’s and @-k’s with 7; = aj(n/t1)"/? and 75, = a;.(n/ta)"/?, it follows from Lemma C.2

and the union bound that as long as n > 8 max(t1, t2),

~ t 5 to
max |fi; — pj| <4 max ajy/— and max |0, — E(X;Xy)| <4 max aj\/—
1<j<p 1<j<p *\ n 1<j<k<p 1<j<k<p n

with probability at least 1 — 2pe~" — (p? + p)e~*2. In particular, taking ¢; = log(np) and
ty = log(np?) implies that as long as n > log(np), |ZH — |lmax < w;, 7, with probability

greater than 1 — 4n~1.
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The rest of the proof is similar to that of Theorem 3, simply with the following modi-
fications. Under Assumption 2, it follows from (C.9) and (C.10) in Lemma C.6 that, with

probability at least 1 — 4n~1,

1/2 ~ 1/2 _ _
A2 =N = e =Nl OV N S VB g+,

[elloo = IBelloo/IBell2 < I1Bllmax/[Bell2 < ™72,

1

1B = Telloo S ™ 2wy + 97" and [Tl S p72

Plugging the above bounds into the proof of Theorem 3 proves the conclusions. 0

C.7 Proof of Theorem 5

The key of the proof is to show that T;(B) provides a good approximation of TjO uniformly
over 1 < j < p. To begin with, note that the estimator @\j with 7;; = a;j(n/t)"/? for
aj; > V&I“(XJZ)I/Q satisfies P{|0; — 0;] > 4a;;(t/n)'/2} < 2e™, where 0, = E(X?). Together
with the union bound, this yields that with probability greater than 1 — 2pe~,

1/2
— <4 2
max ]0 6, max a \/; (C.29)

1<j<p <j<p

as long as n > 8t. Next, observe that

(B) ~ /= (5~ b, f>' DoT(F - FBY < /= bl F(B) — Fll2
»JJ ,]J ’J]
(C.30)
and
’ an' (1 =0, F) - ‘F F (Ivn ;] + (15512l vnfll2). (C.31)
&3 €,57 €,57

Applying Proposition 3 with ¢ = logn shows that, with probability at least 1 — Cyn~!,

I£(B) — fll2 S (K logn)t/?p~1/2. (C.32)
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Moreover, it follows from Lemma C.2, (C.6) and (C.29) that, with probability greater than

. t Oc ii t — K+t
max [ — gl S/, max (228 1) < /T and (17l S (/T2
1<j<p n- 1<j<p|0¢jj n n

Taking ¢; = log(np) and t2 = logn, we deduce from (C.30)—(C.32) that, with probability

1 —dpe t — etz

at least 1 — Con™ !,

max T5(B) — T5| S {K -+ log(np) V2 + (Knlogn) /2~ 1/2 (C.33)
J€Ho

Based on (C.33), the rest of the proof is almost identical to that of Theorem 1 and therefore

is omitted. O

C.8 Proof of Theorem A.1

For convenience, we write Bj = /l;j(Xl) for j = 1,...,p, which are the estimated loading
vectors using the first half of the data. Let f (X5) be the estimator of f obtained by solving
(26) using only the second half of the data and with b;’s replaced by Bj’s.

We keep the notation used in Section 3.2.2, but with all the estimators constructed from
X instead of the whole data set. Recall that B = (by, ... ,Ep)T = (X}/Qﬁl, . ,X}(/QﬁK).
Following the proof of Theorem 4, we see that as long as n = log(np), the event Epax :=

{HEH - 2Hmax S

~

w;},} occurs with probability at least 1 — 4n~1. On Epax, we have

32 /2 o -1, -1 m < p1/2
lrgllez%)%p\e Ay |N\/13(wn,p+p ) and lglef;@!!ve!!oowp )

which, combined with the pervasiveness assumption \; < p, implies maxi<<K X;/ 2 S VP

Moreover, write d; = Bj —bj for 1 < j < p and note that

p P P
B'B-B"B =) (bjb; —bjb])=> 8,07 +2> ;b
j=1 j=1 j=1

It follows that |[p~'(BTB — BTB)|| < max1<j<p([|8;]13 + 2[|b;]l2]|6;]l2). Again, from the

proof of Theorem 4 we see that on the event Emax, ||p~(BTB — BTB)|| < Wy + p~ 12
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Under Assumption 3, putting the above calculations together yields that with probability

greater than 1 — 4n~1!,

l

Amin(pil]/-s’rl—‘]/?\’) 2 % and ”ﬁ”max S Cl

as long as n 2 log(np). By the independence between Bj’s and X5, the conclusion of

~

o~

Proposition 3 holds for f(X2).

Next, recall that

~

noo . o
=)= {1 — b] (X))},
O¢,jj

where [i;’s and 0. j;’s are all constructed from A5. Note that
Vidi; — b) F(X2)} — vadiiy — b) 3 < Vb2l £ (X2) = Fll2 + vnll £ll2llb; — bjll2-

This, together with (28), Theorem 4 and (C.6), implies that with probability at least 1 —

—1
CZ” )

max [v/n{fi; — b] F(X2)} — va{ji; — bl £}

1<j<p

< (Knlogn)'2p~ 12 4+ (K +logn)*(w, , + p~'/?).
Following the proof of Theorem 5, it can be shown that with probability at least 1 —C3n ™!,
max T; — 17| < (Knlogn)"/?p~1/2 4 {K +log(np)pn~"/>.
J€EHo

The rest of the proof is almost identical to that of Theorem 1 and therefore is omitted. [

D Additional proofs

In this section, we prove Propositions 2 and 3 in the main text, and Lemmas C.1-C.6 in

Section C.
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D.1 Proof of Proposition 2

By Weyl’s inequality and the decomposition that & = BBT + (i —¥) + X, we have

NN <IE—® > d M<IE-3 )
@ag%lke o <l |2 + [ Zc]l2 an Kggggpl o <l 2 + 1Zc]l2,

where /)\\1, e ,Xp are the eigenvalues of S ina non-increasing order. Thus, (20) follows
immediately. Next, applying Corollary 1 in Yu et al. (2015) to the pair (f),BBT) gives

that, for every 1 </ < K,

252||(Z - =) + el
IIliIl()\[_l - )\g, )\g - )\g+1)

|vr —vpl|2 <

where we put A\g = co and A1 = 0. Under Assumption 2, this proves (21). O

D.2 Proof of Proposition 3

To begin with, we introduce the following notation. Define the loss function L.(w) =
pt Z?:l 04(X; — bjT'w) for w € RE, w* = f and @ = argmin,,cgx Ly (w). Without loss
of generality, we assume ||B||max < 1 for simplicity.

Define an intermediate estimator w, = w* + n(w — w*) such that ||w, — w*||s < r for
some 7 > 0 to be specified below (D.7). We take n = 1 if ||w — w*||2 < r; otherwise, we
choose n € (0,1) so that ||w, — w*||2 = . Then, it follows from Lemma A.1 in Sun et al.

(2017) that
(VLy(wy) — VLy(w"), wy — w*) < n(VLy(w) — VLy(w"), w — w’), (D.1)

where VL., (w) = 0 according to the Karush-Kuhn-Tucker condition. By the mean value

theorem for vector-valued functions, we have

1
VL, (W) — VL, (w*) = / V2L ((1 — )yw* + tw,) dt (W, — w*).
0
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If, there exists some constant ami, > 0 such that

min Amin(V2 Lo (w)) > amin, (D.2)

wWERK:||lw—w*|[2<r

then it follows amin|lw, — w*H% < —n(VLy(w*),w — w*) < |[VL,(w*)|2]|w, — w*|2, or

equivalently,
amin [ Wy — w2 < |VLy (w")]l2, (D.3)

where VL, (w*) = —p~! Z?:l y(pj +E5)bj.
First we verify (D.2). Write S = p~!BTB and note that

Z b;b; 1(|X; — bjw| <),

where X; — bij = b;-r(w* —w) + p; + &j. Then, for any u € S¥~! and w € R¥ satisfying

[w —w*[]y <7,

uI V2L, (w)u
1P
> uTSu - ; > bFw(gs + 1yl > 7/2) -
j=1

I~ 4 .
> utSu e [013{ 2 " 15+ 51> 2/2) + Sl - w [ uSu .
j=1

;Z (b} ) I{[b} (w" — w)] > 7/2}

By Assumption 3, Amin(S) > ¢; for some constant ¢; > 0 and maxi<;<p [|b;]|3 < K. There-

fore, as long as v > 2rv K we have

K p
min - Aun(V2Ly () 2 (1= 4y 2K — 238+ gl > /2. (D)
j=1

wERK: |lw—w*||2<r

To bound the last term on the right-hand side of (D.4), it follows from Hoeffding’s inequality

that for any ¢t > 0,

1<~ 1<~ t
;Zl(ygj—i_uﬂ>7/2)§§ZP(|E]'+/‘U‘>7/2)+\/%

j=1 j=1
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with probability at least 1 — e, This, together with (D.4) and the inequality

1< 4 & L
I;Z P(lgj + pil > v/2) < %Z 5+ Ee3) =4y (p |3 + n'o2)
Jj=1 J=1

implies that, with probability greater than 1 — e™?,

. 3 t 4K (|pl} | @2
Amin (V2L > —Ky/———(—2+-= D.5
weRK;\Elule*HQST mln( ’Y('w)) = 4Cl 2p ,YQ < D + n ( )

as long as v > 4rVK.

Next we bound ||VL.(w*)|s. For every 1 < ¢ < K, we write ¥y = p~! D je =
Pt 2 v by (1 +E5)bje, such that |V Ly (w*)]|2 < VE |VLy(w*)]leo = 7VEK maxi<i<q | V.
Recall that, for any u € R, —log(1 — u + u?) < v 1, (yu) < log(1 + u + u?). After some

simple algebra, we obtain that

e¥it < {1477 (g + )+ (g + &) prieltae=0)
{1 =My +&5) + 2y + gy)?) P <O

<1+ g +E)bje + 1y +85)%
Taking expectation on both sides gives
E(e"t) <147 gl + 772 (15 + 1" lowgy).

Moreover, by independence and the inequality 1 + ¢ < ef, we get

p

st = [l 20 {2 St 13 (54 %2))

< oxp (H;;Hl N H/;QHQ N iéff)

For any t > 0, it follows from Markov’s inequality that

2 =2
Y v yn
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provided

- 2/52 +p/n
vzmax{uuul,as\/”’“””?/;/ . (D.6)

Under the constraint (D.6), it can be similarly shown that P(—pV¥; > 2t) < e!~*. Putting

the above calculations together, we conclude that

P{IvL, ()l > VE 22

K
2t
gIP’{HVLW(w*)HOO > 27 } > P(|p¥y| > 2t) < 2eK exp(—t). (D.7)
/=1

With the above preparations, now we are ready to prove the final conclusion. It follows
from (D.5) that with probability greater than 1—e~*, (D.2) holds with ami, = ¢;/4, provided
that v > 4vK max{r, 0;1/2(||u||%/p +52/n)!/?} and p > 8¢;?K?. Hence, combining
(D.3) and (D.7) with r = ﬁ yields that, with probability at least 1 — (1 + 2eK)e™*
@, — w*|l2 < 8¢, 'VEK p~iqt < r as long as p > 32¢; 'Kt. By the definition of w,, we

must have = 1 and thus w = w,. O

D.3 Proof of Lemma C.1

Let 1 < j < p be fixed and define the function k() = E{(-(X; — 6)}, 6 € R. By the

optimality of ; ; and the mean value theorem, we have h'(p; ) = 0 and

W' () (g = pgr) = W' (g) = ' () = B () = —E{0- (&)}, (D.8)

where fijr = Apuj + (1 — A)pj - for some 0 < A < 1. Since E(&;) = 0, we have —E{¢+(§;)} =

E{&I(1&] > 1) —1I(& > 7) + 71(§; < —7)}, which implies
E{y(§)} < 717 v (D.9)

Next we consider h”(f; ) = P(|X; — fj-| < 7). Since h is a convex function that is
minimized at -, h(ft-) < Ah(p;) + (1 — XN)h(p)) < h(pj) < 0j;/2. On the other hand,
note that h(0) > E{(7|X; — 0| —72/2)1(|X; — 0| > 7)} for all # € R. Combining these upper
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and lower bounds on h(fij ) with Markov’s inequality gives

TER{X; — 11 1(1 X5 — | > 7)}

< STBX; ~ il > 1)+ 5035 < STEAIXG — Tyl 10X, — il > 1) + 5055
which further implies that for every 0 < A < 1,
P(1X; — el > 7) < 7E{IX; = By (101X — fijir| > 7)} < 05772,
Together with (D.8) and (D.9), this proves (C.1). O

D.4 Proof of Lemma C.3

Throughout the proof, we let 1 < j < p, a > le-f, t > 1 be fixed and write 7 = a(n/t)"/?

with n > 8t. The dependence of T on (a,n,t) will be assumed without displaying. First
we introduce the following notations. Define functions L(0) = — > """, (-(X;; — 6), ((0) =

L(9) —EL() and w?(9) = —%EL(G), such that i; = argmaxycg L(#). Moreover, we write
wi = w? () = a;n with  a, = P(|X; — pi| < 7). (D.10)
For every r > 0, define the parameter set
Oo(r) ={0 € R: |wo(d — pj)| < r}. (D.11)
Then, it follows from Lemma C.2 that

P{ﬁj S 60(7"0)} >1- 2€Xp(—t), (D.lZ)

where 1o = 4a(a,t)'/2. Based on this result, we only need to focus on the local neighborhood
©(ro) of pj. The rest of the proof is based on Proposition 3.1 in Spokoiny (2013). To this

end, we need to check Conditions (Ly) and (ED3) there.
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CONDITION (Lj): Note that, for every 0 € Oq(r),

lwy tw?(O)wgt — 1] = ozt =1 — o 'P(|1X; — 0] > 7)|

< a;tmax[1 — ar, {oj; + (0 — p;)* 3772
By Chebyshev’s inequality, we have 1 > a, > 1 — ajjT*Q > 7/8. Therefore,
wy ' w? (O)wy ' = 1] < a7 oy + (arn) 1?2

This verifies Condition (L) by taking

2,_—2 1,2

5(r) = a;toj 2+ a2 e, e > 0.

CONDITION (ED3): Note that ¢"(0) = —> " {1(|Xs; — 0| < 7) —P(|X;; — 0] < 7)}. For
every A € R satisfying |\| < a,+/n, using the inequalities 1+u < €% and e* < 14+u+u?e"V9/2

we deduce that

E exp{\v/n¢"(0) /wi} = [ [ B expl—Awg *Vn{I(| Xy — 6] < 7) = P(| Xy — 6] <7)}]
i=1

< JIHL + (1/2)2 2wy *nexp(|A|wg > V) }
=1

<TI0+ (/20,221 < exp{(e/2)0-2),
=1

This verifies Condition (FDs) by taking w = n=2, 1y = e!/2a;! and g(r) = a,/n, 7 > 0.

Now, using Proposition 3.1 in Spokoiny (2013) we obtain that as long as a2n > 4 + 2t,

sup |ary/n(0 — pj) +n " PL0) - L (1)}
€Oy (r)

< al25(r)r + 6012l 22t + 4)1 /2012y

with probability greater than 1 — e*. Under the conditions that n > 8t and ¢t > 1, it is
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easy to see that azn > (7/8)% - 8t > 6t > 4 + 2t. Moreover, observe that

sup |(ar — V(0 — py)| < azV2077 2
9690(1”)

The last two displays, together with (D.12) and the fact that L'(f;) = 0 prove (C.2) by

taking 7 = rgp. The proof of Lemma C.3 is then complete. 0

D.5 Proof of Lemma C.4

Under model (1), we have §; = bij + ¢4, where E(¢j) = 0 and ¢; and f are independent.

Therefore,

Eg- (&) — b f

= —Ef(€j + b;rf - T)I(Ej >T— b;rf) +Ef(—€j - b;rf - T)I(Ej <=7 = b;rf)
Therefore, as long as 7 > \b;r fl, we have for any ¢ € [2, k] that
[Ef-(&5) = bj fI < Epf{lejlL(le;l > 7 — b £)} < (7 — [b] )" E(le;19)

almost surely. This proves (C.3) by taking ¢ to be 2 and .

For the conditional variance, observe that
Ep{¢-(§;) — bj £} = varg {0+ (&)} + {Epv (&) — bj f}’ (D.13)
and that ¥ (&) — bJTf can be written as
el(Ibj f+e| <)+ (T —bj I f+e;>7)— (T+b] f)I(b] f+¢e; <—7),
which further implies

{r(&) — 0] £}

= 21T f+e5| <)+ (1= b 2IOF f 425 > 1) + (T + b FPIB] f +ej < —7).
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Taking conditional expectation on both sides yields

Eg{vr(¢) — b £}
=E(3) —Eg{3I(|b] f + 5| > 7)}

+(T=b;f)Ps(e; >7—b] f)+ (T +b; f)’Ps(e; < -7 — b, f).
Using the equality u? = 2 fou tdt for u > 0 we deduce that as long as 7 > |b;F Il

Efggf(b}f +e;>7)

= 2Ef/0 I(Ej > t)I(Ej > T — b;f)tdt

o, /Of_b,?f I(gj > 7 —bj f)tdt+2E; /oobe I(gj > t)tdt
=Y
= (- bij)Z}pf(sj >7— bij) + Q/Tiobe P(e; > t)tdt.
j
Analogously, it can be shown that
Ep{e3I(b] f+e; < —7)} = (1 +b] f)°Ps(c; < -7 —b] f) +2 /:be P(—¢; > t)tdt.
i
Together, the last three displays imply
0> Ef{yr(&) - bj £} — E(c)
> 2 /jbgﬂ P(lej| > t)tdt > —2E(|e;|") /:jb?fl R dt = - i e —E‘(IL?.;;“_Q‘

Combining this with (D.13) and (C.3) proves (C.4).

Finally, we study the covariance cov (17 (&;),¥-(&)) for j # k. By definition,

cov (7 (&5), Vr(&k))
= Ep{vr(§) = b F +b] F —Eptr (§)HUr (&) — bE F + b f — Epor (6)}
= E¢{v-(&) — b] FHU- (&) — by £} — {Egtbr (&) — b FHEp¢- (&) — b £ -

H1 H2

Recall that ¥-(&;) — b;-rf =¢gil(J&] < 7))+ (17— bij)I(gj >71)— (14 bij)I(fj < —=7).
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Hence,

I = Egejerl (1] < 7 l6k| < 7) + (7 = b F)Ege; L (|€] < 7.6k > 7)
— (T + b PEpei1(|&] < 7.8 < —7) + (T = b) F)Eperl (&5 > 7, |G| < 7)
(1= b F) (T = b FIEFI(& > 7.6k > 7) — (1= b] f)(7 + b FEFI(&; > 7,6 < —7)
— (T +bj H)Eperl(§ < —7|6| < 7) = (1 +b] F)(7 = by EFI( < —7.6 > 7)

+(T+b )T+ by fIELI(E < —7,& < —T). (D.14)
Note that the first term on the right-hand side of (D.14) can be written as

Egejerl (165 < 7,16k < 7)

=cov(ej,ex) — Epejerd (1€ > 7) — Epejerd (|&k| > 1) + Epejerl (1&5] > 7, €| > 7),
where
Egejerl (€] > ) < |7 = 6] £ E(le " erl) < 257272 (Eley ")V (Elex|*) /"
and

|Erejerl (5] > 7, [&k] > )]

< 7 — BT FPE(e M en]?) < 22 Bl ) VA (Bleel) 2
almost surely on G;;. The previous three displays together imply
[Epejenl (1] < 7 1€k] < 7) — cov(ejep)| S 727"

almost surely on Gj;. For the remaining terms on the right-hand side of (D.14), it can be
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similarly obtained that, almost surely on Gy,

Erei (1] < 7,6 > 7] < Ir = BE £ Bl i),
EpesZ(1g] < 7,6 < —7)| < |7+ BF £ E(|eleal*),

and EfI(& > 7,6 < —7) < |7 — bF | 7/2|r + bL £/ 2E(|ejex?).

K

Putting together the pieces, we get |II; — cov(e;,ex)| < vk " almost surely on Gjg.

For IIy, it follows directly from (C.3) that |IIa| < U?k72*2” almost surely on Gjj. These

bounds, combined with the fact that covg(v-(&;), ¥ (&) = 1 — Iy, yield (C.5). O

D.6 Proof of Lemma C.5

For any u € R¥, by independence we have

Eexp(ulf;) < exp(C’lHj:HiQHqu) foralli=1,...,n, (D.15)

and Eexp(vnu®f) = HEGXP(UTfi/\/E) < eXP(Cl”fH?pQHUH%)»

i=1

where C7 > 0 is an absolute constant. From Theorem 2.1 in Hsu et al. (2012) we see that,

for any ¢ > 0,

P{|vnfll3 > 201 FI3,(K + 2VEt +26)} < e

and P{||fil53 > 2C1|fI1;,(K +2VKt+2t)} <e ', i=1,...,n.

This proves (C.6) and (C.7) by the union bound.
For & 7, applying Theorem 5.39 in Vershynin (2012) yields that, with probability at
least 1 — 2e™ ¢, Hif —Ig| < max(§,d?), where § = CngHfhn*l/Q(K + )2 and Cy > 0 is

an absolute constant. Conclusion (C.8) then follows immediately. O
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D.7 Proof of Lemma C.6

For each 1 < £ < K, as Ay > 0 and by Weyl’s inequality, we have [\, — X¢| < \)\Z(EH) -l <

|ZH — || + ||Z<||. Moreover, note that for any matrix E € Rf1*d2,

1B < B[l V [Elloo < (d1 V d2) ||l |max-

Putting the above calculations together proves (C.9).

Next, note that

K
Yh=3g-X+BB'+ 3. =) Ao/ + 35 -2+ 2.
/=1

Under Assumption 2, it follows from Theorem 3 and Proposition 3 in Fan et al. (2018) that

~ C
max va — ’Ug”oo <

Yy —1/28. —1
i < 5150 = Bloe +[1Zelle) < CO™Sh — Sl + 0721,

where we use the inequalities | Sy — 2o < || B — Zlmax and [|[Zellso < p1/2[| || in the

last step and C > 0 is a constant independent of (n,p). This proves (C.10) . O

E Additional numerical results on FDP/FDR control

In the end, we present some additional simulation results that complement Section 4.5.
Under Models 2 and 3 defined in Section 4.2, we compare the numerical performance of
the five tests regarding FDP/FDR control. We take a = 0.05, p = 500 and let n gradually
increase from 100 to 200. The empirical FDP is defined as the average false discovery
proportion based on 200 simulations. The simulation results are presented in Figures E.1

and E.2; respectively.
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Model 2 + Normal distribution
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Figure E.1: Empirical FDP versus sample size for the five tests at level @ = 0.05. The data
are generated from Model 2 with p = 500 and sample size n ranging from 100 to 200 with
a step size of 10. The panels from top to bottom correspond to the four error distributions
in Section 4.2.
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Model 3 + Normal distribution
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Figure E.2: Empirical FDP versus sample size for the five tests at level @ = 0.05. The data
are generated from Model 3 with p = 500 and sample size n ranging from 100 to 200 with
a step size of 10. The panels from top to bottom correspond to the four error distributions
in Section 4.2.
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