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Appendix A. Derivation of Algorithms 1 and 2

A.1. Derivation of Algorithm 1

A.1.1. FCD of vecB

The FCD of vecB is

p(vecB| · · · ) ∝ exp

[
−1

2

{∑
(zi −B′xi)

′V −1(zi −B′xi)

+
1

λ
(vecB − vecB0)

′(vecB − vecB0)

}]
,

where ∑
(zi −B′xi)

′V −1(zi −B′xi) +
1

λ
(vecB − vecB0)

′(vecB − vecB0)

=
∑

x′
iBV −1B′

jxi − 2
∑

z′
iV

−1B′xi

+
1

λ
(vecB)′ vecB − 2

λ
(vecB)′ vecB0 + · · · .

From [1, p.283, Exercise 10.20], we have∑
x′
iBV −1B′xi = (vecB)′(V −1 ⊗X ′X) vecB∑
z′
iV

−1B′xi = (vecB)′(V −1 ⊗ I) vec(X ′Z).
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Then, since ∑
x′
iBV −1B′xi − 2

∑
z′
iV

−1B′xi +
1

λ
(vecB)′ vecB

− 2

λ
(vecB)′ vecB0 + · · ·

= (vecB)′
[
λ−1I + (V −1 ⊗X ′X)

]
vecB

−2(vecB)′
[
λ−1 vecB0 + (V −1 ⊗ I) vec(X ′Z)

]
+ · · · ,

the FCD of vecB is

vecB| · · · ∼ N(β∗,Ω∗) ,

where

Ω∗ =
[
λ−1I + (V −1 ⊗X ′X)

]−1

β∗ = Ω∗ [λ−1 vecB0 + (V −1 ⊗ I) vec(X ′Z)
]
.

A.1.2. FCD of V

Since the FCD of V is

p(V | · · · ) ∝ |V |−
1
2 (m+n+d+1)

× exp

[
−1

2
tr
{
M +

∑
(zi −B′xi)(zi −B′xi)

′
}
V −1

]
,

we have

V | · · · ∼ IW
(
m∗,M∗−1

)
,

where

m∗ = m+ n, M∗ = M +
∑

(zi −B′xi)(zi −B′xi)
′.

A.1.3. FCD of zi o

The FCD of zi o is

p(zi o| · · · ) ∝


N
(
zi o|E(zi o|zi+,B,V ), var(zi o|zi+,B,V )

)
if some elements of yi are zero

N(B′xi,V )1(zi o ≤ 0) if yi = 0,

where

E(zi o|zi+,B,V ) = B′
i oxi + V i o+V

−1
i++(zi+ −B′

i+xi)

var(zi o|zi+,B,V ) = V i o o − V i o+V
−1
i++V i+o.
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A.2. Derivation of Algorithm 2

A.2.1. FCD of vecBj

The FCD of vecB1 is

p(vecB1| · · · ) ∝ exp

[
−1

2

{∑(
zi1 −B′

1xi1

zi2 −B′
2xi2

)′
V −1

(
zi1 −B′

1xi1

zi2 −B′
2xi2

)

+
1

λ1
(vecB1 − vecB10)

′(vecB1 − vecB10)

}]
.

We have ∑(
zi1 −B′

1xi1

zi2 −B′
2xi2

)′(
V 11 V 12

V 12′ V 22

)(
zi1 −B′

1xi1

zi2 −B′
2xi2

)
+

1

λ1
(vecB1 − vecB10)

′(vecBj − vecB10)

=
∑

x′
i1B1V

11B′
1xi1 − 2

∑
z′
1iV

11B′
1xi1 − 2

∑
(zi2 −B′

2xi2)
′V 12′B′

1xi1

+
1

λ1
(vecB1)

′ vecB1 −
2

λ1
(vecB1)

′ vecB10 + · · · .

From [1, p.283, Exercise 10.20], we have∑
x′
i1B1V

11B′
1xi1 = (vecB1)

′(V 11 ⊗X ′
1X1) vecB1∑

z′
i1V

11B′
1xi1 = (vecB1)

′(V 11 ⊗ I) vec(X ′
1Z1)∑

(zi2 −B′
2xi2)

′V 12′B′
1xi1 = (vecB1)

′(V 12 ⊗ I) vec[X ′
1(Z2 −X2B2)].

Then, since∑
x′
i1B1V

11B′
1xi1 − 2

∑
z′
i1V

11B′
1xi1 − 2

∑
(zi2 −B′

2xi2)
′V 12′B′

1xi1

+
1

λ1
(vecB1)

′ vecB1 −
2

λ1
(vecB1)

′ vecB10 + · · ·

= (vecB1)
′ [λ−1

1 I + (V 11 ⊗X ′
1X1)

]
vecB1

−2(vecB1)
′ [λ−1

1 vecB10 + (V 11 ⊗ I) vec(X ′
1Z1)

+(V 12 ⊗ I) vec[X ′
1(Z2 −X2B2)]

]
+ · · · ,

the FCD of vecB1 is

vecB1| · · · ∼ N(β∗
1,Ω

∗
1) ,

where

Ω∗
1 =

[
λ−1
1 I + (V 11 ⊗X ′

1X1)
]−1

β∗
1 = Ω∗

1

[
λ−1
1 vecB10 + (V 11 ⊗ I) vec(X ′

1Z1)

+(V 12 ⊗ I) vec[X ′
1(Z2 −X2B2)]

]
.
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Similarly, the FCD of vecB2 is

vecB2| · · · ∼ N(β∗
2,Ω

∗
2) ,

where

Ω∗
2 =

[
λ−1
2 I + (V 22 ⊗X ′

2X2)
]−1

β∗
2 = Ω∗

2

[
λ−1
2 vecB20 + (V 22 ⊗ I) vec(X ′

2Z2)

+(V 12′ ⊗ I) vec[X ′
2(Z1 −X1B1)]

]
.

A.2.2. FCD of V

Since the FCD of V is

p(V | · · · ) ∝ |V |−
1
2 (m+n+2d+1)

× exp

[
−1

2
tr

{
M +

∑(
zi1 −B′

1xi1

zi2 −B′
2xi2

)(
zi1 −B′

1xi1

zi2 −B′
2xi2

)′}
V −1

]
,

we have

V | · · · ∼ IW
(
m∗,M∗−1

)
,

where

m∗ = m+ n, M∗ = M +
∑(

zi1 −B′
1xi1

zi2 −B′
2xi2

)(
zi1 −B′

1xi1

zi2 −B′
2xi2

)′
.

A.2.3. FCD of zi o

The FCD of zi o is

p(zi o| · · · ) ∝


N
(
zi o|E(zi o|zi+,Bi,V i), var(zi o|zi+,Bi,V i)

)
if some elements of yi are zero

N(B′
ixi,V i)1(zi o ≤ 0) if yi = 0,

where

E(zi o|zi+,Bi,V i) =

(
B′

i1 oxi1

B′
i2 oxi2

)
+ V ij o+V

−1
ij++

(
zi+ −

(
B′

i1+xi1

B′
i2+xi2

))
var(zi o|zi+,Bi,V i) = V i o o − V i o+V

−1
i++V i+o.
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Appendix B. Marginal Likelihood Functions and the Bayes Factor

B.1. Two Independent Compositional Data

In model M1, θ = {B1,B2,V 1,V 2}. The log marginal likelihood of model M1 at a

given value of parameters, θ̂ = {B̂1, B̂2, V̂ 1, V̂ 2}, can be written as

logm(y|M1) = log p(y|B̂1, B̂2, V̂ 1, V̂ 2) + log p(B̂1) + log p(B̂2)

(B1)

Under model M1, we have

p(y|B̂1, B̂2, V̂ 1, V̂ 2) =

2∏
d=1

p(yj |B̂j , V̂ j)

p(B̂1, B̂2, V̂ 1, V̂ 2|y) =
2∏

d=1

p(B̂j , V̂ j |yj),

where

p(B̂j , V̂ j |yj) = p(B̂j |yj)p(V̂ j |B̂j ,yj), j = 1, 2.

Utilizing the latent variable zj , we can write

p(B̂j |yj) =

∫
p(B̂j |V j , zj ,yj)p(V j , zj |yj)dV jdzj (B2)

p(V̂ j |B̂j ,yj) =

∫
p(V̂ j |B̂j , zj ,yj)p(zj |B̂j ,yj)dzj . (B3)

Using the sth draws of (V j , zj) from their FCDs, we estimate p(B̂j |y) by

p̂(B̂j |yj) =
1

S

S∑
s=1

p(B̂j |V (s)
j , z

(s)
j ,yj). (B4)

The evaluation of (B3) needs additional S iterations from the following FCDs:

p(V j |B̂j , zj ,yj) and p(zj |B̂j ,V j ,yj).

Using this additional Gibbs sampling, we estimate p(V̂ j |B̂j ,yj) by

p̂(V̂ j |B̂j ,yj) =
1

S

S∑
s=1

p(V̂ j |B̂j , z
(s)
j ,yj), (B5)
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where

p(V̂ j |B̂j , z
(s)
j ,yj) =

(
2
m∗

jd

2 π
1
4d(d−1)

d∏
l=1

Γ
(
m∗

j+1−l

2

))−1

×|M∗
j |

mj

2 |V̂ j |−
1
2 (m

∗
j+d+1) exp

(
−1

2
trM∗

j V̂
−1
j

)
m∗

j = mj + n, M∗
j = M j +

∑
(z

(s)
ij − B̂

′
jxij)(z

(s)
ij − B̂

′
jxij)

′.

By substituting (B4) and (B5) into (B1), we have the following estimate of
logm(y|M1):

log m̂(y|M1) =

2∑
j=1

[
log p(yj |B̂j , V̂ j) + log p(B̂j) + log p(V̂ j)

− log p̂(B̂j |yj)− log p̂(V̂ j |B̂j ,yj)
]
.

B.2. Two Dependent Compositional Data

In model M2, θ = {B1,B2,V }. The log marginal likelihood of model M2 at a given

value of parameters, θ̂ = {B̂1, B̂2, V̂ }, can be written as

logm(y|M2) = log p(y|B̂1, B̂2, V̂ ) + log p(B̂1) + log p(B̂2)

+ log p(V̂ )− log p(B̂1, B̂2, V̂ |y), (B6)

where

p(B̂1, B̂2, V̂ |y) = p(B̂1|y)p(B̂2|B̂1,y)p(V̂ |B̂1, B̂2,y).

Utilizing the latent variable z, we can write

p(B̂1|y) =
∫

p(B̂1|B2,V , z,y)p(B2,V , z|y)dB2dV dz (B7)

p(B̂2|B̂1,y) =

∫
p(B̂2|B̂1,V , z,y)p(V , z|B̂1,y)dV dz (B8)

p(V̂ |B̂1, B̂2,y) =

∫
p(V̂ |B̂1, B̂2, z,y)p(z|B̂1, B̂2,y)dz. (B9)

Using the sth draw of (B2,V , z) from their FCDs, we estimate p(B̂1|y) by

p̂(B̂1|y) =
1

S

S∑
s=1

p(B̂1|B(s)
2 ,V (s), z(s),y). (B10)

The evaluation of (B8) needs additional S iterations from the following FCDs:

p(B2|B̂1,V , z,y), p(V |B̂1,B2, z,y) and p(z|B̂1,B2,V ,y).
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Using this additional Gibbs sampling, we estimate p(B̂2|B̂1,y) by

p̂(B̂2|B̂1,y) =
1

S

S∑
s=1

p(B̂2|B̂1,V
(s), z(s),y). (B11)

The evaluation of (B9) needs additional S iterations from the following FCDs:

p(V |B̂1, B̂2, z,y) and p(z|B̂1, B̂2,V ,y).

Using this additional Gibbs sampling, we estimate p(V̂ |B̂1, B̂2,y) by

p̂(V̂ |B̂1, B̂2,y) =
1

S

S∑
s=1

p(V̂ |B̂1, B̂2, z
(s),y), (B12)

where

p(V̂ |B̂1, B̂2, z
(s),y) =

(
2m

∗dπ
1
2d(2d−1)

2d∏
l=1

Γ
(
m∗+1−l

2

))−1

×|M∗|
m∗

2 |V̂ |−
1
2 (m

∗+2d+1) exp

(
−1

2
trM∗V̂

−1
)

m∗ = m+ n, M∗ = M +
∑(

z
(s)
i1 − B̂

′
1xi1

z
(s)
i2 − B̂

′
2xi2

)(
z
(s)
i1 − B̂

′
1xi1

z
(s)
i2 − B̂

′
2xi2

)′

.

By substituting (B10), (B11), and (B12) into (B6), we have the following estimate of
logm(y|M2):

log m̂(y|M2) = log p(y|B̂1, B̂2, V̂ ) + log p(B̂1) + log p(B̂2)

+ log p(V̂ )− log p̂(B̂1|y)− log p̂(B̂2|B̂1,y)− log p̂(V̂ |B̂1, B̂2,y).

Appendix C. Average Partial Effect (APE) and Probability of the
Positive APE

As [2, p.320] show, the posterior expected values E(Yik|data,xi) can be calculated from
the MCMC results. We generate Ỹ i = (Ỹi1, . . . , Ỹi,D−1, ỸiD)

′ for S iterations from the
predictive distribution of Y i, and calculate

E(Yik|data,xi) ≈
1

S

S∑
s=1

Ỹ
(s)
ik . (C1)

We apply this method to estimate the partial effects. Without loss of generality, we
show the partial effect of the pth explanatory variable xp. Suppose xp is a continuous
variable and increases by one unit. Denoting x = (x1, . . . , xp)

′ and x⋆ = (x1, . . . , xp +
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1)′, the partial effect of the ith individual in the sth simulation is as follows:(
Ỹ

(s)
i |data,x⋆

i

)
−
(
Ỹ

(s)
i |data,xi

)
.

Following [3, p.592], we define the following average partial effect (APE) for the sth
simulation:

APE(p)(s) =
1

n

n∑
i=1

[(
Ỹ

(s)
i |data,x⋆

i

)
−
(
Ỹ

(s)
i |data,xi

)]
, (C2)

where p denotes the pth explanatory variable.
If the pth explanatory variable is represented in logarithm, we calculate the partial

effect using (C2), where x = (x1, . . . , xp−1, log xp)
′ and x⋆ = (x1, . . . , xp−1, log(xp +

1))′. Further, if the pth variable is a dummy variable, the partial effect can be obtained
using (C2), where x = (x1, . . . , xp−1, 0)

′ and x⋆ = (x1, . . . , xp−1, 1)
′.

The probability that APE(p) is positive as follows. As [2, p.320] show, the posterior
expected values E(Yik|data,xi) can be calculated from the MCMC results. We generate
Ỹ i = (Ỹi1, . . . , Ỹi,D−1, ỸiD)

′ for S iterations from the predictive distribution of Y i, and
calculate

Pr(APE(p) > 0) ≈ 1

S

S∑
s=1

[
APE(p)(s) > 0

]
. (C3)
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