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Appendix A. Derivation of Algorithms 1 and 2
A.1. Derivation of Algorithm 1
A.1.1. FCD of vec B
The FCD of vec B is
1
p(vec Bl --+) x exp [—Q{Z(zi — B'z;))VY(z; — B'z;)

1
+X(VecB — vec By)'(vec B — vec Bg)}] ,

where

1
Z(zi — B'z))V Y (z; — B'z;) + X(vecB — vec By)' (vec B — vec By)
=> BV 'Bjx; 2> 2V 'Bz;

1 2
+X(VGCB),VQCB = X(VGCB),VGCB(] +e

From [1, p.283, Exercise 10.20], we have
> @BV 'B'z; = (vec B) (V™' ® X'X)vec B
Z 2,V IB'x; = (vec B) (V! @ I vec(X'Z).
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Then, since
1
Z BV 'B'x; — 2 Z 2ZVIBx; + X(Vec B)'vec B
2
—X(Vec B)' vec By + - - -

= (vecB) [\'IT+ (V' ® X'X)] vec B
—2(vec B)' [/\_1 vec By + (V_1 ®I) VeC(X/Z)] e

the FCD of vec B is
VGCB|"' NN(,B*,Q*),
where

Q=T+ (Viex'x)

B = [)\_1 vec By + (V71®I) vec(X'Z)] .

A.1.2. FCD of V
Since the FCD of V is

PV o [V| 2 mndD)
X exp [—; tr {M + Z(zZ — B'z;)(z; — B’a:i)’} Vl] ,
we have
V|- ~IW (m*, M),
where
mt=m+n, M* = M+Z — B'z;)(z; — B'z;)'.
A.1.8. FCD of z;,

The FCD of z;, is

N(zi0l Eziol2it, B, V), var(zi0l2i1, B, V)

p(Ziol -+ ) ox if some elements of y,; are zero

N(B'a:i, V)l(zio < O) if y; =0,
where
E(ziolzit, B,V) = Bjgzi+ Vio V]! (ziy — Bj, @)

var(zm]zH, B, V) = Vioo - Vzo+Vl++Vz+o



A.2. Derivation of Algorithm 2

A.2.1. FCD of vec B;
The FCD of vec B is

1 zi — Bl \' {1 (za — Blza
By — _Bla.) VL, _Bla
p(vec 1| )ocexp[ 2{2 <zi2—B/2wi2 ZZ‘Q_B/QxiQ

1
+)\—(vec B — vec Byg)' (vec By — vec B10)}] )
1

We have
/
> (2 me) (e ve) (B
+/\11(vec B, — vec Byp)'(vec B — vec Byj)
=> ) BiV'Bizi -2 2, VI'Bi@n -2 (2i2 — Byain)' V' Blzy

1 2
+>\—(Vec B;) vec By — )\—(vec By)' vecByg+ - .
1 1

From [1, p.283, Exercise 10.20], we have
Z x} BV Blx; = (vec B1) (V! @ X|X1)vec B;
Z 2 VU B 2y = (vee By) (VI @ I)vee(X Z1)
> (zia = Bhxy) V' Biaiy = (vec By)' (V' @ I) vec| X (Z2 — X2 By)].
Then, since
z xl B V1 B|x; — 2 Z zgquB'la:il -2 Z(zig — Bhap)V¥Blxy
+>\11(vec B;) vec By — i(vec B1) vecByg + - - -
= (vecBy) AT+ (VM @ X[ X1)] vec By
—2(vec By)' [A\{ ! vec Big + (VM & I) vee(X Z1)
+(VE @ I)vec| X (Z2 — XoBo)|] + -+,

the FCD of vec B is
vec Byl ~ N (81, Q1)

where

= T+ (V3 e X X))
B =9 [)\fl vec Big + (VM @ I)vec(XZ1)
+(V2 @ I)vec| X1 (Z2 — X2By)]] .



Similarly, the FCD of vec By is
vec By~ N(B3,€23) ,
where

Q= [T+ (V2o X,X,)]
B3 = 5 [A; ' vec Bag + (VZ @ I) vec( X5 Z5)
+(V* @ I)vec[X5(Z1 — X1B1)]] .

A.2.2. FCD of V
Since the FCD of V is

p(V| . ) x |V|—%(m+n+2d+l)
1 Z'l—BISC'l Z‘l—BICL"l ! _
——t M ? 1<~ ? 1417 Vv 1
exp { 2 r{ * Z (ZiZ — Byxiz ) \zi2 — Bz ’
we have
V]| ~IW (m*,M*fl),

where

’ zio — Bhxio ) \zio — Byxin )
A.2.8. FCD of z;,
The FCD of z;, is

N(ziol E(ziol2it, Bi, Vi), var(ziol2is, By, Vi) )
p(Ziol ) if some elements of y; are zero

N(B;ml, Vi)]-(zio < O) if Y, = 0,

where
E(2io|2is, B V')_< §1oﬂ3i1>+vn vl <z. _<B,Z'1+ZL'7;1>>
e T i20Ti2 Vot \ T\ Bl iy
var(zio|zis, Bi, Vi) = Vioo = Viot Vi ! Vito.



Appendix B. Marginal Likelihood Functions and the Bayes Factor

B.1. Two Independent Compositional Data

In model M, 6 = {By, Bg, Vi, V2} The log marginal likelihood of model M at a
given value of parameters, 0= {B17 Bg, Vl, V2} can be written as

log m(y|M1) = log p(y|B1, B2, V1, V) + log p(B1) + log p(B2)

(B1)
Under model M, we have
A 2 A A
(y|B1,B2, V1,V3) = Hp(yj’ij V)
d=1
A 2 A A
(B1, B2, V1, Valy) = [[ n(B;, Vly;),
d=1
where
(B, Vily;) = p(Bjly,)p(VilBj,y,), j=1,2.
Utilizing the latent variable z;, we can write
p(Bilyy) = [ p(By V25,0V 5,25 ly,)dV sz, (B2)
p(vj|Bj7yj) = /p(Vj‘Bj)Zjayj)p(zj|Bj7yj)dzj' (B3)
Using the sth draws of (V;, z;) from their FCDs, we estimate p(Bj\y) by
S
(Bjly;) = Z B,V 257, y;). (B4)
The evaluation of (B3) needs additional S iterations from the following FCDs:
p(V|Bj, zj,y;) and p(z;|B;,V;,y,).
Using this additional Gibbs sampling, we estimate p(Vj]Bj, y;) by
S A A
p(V;|Bj,y;) = Z V1B, 24 y,)), (B5)



where

e fTe())

LULZ RSN 1 \—
XM 2 |V 72 m ) e (—trM;Vj1>

mj =mj+n, Mj=M +Z 5 - JU(() Ba:”)

By substituting (B4) and (B5) into (Bl), we have the following estimate of
log m(y|M.):

)

log in(y|M1) = 3 [log ply;|B;, V) + log p(B;) + log (V)
7=1

—log p(B,ly;) —log p(V | Bj, y;)|-

B.2. Two Dependent Compositional Data

In model My, 6 = {Bl, Bg, } The log marginal likelihood of model M4 at a given
value of parameters, 8 = {Bl, B., V} can be written as

log m(y|Mz) = log p(y|B1, B2, V) + log p(B1) + log p(Bs)
+logp(V) — logp(By, B, V]y), (B6)

where
p(B1, B2, V|y) = p(Bi|y)p(B2|B1,y)p(V|B1, Ba, y).

Utilizing the latent variable z, we can write

p(Bily) = / p(B1|Ba, V. z.y)p(Ba, V., z|y)dBdV dz (B7)
p(Ba|By,y) = / (Bl B1, V2. y)p(V, 2| By, y)dVdz (BS)
p(V’BlaB2ay) :/p(V|Bl,BQ,Z,y)p(Z|Bl,BQ,y)dZ. (Bg)

Using the sth draw of (Bs, V, z) from their FCDs, we estimate p(B|y) b

S
P(Bily) = Z (B1[BY, V), 20, y). (B10)

CQ \

The evaluation of (B8) needs additional S iterations from the following FCDs:

p(Ba|B1,V,z,y), p(V|B1, B, z,y) and p(z|B1, B2,V ,y).



Using this additional Gibbs sampling, we estimate p(BQ\B 1,y) by

P(Ba|B1,y) = ZpBQ\Bl, )2 y). (B11)

The evaluation of (B9) needs additional S iterations from the following FCDs:
p(V|BlaBQ7zay) and p(Z’BhB27 Vvy)
Using this additional Gibbs sampling, we estimate p(V\B 1, B, y) by

~

S
o 1 o
n _ (s)
p(V|B1,Bs,y) = SE p(V|B1, Ba, 2" y), (B12)
where

2d -1
p(V|Blsz?z( )’ ) <2md 5d(2d—1) HF m+1 l))

=1

m* 1. 1 a_
><|M*|n£ \V\_2(m +2d+1)exp (—trM*V 1)

/ ) A~/ /
m* =m0, M =M+ (2 u '~ Byau) (z1 - Byaa)
B 2&i2 ZS) — BZ:I:Z‘Q

By substituting (B10), (B11), and (B12) into (B6), we have the following estimate of
log m(y| My):

log 1i(y|Ma) = log p(y|B1, Ba, V') + log p(B1) + log p(B>)
+logp(V) — log p(Bi|y) — log p(Ba| B1,y) — log p(V|B1, Ba, y).

Appendix C. Average Partial Effect (APE) and Probability of the
Positive APE

As [2, p.320] show, the posterior expected values E(Y;x|data, z;) can be calculated from
the MCMC results. We generate Y; = (Y;1,...,Y; p_1,Y;p)’ for S iterations from the
predictive distribution of Y;, and calculate

S
E(Yi|data, z;) ~ — Zf/; . (C1)

We apply this method to estimate the partial effects. Without loss of generality, we
show the partial effect of the pth explanatory variable z;,. Suppose z, is a continuous
variable and increases by one unit. Denoting & = (z1,...,xp) and &* = (z1,...,2, +



1), the partial effect of the ith individual in the sth simulation is as follows:
(f’gs)|data, azf) - (f’gs)\data, wl) .

Following [3, p.592], we define the following average partial effect (APE) for the sth
simulation:

APE(p)®) = 7112”: [(Ygs)ldata, wj) - <Y§8)|data, wl)} , (C2)

=1

where p denotes the pth explanatory variable.
If the pth explanatory variable is represented in logarithm, we calculate the partial

effect using (C2), where ¢ = (x1,...,2p_1,logz,)" and * = (z1,...,2p—1,l0g(zp +
1)). Further, if the pth variable is a dummy variable, the partial effect can be obtained
using (C2), where « = (z1,...,2p-1,0)" and * = (z1,...,2p-1,1)".

The probability that APE(p) is positive as follows. As [2, p.320] show, the posterior
expected values E(Yj|data, ;) can be calculated from the MCMC results. We generate
Y=Y, .., 17@-7,3_1, Y;p)' for S iterations from the predictive distribution of Y';, and
calculate

1

S
Pr(APE(p) > 0) ~ < 3 [APE(p)(S> > o] . (C3)
s=1

|
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