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1 A partition of the total responsive variance based

on model (6)

Based on model (6), a partition of the total responsive variance Vy is given by

Vy = Vη̃ + VA + VB + VA×B + 2Cov(η̃, TA×B) + 2Cov(TA, TB)

+2Cov(TA, TA×B) + 2Cov(TB, TA×B) + Ve

where

Vη̃ = Var(η̃) = (1− k2)σ2
D′ , Ve = σ2

e

VA = Var(TA) =
a∑
i=1

pi·(αi − ᾱ·)2 + k1(1− k2)σ2
αB

VB = Var(TB) = k2σ
2
D′

VA×B = Var(TA×B) = (k1k2 + 4d̄∗··)σ
2
αB

Cov(η̃, TA×B) = Cov(TA, TB) = d̄∗··σ
2
αB

Cov(TA, TA×B) = Cov(TB, TA×B) = −2d̄∗··σ
2
αB

where k1 = 1−
∑a

i=1 p
2
i·, k2 = 1−

∑b
j=1 p

2
·j, σ

2
D′ = σ2

B+(1−k1)σ2
αB and d̄∗·· =

∑a
i=1

∑b
j=1 pi·p·jdij.

When the distributions of factors A and B are independent (i.e., d̄∗·· = 0), there is an or-
thogonal partition of the total responsive variance

Vy = Vη̃ + VA + VB + VA×B + Ve

2 A re-parameterization of the cell means {ȳij·}
Based on model (8), the cell means {ȳij·} can be re-parameterized through the following

ȳij· = η̃ + τ̃i + D̃j + (̃τD)ij (1)

where τ̃i = τ ′′i − τ̄ ′′· , D̃j = D′j − D̄′· and (̃τD)ij = (αB)ij − (αB)i· − (αB)·j + (αB)·· for

i = 1, · · · , a and j = 1, · · · , b. Under the intrinsic constrains
∑a

i=1 p̂i·τ̃i = 0,
∑b

j=1 p̂·jD̃j = 0

and
∑a

i=1 p̂i·(̃τD)ij =
∑b

j=1 p̂·j (̃τD)ij = 0, we have ȳ∗i· =
∑b

j=1 p̂·j ȳ
∗
ij· = η̃ + τ̃i, ȳ

∗
·j =∑a

i=1 p̂i·ȳ
∗
ij· = η̃ + D̃j and ȳ∗·· =

∑a
i=1 p̂i·ȳ

∗
i· =

∑a
i=1(η̃ + τ̃i)p̂i· = η̃. Therefore, τ̃i = ȳ∗i· − ȳ∗··

and D̃j = ȳ∗·j − ȳ∗··. Meanwhile, (̃τD)ij = ȳij· − η̃ − τ̃i − D̃j = ȳij· − ȳ∗i· − ȳ∗·j + ȳ∗··, for
i = 1, · · · , a and j = 1, · · · , b.
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3 Conditional expectations of the sums of squares

Based on UP model (1), we have
ȳ∗i· = µ+ αi + B̄∗· + (αB)

∗
i· + ē∗i·

ȳ∗·j = µ+ ᾱ∗· +Bj + (αB)
∗
·j + ē∗·j

ȳ∗·· = µ+ ᾱ∗· + B̄∗· + (αB)
∗
·· + ē∗··

where ᾱ∗· =
∑a

i=1 p̂i·αi, B̄
∗
· =

∑b
j=1 p̂·jBj, (αB)

∗
i· =

∑b
j=1 p̂·j(αB)ij, (αB)

∗
·j =

∑a
i=1 p̂i·(αB)ij,

(αB)
∗
·· =

∑a
i=1

∑b
j=1 p̂i·p̂·j(αB)ij, ē

∗
i· =

∑b
j=1 p̂·j ēij·, ē

∗
·j =

∑a
i=1 p̂i·ēij· and ē∗·· =

∑a
i=1

∑b
j=1 p̂i·p̂·j ēij·.

Given the fixed cell counts {nij}’s, we can show that

E(SSA∗|{nij}) = n··[
∑a

i=1 p̂i·(αi − ᾱ·)2 + k̂1(1− k̂2)σ2
αB] + dfA · σ2

e

E(SSB∗|{nij}) = n··k̂2(σ
2
B + k̂1σ

2
αB) + dfB · σ2

e

E(SSAB∗|{nij}) = n··(k̂1k̂2 + 4 ˆ̄d∗··)σ
2
αB + dfAB · σ2

e

E(2∆A·B|{nij}) = 2n··
ˆ̄d∗··σ

2
αB + dfA·B · σ2

e

E(2∆A·AB|{nij}) = −4n··
ˆ̄d∗··σ

2
αB + dfA·AB · σ2

e

E(2∆B·AB|{nij}) = −4n··
ˆ̄d∗··σ

2
αB + dfB·AB · σ2

e

E(SSE|{nij}) = (n·· − ab)σ2
e

where k̂1 = 1−
∑a

i=1 p̂
2
i·, k̂2 = 1−

∑b
j=1 p̂

2
·j,

ˆ̄d∗·· =
∑a

i=1

∑b
j=1 p̂i·p̂·j d̂ij, dfA =

∑a
i=1

∑b
j=1 p̂i·(1−

p̂i·)p̂
2
·j/p̂ij, dfB =

∑a
i=1

∑b
j=1 p̂·j(1− p̂·j)p̂2i·/p̂ij, dfAB = (a−2)(b−2)+

∑a
i=1

∑b
j=1 p̂i·p̂·j(p̂i·+

p̂·j−3p̂i·p̂·j)/p̂ij, dfA·B = 2
∑a

i=1

∑b
j=1 d̂ij p̂i·p·j/p̂ij, dfA·AB = 2

∑a
i=1

∑b
j=1 d̂ij p̂·j(1−2p̂i·)/p̂ij

and dfB·AB = 2
∑a

i=1

∑b
j=1 d̂ij p̂i·(1− 2p̂·j)/p̂ij. In addition, we can show that

E(SST ∗|{nij}) = n··

a∑
i=1

p̂i·(αi−ᾱ·)2+n··k̂2σ
2
B+n··[1−(1− k̂1)(1− k̂2)−2 ˆ̄d∗··]σ

2
αB+dfSST ∗ ·σ2

e

where dfSST ∗ = (n··− 2) +
∑a

i=1

∑b
j=1 p̂

2
i·p̂

2
·j/p̂ij, and E[(ȳ∗··− ȳ···)2] =

∑a
i=1

∑b
j=1 D̂

2
ij(σ

2
αB +

σ2
e/nij).

4 Asymptotic unbiasedness of the ANOVA estimators

of the factor variances and covariances

Assume that the variances V (yijk) are finite, and nij|n·· ∼ Mult(n··, {pij, i = 1, · · · , a, j =
1, · · · , b}) with nij/n·· → pij almost surely as n·· → ∞, for i = 1, · · · , a and j = 1, · · · , b.
Then, we have p̂i· = ni·

n··
→ pi·, p̂·j =

n·j
n··
→ p·j, and d̂ij = p̂ij − p̂i·p̂·j → dij almost surely.

Therefore, by the dominated convergence theorem, we have

E(V̂A) = E[E(V̂A|{nij})]→ VA =
∑a

i=1 pi·(αi − ᾱ·)2 + k1(1− k2)σ2
αB

E(V̂B) = E[E(V̂B|{nij})]→ VB = k2σ
2
D′

E(V̂A×B) = E[E(V̂A×B|{nij})]→ VA×B = (k1k2 + 4d̄∗··)σ
2
αB

E[Ĉov(η∗, TB|{nij})] = E[Ĉov(TA, TB|{nij})]→ d̄∗··σ
2
αB

E[Ĉov(TA, TA×B)] = E[Ĉov(TB, TA×B)]→ −2d̄∗··σ
2
αB

2



as n·· →∞.

5 A proof that SSE is independent of SSA∗, SSB∗ and

SSAB∗

Note that ȳij· =
∑nij

k=1 yijk/nij = µ + αi + Bj + (αB)ij + ēij·, where ēij· =
∑nij

k=1 eijk/nij.
Based on UP model (1), by adopting the same strategy as used in Searle (1987), we can
show that Cov(ȳ∗i′· − ȳ∗··, yijk − ȳij·) = 0, Cov(ȳ∗·j′ − ȳ∗··, yijk − ȳij·) = 0 and Cov(ȳi′j′· − ȳ∗i′· −
ȳ∗·j′ + ȳ∗··, yijk − ȳij·) = 0 for any i′, i = 1, · · · , a, j, j′ = 1, · · · , b and k = 1, · · · , nij. Thus,
under the normality assumption, {yijk − ȳij·, i = 1, · · · , a, j = 1, · · · , b, k = 1, · · · , nij} are
independent of {ȳ∗i· − ȳ∗··, i = 1, · · · , a}, {ȳ∗·j − ȳ∗··, j = 1, · · · , b} and {ȳij· − ȳ∗i· − ȳ∗·j + ȳ∗··, i =
1, · · · , a, j = 1, · · · , b}. Therefore, SSE is independent of SSA∗, SSB∗ and SSAB∗.
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