SUPPLEMENTARY MATERIAL

A Imputation error by data type and timing results

In this section we provide more details on the simulations of Section 5.2. Table 6 presents
the imputation errors of the compared methods for quantitative variables only, and Table 7
for binary variables. For the quantitative variables, mimi and MLFAMD, which both
model main group effects, perform best. As already noticed in Section 5.2, mimi has
smaller imputation errors than other methods when the size of the main effects compared
to the interactions, and the proportion of missing entries, are both large. For the binary
variables, suprisingly, softlImpute outperforms consistently the other methods, although it
is not designed for mixed data. Finally, Table 8 shows the average computational times
of the different compared methods. We observe that the computational times of mimi,
GLRM, FAMD and MLFAMD are of comparable order. The aforementioned methods are
an order of magnitude slower than softImpute and mice.

% missing 20 40 60

p 0.2 1 5 0.2 1 5 0.2 1 5

mean 20.7(1.3) | 19.8(0.7) | 19.6(0.6) | 28.0(2.6) | 28.2(1.3) | 26.9(L.1) | 35.5(1.6) | 34.2(1.3) | 34.1(0.5)
mimi 13.0(0.4) | 12.3(0.4) | 11.4(0.3) | 10.8(1.1) | 19.0(0.7) | 16.1(0.5) | 27.1(1.0) | 24.3(1.1) | 20.2(0.4)
GLRM 16.1(1.0) | 16.9(0.7) | 13.8(0.4) | 24.0(5.3) | 24.5(1.5) | 23.4(L.1) | 36.5(12.3) | 41.9(18.0) | 44.1(3.7)
softImpute | 14.0(0.5) | 14.0(0.4) | 13.3(0.4) | 20.3(1.2) | 20.0(0.7) | 18.5(0.8) | 27.3(L2) | 27.4(1.0) | 24.4(0.5)
FAMD 12.7(0.5) | 12.9(0.6) | 12.1(0.3) | 19.2(1.3) | 20.2(0.6) | 17.3(0.6) | 26.9(1.8) | 31.2(1.0) | 22.7(0.4)
MLFAMD | 12.6(0.6) | 13.7(0.6) | 12.2(04) | 18.8(1.0) | 19.7(0.6) | 17.6(0.7) | 25.4(1.5) | 26.2(1.2) | 23.5(0.6)
mice 17.3(0.8) | 17.2(1.0) | 16.9(0.6) | 25.1(1.2) | 26.0(0.7) | 23.1(1.0) | 40.7(2.8) | 40.1(0.9) | 36.8(1.8)

Table 1: Quantitative variables: Imputation error (MSE) of mimi, GLRM, softlmpute and
FAMD for different percentages of missing entries (20%, 40%, 60%) and different values of
the ratio ||[fy(a®)||z/||L°||r (0.2, 1, 5). The values are averaged across 100 replications and
the standard deviation is given between parenthesis.

B Proof of Theorem 1

To prove global convergence of the BCGD algorithm, we use a result from (Tseng and Yun,
2009, Theorem 1) summarized below in Theorem 5, combined with the compacity of the
level sets of the objective F', proved using Lemma 3 and Lemma 4.



% missing 20 40 60

p 0.2 1 5 0.2 1 5 0.2 1 5

mean 13.0(0. 12.4(0.3) | 11.8(0.4) | 18.33(0.4) | 17.4(0.3) | 16.9(0.:

22.0(0.6) | 20.8(0.6)

GLRM 14.2(0. 14.1(0.6) | 14.2(0.5) | 20.0(0.4) | 20.2(0.4) | 20.4(0. 25.1(0.6) | 24.9

0.3) 0.3) 0.5)
mimi 13.5(0.3) | 13.5(0.3) | 13.5(0.3) | 18.9(0.5) | 19.1(0.3) | 18.9(0.6) | 23.7(0.6) | 23.4(0.5) | 23.1(
0.4) 0.3) 0.5)
( (

)

) (
softImpute | 12.2(0.1) | 12.0(0.3) | 12.0(0.6) | 17.0(0.3) | 16.7(0.2) | 16.6(0.4) | 21.6(0.4) | 21.6(0.3) | 21.0(
FAMD 13.6(0.4) | 13.8(0.4) | 13.5(0.3) | 19.2(0.5) | 19.8(0.3) | 18.8(0.6) 0.5) | 25.0(0.4) | 23.6(
MLFAMD | 13.6(0.5) | 13.5(0.4) | 13.6(0.4) | 19.4(0.5) | 19.5(0.4) | 19.6(0.5) | 24.0(0.5) | 24.1(0.4) | 23.9(
mice 14.6(0.3) | 14.5(0.4) | 14.4(0.4) | 20.5(0.4) 0.4) 0.4) (

20.3(0.2) | 20.5(0. 25.7(0.6) | 25.3

Table 2: Binary variables: Imputation error (MSE) of mimi, GLRM, softImpute and FAMD
for different percentages of missing entries (20%, 40%, 60%) and different values of the
ratio ||fy(a®)]|#/||L°||# (0.2, 1, 5). The values are averaged across 100 replications and the
standard deviation is given between parenthesis.

method | mean | mimi | GLRM | softImpute | FAMD | MLFAMD | mice
time (s) | 1.7e-4 | 6.6 5.5 0.1 2.6 3.5 0.2

Table 3: Computation time of the seven compared methods (averaged across 100 simula-
tions).

Theorem 1. Let {(a™, LM} be the current iterates, {(dgﬂ,d[f])} the descent directions

and {(Fgﬂ,F[Lk])} the functionals generated by the BCGD algorithm. Then the following
results hold.

(a) {F(al¥], L)Y} is nonincreasing and for all k, (F[f}, Fg-f]) satisfies

T > (1= 0)||d¥ |2 and —TH > (1 — o)) a2

(b) Every cluster point of {(a/Fl, LM} is a stationary point of F.

Assumptions H1 and 2, combined with the separability of the ¢; and nuclear norm
penalties, guarantee that the conditions of (Tseng and Yun, 2009, Theorem 1) are satisfied.
We now show that the data-fitting term L(fy(«) + L; Y, Q) is lower-bounded.

Lemma 1. There exists a constant ¢ > —oo such that, for all X € R™>*™2 L(X;Y,Q) > c.

Proof. Recall that £(X;Y,Q) = > 7" Y77 O{—VY; Xy; + g;(Xi;)}. Thus, we only need to
prove that for all (i, j) € [mq] x [ms], the function z — —Yj;2+g;(z) is lower bounded by a
constant ¢;; > —oo. Assume that this is not the case; by the convexity of x — —Yj;x+g;(x)
we have that either —Y;;x 4+ g¢;(z) — —ooor =Y,z + g;(2) oo Assume without

r—+00 r—>—




loss of generality that —Y;;z+g;j(x) — —oo. Then, there exists zo € R such that for all

r—>+00
x> x0, —Yix + g;j(x) <log [yey, hj(y)p;(dy). Thus, for all z > max(zg,0), we have that

y>Yij

/ ) ) = S B0 5O+ [ e s,
ye i J J

Yy
y<Vij y2Yij
yeY); hj(y)eym_gj(x)ruj (dy) +1>1,
y<Yij;

contradicting normality of the density h;(y)e¥* =% (@), Thus, there exists c;j > —o0, such
that for all z € R, =Yz + gj(x) > ¢;. Finally we obtain that £(X;Y,Q) > ¢ =

Doich 23121 Cij- u

Finally, we use Lemma 3 to show the compactness of the level sets of the objective
function F', defined for C' € R by

Lo ={(o, L) € RY x R™*™2; (o, L) < C}.
Lemma 2. The level sets of the objective function F' are compact.

Proof. For all (a,L) € RN x R™>*m2 F(a, L) > ¢+ A||L||« + Aa||af]1, where ¢ is the
constant defined in Lemma 3. Thus, for all C' € R, the level set Lo is included in the
compact set

C—-c C—-c
{(a,L)eRNme“mQ;IILII*S e and [y < T }

Furthermore, by the continuity of F', the level set L¢ is also a closed set. Thus we obtain
that for all C' € R, the level set Lq is compact. O

We can now combine Theorem 5, Lemma 3 and Lemma 4 to prove Theorem 1. Let
(ol LI be an initialization point. Theorem 5 (a) implies that the sequence (ol L)
generated by the BCGD algorithm lies in the level set of F'

Lo oy = {(a, L) € RY x R™X™; F(a, L) < F(a, L)} .

Furthermore, L 40 o)y 18 compact by Lemma 4, showing that the sequence (¥, LI*) has
at least one accumulation point. Combined with Theorem 5 (b) and the convexity of F,
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this shows Theorem 1 (a).

Theorem 5 (a) and Lemma 3 combined imply that the sequence {F(a!®, LI¥)} converges
to a limit F*. Furthermore, Theorem 1 (a) and the continuity of F' imply that there
exists a sub-sequence {F(a*, LM)} e such that {F(a™, LM)}cx — F(&,L). Thus,
F* = F(@&, L), which proves Theorem 1 (b).

C Proof of Theorem 2

Let II = (7i;)(,j)e[mi]x[me] D€ the distribution of the mask Q. For B € R™*™2 we de-
note Bq the projection of B on the set of observed entries. We define |B||3 = ||Ba||%,
and ||B||f = E[||B||3], where the expectation is taken with respect to II. The proof of
Theorem 2 will follow the subsequent two steps. We first derive an upper bound on the
Frobenius error restricted to the observed entries ||AX]|3, then show that the expected
Frobenius error [|[AX]|% is upper bounded by ||AX||4 with high probability, and up to a
residual term defined later on.

Let us derive the upper bound on |[AX|2. By definition of L and &: L£(X;Y,Q) —

£(x%Y,9) < A (129 = I]) + X (ol — ally) - Recall that, for a € RY, we use
the notation fy(a) = S°n | apU*. Adding (VL(X%Y,Q),AX) on both sides of the last
inequality, we get
L(X;Y,9Q) = L(X%Y. Q) + (VLX" Y, Q), AX) <
A (120 = EIL ) = (VE(X®:Y,9), AL)
+ A2 ([[a”lls = la]l) — (VL(X% Y, Q) fu(Aa)). (1)
Assumption H2 implies that for any pair of matrices X! and X? in R™*™2 satisfying
| X oo V [[X?|lo < (1 + &)a, the two following inequalities hold for all Q:
2
LIX:Y,9) = LY, Q) — (VL(X:Y,Q), X - X) = |IX - X[, @)
IVL(X;Y,Q) = VL(X; Y, Q)|lr < 07| X — X||a. (3)
Plugging (33) into (32) allows to construct a lower bound on the left hand side term and



obtain o2 [|AX]|3/2 < Ay + Ay,

A= (1200 = 1)) + (VL Y,9), ALY "
Az =2 (@l = llalh) + {VLX Y, Q), fu(Aa))].
Let us upper bound A;. The duality of the norms || - ||« and || - || implies that
(VL(X®,Y,0), AL)| < [VL(X% Y, Q)] AL,

Denote by S; and S; the linear subspaces spanned respectively by the left and right singular
vectors of L°, and Pg1 and Py the orthogonal projectors on the orthogonal of Sy and Sy,
P : X+— PsuXPgi and Pro: X — X — Po1 X Po.. The triangular inequality yields

L Sl SQ Sl SQ

Ll = IL° = Ppo (AL) = Pro(AL)l« 2 |IL + Pros (AL)l« = [[Pro(AL) . (5)

Moreover, by definition of P,,., the left and right singular vectors of P ,.(AL) are respec-
tively orthogonal to the left and right singular spaces of L°, implying ||L° + P, (AL)]|, =
| L2l + || Prox (AL)]].. Plugging this identity into (36) we obtain

L%l = IIL]l« < [Peo(AL) s = | Prox (AL, (6)

and A; < Ay (IPs(AL)]. — [P (AL + [VEX Y, Q[ |AL.

Using || AL« < ||Pro(AL)||«+]|Ppor (AL) ||« and the assumption Ay > 2[|[VL(X% Y, Q)|
we get A; < 3\1|| Pro(AL)|l./2. In addition, ||Pro(AL)|. < y/rank (Pro(AL))||Pro(AL)||F,
and rank (Pro(AL)) < 2rank (LY) (see, e.g. (Klopp, 2014, Theorem 3)). Together with
|Pro(AL)||r < ||AL||F, this finally implies the following upper bound:

3\
A < 71\/§HAL|IF. (7)
We now derive an upper bound for Ay. The duality between || - ||; and || - || ensures
(VE(X®Y, Q). f(A)] < | Aall VLY, 9) |t 5)

The assumption Ay > 2||[VL(X?Y,Q)||su in conjunction with (39) and the triangular
inequality ||Aall; < [|a®|1 + ||@]x yield

3\
Az < TQHQOHI- (9)



Combining inequalities (35), (38) and (40) we obtain

3\ 32
|AXYE < 5 V2| ALR + =5 o] (10)

We now show that when the errors AL and A« belong to a subspace C and for a residual
D - both defined later on - the following holds with high probability:

IAX]6 = [AX |l — D. (11)

We start by defining our constrained set and prove that it contains the errors AL and A«
with high probability (Lemma 5-6); then we show that restricted strong convexity holds
on this subspace (Lemma 7). For non-negative constants di, diy, p < m and e that will be
specified later on, define the two following sets where Aa and AL should lie:

A(dy,dn) = {a e RV . llae]|1 < dy, HfU(a)H% < dn}. (12)
72log(d)
L = { L € Rmxm2 RN :||L+f 2 > 2oV
(p7 8) { € ,Oé € || + U(a)“H - plog(6/5)7

(13)
1L+ fu(a)llee < 1[I« < Vol Ll + 5}

If ||AX]|% is too small, the right hand side of (42) is negative. The first inequality in the
definition of L(p,e) prevents from this. Condition ||L||. < \/p||L||r + ¢ is a relaxed form
of the condition |L|, < \/p|L|r satisfied for matrices of rank p. Finally, we define the
constrained set of interest:

C(dy,du, p,e) = L(p,e) N {R™*™ x A(dy, dn) } -
Recall u = maxy, ||Ug||; and let

3Ag

o?

72a*log(d)
108 (6/5)

Lemma 3. Let Ay > 2u (|[VL(X® Y, Q)| + 202 (1 + u)a) and assume HI-2 hold. Then,
with probability at least 1 — 8d~', Aa € A(dy, dr).

dy = 4||a0||1, and dig = ||a0||1 + 64a*uE IZR|o] ||a0||1 + 3072&210_1 +

Proof. See Appendix E. ]



Lemma 5 implies the upper bound on ||Aal|3 of Theorem 2. Thus, we only need to
prove the upper bound on ||AL|%. Let p = 32r and € = 3\y/\;]|Q°]|;.

Lemma 4. Assume H2 and let
A =2 VLX%Y, Q) A > 2u ([VLX%Y, Q)]loo + 207 (1 + u)a) .
Then ||AL||. < \/p||AL|[F + €.

Proof. See Appendix F n

As a consequence, under the conditions on the regularization parameters A; and A,
given in Lemma 6 and whenever |AL+ fy(Aa)||% > 721log(d)/(plog(6/5)), the error terms
(AL, Aa) belong to the constrained set C(dy, di, p, €) with high probability.

Case 1: Suppose ||AL+fy(Aa)||? < 72log(d)/(plog(6/5)). Then, Lemma 5 combined
with the fact that |[M||% < p~||M||} for all M, and the identity (a + b)? > a?/4 — 4b?
ensures that ||AL||% < 4||AL + fy(Aa)||% + 16]/fy(Aa)||%. Therefore we obtain (ii) of

Theorem 2: 2 o .
2
ssa’log(d) | Jla”]

log(6/5) p
Case 2: Suppose ||AL + fy(Aa)|%4 > 72log(d)/(plog(6/5)). Then, Lemma 5 and 6
yield that with probability at least 1 — 8d 1,

IAL|E <

0.

AL Ao

C(d . d-. 0. ). wh
(2(1 +a)a’ 2(1 —l—ae)a) € C(dy,dy, p', €"), where

P

21+ @)a’ " 4(1+®)2a?’ ; 20t e’

and where dy, dy, p and € are the same as in Lemma 5 and 6. We use the following result,

proven in Appendix G. Recall that we assume for all (4, j) € [m] x [m2], P(2; =1) > p
and define:

& =

18log(d
A(dy) = {a c RN . lalle < 1; ey < di; ”fU(a>||%[ > g(d) } 7

plog(6/5)

Do = 8eediuE [|[Zgllo] + 768p7",

112 14
Dy = T'OIE [HZR|H2 + 82 [||Zk||] + 8eed i uE [|| Sk ||oo] + di + 768p~ . (14)



Lemma 5. (i) For any o € A(dy), with probability at least 1 — 8d~",
1
[fer () I > §Hfu(a)||% — Da.
(ii) For any pair (L,«) € C(dy,dm, p,€), with probability at least 1 — 8d~*

1
12+ fu(a)lle > SIE + fo(a) |z — Dx. (15)

Proof. See Appendix G. O

Lemma 7 (ii) applied to (2(1%; o> 2(1%;)&) implies that with probability at least 1 —8d 1,

JAX|E < 2[AX[3+4(1+)aDy. Combined with (41), [AX |2 < p~ |AX |3, [JAX[3 >
IAL|3/2 = [[fr(Aa) % and 6v2rAy/(po? )| AL|p < [ AL|%/4+288r)%/(p?0?), we obtain
the result of Theorem 2 (ii):

1152r\2  24)s||a°
AL < o L4 ;(’7'2 H1—|—4(1+ae)aDX+4

0
lo”l ¢,
p

D Proof of Theorem 4

We will establish separately two lower bounds of order rM/p and s/p respectively. Define

) ) ) .\ V2
‘- {L eRM [y e {o,nmin<a,o+> (=) },v@,j) & [l x M},

pm

where 0 < n < 1 will be chosen later. Define also the associated set of block matrices
c={L=(L]...|Ljo) eR™*™ : L e £},

where O denotes the my X (mg — r |mgy/r|) null matrix and, for some = € R, |z] is the
integer part of . We also define the following set of vectors

A= {a = (0|a) € RN, & € {0, jmin(a,04)} V1 < k < s} ,

with O € Rm2—s denoting the null vector. Finally, we set

X={X=L+fy(la) eR™* ™ ac A LeL}.
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For any X € X there exists a matrix L € £ of rank at most r and a vector a with at
most s non-zero components satisfying X = L + fy(«). Furthermore, for any Xex
there exists a matrix L € £ of rank at most r and a vector & with at most s non-zero
components satisfying X — X = L +fy(&). Finally, for all X € X and (i, ) € [mi] x [ms],
0 < X;; < (1+e&)a. Thus, X C F(r,s), where F(r,s) is defined in (29).

Lower bound of order rM/p. Consider the set
X, ={X=L+fy(a) € X;a =0}

Lemma 2.9 in Tsybakov (2008) (Varshamov Gilbert bound) implies that there exists a
subset XY C A satisfying Card(XP) > 2"M/® 1 1, such that the zero m; x my matrix
0 € X?, and that for any two X and X’ in XY, X # X' we have

M 2 M
uX—X%z7§@%m@mﬁ£ﬂ§ﬂ)z%mmﬁmb%< (16)

For X € X we compute the Kullback-Leibler divergence KL(Py, Py) between Py and Px.
Using Assumption H2 we obtain

o3 n*min(a, 04 )*Mr

KL(PPy,Px) = E i (95(Xi5) — ;(0) — g5(0)X55) < 5 (17)
ij
Inequality (48) implies that
1 1
S KL(Pg,Py) < —1 d(x?) —1 1
GT=T 2 KLPoPy) < olos(Cand(49) — 1) (15)

Xexp

is satisfied for 77 = min {1, (8¢, min(a, U+))71}. Then, conditions (47) and (48) guarantee
that we can apply Theorem 2.5 from Tsybakov (2008). We obtain that for some constant
6 > 0 and with ¥; = C'min (¢}, min(a, 62)):

WyrM
inf sup Pxo (||AL||% + | Aa)3 > 1 ) > 6, (19)
p

L,a (L0,a0)es



Lower bound of order s/p. Using again the Varshamov-Gilbert bound (Tsybakov
(2008), Lemma 2.9) we obtain that there exists a subset A° € A satisfying Card(A%) >
25/8 4 1 and containing the null vector 0 € RY and such that, for any a and o’ of A°,

a#£ o,

S o9 .
la = a/[l > 27° min(a, o) (20)

Define X, C X the set of matrices X = fyy(a) such that @ € A° and L = 0. For any
X € X, we compute the Kullback-Leibler divergence KL(Pg, Px) between Py and Py

L(Po,Px) = ZM 9;(Xij) — 9;(0) = g3(0)X; < oL fu(@)llf < aipllfo()lF  (21)

Using Assumption H2
2 |2 2
KL(Po, Px) < o2p (max |[U¥[3 +27) [lal}
< so’p (m}fxx 1% + 27) 7* min(a, oy )?.
From (53) we deduce that

1 9 .

Card(A9) 1 ; KL(Py, Px) < sp (mgx 1U*|1% + 2T> o7’ min(a, o4)”. (23)
Choosing 77 = min {1, (v/pos max,(||JU*|| ¢ + 27) min(a,mr))*l} , we now use Tsybakov
(2008), Theorem 2.5 which implies for some constant § > 0

N 2
inf sup Pyod AL+ | Y (@) — an)UF 3 > 0,7 4 > 5, (24)
L, (L0,ab)eg 1 p

1
U, =(C Ala Ao )?
: (ammaxkuvku%wﬂ (a “*))’

where we have used that || S8 () —ax)U||% > #2[|& —a®||3. We finally obtain the result
by combining (50) and (55).
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E Proof of Lemma 5

We start by proving ||Acall; < 4]|a]|;. By the optimality conditions over a convex set
(Aubin and Ekeland, 1984, Chapter 4, Section 2, Proposition 4), there exist two subgradi-
ents f, in the subdifferential of || - ||, taken at L and f, in the subdifferential of || - ||; taken
at &, such that for all feasible pairs (L, «) we have

(VLX;Y,Q),L— L+ (an — &)U + M (fr, L — L) + Mp{fa,a — ) > 0. (25)
k=1

Applying inequality (56) to the pair (L,a®) we obtain (VL(X;Y,Q), 30 Ao U*) +
Ao fa, Aa) > 0. Denote X = L+ Zk L @2U*. The last inequality is equivalent to

N N
(VLX%Y, Q). AapUR) +(VL(X; Y, Q) = VL(XY,Q), Y - AqU¥)

k=1 k=1
g >
VvV vV

B Bo

N
+(VL(X;Y,Q) = VL(X;Y,Q),)  AapU*) +Xa(fa, Aa) > 0.

k=1

N

~
Bs

We now derive upper bounds on the three terms By, By and B3 separately. Recall that we
denote u = maxy, |U*]|; and use (39) to bound B;:

B, < ||Aa|l]|VL(X®Y, Q). (26)

The duality between || - ||oo and || - || gives By < ||Aa||1||VL(X;Y, Q) — VL(X® Y, Q)| oot

Moreover, VL(X;Y,Q)—VL(X" Y, Q) is a matrix with entries gg(f(w) — g;(X}}), therefore

assumption H2 ensures [|[VL(X;Y,Q) — VL(X%Y, Q)| < 202 (1 + @)a, and finally we
obtain

By < [[Aal120% (1 + &) au. (27)

We finally bound Bj as follows. We have that By = Y™ ng Q; (g; (X ) — q; (X'j))(f(

<

Xi;). Now, for all j € [my], g; is increasing therefore (g (X,;) — g;(XZ]))(X )
which implies B3 < 0. Combined with (57) and (58) this yields

0,

Ao(far @ — a°) < [|Aafiu ([VLX%Y, Q)] + 207 (1 + @)a).
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Besides, the convexity of || - [|; gives (fa, & — a®) > ||é|, — [|®]|1, therefore

{2 —u (IVLX"Y, D)oo + 207 (1 + )a) } 4] <
{he +u ([VLX®Y, Q)| + 205 (1 + &)a) } [|[a°]|1,

and the condition Ay > 2 {u (|[VL(X%Y,Q)|le + 202 (1 + )a) } gives [|a]l; < 3[|a’|); and
finally
1Aally < 4o (28)

Case 1: |[fy(A«)||f < T2a*log(d)/(plog(6/5)). Then the result holds trivially.

Case 2: ||fy(Aa)||} > T2a*log(d)/(plog(6/5)). For dy > 0 recall the definition of the set

181og(d) }
plog(6/5) J -

Inequality (59) and ||Aa||. < 2a imply that Aa/(2a) € A(2]|a||1/a). Therefore we can
apply Lemma 7(i) and obtain that with probability at least 1 — 8471,

A<d1>:{aeRN: laloo <15 flalh < dis [ffula)l3 >

Ifr(Aa)l[fy < 2l[fo(Aa) g, + 64eeal|a’ |1 uE [[|Skllo] + 3072ap". (29)

We now must upper bound the quantity ||fy (Aa)||?,. Recall that X = chvzl aU*+ X . By
definition, £(X;Y, Q) + M| L|l« + Xaolally < L(X;Y,Q) + M| L]+ + Ao|[a®|]1, i.e.

LX;Y,Q) = LIX;Y,Q) < X (@l = [lé]l) -
Substracting (VL(X;Y,Q), X-X ) on both sides and using the restricted strong convexity

((33)), we obtain

2

0'7 . ~
Clfuda)l < (ol = lalh) + (VLK Y,0), fy (Aa))
< o ([0l — lall) + [(VLX Y, Q). fu(Aa))|

Py : (30)

(VL(X%Y,Q) — VL(IX;Y), fu(Aa))

N J/
-

Co

+

12



The duality of || - ||; and || - ||o yields C; < [[VL(X? Y, Q)] ooul|Aall;, and
Cy < [VL(X®Y, Q) = VL(X; Y, Q)| ull Aalls.

Furthermore, [|[VL(X%Y,Q) — VL(X;Y, Q)| < 2024, since for all (i,5) € [mi] x [ma]
| Xi; — Xj| < 2a and g} (X;;) < 0%. The last three inequalities plugged in (61) give

2

o .
5 Ifo(Aallle <X ([l = llalh) + wllAalh {IVL(X®: Y, Q) + 2020} .
The triangular inequality gives
2
o_
S Ifo(Adlle < {u(IVEX" Y, Q)] +20%a) + Ao} [0y
+ {u (IVLX% Y, Q)| + 207 a) = Ao} @)1
Then, the assumption Ay > 2u ([[VL(X; Y, Q)| + 202 (1 + &)a) gives

2

0.2

Ifr (Al <

[ b
Plugged into (60), this last inequality implies that with probability at least 1 — 8d~!
2 3A2, g 0 2, —1
fo (Al < —5~[la”[lx + 64zealla”[l uE [[[Xrllo] + 30727 (31)

Combining (59) and (62) gives the result.

F Proof of Lemma 6

Using (56) for L = L° and o = o we obtain

N
(VLX;Y,Q), AL+ (Aar)U*) + M (fr, AL) + Mo (fa, Acr) > 0.

k=1

13



Then, the convexity of || - ||, and || - ||y imply that ||L°|. > ||Z|. + (d||L|.,AL) and
la°)1 > |l&lls + (9]|&||1, Aa). The last three inequalities yield

M (Il = 1E0) 4+ 2 (lalh = lla®ll) < (VE(X;Y,9), AL)
) N
+ (VL Y, 9), ) (Aa)U")
k=1
< IVLE Y, DAL + u| VEX; Y, Q)| | Acr] -
Using (37) and the conditions
A 22 VLX% Y, Q) A > 2u {[I[VL(X Y, Q)0 + 207 (1 + 2)a},
we get
M (1P (AL = [1Po(AL) L) + s (61l = [la”]l1) <
A A
5 (IPSADL A+ 1P(AD)]L) + F 1 Aalh,
which implies || P (AL)|l. < 3||Pro(AL)|lx 4+ 3X2/A1]|a’]|;. Now, using
IAL|L < ([P (AL + [1Po(AL) e, 1Po(AL)||F < AL p
and rank(Pro(AL)) < 2r, we get ||AL|l. < V/32r||AL||r + 3X2/A1]|a®]];. This completes
the proof of Lemma 6.

G Proof of Lemma 7

Proof of (i): Recall D, = 8&d uE [||Zr||«] + 768p~! and

18log(d
A(dy) = {a eRY: alle <1; Jla|h <di;  |fu(a)|% > g(d) }

plog(6/5)

We will show that the probability of the following event is small:
~ 1
5= {30 € Aty sueh . [Ifu)lf ~ ()| > 1)l + 0. }.

14



Indeed, B contains the complement of the event we are interested in. We use a peeling
argument to upper bound the probability of event B. Let v = 18log(d)/(plog(6/5)) and
n==6/5. Forl € N set

Si={acda): o wfuli <nv}.

Under the event B, there exists [ > 1 and o € A(d;) N S; such that

1 1, 5
[If ()l = lfo (@)l > sllfu(@)li +Da > §nl '+ D, = EanﬂL Da. (32)

For T > v, consider the set of vectors
Aldr, T) = {a € A(d) : ffur(e)|[} < T}

and the event

~ 5
B = {30 € Ay 1) )l ~ (@I > o'+ D0 }.

If B holds, then (63) implies that B, holds for some [ < 1. Therefore ,B C U5 B;, and it is
enough to estimate the probability of the events BB; and then apply the union bound. Such
an estimation is given in the following lemma, adapted from Lemma 10 in Klopp (2015).

Lemma 6. Define Zr = sup,e g, 1) |Ifo(@)[IG — [fu(a)llfi|. Then,

5
P (ZT > D, + ET) < 4o PT/18,

Proof. By definition,

Zr = SWac gy | D Qisfu(@); — E ZQUfU

(4,9)

We use the following Talagrand’s concentration inequality, proven in Talagrand (1996) and
Chatterjee (2015).

Lemma 7. Assume f:[—1,1]" — R is a convez Lipschitz function with Lipschitz constant
L. Let =y,...,Z, be independent random wvariables taking values in [—1,1]. Let Z =

f(Z1,...,5n). Then, for anyt >0, P(|Z —E[Z]] > 16L +t) < 4e /L%,

15



We apply this result to the function
f($11; s 7xm1m2) = SUPqe A(dy,T) Z(xlj - Trij)fU(O‘)?j )
(i.4)

which is Lipschitz with Lipschitz constant /p~!'T. Indeed, for any (z11,...,%mm,) €
R™>™2 and (211, - -+, Zmymy) € R™X™M2:

’f(xlla s 7xm1m2) - f(’zllv ceey Zm1m2)|

SWDae g r) | D (@i = 7)o (@)} = suPe gy [ D (25 — i) (@)
(4,9) (4,9)

<SP, e aar ) || D (@i — T o (@)f| — D (25 — 7)o (@)

(4,5) (4,3)

< SUDpe iy | D (@i — mi)fo (@) = (2 — i) ()}

(i) (i)
< SUP e day 1y | O (Tis — 25 ()]
(4,9)
< Sy gy, | D iy (i — Zij)2\/z mifu (@)
(4,9) (4,9)

(4,5) (4.5)
<SVPIT [ (i — 2)%,

(4,9)

where we used ||a| — [b|| < |a — b],||fv(a)|le < 1 and ||A||4 < T. Thus, Lemma 9 and the
. . -1 .
identity /p~1T < 96% + 2ng6 imply

1 2
i3 <|Z —E([Z]| > 768p7" + ST+ t) < 4e~tP/2T

16



Taking t = T'/3 we get
)
P (yz —E[Z]| > 768p~" + ET) < 4e7PT/1E, (33)

Now we must bound the expectation E [Zr]. To do so, we use a symmetrization argument
(Ledoux, 2001) which gives

E(Zr] =E suDgciam | > Lifu(@)] —E[1D  Qyfu(a);;
(i.9) (i.9)

S 2K Supaej(th) Z ez]QZ]fU<a)z2j ’
(4,9)

where {¢;;} is an i.i.d. Rademacher sequence independent of {€2;;}. We apply an extension
Talagrand’s contraction inequality to Lipschitz functions (see Koltchinskii (2011), Theorem
2.2) and obtain

E[Z7] = E

> AL

i7j

< 4xE |SUp e i my | D €A
(i)

sup
AeT

= 4K [Supaej(dh'p) |<ER7 fU(a>>| )

where Xy = Z(i,j) €;$%; Eij. Moreover, for o € fl(dl, T) we have

<ER, Z OékUk>

k=1

|(Cr, fu(a)] = < [lafhullEx]ls-

Finally, we get E [Zr] < 4eediulE [||XR||oo] - Combining this with the concentration inequal-
ity (64) we complete the proof of Lemma 8:

P (2r 2 Swdu [|Zal] + 708 + T ) < 4o/

17



Lemma 8 gives that P (B;) < 4exp(—pn'v/18). Applying the union bound we obtain
P(B) < ZP(BI) < 4Zexp(—pnlu/18)
I=1 I=1

<4 exp(—plog(n)lv/18),

=1

where we used e® > x. Finally, for v = 18log(d)/(plog(6/5)) we obtain

4 exp(—pv log(n)/18) 4 exp(—log(d))
FB) < T o logm)/18) = T— exp(~log(d))

since d — 1 > d/2, which concludes the proof of (i).

8
<_7
—d

Proof of (ii): The proof is similar to that of (i); we recycle some of the notations for
simplicity. Recall Dy = 112pp™'E[|[S[|]” +8ecE [| Szl + Szedyul [|[Srlloo] + drr +768p ™",
and let

B={3(L,0) € C(di, d, p.e);
2 2 1 2
1L+ fr(a)lIE = 1L+ fu(a)[|7] > SIL+ o)l + DX}7
v =T2log(d)/(plog(6/5)), n =6/5 and for [ € N
S = {(L,a) €C(dy, dm,p.e): 7w <L+ fu(a)|i < nly} .

As before, if B holds, then there exist [ > 2 and (L, «) € C(dy, dp, p,€) N S; such that

5
1L+ fu(@)lle = 1L+ fule)la] > 50’y +Dx. (34)

For T > v, consider the set C(T) = {(L,a) € C(dy,d, p,e) : |L + fy(a)||} < T}, and the
event

~ 5
B = {3(L.0) €l 1L +fola)lE ~ L+ ul@lR] > S3fv + D .

Then, (65) implies that B; holds and B C U;f°B;. Thus, we estimate in Lemma 10 the
probability of the events B;, and then apply the union bound.
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Lemma 8. Let Wr = sup ; ,yeer) 1L+ fu(a)||g — [I1L + fu (@) |7 -
5
P (WT >Dx + ET> < 4e P12,

Proof. The proof is two-fold: first we show that Wr concentrates around its expectation,
then bound its expectation. By definition,

Wi = sup(, pecery | D Qi (Lig + fu()i)® =B | D Qii(Lij + fua)y)?
(4.9) (4.9)

The concentration proof is exactly similar to the proof in Lemma 8, but we choose t = T'/6,
and we obtain

P (|WT —E[Wr]| > 768p~" + 13—2T> < 4e7PT/72, (35)

Let us now bound the expectation E[Wr]. Again, we use a standard symmetrization
argument (Ledoux, 2001) which gives

E[Wr] < 2E [sup( aecr | D €% (Li + fu(@)y)?]|
(i.9)
where {¢;;} is an i.i.d. Rademacher sequence independent of €;;. Then, the contraction
inequality (see Koltchinskii (2011), Theorem 2.2) yields

E[Wr] < 42 [sups apecry [(Zns L+ fur(a))l]
where ZR = Z(i,j) GijQijEij- Moreover

[(Er, L+fu(a))] < [(Er, L) + [(Ea, fu(a))|
< LRl =+ lloflyull gl

For (L,a) € C(T) we have by assumption ||a||; < di, ||fu(e)|ln < vdn and ||L|, <
VPIL||F + . We obtain

1L« \/7HLHH+€<\/7(HL+‘CU( @)ln + [lfo(a)llm) + ¢

S\/;(ﬁ‘i‘\/%)“—&.
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This gives

E[Wr] < dee {\/g (\/T+ \/%) + s} ISkl + 4eediu| S|l

T dp
< o+ S 56w 2B||2R||2+4aes||23||+4aed1u||ER||oo

Combining this with the concentration inequality (66) we finally obtain:
)
P (WT > Dy + ET) < 4o P12,

]

Lemma 10 gives that P (B;) < 4exp(—pn'v/72). Applying the union bound we obtain

oo

i P(B) <4 exp(—pn'v/72)

=1

P (B)

| A

oo

<4 Z (—plog(n)lv/72),

where we used e* > z. Finally, for v = 72log(d)/(plog(6/5)) we obtain

4 exp(—pr log(n)/72) 4 exp(—log(d))
P(B) < 1 — exp(—prlog(n)/72) = 1 — exp(—log(d))

since d — 1 > d/2, which concludes the proof of (ii).

<8d7!,

H Proof of Lemma 1

The first inequality is trivially true using that ||X||o = max;;|$2;€;;] < 1. We prove the
second inequality using an extension to rectangular matrices via self-adjoint dilation of
Corollary 3.3 in Bandeira and van Handel (2016).

Proposition 1. Let A be an my X mq rectangular matriz with A;; independent centered
bounded random wvariables. then, there exists a universal constant C* such that

E[|Al] < C* {01 V 0y + ouy/log(my A mz)} ,
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01 = max Z]E [A?j], 02 = max ZE [Azsz Ox = MAX [As1-
i ‘ |

Applying Proposition 1 to i with o1 V 0y < /B and o, < 1 we obtain

E(I2ll) < ¢ {V/B+ VVioglmi Ama) }

I Proof of Lemma 2

Denote ¥ = VL(X%Y,Q). Definition (2) implies that E[Y;] = ¢5(X}}), (i,7) € [mi] x

ij
[ms2]. Combined with the sub-exponentiality of the entries Y;;, we obtain that for all 4, j,

Yii— g}(XZ»Oj) is sub-exponential with scale and variance parameters 1/ and o7 respectively.
Then, noticing that |€2;;| < 1 implies that for all ¢ > 0,

P{|Qy (Vi — g;(X3))| =t} < P{|Yi; — g;(X3)| > t},

we obtain that the random variables ¥;; = Q; (Y — g;- (X?J)) are also sub-exponential.
Thus, for all 4,5 and for all ¢ > 0 we have that |X;;| < ¢ with probability at least 1 —

max {267#/ 203 9e 1/ 2}. A union bound argument then yields

|1X]le <t w. p. at least 1 — max{2m1m26_t2/2"-2+,2m1mge‘7t/2} ,

where v and o, are defined in H2. Using log(mims) < 2logd, where d = m; + my and
setting ¢ = 6 max {o4+/logd, 7 logd} , we obtain that with probability at least 1 — d !,

|X]|c < 6 max {0+ logd,y ' log d},

which proves the first inequality. Now we prove the second inequality using the following
result obtained by extension of Theorem 4 in Tropp (2012) to rectangular matrices.

Proposition 2. Let Wy, ... W, be independent random matrices with dimensions my X my
that satisfy E [W;] = 0. Suppose that

0, = sup (i5r>1£ {E [exp (||W;||/0)] < e} < +o0. (36)

i€n
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Then, there exists an absolute constant ¢* such that, for all t > 0 and with probability at

least 1 — e~ we have
1 & [t +logd 5.\ t+logd
_ZWi SC*maX{Uw 18 ,5*(0 ) o8 },
n < n ow n
where

1/2 1/2

ow = max

LS E W]
n =1

LS E[w W)
n =1

For all (i, j) € [ma] x [me] define Z;; = —Qy; (Yi; — g;(X2)) Eij. The sub-exponentiality
of the variables ;; (Y;; — g;(Xg)) implies that for all 4,5 € [my] x [ms]

Qyj <Yz‘j - 9;(X10J)) ‘ /5)] = e} = %

We can therefore apply Proposition 2 to the matrices Z;; defined above, with the quantity

;5 = infs-o {E [exp (

1/2

mi1 mo mi1 mo 1/2
az—max{||m1m2;;]E (2,25 . m1m2;;E } (37)

We obtain that for all ¢ > 0 and with probability at least 1 — e,

1 \ t+logd
] gc*max{az\/mlmg(t+logd),(log ) + Lo }

Yoz v

We bound o from above and below as follows.

mi1 ma

S S E(z,2]) _Z{ZE [( g;.(Xg))QHEﬁ(ml),

i=1 j=1

where E;;(n), i,n > 1 denotes the n x n square matrix with 1 in the (¢, 7)-th entry and zero
everywhere else. Therefore

mi1 m2 1/2 ma
E E 1 X 2
||m1m2 I mimese mlaX; [ U] ( J gj( z]))
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Then, assumption H2 gives

mi m2 1/2 mo
1
i 2SSl )

and

mi1 Mg 1/2 mo
1
g > Y E[z;Z]| = 0_\ — (mldeE E [Q;Zj]).

=1 j5=1

Similarly, we obtain

mi mao 1/2 1 mi
E[Z < E[02] |,
mymes z_;; =+ mims (myaxizz; [ Zj])

and

mi1 mao 1/2 mi
1
g E E E[Z >0 g (mjax E E [Q%})

=1 j5=1

Combining the last four inequalities, we obtain

oy, b <oz <oy
mi1me

and setting t = log d, we further obtain for all t > 0 and with probability at least 1 — d~:

2logd 1
12| < ¢ max {0+\/26 log d, o8 log (— mtgmz) } ,
v o_

which proves the result.
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