Supplementary Materials of “Covariate adjustment via
propensity scores for recurrent events in the presence of
dependent censoring”

Youngjoo Cho *! and Debashis Ghosh?

1Joseph J. Zilber School of Public Health, University of Wisconsin-Milwaukee, Milwaukee, WI
53205
2Department of Biostatistics and Informatics, University of Colorado Denver - Anschutz Medical

Campus, Aurora, CO 80045

Here we prove the theorems in the main paper. Let H; = (1,V;)T,i =1,... n. Denote
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As defined in the paper, the new estimating equation for the time to the dependent censoring

(") ywi(@)Z;

S {D;(n'") = D;
S0 {Di(nm) > Di(n'r) ywj(e)

Sn(’l]tr, CX) = ’I'L_l/2 i {sz(a) [Zz —
i=1

*corresponding author, cho23@uwm.edu



The new estimating equation based on Ghosh and Lin (2003) is
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where

5 = (", 0")
d(8") = max {0, (6" — ") Z;}
D;*(B") = (D ACi) — 1" Z; — d(B")
Ngi(t: 87, @) = wi(a) i Ty — 67 Z, <t A D*(B7)}.
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The new estimating equation based on Hsieh, Ding and Wang (2011) is
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where

dij(B™) = max {0, (6" — ") Zi, (0" — ') Z;}
~z‘7j)k(ﬁtr) = (Ti = 0" Z;) N{(Di ANCy) =" Z; — dij (B}
1k (B7) = 1T — 0" Z;) < {(Ds A Ci) — 0" Z; — di(B)]

Gije(B") = 05 (BT H{Tin(B™) < T (B} = 05w (B H{T01(B™) = Ty (6)}-
Let ay be the true regression coefficient of the logistic regression model. For theoretical
results, we make the following assumptions:

(A.1) Parameter space I' is compact and true parameter value 7, is an interior point of T.

(A.2) Denote the filtration as F,— = {Ny;(u;n", o), Yii(u; 0", ), Zi; i = 1,...,n;0 < u <



t}, where

NE g™, o) = wi(@) I{D;(n') < t,& =1}

V(™ o) = wi(a)I{D; (") > t}.
Let

(tn", ) = Blu (@) H{D(") 2 t}Z1]  Qi(t;n", @) = Blwi () I{Dj (") = t}]

3(t: 87, @) = Elwn () [{D{*(8") 2 t} 2] Qu(t; B, ) = Elwi () [{D"(8") = t}].

Define
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(A.2) W has finite second moment.
(A.3) N;(-) is bounded for alli =1,...,n.
(A.4) 7o(-) has bounded the first partial derivatives with respect to 6 and 7.

(A.5) The solutions of G,,(a) = 0,5,(n'", cag) = 0, USE(0 0¥y, cvg) and UH (6 i cg) = 0

are unique.
(A.6) For i =1,...,n, there exists s > 0 and r > 0 such that 0 < s < w;(ax) < r < oo for
all a.

(A.7) Condition 3 in Ying (1993) guarantees that C;s have uniformly bounded densities.

(A.8) Existence of limiting quantities : For every u > 0, there exist 21 (-) > 0 and 22 (-) > 0



such that

Z0 (', o) = 2%1 [{Djfiﬁtri > upw;(e)Z;
Yo KD (') > upwj(ev)

S D (B) > upwi(@) Z;
S H{D(B) > whw(r)
5 (y) = lim S LD 1) = whwg(en)Z;
nooe S0 H{D;(nf) > uhw;(ex)

@ (y) = lim 2 =1 [{D]f*( ) > u}wj(ao)Zj.
oo S DB > ubw;(ox)

2 (u; B, ) =

~—

(A.9) Let A\(B", ) = E{n~'2UH (B, cx)}. Assume that \(8"", @) is differentiable at cg and
o ONBT", a) NS, a) IN(B", )

R Coont and = o
a=a, 87 =B’ " a=a, BT =’ a=a BT =4"

are nonsingular.

Note that conditions (A.1), (A.2), (A.5), (A.6), (A.7), (A.8), (A.9), (A.10) and (A.11) are
identical to those in Cho, Hu and Ghosh (2018). There are additional assumptions ((A.3)
and (A.4)) because of recurrent events. Moreover, we need assumptions for the logistic
regression model for propensity scores. These assumptions are originally from Ferguson
(1996, Chapter 17, p.114), Zhu (2013) and Zhu et al. (2014) and also are used in Cho, Hu
and Ghosh (2018).

(B.1) The parameter a belongs to a compact subset B of RP. The likelihood
L*(z,0) = e(a)*(1 = e(a)) 7,

is measurable in z for every a in B. Moreover, L* is continuous in « for every z.
(B.2) For all z and «a,

L*(z, a|H)

1
® Tz, a0lH)

< h(z),

where h(z) is a function satisfying Fq,|h(2)| < co.
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1. Proof of Theorem 1
By assumption of independence of (e, eP) with (Z;, V;) along with Z; 1 V|e(V}),
argument of Theorem 1 in Cho, Hu and Ghosh (2018) is applicable. By Cho, Hu and
Ghosh (2018), the theorem holds.

From Theorem 1, we add the following assumptions:

(A.10) Conditions 2 and 4 in Ying (1993). Let f(-) be common density of &” = D; —
04 Z;s true given propensity score We assume that by Ghosh (2000), f(-) and its

derivative are bounded, and

/Z <%)2f(t)dt < 00,

: d
where f(t) = d_Jz: Condition 4 in Ying (1993) implies that sup, £| min{e?, C;}|*° <

oo for some vy > 0.

(A.11) Foralli=1,...,n, given e;(ay). D;(5Y) has bounded density.

2. Proof of E{S,(n", ap)} =0, E{USE(BY, )} = 0 and E{UX(BY, ap)} =0
In this part, we will prove E{S,,(n, cvo)} = 0, E{USL (B, ag)} = 0 and E{UH (B o)} =

0. Let
My (us g, o) = Ny, cxo) — / wi(ew) {D; () = tyAwo(t)dt.
t
M B o) = N3 B o) = [ wslan) D] () 2 uhro(us O e

where Ajg(t) is the baseline hazard function for the time to the dependent censoring

and

ro(us 05, 15") = E{AN (t + 05 Z,)| D} (57) > t},

and it takes the common value which does not depend on Z; given the true propensity



score by Theorem 1. Note that

n oo DA (nt) > . () 2
5,07.0) =n 23 [ {Zi—zﬁf WPIO) 2 B3] 11, )
i=1 oo Zj:l ]{D;(/r/tr) Z t}w](a

Then by Cho, Hu and Ghosh (2018), E{S,(n5, o)} = 0. Next, we will show that
E{USE (B, ap)} = 0. By using a similar argument as the time to dependent censoring,

we can show that
USH (B o) =n~'/? z”: /W{Zi — Z®(u; By, o) Y M3 (u; B, o),
i=1 Y~
As in Ghosh and Lin (2003), define ro(u; 05, ni"|e; (o) )dt to be the common value of
E{dN; (t + 65 Z:)| D" (8y) = t, ei(x)}

which does not depend on Z; by Theorem 1. By algebra,

t

M (t; By, o) = / wi(o)I{D;*(BY) > ul{dN; (u+ 05 Z:)| D (B > w} — ro(us O, iy )dt].

—0o0

Then as in Ghosh and Lin (2003),

E{Ms;(t; B, ao)}

= E(/ wi(e) I{ D} (8y") = u}[{dN; (¢ + 05 Z:)| D™ (By") = u} — ro(t; 96’37767")6175])

—00

o] [ efoin

E(I{bf*( 0) > u} x [B{AN; (t + 05 Z:)| Dy (B5) = u} — ro(t; 05", n )t

(0]

)

=0

Thus USE(BY, o) is a zero-mean process (Ghosh % Lin, 2003; Ghosh (2000). Hence



E{USL (B ap)} = 0. For a proof that E{UX (8¢ ap)} = 0,
E{U, (B o)} = Elwi(ew)wz(ew)(Z1 — Zo) E{Ur2(By| 21, Za, e1(ew), e2( o))},
where U;; = >, ¢ijx(6"). Then

E{U12(BY|Z1, Zo, 1 (o), ea(axg)) }

= P{(Tux — 0§ Z1) < D*(B) A (Tax — 08 Za) A D3 (B8)| 21, Za, e1(xg), ea(cwn)) }
k
— P{(To — 05 Zo) < Di*(BY) A (Twe — 05 Z1) A D3 (BY)| Z1, Za, e1( o), ea( o)) } = 0.

Hence E{UX (8", ap)} = 0.

. Proof of Theorem 2 :
By assumptions from (B.1) and (B.2), & is strongly consistent. For strong consistency

catr , BG’LcatT)T

of (9 , we can mimic the proofs in Ghosh (2000). Note that we consider

USH(BY, o, 1) :n_1/22/ (Zi — ZP (u; B, cw) YAME (u; B, ),
i=1 o0

on interval [0,0], where b is chosen as lim, ,oon ™" S_1, I{D:*(8¢) > b} > 0. Let
Gy =0 [3 ZidMg(u) and G(t) = 327, Mg(t). Then by multivariate central limit
theorem, n~Y/2G 4 (t) and n~Y/2G(t) converge to zero-mean Gaussian processes. Denote
such processes as Gz and G. By the Skorokhod-Dudley-Wichura theorem (Shorack
and Wellner, pp.47-48 ; Ghosh, 2000, Chapter 6), there is another probability space
such tat n~1/2Gy(t) and n~'/2G(t) converges almost surely to G, and G. By the
uniform strong law of large numbers (Pollard, 1990, p41), Z®(t; B, cy) converges
to z(?)(¢) in probability uniformly in # and hence US*(t; 5", cvg) converges to Gy (t) —
3 2 (u)dG (u) almost surely. Thus in the original probability space, US (u; B, o)

converges weakly Gz(t) — f; Z®)(u)dG(u). By extending the bound a to oo (Ying,



1993), we have

Sulnly, cg) =n~?) / {Z; — 2 (w) M (u; i, exo) + 0, (1) (1)
i=1 Y >

USH(B) ) =072 / {Z; — 2% (w) }Ms; (u; 57, o) + 0,(1). (2)
i=1 Y~

For all positive My, My and Mj, by assumption (A.2) and arguments in Chapter 6 in
Ghosh (2000),

sup |n—1/25n(77tr’ d) . mllu(ntr’ a)| _ O(n—1/2+e’{)
[ntr|<Ma,||a|| < M2

sup In"PUSE (BT, &) — my (87, a)| = o(n~ /2T,
[|Bt7 ]| < M3, ||ee| |[< M2

for any €; > 0 and €5 > 0. Let N be a neighborhood of nf and B* be any neighborhood

of ag. By Ying (1993), for any n'" € Nj and a € B*,

sup |n_1/25'n(77”, a) —mi(n", a) 20
aeB* ntreNy

Let A; be any neighborhood of 8. Similarly, for any 5 € N} and « € B*,

sup ]n’l/QUnGL(Bt’", a) —my(B", a) 20,
acB,BtreN

catr and QGLcatr

Hence 7 are strongly consistent.

Let )\(ﬁtr, OC(]) = E{H_I/ZUf(ﬁtr, ao)} and h(Z,L, Zj, Vi, Vj, Bt’r‘) ao) = wi(ag)wj (a0)<Z1—

Z;)i; (). Let W be compact set. From U-statistics law of large numbers,

’n—l/ZU:I(ﬂtr’ ao) - )\(ﬁtr7 a0)| £> 07

for all 8" € W. By decomposing compact set W into several finite subsets Wy, ..., W,



such that W € U™, W, for (8)" € W,

max [0~ U ((B"), ) — M((B™)', )| = 0.

1<i<m

Since w;(ay),i = 1...n are bounded, by the Appendix of Hsieh, Ding and Wang
(2011),

5 9 5
sup V2 UM (BT, ) — UF (B, )| < m[ > Zi= Zi| Kiy(B", aw,v)),

||Btr—Btr||<v (n— 1<i<j<n
where

L (B e, v) = wilawo)w; (o) I[{B" : |8 = B || < v, X (B") = X5, (8")} # 0]

LE(B, a, v) = wileo)w; (o) I[{B" : |87 — B[] < v,65,(B) # 65,;,(B")} # 0]
Ki\/Kj
KB, a0,v) = S AL (B a0, ) + LN a0, v) + L (B a0, ) + L) (B, a0, v) ).
k=1

Let Hij(BtT7a07V) = |ZZ - Zj|Kij(BtTaa07V) and H(Btrva()’y) = Zl§i<j§n|Zi -

Zj|Kij(ﬁ~”, ay,v). The Hoeffding decomposition yields
H(Btr7 Oy, V) - E{H(BtTa O, V)} - Z Bi(Btr7 o, V) + Z Bij(gtra Oy, V)?
i=1 1<j

where

Bi(B", o, v) = > _[E{Hy(B", a,v)| Zi, ei(exo)} — E{H;(B", cxo, v)}]
J#i
By (B, e, v) = Hyy(B", co, v) — E{H;;(B", exo,v)| Zi, ei(wo)} — E{Hy (5", e, )| Zj, ¢5(cxo) }
+ E{Hij(gtrv g, V)}
Similar to Peng and Fine (2006), Hsieh, Ding and Wang (2011) and Cho, Hu and

Ghosh (2018), we have the following result.

Lemma 1. There exists a constant by such that E{Hy;(B", co, v)} < bov and E{H (5", g, )} <

9



covn’®

We will prove this lemma later. By Lemma 1 and a similar argument as Hsieh, Ding

and Wang (2011) and Peng and Fine (2006), there exist v1g > 0 and vgg > 0 such that

Var{H(f", ap,v)} = Z Var{B;(f", ap,v)} + Z Var{B;;(f", o, v)} = O(n).

i<j

Take € > 0 and let 0 < v < €"/(3by) for any by > 0. Then by Markov inequality,

P{ln(n— 1) H(B™, atg,v) = €} < P{[n(n — 1)]"'[H(B", ctp,v) — E{H(B", cx,v)]} > ¢/3}
9Var{H(B~”’, oy, v)}

— 0.
[n(n — 1)]2€2
Hence
sup | (B, ) = U (B, exo) || = 0. (3)
|8t =Bt || <v
Note that for any v* > 0,
sup U (BT, @) = U5, )|
lla—exo||<v*,||Btr—pir||<v
< sup n” U (B, ) = U8, &)
‘|Btr_ﬁ~tr|‘§”7||a_a0“§”* (4)
+ sup n U (B &) — U (B, )
|8t —Btr || <v,lla—exo|[<v*
+ sup n U (B, ao) = U (B, e

Bt —Btr|| <v||a—eaxo| | <v*

By strong consistency of &, first and second term in the righthand side of (4) converges

to 0 in probability. Combined with (3), we can conclude

sup n~ Y2 UH (B ) — Uf(Btr>d)|‘ = 0.

lla—a|[<v*,||tr—Btr||<v
Thus 67¢*" is strongly consistent.

Proof of Lemma 1. We can use arguments in Peng and Fine (2006) and Appendix of

10



Hsieh, Ding and Wang (2011) and Cho, Hu and Ghosh (2018). Note that the set

{18 = B[] < v, 0;(B) # 0 (")} € Du(B",v) U D", v)

where

Di(B",v) = {|18" = B"|| < v, Ty — 0" Z; = [Dys + 0" (Z; — Z;)] — 0" Z;}

Dy (B v) = {||B" — B"|| < v, T — 0" Z; = [Ci + 0" (Z; — Z;)] — 0" Z;}
Then

Dy(5",v)

={|I8" = B"|| < v, Ty + 0" (Z; — Z;) = D; + 0" (Z; — Z:)}

= {|I8" = 5| < v, el + O W +0"(Z; — Zi) = & + g Wi+ 1" (Z; — Z;)}
= {18 = B"|| < v, €l + (O W + [0 — (6" — 0")](Z; - Z)

=¢ + ﬂoTWi + 0" = (0" =02 — Z)}

C {lleff — € + (80— mg) "W+ (68" —i1"")(Z; — Zi)|| < 2v|Z; — Zi]}.

Thus there exists d() > (0 such that wi(ao)wj (ao)P{Dl(ﬁNtr, 1/)|ei(a0), Gj(a()), Zi; Zj} S

2w;(a)w;(o)dy| Z; — Z;|v by the assumption. Similarly,
wi(ewo)w; (o) P{Ds(5",v)ei(w), e5 (), Zi, Z;} < 2wi(eo)wy(ex)| Z; — Zilv.

Hence, E{ka(ﬁtr ap,v)} < 2doE{w;(ao)wj(aw)|Z; — Z;|}v. Similarly, there exists
fo > 0 and E{L3)(B", a0, v)} < 2foB{wi(co)w;(ew)|Z; — Zi|}v. We can apply

similar arguments to L (B“" o, v) and L2 (B a, ). Since w;(cxg) are bounded,

Jik

11



there exists Ky > 0 such that

KiVKj

E{K;(B" a0, v)} = B[ > {LL(B", rg,v) + LENB", 09, v) + L (B, 09, v) + LEL(B, 0, v)}]
k=1

Similarly, there exists K; > 0 such that
E{Kfj(étr, g, V)} S Kll/.

By the Cauchy-Schwarz inequality,

B{Hy; (3", a0, v)} < | E{KE (G, a0, )Y\ Z; — 2,2 < Ky [ B2, — 2,2,

Hence there exists by > 0 such that E{H;;(6",v)} < bov. Finally, E{H (3" v)} <

Kibyn?. Thus there exists ¢ > 0 such that E{H(E’”, v)} < corn?. O

. Proof of Theorem 3 :

Let G,(a) be the score function of parameters in logistic regression, where

 ewp(oTH)
1 +exp(aH;)

G,(a) =n"1? Z H,[Z; ].

exp (" H,)

et Wi(er) [ 1+ exp (aTH;)

]. Then G, (a) = n~23""  U,(a). By (1) and

12



(2), and U-statistic theory,

G,(ag) = n1/22n:\11- ()
Sl o) = WZ | (@ st o) + o)
USH(B o) = n 1/22 | (- a5y o) + o)
UH(BE, o) = n1/? Z 201 (Zi, g, BY) + 0p(1).
=1

Let

W Zi, Z;, By, cw) = wilaw)w; () (Zi — Z;) i3 (55)

hl(”Z? B6r7 aO) = E{h(z7 Z2a B(t)ra aO)}
Let ¥, = ‘If1(040), T,bgL = (¢21>¢22)T and 1/251 = (wzh ¢23)T7 where

o = / {Z, - z }d]\/[{“‘;(u;nér,ao)
(5% —/ {Z, - 72 u) pd My (u; oraa())

o3 = 2h1(21, ﬁ(t)ra ao)‘

Let 'YGL — (aT,T]tT,QtT)T, "YH — (aT,ntr,HtT)T and Yo = (0107770 ,9”) and

T (v0) = [Sh (16", o) {UZH (5, o) } T

T3 (7o) =[S0 (0, ex0) {U (B3, o)}

By the multivariate central limit theorem, Q%% (v,) = {GE (), (JS* (7))} and

Q7 (vy) = {GT (), (J7(v,))"}" converge to normal distributions with covariance

13



matrices ﬂgL and le , respectively, where

VY] Y]

W =F T T
Vo1 Yoty

Let
Ll 0 0 L1 0 0
AgL: L2 El 0 A(I;I: LQ El O 5
L; E, Ej L, E, EFE;
where
ov o0 )
Ll:E{ o } - | E{a_{zl—Z(”(t;n”,a)}dNﬁ(t;n”,a) }
« a=o —00 o a:achnt'r:néT

Ly— / E [a%{zl — 506 87, Q)}I{D} (B7) = thwn(e)ro(t: 67, 1)t

ONB", )
Jo

aao,ﬁ”ﬁér}
L,=

6tr:6tr’a:a0
Ao (?)

a=a, ntr_ntr >\10(t)

E{Z -z 1) (t; ' a)}I{D*( )y > thw ()

f(t)} dt

/ E{ 12— S 5 QMDY (8) 2 thun{ro(ts0 o
/OO 0

El ogw

8\
g

8

a=ay,Bftr=pf"

Ey =
Ey

(21— 2 (487, QYI{DY (57) = thus (@)ro(t: 67, ')t

NP, o) ON(B", o)
antr 89tr

8

a=ay,ftr ="

By = b5 =

a=ao,Br=4f" a=ao,Bm=4f"

where Ajo(t) is a true common hazard function of error term for { D} (n}")}?_, given the
true propensity score. Similar to Cho, Hu and Ghosh (2018), we have the following

lemma.

14



Lemma 2.

Q5" (v) — Q" (7o) — n'2AT (v — o)l

sup — 0,(1),

[y —voll<cn 1+”1/2H'7_'70|| P
w101 = Q) =AY =0l
[y —>oll<cn 1+"1/2H7_’Yo|| PR

whenever ¢, converges to 0 in probability and

QS () — QS  (vo) — n'PAT (v — vl

sup = o(1)
[y =oll<en L+ n!2]|y — 5|
ap 1@V = Quv0) —n'PAT(y =)l _
[[v—oll<cn 1+”1/2||’Y_'70|| 7

whenever ¢, converges to 0 almost surely.

As before, we will prove this lemma later. By strong consistency of & and Lemma 2,

G, (&) = G,(ap) +n'?G(a) (& — ap) + op(1). (5)

Note that by Lemma 2, n=/2Q%L(4%") = o(1) and n=2Q¥ (4") = o(1) (Lin, Wei

and Ying. 1998; Ghosh, 2000, Chapter 6). Then by using arguments in Ying (1993),

QL (") = Q7" (vo) + n'PAFH (Y — o) + 0,(1),

QYA = QI (7o) + n' AL (A — ~4) + 0,(1),

and by consistency of 4% and 47,

n (A — ) = —(AFF) QT (o) + 0p(1),

n' 237 —~g) = —(AD) ' Q (7o) + 0,(1),

15



Then by Slusky’s theorem,

~ d — —
n'2(37 —vg) 5 N(0, (AFH) I QFH(AFH) T,

n 23— ) S N(0, (AT (AT

d e
where — denotes convergence in distribution.

Proof of Lemma 2.

G.(v) G, (7o)
Sa( ) | = | Salnf,a0) |+
Ut (B, ) U By exo)
. V(o)
n2y 5% = 200, ) YN (97, o)

i=1

S5 A2 = ZP(t; 87, ) ANt 87, ) — wi @) I{D;*(B™) = thro(t; 0™ 1y dt

. Ui(a)
-y ff° {2 = 20ty ) JANT (0 o)
T\ 2008 ) AN B ) — i) (D (B) 2 tyralt: 05
0
0

+n 12 i
i=1

Jo 2= ZO(t: 87, ) (D (B7) = thwi(@)ro(t: 07, 1")
~{Zi = Z9(t; B o) MAD (B7) = thwiao)ro(t; 05 1))t

M-estimation theory Stefanski and Boos (2002) implies that

Go(a) = Gu(an) +n'?Gr(an) (e — ag) + 0,(n' 2] — o)), (6)

where Gn(ao) = [0G,/00|a=a,- From arguments in Chapter 6 of Ghosh (2000),

16



Theorem 1 and Corollary 1 of Ying (1993) imply that
S0, @) = 8,1 ev) + A2y — ) 4 0,1+ n 2y — ), (7
where y*" = (a )", 75" = (o, 7f)" and
A= (L2 El) : (8)
Then
2”: / %= 2O 87, ) MAN (t: 57, @) — wi (@) (DY (87) > thro(t: 0, ) de
i=1 Y ">

= Z/ {Z; = ZO(t; B, 0o) YAN3 (t; B, 0g) — wi(o) I{D;* (B) > tyro(t; 05, i )]dt
i=1 Y 7>
+ (o — a)

D o [ _ i
< n > [ (2= 20057 ) aNg (6 5, @)  wile) (DI (5") = thru(t: 6"t
i=1 v~

a=oy,

ﬁtr:B(t)r
+ (0" =)

0 = [ _ ~
o 2 /W{Zi — Z0)(t: 87, @) YldNg (1 87, @) — wi(@)T{D;*(87) = thro(t: 0 ')t

o=,

Bir=Yr

+ (0" — 0y)x

s O |12 20057 0 aNg (1 57, 0) = wi (@) T{D(57) = throft: 6 o
i=1 Y~

_I_

a=oy,

Bh':ﬂ(t)y-

Note that B, Ny and N; are neighborhoods of oy, " and 5", respectively. Then for
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a € B, " € N7, by using arguments from Ying (1993),

w2 = 2P 87 AN (05 7, @) — w (@)D (5 = (0
i=1 Y~

Y [ (2= 2003 ) AN (6 65 @) — wion) H{D](55) = t)ro(ts o
i=1 "7

+ 0p(1).

By multivariate Taylor expansion,

Yy / {2 - 2O 5 ) LD (B7) = thw (07 n) — 12— 205 B, )}
i=1 Y~

X I{D*(BI) > tYw;(ow)ro(t; 0, nt)]dt.

:n—w;{ | (@ an) (2= 2087, )} (D (37) = thus(ralts 0.

a=a, 8=

b [ )52 20057 QDY (37) = thus (6

a=ag,Btr=8§"

b [ g - 29087, @ DI (8 2 thu@na(t 0" ")

o0

a=ay,Btr=pL"
+ o[ (v = A5 )],

(10)

where 4% = (', (8")T)T and 75" = (al, (65)T)T. Combining (9) and (10) yields

that

U (B, a) = UFH(BY, o) + 0p(1) + Agnt 2 (77 — 5™ + op(|[n'2(v** — ~45")]]),

(11)

where A5 = (L3 Ey E3). Combining results from (6) - (11), when ¢,, converges to 0 in

18



probability,

Q5" (v) — Q7" (o) — n'/2AT (v — o)l

sup = 0,(1).
=oll<en L+ n!2lly = || "
By Lemma 2 of Honoré and Powell (1994),
UH tr _ UH tr _ 1/2)\ tr
sup H n (B ,O() n1§20 >aS) n (ﬁ ,Oé)“ _ Op(l).
aEBFireN; L4+ nt2[]A(B7, |

Then Taylor expansion provides the following expression :

UL (B, ) = U (B, ) + n'PAG (72 = 4g"™) + 0p (1 + 0! 2|y — 4521,

(12)

where AY = (L4 E, E5). Combining results from (6), (7), (8) and (12), when ¢,

converges to 0 in probability,

- QY (v) — Q" (7o) — n'2A{ (v — 7o)l
llv—voll<cn 1+”1/2H’7_’70||

= 0,(1).

The first part of the lemma is proved. The second part of the lemma follows immedi-

ately from Chapter 6 in Ghosh (2000). O

. Proof of Theorem 4:
The proof of Theorem 4 is almost identical to Cho, Hu and Ghosh (2018). Let Q,, ()
be cither QS (v) or Q¥ (v). Let 4 be either AGL or 4. Let 4* be either solution of

~EE* or v7* . Recall that

Q.(y) =—n'? i P;A; (13)
i=1

where P; is the empirical influence function for the limiting distribution of @Q,,(7,)

(Peng and Fine, 2006) and A; are standard normal random variables. v* is a solution
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of (13). In the proof of asymptotic normality we can show that

Q.(7") = Q.(3) + n'PAo(v" = A) + 0,(1)

nl/Q('y* —_ "3/) = —Aaln_l/Q Z PZAZ + Op(]_).
i=1

where A is either A§” or Af. Since the observed data are independent and identically
distributed, given observed data, the only random term is standard normal random
variable. Then given the observed data, n'/ 2(y*—4) is asymptotic normal distribution
with mean 0 and same covariance matrix as n'/?(4 — 4,) Hence given observed data,
conditional distribution of n'/?(y* — 4) is asymptotically equivalent to unconditional

distribution of n'/2(4 — ,).
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