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Here we prove the theorems in the main paper. Let H i = (1,V i)
T , i = 1, . . . , n. Denote

N∗i (t) =
∞∑
k=1

I(Tik ≤ t)

ei(α) =
exp (αTH i)

1 + exp (αTH i)

wi(α) =
Zi

ei(α)
+

1− Zi
1− ei(α)

.

As defined in the paper, the new estimating equation for the time to the dependent censoring

is

Sn(ηtr,α) = n−1/2
n∑
i=1

ξiwi(α)

[
Zi −

∑n
j=1 I{D̃∗j (ηtr) ≥ D̃∗i (η

tr)}wj(α)Zj∑n
j=1 I{D̃∗j (ηtr) ≥ D̃∗i (η

tr)}wj(α)

]
.

∗corresponding author, cho23@uwm.edu
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The new estimating equation based on Ghosh and Lin (2003) is

UGL
n (βtr,α) = n−1/2

n∑
i=1

∫ ∞
−∞

[
Zi −

∑n
j=1 I{D̃∗∗j (βtr) ≥ t}wj(α)Zj∑n
j=1 I{D̃∗∗j (βtr) ≥ t}wj(α)

]
dN2i(t; β

tr,α),

where

βtr = (ηtr, θtr)

d(βtr) = max
i
{0, (θtr − ηtr)Zi}

D̃∗∗i (βtr) = (Di ∧ Ci)− ηtrZi − d(βtr)

Nw
2i(t; β

tr,α) = wi(α)
∞∑
k=1

I{Tik − θtrZi ≤ t ∧ D̃∗∗i (βtr)}.

The new estimating equation based on Hsieh, Ding and Wang (2011) is

UH
n (β,α) =

2n1/2

n(n− 1)

∑
1≤i<j≤n

∑
k

(Zi − Zj)wi(α)wj(α)φijk(β
tr),

where

dij(β
tr) = max {0, (θtr − ηtr)Zi, (θtr − ηtr)Zj}

T̃ ∗i(j)k(β
tr) = (Tik − θtrZi) ∧ {(Di ∧ Ci)− ηtrZi − dij(βtr)}

δ̃∗i(j)k(β
tr) = I[(Tik − θtrZi) ≤ {(Di ∧ Ci)− ηtrZi − dij(β)]

φijk(β
tr) = δ̃∗i(j)k(β

tr)I{T̃ ∗i(j)k(βtr) ≤ T̃ ∗j(i)k(β
tr)} − δ̃∗j(i)k(βtr)I{T̃ ∗i(j)k(βtr) ≥ T̃ ∗j(i)k(β

tr)}.

Let α0 be the true regression coefficient of the logistic regression model. For theoretical

results, we make the following assumptions:

(A.1) Parameter space Γ is compact and true parameter value γ0 is an interior point of Γ.

(A.2) Denote the filtration as Ft− = {N1i(u; ηtr,α), Y1i(u; ηtr,α), Zi; i = 1, . . . , n; 0 ≤ u <
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t}, where

Nw
1i(t; η

tr,α) = wi(α)I{D̃∗i (ηtr) ≤ t, ξi = 1}

Y w
1i (t; η

tr,α) = wi(α)I{D̃∗i (ηtr) ≥ t}.

Let

Qzw
1 (t; ηtr,α) = E[w1(α)I{D̃∗1(ηtr) ≥ t}Z1] Q1(t; η

tr,α) = E[w1(α)I{D̃∗1(ηtr) ≥ t}]

Qzw
2 (t; βtr,α) = E[w1(α)I{D̃∗∗1 (βtr) ≥ t}Z1] Q2(t; β

tr,α) = E[w1(α)I{D̃∗∗1 (βtr) ≥ t}].

Define

mw
1 (t; ηtr,α) = E

{∫ t

−∞

[
Z1 −

E{Qzw
1 (u; ηtr,α)}

E{Qw
1 (u; ηtr,α)}

]
dNw

11(u; ηtr,α)

}
.

mw
2 (t; βtr,α) = E

{∫ t

−∞

[
Z1 −

E{Qzw
2 (u; βtr,α)}

E{Qw
2 (u; βtr,α)}

]
dNw

21(u; βtr,α)

}

(A.2) W has finite second moment.

(A.3) Ni(·) is bounded for all i = 1, . . . , n.

(A.4) r0(·) has bounded the first partial derivatives with respect to θ and η.

(A.5) The solutions of Gn(α) = 0, Sn(ηtr,α0) = 0, UGL
n (θtr, ηtr0 ,α0) and UH

n (θtr, ηtr0 ,α0) = 0

are unique.

(A.6) For i = 1, . . . , n, there exists s > 0 and r > 0 such that 0 < s ≤ wi(α) ≤ r < ∞ for

all α.

(A.7) Condition 3 in Ying (1993) guarantees that Cis have uniformly bounded densities.

(A.8) Existence of limiting quantities : For every u > 0, there exist z̄(1)(·) > 0 and z̄(2)(·) > 0
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such that

Z̄(1)(u; ηtr,α) =

∑n
j=1 I{D̃∗j (ηtr) ≥ u}wj(α)Zj∑n
j=1 I{D̃∗j (ηtr) ≥ u}wj(α)

Z̄(2)(u; βtr,α) =

∑n
j=1 I{D̃∗∗j (βtr) ≥ u}wj(α)Zj∑n
j=1 I{D̃∗∗j (βtr) ≥ u}wj(α)

z̄(1)(u) = lim
n→∞

∑n
j=1 I{D̃∗j (ηtr0 ) ≥ u}wj(α0)Zj∑n
j=1 I{D̃∗j (ηtr0 ) ≥ u}wj(α0)

z̄(2)(u) = lim
n→∞

∑n
j=1 I{D̃∗∗j (βtr0 ) ≥ u}wj(α0)Zj∑n
j=1 I{D̃∗∗j (βtr0 ) ≥ u}wj(α0)

.

(A.9) Let λ(βtr,α) = E{n−1/2UH
n (βtr,α)}. Assume that λ(βtr,α) is differentiable at α0 and

βtr0 , and
∂λ(βtr,α)

∂α

∣∣∣∣
α=α0,βtr=βtr

0

,
∂λ(βtr,α)

∂ηtr

∣∣∣∣
α=α0,βtr=βtr

0

and
∂λ(βtr,α)

∂θtr

∣∣∣∣
α=α0,βtr=βtr

0

are nonsingular.

Note that conditions (A.1), (A.2), (A.5), (A.6), (A.7), (A.8), (A.9), (A.10) and (A.11) are

identical to those in Cho, Hu and Ghosh (2018). There are additional assumptions ((A.3)

and (A.4)) because of recurrent events. Moreover, we need assumptions for the logistic

regression model for propensity scores. These assumptions are originally from Ferguson

(1996, Chapter 17, p.114), Zhu (2013) and Zhu et al. (2014) and also are used in Cho, Hu

and Ghosh (2018).

(B.1) The parameter α belongs to a compact subset B of Rp. The likelihood

L∗(z,α) = e(α)z(1− e(α))1−z,

is measurable in z for every α in B. Moreover, L∗ is continuous in α for every z.

(B.2) For all z and α,

log
L∗(z,α|H)

L∗(z,α0|H)
≤ h(z),

where h(z) is a function satisfying Eα0|h(z)| <∞.

4



1. Proof of Theorem 1

By assumption of independence of (εRik, ε
D
i ) with (Zi,V i) along with Zi ⊥ V i|e(V i),

argument of Theorem 1 in Cho, Hu and Ghosh (2018) is applicable. By Cho, Hu and

Ghosh (2018), the theorem holds.

From Theorem 1, we add the following assumptions:

(A.10) Conditions 2 and 4 in Ying (1993). Let f(·) be common density of ε̃i
D = Di −

θtr0 Zis true given propensity score We assume that by Ghosh (2000), f(·) and its

derivative are bounded, and

∫ ∞
−∞

(
ḟ(t)

f(t)

)2

f(t)dt <∞,

where ḟ(t) =
df

dt
. Condition 4 in Ying (1993) implies that supiE|min{ε̃Di , Ci}|ν0 <

∞ for some ν0 > 0.

(A.11) For all i = 1, . . . , n, given ei(α0). D̃i(β
tr
0 ) has bounded density.

2. Proof of E{Sn(ηtr0 ,α0)} = 0, E{UGL
n (βtr0 ,α0)} = 0 and E{UH

n (βtr0 ,α0)} = 0

In this part, we will proveE{Sn(ηtr0 ,α0)} = 0, E{UGL
n (βtr0 ,α0)} = 0 and E{UH

n (βtr0 ,α0)} =

0. Let

Mw
1i(u; ηtr0 ,α0) = Nw

1i(t; η
tr
0 ,α0)−

∫ u

−∞
wi(α0)I{D̃∗i (ηtr0 ) ≥ t}λ10(t)dt.

Mw
2i(t; β

tr
0 ,α0) = Nw

2i(t; β
tr
0 ,α0)−

∫ t

−∞
wi(α0)I{D̃∗∗i (βtr0 ) ≥ u}r0(u; θtr0 , η

tr
0 )dt,

where λ10(t) is the baseline hazard function for the time to the dependent censoring

and

r0(u; θtr0 , η
tr
0 ) = E{dN∗i (t+ θtr0 Zi)|D̃∗∗i (βtr0 ) ≥ t},

and it takes the common value which does not depend on Zi given the true propensity
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score by Theorem 1. Note that

Sn(ηtr,α) = n−1/2
n∑
i=1

∫ ∞
−∞

[
Zi −

∑n
j=1 I{D̃∗j (ηtr) ≥ t}wj(α)Zj∑n
j=1 I{D̃∗j (ηtr) ≥ t}wj(α)

]
dNw

1i(t; η,α).

Then by Cho, Hu and Ghosh (2018), E{Sn(ηtr0 ,α0)} = 0. Next, we will show that

E{UGL
n (βtr0 ,α0)} = 0. By using a similar argument as the time to dependent censoring,

we can show that

UGL
n (βtr0 ,α0) = n−1/2

n∑
i=1

∫ ∞
−∞
{Zi − Z̄(2)(u; βtr0 ,α0)}dMw

2i(u; βtr0 ,α0),

As in Ghosh and Lin (2003), define r0(u; θtr0 , η
tr
0 |ei(α0))dt to be the common value of

E{dN∗i (t+ θtr0 Zi)|D̃∗∗i (βtr0 ) ≥ t, ei(α0)}

which does not depend on Zi by Theorem 1. By algebra,

Mw
2i(t; β

tr
0 ,α0) =

∫ t

−∞
wi(α0)I{D̃∗∗i (βtr0 ) ≥ u}[{dN∗i (u+ θtr0 Zi)|D̃∗∗i (βtr0 ) ≥ u} − r0(u; θtr0 , η

tr
0 )dt].

Then as in Ghosh and Lin (2003),

E{M2i(t; β
tr
0 ,α0)}

= E

(∫ t

−∞
wi(α0)I{D̃∗∗i (βtr0 ) ≥ u}[{dN∗i (t+ θtr0 Zi)|D̃∗∗i (βtr0 ) ≥ u} − r0(t; θtr0 , ηtr0 )dt]

)
= E

[ ∫ t

−∞
E

{
wi(α0)×

E

(
I{D̃∗∗i (βtr0 ) ≥ u} × [E{dN∗i (t+ θtr0 Zi)|D̃∗∗i (βtr0 ) ≥ u} − r0(t; θtr0 , ηtr0 )dt

∣∣∣∣ei(α0)]

)∣∣∣∣Zi}]
= 0

Thus UGL
n (βtr0 ,α0) is a zero-mean process (Ghosh % Lin, 2003; Ghosh (2000). Hence
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E{UGL
n (βtr0 ,α0)} = 0. For a proof that E{UH

n (βtr0 ,α0)} = 0,

E{UH
n (βtr0 ,α0)} = E[w1(α0)w2(α0)(Z1 − Z2)E{U12(β

tr
0 |Z1, Z2, e1(α0), e2(α0))}],

where Uij =
∑

k φijk(β
tr). Then

E{U12(β
tr
0 |Z1, Z2, e1(α0), e2(α0))}

=
∑
k

P{(T1k − θtr0 Z1) ≤ D̃∗∗1 (βtr0 ) ∧ (T2k − θtr0 Z2) ∧ D̃∗∗2 (βtr0 )|Z1, Z2, e1(α0), e2(α0))}

− P{(T2k − θtr0 Z2) ≤ D̃∗∗1 (βtr0 ) ∧ (T1k − θtr0 Z1) ∧ D̃∗∗2 (βtr0 )|Z1, Z2, e1(α0), e2(α0))} = 0.

Hence E{UH
n (βtr0 ,α0)} = 0.

2. Proof of Theorem 2 :

By assumptions from (B.1) and (B.2), α̂ is strongly consistent. For strong consistency

of (η̂catr, β̂GLcatr)T , we can mimic the proofs in Ghosh (2000). Note that we consider

UGL
n (βtr0 ,α0, t) = n−1/2

n∑
i=1

∫ ∞
−∞
{Zi − Z̄(2)(u; βtr0 ,α0)}dMw

2i(u; βtr0 ,α0),

on interval [0, b], where b is chosen as limn→∞n
−1∑n

i=1 I{D̃∗∗i (βtr0 ) ≥ b} > 0. Let

ḠZ =
∑n

i=1

∫ t
0
ZidM

w
2i(u) and Ḡ(t) =

∑n
i=1M

w
2i(t). Then by multivariate central limit

theorem, n−1/2ḠZ(t) and n−1/2Ḡ(t) converge to zero-mean Gaussian processes. Denote

such processes as GZ and G. By the Skorokhod-Dudley-Wichura theorem (Shorack

and Wellner, pp.47-48 ; Ghosh, 2000, Chapter 6), there is another probability space

such tat n−1/2ḠZ(t) and n−1/2Ḡ(t) converges almost surely to GZ and G. By the

uniform strong law of large numbers (Pollard, 1990, p41), Z̄(2)(t; βtr0 ,α0) converges

to z̄(2)(t) in probability uniformly in t and hence UGL
n (t; βtr0 ,α0) converges to GZ(t)−∫ t

0
z̄(2)(u)dG(u) almost surely. Thus in the original probability space, UGL

n (u; βtr0 ,α0)

converges weakly GZ(t) −
∫ t
0
z̄(2)(u)dG(u). By extending the bound a to ∞ (Ying,
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1993), we have

Sn(ηtr0 ,α0) = n−1/2
n∑
i=1

∫ ∞
−∞
{Zi − z̄(1)(u)}dMw

1i(u; ηtr0 ,α0) + op(1) (1)

UGL
n (βtr0 ,α0) = n−1/2

n∑
i=1

∫ ∞
−∞
{Zi − z̄(2)(u)}dMw

2i(u; βtr0 ,α0) + op(1). (2)

For all positive M1,M2 and M3, by assumption (A.2) and arguments in Chapter 6 in

Ghosh (2000),

sup
|ηtr|≤M1,||α||≤M2

|n−1/2Sn(ηtr, α̂)−mw
1 (ηtr,α)| = o(n−1/2+ε

∗
1)

sup
||βtr||≤M3,||α||≤M2

|n−1/2UGL
n (βtr, α̂)−mw

2 (βtr,α)| = o(n−1/2+ε
∗
2),

for any ε∗1 > 0 and ε∗2 > 0. LetN0 be a neighborhood of ηtr0 and B∗ be any neighborhood

of α0. By Ying (1993), for any ηtr ∈ N0 and α ∈ B∗,

sup
α∈B∗,ηtr∈N0

|n−1/2Sn(ηtr,α)−m1(η
tr,α)| p→ 0

Let N1 be any neighborhood of βtr0 . Similarly, for any βtr ∈ N1 and α ∈ B∗,

sup
α∈B,βtr∈N1

|n−1/2UGL
n (βtr,α)−m2(β

tr,α)| p→ 0.

Hence η̂catr and θ̂GLcatr are strongly consistent.

Let λ(βtr,α0) = E{n−1/2UH
n (βtr,α0)} and h(Zi, Zj,V i,V j, β

tr,α0) = wi(α0)wj(α0)(Zi−

Zj)φij(β
tr). Let W be compact set. From U-statistics law of large numbers,

|n−1/2UH
n (βtr,α0)− λ(βtr,α0)|

p→ 0,

for all βtr ∈ W . By decomposing compact setW into several finite subsetsW1, . . . ,Wm
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such that W ∈ ∪mi=1Wi, for (βtr)i ∈ Wi,

max
1≤i≤m

|n−1/2UH
n ((βtr)i,α0)− λ((βtr)i,α0)|

p→ 0.

Since wi(α0), i = 1 . . . n are bounded, by the Appendix of Hsieh, Ding and Wang

(2011),

sup
||βtr−β̃tr||≤ν

n−1/2|UH
n (βtr,α0)− UH

n (β̃tr,α0)| ≤
2

n(n− 1)
[
∑

1≤i<j≤n

|Zi − Zj|Kij(β̃
tr,α0, ν)],

where

L
(1)
ijk(β̃

tr,α0, ν) = wi(α0)wj(α0)I[{βtr : ||βtr − β̃tr|| ≤ ν, X̃∗i(j)(β
tr) = X̃∗j(i)(β

tr)} 6= ∅]

L
(2)
ijk(β̃

tr,α0, ν) = wi(α0)wj(α0)I[{βtr : ||βtr − β̃tr|| ≤ ν, δ̃∗i(j)(β) 6= δ̃∗i(j)(β̃
tr)} 6= ∅]

Kij(β̃
tr,α0, ν) =

Ki∨Kj∑
k=1

{L(1)
ijk(β̃

tr,α0, ν) + L
(2)
ijk(β̃

tr,α0, ν) + L
(1)
jik(β̃

tr,α0, ν) + L
(2)
jik(β̃

tr,α0, ν)}.

Let Hij(β̃
tr,α0, ν) = |Zi − Zj|Kij(β̃

tr,α0, ν) and H(β̃tr,α0, ν) =
∑

1≤i<j≤n |Zi −

Zj|Kij(β̃
tr,α0, ν). The Hoeffding decomposition yields

H(β̃tr,α0, ν)− E{H(β̃tr,α0, ν)} =
n∑
i=1

Bi(β̃
tr,α0, ν) +

∑
i<j

Bij(β̃
tr,α0, ν),

where

Bi(β̃
tr,α0, ν) =

∑
j 6=i

[E{Hij(β̃
tr,α0, ν)|Zi, ei(α0)} − E{Hij(β̃

tr,α0, ν)}]

Bij(β̃
tr,α0, ν) = Hij(β̃

tr,α0, ν)− E{Hij(β̃
tr,α0, ν)|Zi, ei(α0)} − E{Hij(β̃

tr,α0, ν)|Zj, ej(α0)}

+ E{Hij(β̃
tr,α0, ν)}.

Similar to Peng and Fine (2006), Hsieh, Ding and Wang (2011) and Cho, Hu and

Ghosh (2018), we have the following result.

Lemma 1. There exists a constant b0 such that E{Hij(β̃
tr,α0, ν)} ≤ b0ν and E{H(β̃tr,α0, ν)} ≤

9



c0νn
2

We will prove this lemma later. By Lemma 1 and a similar argument as Hsieh, Ding

and Wang (2011) and Peng and Fine (2006), there exist v10 > 0 and v20 > 0 such that

V ar{H(β̃tr,α0, ν)} =
n∑
i=1

V ar{Bi(β̃
tr,α0, ν)}+

∑
i<j

V ar{Bij(β̃
tr,α0, ν)} = O(n3).

Take ε∗ > 0 and let 0 < ν < ε∗/(3b0) for any b0 > 0. Then by Markov inequality,

P{[n(n− 1)]−1H(β̃tr,α0, ν) ≥ ε} ≤ P{[n(n− 1)]−1[H(β̃tr,α0, ν)− E{H(β̃tr,α0, ν)]} ≥ ε/3}

≤ 9V ar{H(β̃tr,α0, ν)}
[n(n− 1)]2ε2

→ 0.

Hence

sup
||βtr−β̃tr||≤ν

n−1/2||UH
n (βtr,α0)− UH

n (β̃tr,α0)||
p→ 0. (3)

Note that for any ν∗ > 0,

sup
||α−α0||≤ν∗,||βtr−β̃tr||≤ν

n−1/2|UH
n (βtr,α)− UH

n (β̃tr,α0)|

≤ sup
||βtr−β̃tr||≤ν,||α−α0||≤ν∗

n−1/2|UH
n (βtr,α)− UH

n (βtr, α̂)|

+ sup
||βtr−β̃tr||≤ν,||α−α0||≤ν∗

n−1/2|UH
n (βtr, α̂)− UH

n (βtr,α0)|

+ sup
||βtr−β̃tr||≤ν,||α−α0||≤ν∗

n−1/2||UH
n (βtr,α0)− UH

n (β̃tr,α0)||.

(4)

By strong consistency of α̂, first and second term in the righthand side of (4) converges

to 0 in probability. Combined with (3), we can conclude

sup
||α−α̃||≤ν∗,||βtr−β̃tr||≤ν

n−1/2||UH
n (βtr,α)− UH

n (β̃tr, α̃)|| p→ 0.

Thus θ̂Hcatr is strongly consistent.

Proof of Lemma 1. We can use arguments in Peng and Fine (2006) and Appendix of
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Hsieh, Ding and Wang (2011) and Cho, Hu and Ghosh (2018). Note that the set

{||βtr − β̃tr|| ≤ ν, δ̃∗i(j)(β
tr) 6= δ̃∗i(j)(β̃

tr)} ∈ D1(β̃
tr, ν) ∪D2(β̃

tr, ν)

where

D1(β̃
tr, ν) = {||βtr − β̃tr|| < ν, Tik − θtrZi = [Di + ηtr(Zj − Zi)]− θtrZj}

D2(β̃
tr, ν) = {||βtr − β̃tr|| < ν, Tik − θtrZi = [Ci + ηtr(Zj − Zi)]− θtrZj}

Then

D1(β̃
tr, ν)

= {||βtr − β̃tr|| < ν, Tik + θtr(Zj − Zi) = Di + ηtr(Zj − Zi)}

= {||βtr − β̃tr|| < ν, εRik + θT0W i + θtr(Zj − Zi) = εDi + ηT0W i + ηtr(Zj − Zi)}

= {||βtr − β̃tr|| < ν, εRik + (θcfd0 )TW i + [θ̃tr − (θ̃tr − θtr)](Zj − Zi)

= εDi + ηT0W i + [η̃tr − (η̃tr − ηtr)](Zj − Zi)}

⊆ {||εRik − εDi + (θ0 − η0)
TW i + (θ̃tr − η̃tr)(Zj − Zi)|| < 2ν|Zj − Zi|}.

Thus there exists d0 > 0 such that wi(α0)wj(α0)P{D1(β̃
tr, ν)|ei(α0), ej(α0), Zi, Zj} ≤

2wi(α0)wj(α0)d0|Zj − Zi|ν by the assumption. Similarly,

wi(α0)wj(α0)P{D2(β̃
tr, ν)|ei(α0), ej(α0), Zi, Zj} ≤ 2wi(α0)wj(α0)|Zj − Zi|ν.

Hence, E{L(2)
ijk(β̃

tr,α0, ν)} ≤ 2d0E{wi(α0)wj(α0)|Zj − Zi|}ν. Similarly, there exists

f0 > 0 and E{L(1)
ijk(β̃

tr,α0, ν)} ≤ 2f0E{wi(α0)wj(α0)|Zj − Zi|}ν. We can apply

similar arguments to L
(1)
jik(β̃

tr,α0, ν) and L
(2)
jik(β̃

tr,α0, ν). Since wi(α0) are bounded,
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there exists K0 > 0 such that

E{Kij(β̃
tr,α0, ν)} = E[

Ki∨Kj∑
k=1

{L(1)
ijk(β̃

tr,α0, ν) + L
(2)
ijk(β̃

tr,α0, ν) + L
(1)
jik(β̃

tr,α0, ν) + L
(2)
jik(β̃

tr,α0, ν)}]

≤ (Ki ∨Kj)r
2E|Zi − Zj|ν ≤ K0ν.

Similarly, there exists K1 > 0 such that

E{K2
ij(β̃

tr,α0, ν)} ≤ K1ν.

By the Cauchy-Schwarz inequality,

E{Hij(β̃
tr,α0, ν)} ≤

√
E{K2

ij(β̃
tr,α0, ν)}E|Zi − Zj|2 ≤ K1ν

√
E|Zi − Zj|2.

Hence there exists b0 > 0 such that E{Hij(β̃
tr, ν)} ≤ b0ν. Finally, E{H(β̃tr, ν)} ≤

K1b0n
2. Thus there exists c0 > 0 such that E{H(β̃tr, ν)} ≤ c0νn

2.

3. Proof of Theorem 3 :

Let Gn(α) be the score function of parameters in logistic regression, where

Gn(α) = n−1/2
n∑
i=1

H i[Zi −
exp (αTH i)

1 + exp (αTH i)
].

Let Ψi(α) = H i[Zi−
exp (αTH i)

1 + exp (αTH i)
]. Then Gn(α) = n−1/2

∑n
i=1 Ψi(α). By (1) and

12



(2), and U-statistic theory,

Gn(α0) = n−1/2
n∑
i=1

Ψi(α0)

Sn(ηtr0 ,α0) = n−1/2
n∑
i=1

∫ ∞
−∞

(Zi − z̄(1))dMw
1i(u; ηtr0 ,α0) + op(1)

UGL
n (βtr0 ,α0) = n−1/2

n∑
i=1

∫ ∞
−∞

(Zi − z̄(2))dMw
2i(u; βtr0 ,α0) + op(1)

UH
n (βtr0 ,α0) = n−1/2

n∑
i=1

2h1(Zi,α0, β
tr
0 ) + op(1).

Let

h(Zi, Zj, β
tr
0 ,α0) = wi(α0)wj(α0)(Zi − Zj)φij(βtr0 )

h1(z, β
tr
0 ,α0) = E{h(z, Z2, β

tr
0 ,α0)}

Let ψ1 = Ψ1(α0), ψ
GL
2 = (ψ21, ψ22)

T and ψH
2 = (ψ21, ψ23)

T , where

ψ21 =

∫ ∞
−∞
{Z1 − z̄(1)(u)}dMw

1i(u; ηtr0 ,α0)

ψ22 =

∫ ∞
−∞
{Z1 − z̄(2)(u)}dMw

2i(u; βtr0 ,α0)

ψ23 = 2h1(Z1, β
tr
0 ,α0).

Let γGL = (αT , ηtr, θtr)T , γH = (αT , ηtr, θtr)T and γ0 = (αT0 , η
tr
0 , θ

tr
0 )T and

JGLn (γ0) = [STn (ηtr0 ,α0), {UGL
n (βtr0 ,α0)}T ]T

JHn (γ0) = [STn (ηtr0 ,α0), {UH
n (βtr0 ,α0)}T ]T

By the multivariate central limit theorem, QGL
n (γ0) = {GT

n (α0), (J
GL
n (γ0))

T}T and

QH
n (γ0) = {GT

n (α0), (J
H
n (γ0))

T}T converge to normal distributions with covariance

13



matrices ΩGL
0 and ΩH

0 , respectively, where

ΩGL
0 = E

ψ1ψ
T
1 ψ1ψ

T
2

ψ2ψ
T
1 ψ2ψ

T
2

 .

Let

ΛGL
0 =


L1 0 0

L2 E1 0

L3 E2 E3

 ΛH
0 =


L1 0 0

L2 E1 0

L4 E4 E5

 ,

where

L1 = E

[
∂Ψ1(α)

∂α

∣∣∣∣
α=α0

]
L2 =

∫ ∞
−∞

E

[
∂

∂α
{Z1 − z̄(1)(t; ηtr,α)}dNw

11(t; η
tr,α)

∣∣∣∣
α=α0,ηtr=ηtr0

]
L3 =

∫ ∞
−∞

E

[
∂

∂α
{Z1 − z̄(2)(t; βtr,α)}I{D̃∗∗1 (βtr) ≥ t}w1(α)r0(t; θ

tr, ηtr)dt

∣∣∣∣
α=α0,βtr=βtr

0

]
L4 =

∂λ(βtr,α)

∂α

∣∣∣∣
βtr=βtr

0 ,α=α0

E1 =

∫ ∞
−∞

E

[
{Z1 − z̄(1)(t; ηtr,α)}I{D̃∗1(ηtr) ≥ t}w1(α)

∣∣∣∣
α=α0,ηtr=ηtr0

λ′10(t)

λ10(t)
f(t)

]
dt

E2 =

∫ ∞
−∞

E

[
∂

∂ηtr
{Z1 − z̄(2)(t; βtr,α)}I{D̃∗∗1 (βtr) ≥ t}w1(α)r0(t; θ

tr, ηtr)dt

∣∣∣∣
α=α0,βtr=βtr

0

E3 =

∫ ∞
−∞

E

[
∂

∂θtr
{Z1 − z̄(2)(t; βtr,α)}I{D̃∗∗1 (βtr) ≥ t}w1(α)r0(t; θ

tr, ηtr)dt

∣∣∣∣
α=α0,βtr=βtr

0

E4 =
∂λ(βtr,α)

∂ηtr

∣∣∣∣
α=α0,βtr=βtr

0

E5 =
∂λ(βtr,α)

∂θtr

∣∣∣∣
α=α0,βtr=βtr

0

.

where λ10(t) is a true common hazard function of error term for {D̃∗i (ηtr0 )}ni=1 given the

true propensity score. Similar to Cho, Hu and Ghosh (2018), we have the following

lemma.
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Lemma 2.

sup
||γ−γ0||≤cn

||QGL
n (γ)−QGL

n (γ0)− n1/2ΛGL
0 (γ − γ0)||

1 + n1/2||γ − γ0||
= op(1),

sup
||γ−γ0||≤cn

||QH
n (γ)−QH

n (γ0)− n1/2ΛH
0 (γ − γ0)||

1 + n1/2||γ − γ0||
= op(1),

whenever cn converges to 0 in probability and

sup
||γ−γ0||≤cn

||QGL
n (γ)−QGL

n (γ0)− n1/2ΛGL
0 (γ − γ0)||

1 + n1/2||γ − γ0||
= o(1)

sup
||γ−γ0||≤cn

||QH
n (γ)−QH

n (γ0)− n1/2ΛH
0 (γ − γ0)||

1 + n1/2||γ − γ0||
= o(1),

whenever cn converges to 0 almost surely.

As before, we will prove this lemma later. By strong consistency of α̂ and Lemma 2,

Gn(α̂) = Gn(α0) + n1/2Ġn(α0)(α̂−α0) + op(1). (5)

Note that by Lemma 2, n−1/2QGL
n (γ̂GL) = o(1) and n−1/2QH

n (γ̂H) = o(1) (Lin, Wei

and Ying. 1998; Ghosh, 2000, Chapter 6). Then by using arguments in Ying (1993),

QGL
n (γ̂GL) = QGL

n (γ0) + n1/2ΛGL
0 (γ̂ − γ0) + op(1),

QH
n (γ̂H) = QH

n (γ0) + n1/2ΛH
0 (γ̂ − γ0) + op(1),

and by consistency of γ̂GL and γ̂H ,

n1/2(γ̂GL − γ0) = −(ΛGL
0 )−1QGL

n (γ0) + op(1),

n1/2(γ̂H − γ0) = −(ΛH
0 )−1QH

n (γ0) + op(1),
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Then by Slusky’s theorem,

n1/2(γ̂GL − γ0)
d→ N(0, (ΛGL

0 )−1ΩGL
0 ((ΛGL

0 )−1)T ,

n1/2(γ̂H − γ0)
d→ N(0, (ΛH

0 )−1ΩH
0 ((ΛH

0 )−1)T .

where
d→ denotes convergence in distribution.

Proof of Lemma 2.


Gn(γ)

Sn(ηtr,α)

UGL
n (βtr,α)

 =


Gn(γ0)

Sn(ηtr0 ,α0)

UGL
n (βtr0 ,α0)

+

n−1/2
n∑
i=1


Ψi(α)∫∞

−∞{Zi − Z̄
(1)(t; ηtr,α)}dNw

1i(t; η
tr,α)∫∞

−∞{Zi − Z̄
(2)(t; βtr,α)}[dNw

2i(t; β
tr,α)− wi(α)I{D̃∗∗i (βtr) ≥ t}r0(t; θtr, ηtr)]dt



−n−1/2
n∑
i=1


Ψi(α0)∫∞

−∞{Zi − Z̄
(1)(t; ηtr0 ,α0)}dNw

1i(t; η
tr
0 ,α0)∫∞

−∞{Zi − Z̄
(2)(t; βtr0 ,α0)}[dNw

2i(t; β
tr
0 ,α0)− wi(α0)I{D̃∗∗i (βtr0 ) ≥ t}r0(t; θtr0 , ηtr0 )]dt



+n−1/2
n∑
i=1



0

0∫∞
−∞[{Zi − Z̄(2)(t; βtr,α)}I{D̃∗∗i (βtr) ≥ t}wi(α)r0(t; θ

tr, ηtr)

−{Zi − Z̄(2)(t; βtr0 ,α0)}I{D̃∗∗i (βtr0 ) ≥ t}wi(α0)r0(t; θ
tr
0 , η

tr
0 )]dt


.

M-estimation theory Stefanski and Boos (2002) implies that

Gn(α) = Gn(α0) + n1/2Ġn(α0)(α−α0) + op(n
1/2||α−α0||), (6)

where Ġn(α0) = [∂Gn/∂α]α=α0 . From arguments in Chapter 6 of Ghosh (2000),
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Theorem 1 and Corollary 1 of Ying (1993) imply that

Sn(ηtr,α) = Sn(ηtr0 ,α0) + A∗1n
1/2(γsub1 − γsub10 ) + op(1 + n1/2||γsub1 − γsub10 ||), (7)

where γsub1 = (αT , ηtr)T , γsub10 = (αT0 , η
tr
0 )T and

A∗1 =

(
L2 E1

)
. (8)

Then

n∑
i=1

∫ ∞
−∞
{Zi − Z̄(2)(t; βtr,α)}[dNw

2i(t; β
tr,α)− wi(α)I{D̃∗∗i (βtr) ≥ t}r0(t; θtr, ηtr)]dt

=
n∑
i=1

∫ ∞
−∞
{Zi − Z̄(2)(t; βtr0 ,α0)}[dNw

2i(t; β
tr
0 ,α0)− wi(α0)I{D̃∗∗i (βtr0 ) ≥ t}r0(t; θtr0 , ηtr0 )]dt

+ (α−α0)

× ∂

∂α

n∑
i=1

∫ ∞
−∞
{Zi − Z̄(2)(t; βtr,α)}[dNw

2i(t; β
tr,α)− wi(α)I{D̃∗∗i (βtr) ≥ t}r0(t; θtr, ηtr)]dt

∣∣∣∣ α=α0,
βtr=βtr

0

+ (ηtr − ηtr0 )×

+
∂

∂ηtr

n∑
i=1

∫ ∞
−∞
{Zi − Z̄(2)(t; βtr,α)}[dNw

2i(t; β
tr,α)− wi(α)I{D̃∗∗i (βtr) ≥ t}r0(t; θtr, ηtr)]dt

∣∣∣∣ α=α0,
βtr=βtr

0

+ (θtr − θtr0 )×

+
∂

∂θtr

n∑
i=1

∫ ∞
−∞
{Zi − Z̄(2)(t; βtr,α)}[dNw

2i(t; β
tr,α)− wi(α)I{D̃∗∗i (βtr) ≥ t}r0(t; θtr, ηtr)]dt

∣∣∣∣ α=α0,
βtr=βtr

0

.

Note that B, N0 and N1 are neighborhoods of α0, η
tr
0 and βtr0 , respectively. Then for
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α ∈ B, βtr ∈ N1, by using arguments from Ying (1993),

n−1/2
n∑
i=1

∫ ∞
−∞
{Zi − Z̄(2)(t; βtr,α)}[dNw

2i(t; β
tr,α)− wi(α)I{D̃∗∗i (βtr) ≥ t}r0(t; θtr, ηtr)]dt

= n−1/2
n∑
i=1

∫ ∞
−∞
{Zi − Z̄(2)(t; βtr0 ,α0)}[dNw

2i(t; β
tr
0 ,α0)− wi(α0)I{D̃∗∗i (βtr0 ) ≥ t}r0(t; θtr0 , ηtr0 )]dt

+ op(1).

(9)

By multivariate Taylor expansion,

n−1/2
n∑
i=1

∫ ∞
−∞

[{Zi − Z̄(2)(t; βtr,α)}I{D̃∗∗i (βtr) ≥ t}wi(α)r0(t; θ
tr, ηtr)− {Zi − Z̄(2)(t; βtr0 ,α0)}

×I{D̃∗∗i (βtr0 ) ≥ t}wi(α0)r0(t; θ
tr
0 , η

tr
0 )]dt.

= n−1/2
n∑
i=1

[ ∫ ∞
−∞

(α−α0)
∂

∂α
{Zi − Z̄(2)(t; βtr,α)}I{D̃∗∗i (βtr) ≥ t}wi(α)r0(t; θ

tr, ηtr)dt

∣∣∣∣
α=α0,βtr=βtr

0

+

∫ ∞
−∞

(θtr − θtr0 )
∂

∂θtr
{Zi − Z̄(2)(t; βtr,α)}I{D̃∗∗i (βtr) ≥ t}wi(α)r0(t; θ

tr, ηtr)dt

∣∣∣∣
α=α0,βtr=βtr

0

+

∫ ∞
−∞

(ηtr − ηtr0 )
∂

∂ηtr
{Zi − Z̄(2)(t; βtr,α)}I{D̃∗∗i (βtr) ≥ t}wi(α)r0(t; θ

tr, ηtr)dt

∣∣∣∣
α=α0,βtr=βtr

0

+ op(||n1/2(γsub2 − γsub20 )||),

(10)

where γsub2 = (αT , (βtr)T )T and γsub20 = (αT0 , (β
tr
0 )T )T . Combining (9) and (10) yields

that

UGL
n (βtr,α) = UGL

n (βtr0 ,α0) + op(1) + A∗2n
1/2(γsub2 − γsub20 ) + op(||n1/2(γsub2 − γsub20 )||),

(11)

where A∗2 = (L3 E2 E3). Combining results from (6) - (11), when cn converges to 0 in
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probability,

sup
||γ−γ0||≤cn

||QGL
n (γ)−QGL(γ0)− n1/2ΛGL

0 (γ − γ0)||
1 + n1/2||γ − γ0||

= op(1).

By Lemma 2 of Honoré and Powell (1994),

sup
α∈B,βtr∈N1

||UH
n (βtr,α)− UH

n (βtr0 ,α0)− n1/2λ(βtr,α)||
1 + n1/2||λ(βtr,α)||

= op(1).

Then Taylor expansion provides the following expression :

UH
n (βtr,α) = UH

n (βtr0 ,α0) + n1/2A∗3(γ
sub2 − γsub20 ) + op(1 + n1/2||γsub2 − γsub20 ||),

(12)

where A∗3 = (L4 E4 E5). Combining results from (6), (7), (8) and (12), when cn

converges to 0 in probability,

sup
||γ−γ0||≤cn

||QH
n (γ)−QH(γ0)− n1/2ΛH

0 (γ − γ0)||
1 + n1/2||γ − γ0||

= op(1).

The first part of the lemma is proved. The second part of the lemma follows immedi-

ately from Chapter 6 in Ghosh (2000).

5. Proof of Theorem 4:

The proof of Theorem 4 is almost identical to Cho, Hu and Ghosh (2018). Let Qn(γ)

be either QGL
n (γ) or QH

n (γ). Let γ̂ be either γ̂GL or γ̂H . Let γ∗ be either solution of

γGL∗ or γH∗. Recall that

Qn(γ) = −n−1/2
n∑
i=1

P iAi (13)

where P i is the empirical influence function for the limiting distribution of Qn(γ0)

(Peng and Fine, 2006) and Ai are standard normal random variables. γ∗ is a solution
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of (13). In the proof of asymptotic normality we can show that

Qn(γ∗) = Qn(γ̂) + n1/2Λ0(γ
∗ − γ̂) + op(1)

n1/2(γ∗ − γ̂) = −Λ−10 n−1/2
n∑
i=1

P iAi + op(1).

where Λ0 is either ΛGL
0 or ΛH

0 . Since the observed data are independent and identically

distributed, given observed data, the only random term is standard normal random

variable. Then given the observed data, n1/2(γ∗−γ̂) is asymptotic normal distribution

with mean 0 and same covariance matrix as n1/2(γ̂ − γ0) Hence given observed data,

conditional distribution of n1/2(γ∗ − γ̂) is asymptotically equivalent to unconditional

distribution of n1/2(γ̂ − γ0).
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