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C Proof of Theorem 3.2.

Note that we still have
SCELR2 = =2) 1, e {1 + My, ) p(z, an)} = D+ 0,(1)
i=1 j=1

under Hy,. Moreover, similar as the proof of Lemma E.3 and Lemma E.5, we have by ’Dy =
0p(1). For the second term [)2, by the same argument in the proof of Lemma E.4, we have
Dy = b;*{qR(K)vol(S,) + 0,(1)} under Hy,. Moreover, by the same argument in Lemma E.5,
we have b/’ Dy = 0,(1).

Next, we focus on Dy term. The bandwidth b, = n= for 0 < a < min 2is(l — %) by
Assumption A.3 (iii). We show that b/*Dy — N(p,2¢K**vol(X,)) under Hy,, where u =
E[1{z € S.}1/(z) x V= (z1, ap)n(z)]. Let e, = n~1/2b,**. The argument is similar as the proof

of Lemma E.6. We write
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under Hy,. Let d,(z;, ) = p(zi, ) —enn(z;), i =1,...,n. Then
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First, note that bf/ *Dyo = 0,(1) by the consistency of kernel estimator and the consistency of



Q. Second,
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where r1; = 0,(1) and the second equality follows from the definition of ¢,, and the consistency

of kernel estimators and (E.11). Hence,
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where the second equality follows from the facts that ry; and ry; are asymptotically negligible

element by element, the third equality follows from the consistency of &, to of and the last

equality follows from the weak law of large numbers. Therefore, v/*Dy & N (1, 2 K**vol( X))

and the desired result follows.

D Bootstrap Consistency

One may also be interested in a bootstrap version of SCELR,,, which is defined as

SCELRI* = —2{L* (&%) — L (&)},



where a = (0%, h%) = argmax,c £3(a), & = (9;,ﬁ;> = argmax,ec, £5(a), and A" =
{a € A, : R(a) =7}. A weighted bootstrap scheme draws bootstrap weights from an i.i.d
sample of positive weights that satisfy E[W;] = 1, Var(W;) = wy and are independent of
{(Y;,X;}"_,. We can obtain the convergence rate of the bootstrap estimators &’ and &,

respectively, and show that SCELR1* converges to chi-square distribution as well. To implement

the bootstrap procedure, the confidence intervals are defined as
Cn ={a€ A:SCELRL < &1},

where ¢, 1, is the (1 — 7) quantile using the weighted bootstrap with variance 1. To simulate

the critical value, for b=1,..., B,, let

B
R : 1 Z" .
Cpl—r = inf {t : B—n — 1 {SCELRlb < t} > 1-— 7'} s

where SCELR1} () is the bth bootstrap likelihood ratio statistic SCELR1*.
We highlight the consistency of bootstrap procedure as follows. Without loss of generality,
we assume that R;(«) are linearly independent, i.e., L = b. Otherwise, we can always conduct

a linear transformation for the hypothesis by the Gram-Schmidt orthogonalization. Let
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Define &* = &%~ | (& — G, Ot) Ot/ || ||” and W, 6% = a5 —3"0 | (& — Gin, D) WOt/ [0,
where & is the maximizer of I} (a) over A,. The following steps are similar to the proof of
Theorem 2.1. Note that the chain rule and Taylor expansion yield
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where & is a point in between & and W, a*.
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Since &, is a maximizer,
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and therefore

[ (Wad®) > 1 (an) + 0p(n71).

Furthermore,
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Since v/ (A — g, Bt/ |[Bni][) > N(0,1), /7 (@2 — Gon, Bt/ /W0 |[5t]]) > N(0,1), where wy =
Var(W —1) = Var(W).
* [ Ak * [ =% d
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where b is the maximum number of linearly independent constraints. [

E Useful Lemmas

In this section, we present some lemmas that are useful to prove the results in Section B.

Lemma E.1. Suppose Assumptions in Theorem 2.1 hold, then

(i)
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Proof of E.1. (i) By the first order condition of (2.5), for all ¥,,& € Ny, w.p.a.1, we have
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A straightforward calculation shows that
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where the first equality follows from the first order condition and chain rule and the second
equality follows from a straightforward calculation. Furthermore, by the definition of W,a,

U,.c € No,. Thus, respectively, Lemma B.4 (ii) and (iii) in Otsu (2011) implies that
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Hence, (E.2) can be simplified as
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where the second equality follows from Lemma (iv) in Otsu (2011), forth equality follows from
the definition of ¥,& and Lemma B.4 (v) in Otsu (2011), and the fifth equality follows from
the property that (V,, 0 — Ui, Oni/||0ni]]) = 0p(1) by assumptions in Theorem 2.1.

(ii) Next, we decompose the second-order term as
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The desired result follows by the following steps.

First, we show that sup |A;(V,&)] is 0,(n™!). We write
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where the inequality follows because maxi<j<, SUP (s, a)ex, x 4, e a)' p(z;, )| = 045(1). Thus,



we have
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where the second inequality follows from the fact that foreach I = 1,..., L, (&, — oo, V0, 01) / [|0]| =
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and Assumptions A.2 and A.8, where ¢;(z;) and cy(z;) are envelope functions for p(z;, &,) and

dp(zj 7O‘n)

2 [Dyy], respectively. And the last equality follows from the uniform convergence of kernel

estimators.

Next, we show that sup |A3(¥,&)] = o,(n'). Similarly, we have
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where the first inequality is by direct calculation, the second inequality follows from the fact that
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045(1) by Lemma D.2 in Kitamura et al. (2004) and Assumption A.8, where c;3(z;) is an envelope
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function for
dado
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kernel estimators and the fact that supy, cx,. £ S0 Lin A (24, &) || 5 = 0,(n71/4).
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Next, we prove that A, = —L 37 <M> + 0,(1). Note that by equation (E.1)
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where the last equality follows because
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where the first inequality follows from Cauchy-Schwartz and the fact that [|A(z;, )|z <
C7Y|m(z;,a)||g for all @ € Ny,, and the second equality follows from similar argument in

Lemma E.7. Next, we show that
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By combining results in equations (E.3), (E.4) and (E.5), we have
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_ —Z (<Oén ~060;2'Unl>) +0p<n_1)’
[Tl

1 d dm(z;
_Z( m(zi, &) Unl]) V(Ii,ao)flm[@m

]

)

} +o0,(n7h)

where the third equation follows from the fact that maxi<j<, Sup(y, o)xx Az, a) plz, )| =
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04s(1), the forth equation follows from Lemma B.2 (ii) and (iii) in Otsu (2011), and the fifth
equation follows from the definition of W,é. Hence, the result

1 21, (T,,é) 1 (G — a0, T
R AN A S _ Z ;

" n_‘IInvn_
2  dada “ @

T o,(n) (E.6)

= ol

follows. O

Lemma E.2. Suppose that Assumptions A.1-A.9 hold. Then

n_eiip(zj, @ )()\(xi706),p<2j,a))2

sup n Z n Z = op(nfl/Q).

a€Non 1+ Az, a) p(z;, a)

Proof.

sup |[— 17,n S
aeNon n i=1 j=1 1 + )\(1‘“ ) p(’z.77 Oé)
By ! LS 1A )2
max sup sup |— il N5, a
1<T=n (g 0)eXn xNon | 1 + )\(2?1, ) p(’zja Oé) a€Non | TV i=1 :

Zeul\p z, o)l

E eijei(2)?

X sup
(zi,0) X x Non

1/2)

Z 1mH)‘ L, & HE

<O,(1) sup = op(n

s eXn

sup
aENon

where the second inequality follows from the fact that maxi<j<,sup,, Nzi, @) p(z;,a)| =

04s(1), Assumption A.2 (¢1(z;) is an envelope function for p(z;, @)) and the last equality follows
from Lemma B.3 (vii) in Otsu (2011), the uniform convergence of kernel estimators and Lemma

D.4 of Kitamura et al. (2004). O
Lemma E.3. Suppose that Assumptions A.1-A.9 hold. Then b/2D, = 0p(1) under Hy.

Proof. Recall that H(z;,éy) = V(2 ) f2(x;) and f(z;) = S Kiu/nb. By the uniform
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consistency of kernel estimators, it is well-known that

sup | () = ()| = O, ( L bi) - (E.7)

TEX, n

Also, by Lemma B.2 in Otsu (2011), we have

sup [V (@i, 0) = V(zi, )5 = Oy (o) = 0p(n~11), (E.8)

(z,0)EXn XAy,
Let inf.cx, [f(z)| = b and sup(, ayex, xa, |V (2, )| = B, for constants b and B satisfying

0 < b, B < co. By some algebra,
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. 1
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We have b3/°D; = 0,(1) by Assumption A.3. O

Lemma E.4. Suppose that Assumptions A.1-A.9 hold. Then b/’ Dy = by"*qR(K)vol(X,) +
0p(1) under Hy.

Proof. Recall that e;; = Kj;/ > 7, Kij. We decompose

Dy=3" 3 Luehiplzy60)V () "oz, )

i=1 j=1j#i

as

DD Linelip(z, a0)'V(wi, dn) " p(z5, a0)

i=1 =1

£33 10 {o(z5 ) — plz5,00)Y V(i @)~ (2, @n) — pl(5, 00)}
i=1 j=1i

+ Z Z 1in€§jp(zja aO)/‘Af(-’L'i? dn)_l {p(zja OAén) - p(Zj, CYO)}
i=1 j=1,ji

+ 0 Ll {p(z, an) — p(25, 20) Y V (@i, )~ p(25, )
=1 j=1,5%#1

Day + Doy 4+ Do + Doy

Let us look at each term of Dy one by one. First,

Daq szstr ZZIJ 12#2 1,,K ]p zj, ) {H(mi, )"t — H(y, 040)_1} p(z;, ap)
szStrz Z Lin K p(25, 00) H (25, a0) "' pl25, o) = D) + D).
1=1 j=1,j7#i

First, by similar argument in Lemma E.3, one can show that b%/°DS) = o, (bn**n=14) = 0,(1).
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Next, for the second term, note that
A 1 "
Dy :n—b;” Z Lin {R(K)V (2, 00) f(:) + Ra)} H™ (i, a0)

Z’I’L Cn
e o(R).

where ¢ is the number of moments p(z;, ag), R(K) = f[—1 o K*(u)du, sup,cy, ||Ra(z;)|| =

0,(C), G = 12% + b2 follows by the uniform consistency of kernel estimators and the second

equation holds because sup,c ||H *(2i, a0)|| < oco. Furthermore, f S = vol(X,,) +

i=1 f(ﬂU )
0p(1) by the central limit theorem, which implies that b/ QDSZ) = b, 2qR(K)vol(X,) + op(1).
Next, note that sup,, 4. )ex, xnq. 12(2 &) — (25, a0)|| = Op(0sn) by Assumption 2.1 and

Assumption A.2, then

. 1 r Al 6\~ s
Dy, < %“’; 1, { Z an} (74, G t= Op (anbn ) :

" =157

Thus, bf/ *Doy = 0p(1) by consistency of kernel estimator, consistency of &, and Assumption
A.3. Similarly, we have Dy, = 0,(bn o/ ) and Dy = 0p(bn o/2 ), which implies, in summary,

b2 Dy = b2 qR(K)vol(X,) + 0,(1). 0

Lemma E.5. Suppose Assumption A.1-A.9 hold. Then bf/2f)3 =op(1).

17



Proof. First, we rewrite Dy as the following terms:

1 a Zman /V(.T“ n) lp(’z]7an)€l]
_D3 - E E ]-zn Zn_l Kzu
1=1 j=1,j#i u=

K0) <~ < v Er A .
- HQbQSZ Z 1inKijp(Zi’an>/H(xiaan> 1p<zj705n)

"=l =1

K O n n R R -
- TLQE)QZZ Z linKijp(Zivao)/H(xiaan) IP(Zj7040)

noi=1 jfl j;éi

n2 23 Z Z LinKijp (21, o)’ H@z‘adn)_l {p(25,an) — p(zj, o)}

n Z]._j 1]7&1

n2 2 Z Z Lin i {p(zi, 6m) = p(2i, a0) Y H (i, 80) " {p(25, &) — pl25, 0) }

n =1 j=1,j#i

= [73a + [7311 + DSc-

Let 99 (2;) be the (st)™ element of H(z;, )" and () be the (st) element of H(x;, ag) L.

We write the first term as

ESa
K 0 n n R R ~
= n_Qézzz Y LuKyp(zi, a0) H(wi, 6) " plz), a0)

no=1 j=1 j;éi

q
- Zzn2 232 Z 1mK@JP %O&o)iﬂ (Iia@n)flp(t)(zjaao)

s=1 t=1 TL i=1 j=1,j#1

K(0) <
- n1/2bs Z

s=1t

MQ

1

{ Z Z ]—’LTLK’LJIO( (’217 Oéo) 1& (LCZ', dn)il - w(St)(xia a0>71i| p(t)(zjv O50)}

i=1 j=1j#i

n
K(0) 5~y ~ N (s) (st) "o
oi7as 2 2 nmsz D Lk (i, a0)0™ (i, 00) 7 (25, 0)
ne—1 =1 noy=1 j=1,j4i

) q q

nl/2bs, <

s=1 t=1

~—

Y+ Dg)).

2
Because ). (nbs E?:L#i p(t)(zj,Oé(])Kij) = O(b;*) by the fact that K;jp®)(z;, ) and

18



Kikp(t)(Zj, ap) are uncorrelated for i # j # k and

. 2
w<5t) (x4, Gp) — w(St) (s, ao)‘ = O, (logn/nb;) + op(n_l/Q)

sup
(zi,0n) EXn X Non,

L 2
by (E.11) in Lemma E.3, we have (DS)) = (0, (logn/nbs) + 0,(n"/%)) O,(b,*) and then

o SSBY - (00 (Viogn/nty) +0,(n11)) Oy (1//mbEF) = 0,(1).

n s=1 t=1

Moreover, because 1, K;;p'® (2, ag) ) (x5, o) ~1p0 (24, cvp) and 14, Kigp' (21, )18 (4, a0) 7L p0 (2, )
are uncorrelated for ¢« # j # k, and for large enough n, sup,cx YD (25, 00)"" < o0, then

L D) = 0, (VB ) so

Tff/g%l 3 i D) = 0, (V1/nb;) x 0, (V1/nb3) = O,(1/nb3) = 0,(1).

s=1 t=1

Therefore, bi/* D3, = 0p(1). By similar argument for Ds,, (E.11) in Lemma E.3 and the Cauchy-

Schwartz inequality, we have b3/? Dy, = 0,(1) and b2 Dg, = 0,(1). O

Lemma E.6. Suppose Assumption A.1-A.9 hold. Then b3/*Dy 2 N(0,2¢K**vol(X,)) under
Hy.
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Proof.

n n n
Dy = Z Z Z 1in€ijp(zj7dn)/v_l(xivdn)p(zladn)ez‘l
i=1 j=1,ji, I=1,l#j#i

- Z Z Z 1meiﬂ'/)(zjv0‘0),‘7(552'7@71)71/)(21,Oéo)eu

i=1 j=1j#i, 1=1,l£j#i

YD > Lweyp(zy,00)' Vi, dn) T {plz, ) = pla ao)} e
=1 =140, I=1,1£ i

+ Z Z Z Linei; {p(2;, o) — p(z;, ao)} ‘A/(ﬂﬁz‘, &) p(z1, ag)en
=1 =1 i, l=1,1£ )4

+ Z Z Z 1,645 {P(Zj, ay) — P(Zj, 040)}/ f/(:c“ @n)fl {P(Zla @n) - P(Zl, Oéo)} €il
=1 =10, I=1,1% 4

f)zm + D4b + D4c + D4d-

We write
. 1 n n n -
Dia = n2b2s Z Z Z Lin Kijp(25, o) H (24, ) 'o(z1, a0) K;
N=1 =144, 1=1,l#] 2
1 n n n R
+n2625 Z Z Z LinKijp(2j, o)’ [H(xi, o) — H(zi, 0) | p(z1, o) K

ni=1 j=1,#4, =115
~ (1) ~ (2
D) + D).

For the first term ZADSL), let Ay = >0 Lin K H(x, 00) P Ky and Wiy = 2p(2, ) Ajp(z4, ),
then D{) =S 'S W,;. As in Tripathi and Kitamura (2003), let

t=1 2aj=t+1

n—1 n
> 2 BWy

t=1 j=t+1

Gr

n—2 n—1 n
G = Z Z Z (EW;WEk + EWJ‘QtWJzk + EW%thj)

t=1 j=t+1 k=j+1
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and
Grv = E(WuWuWi;iWi) + E (Wi WauWi,iWi) + E (WyWyWiWy) .

Then following similar argument in Lemma A.6 of Tripathi and Kitamura (2003), one can
show that G; = O(n'), Gy = O(n°) and Gy = O(n%). Then by the the central limit
theorem for generalized quadratic forms in de Jong (1987) (Proposition 3.2) , we have b/ ﬁf&l) —
N(0,2gK**vol(X,)).

Next, we show that bfl/zf)fl) = 0,(1). Let 6,(x;) = H(z,a0) — H(x:,00). Note that by
the uniform consistency of kernel estimators, sup,cy [0,(2)] = O, (W + bi) . After

changing the order of summation, we write

) A (o 1 n n n
bn/QDia) - WZ Z Z LinKijp(2j, o) 0n (i) p(21, 0) Kt

I=1 j=1,j#i, i=1,i%j#l

1 " n
YYD Z Z (2, @) Bji(6n)p(21, o)
e I S,
1

35/2
n2b>s/

where Bji(0n) = D11 iz LinKij0n (2) Ky and A(6,) = 3770, D70 iy p(25, a0) B (0n)p(21, ).
Define Bj(7) = Z?:l,i;éj;él LinKijyKa, and A*(y) = 3211, 2?21,#1 p(zj, 00) Bj1p(z1, a). We

can see that
{E1A () < B{A' W) =2) " > E{p(z,00)B}(1)p(z, a0) .
=1 j=1,j#
And we have

E{p(z,00)By(Dp(z,00)}* = Y E{Linlp(z), 0)]*[p(21, 00) P K3 K
i=1,ij#1

+ Z Z E{1;[p(25, 20))*[p(z1, )P Ky K K K 1}
i=1,iAj Al s=1,sAi£j#l
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Note that

E{Lin[p(z, 00)]*[p(z1, 00) P K5 K} = O(by),

and

E{Lin[p(z, a0)*[p(z1, a0)* Kij Ku Ky K} = O(b)).

Therefore, we have

E{p(2, aO)B;l(l)p(Zla 040)}2 = O(nzbis)-

Hence E|A*(1)| = O(n265/%). Thus, A(6,) = 0,(n2b5/?) because 8, = 0,(1) and b/ > D2 = 0,(1)
by combining with (E.12).

Now let us look at ﬁ4b,
D4b = Z Z Z 1m€ijp(2‘j, ao)lv(%a @n)_l {P(Zh dn) - P(Zh 040>} €il-
i=1 j=1,j#3, I=1,l£j#i

Let I'(z) = {p(z1, &) — p(z1,0)} for I =1,... n. Let

~

1 n n n B
Dy = nQbZSZ Z Z LinKiip(25, 0) H (24, a0) " T (21) Kt + 0,(1)

n i—lj 1j7£il 1l£j#i

n2b 252 Z p(z1, 20) UpTn(25) + 0p(1)

"ll] 1]#[

nszSZ Z Vlﬂ +0P )

=1 j=1,j#l

where U;; = Z?:L##l 1 KijHy (2, 0) 'Ky and Vi (T,) = plzr, a0)'UTa(z;).  We have
E{V,;V;} = 0if | # j and E{V;Viu} = 0 if u # j. To show b?Dyy = 0,(1), it suffices
to show that Y ", D77, o Vij(Th) = 0,(n?b*?). Note that since

q q
p(zlaaO Ul] Zzp ZlaOéo (U)U e ng)(zj)a

u=1 v=1

it suffice to consider Y1 377 - p(z1, ag)™ Ul(;“’)FS)) (2). We already know that sup(,, o e, x, [Tn(zi)| =
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Op(0s,) by Assumption A.2(on smoothness of p) and Assumption 2.1. Consider Vii(c) =

p(z1, 00)'Up;s. Then

E{p(z1, a0)' Uyjs}* = E{p(z1, o) Aijss’Uip(21, o) }

= Etr {As'Uyp(z1, a0)p(zi, o)y = trE {Ays’ Uy V (21, ) } -
Because

Ayiss'UiV (2, o)

= { Z 1mKin(l’i,ao)1§§/Ku}X{ Z 1snKst(l’i,Oéo)1V($l,040)Ki}7

i=1,iAj Al s=1,s#£7#l
we have
E{p(z1,00)Uys}> = > tr(F)+ Y > (k)
i=1,iAj#l i=1,i#j Al s=1,sFi£]#l
where
& { lmejKl?lV(mi, ap) 1’V (s, )V (g, ) }
fH(i)
II—E { Lin Ln Koy K Koy KV (i, @0) 66"V (s, o)V (1, ) } '
f2 (@) f2(s)
Note that

E[K;V (z1, a0)|zi) = b R(K)V (25, 00) f (23) + 0y (b572) .

By iterated expectations and the independence of observations

12nK2V Ti, & —1§§/V T,
B = E{ i3V (i, @) ( O)E[Ki%wml,ao)m]}

h#(w;)
1, K2V (24, ) "¢ 1 K2V (25, a0) Y66’V (24, ap) RO ()
= U R(K)E Y biPE A ’
RO | SR W)

As E[K}|xi]) = b5, R(K) f () + 0, (b)),

n

1 K2V (24, 00) s’ 1,V (i, )~ ts’ 1,V (2, ) "R ()
E ity I3l _ bSR K\E n 79 b5+2E n iy X0 7
e = o (R e { e S |
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we have E{p(z1, 2)'Ujjs}? = O(n?b2¥). The iterated expectations imply that

E{Vij()Vm; ()} = O(n*byy).

Therefore,
{Z Z Vi (7 V21,) >M€} < Pr{z > W) >M€}
I=1 j=1,j# 1=1 j=1,j#l
<SED Y V()] /M. +o(1),
=1 j=1,j#
and

> v

{E
I=1 j=1j#

2
Because EV;(1)* = O(n?b3*) and E{V};V,,;} = O(n*b3*), we get {E ‘2?21 PR V}j(l)‘} =
O(nPb%). Then E{b/*Dy}? = izégsO(n‘r’bff) = O(02,nb;) = o(1) by conditions in Assumption
A3 (iid). O

} <22 Z EVj(1 +Z Z Z EVi;(1) Vi (1).

=1 j=1,5#1 =1 j=1,j#l m=1m#j#l

Lemma E.7. Let n, = n~" with 7 € (0,1/4] and B(n,) = {a € A, : ||a — ao|| < o(nn)}-
Suppose that Assumptions A.1-A.9 hold. Then

1 & o
sup — Z lm||>\(ivi,0zn)|’% = Op(nfi)-

a€B(nn) n i1

Proof. First, we show that

1 — )
sup —Zlm|lm(wi7a)l\%=0p(772)- (E.13)

aeB(nn) n i—1

The argument is similar to that of Corollary A.2 (ii) in Ai and Chen (2003). Because 1;, <1
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and the triangle inequality,

1 n
sup — » Lig|lm(zi, )%
a€B(nn) n ZZ:;

n

1
< sup |~ [llm(zi, @)l — Elm(zi, )] + sup B {[lm(zs,0)|F] -
a€B(nn) i1 a€B(nn)

Because of Theorem 2.5.6 in van der Vaart Jon A. Wellner (1996), by Assumption A.2 and
A6, {|lm(z;,a)|3 : @ € A,} is a subset of AY(X). Thus, it is a Donsker class. Moreover,

m(z;, o) = 0 and Assumption A.2 implies that as || — ag|| — 0,
E [[|[m(zi, @)% — Ellm(zi, a0)||%] = E [Im(z, a)||%] < const. x [ja — apl|® = 0. (E.14)

Then sup,cs,.) 1250 (I, @)% — Ellm(zi, @)[|%]] = 0,(n~"/?) implied by Lemma 1 of

Chen et al. (2003). Furthermore, by (E.14)

sup E [|lm(zs, 0)|] < sup \/E[Hm(fci,oz)H%]SO(ni),
a€B(nn) a€B(nn)

we have Sup,ep(,,) % Yo Linllm(as, a)||% = 0,(n3). Because ||5\(x1, a)l|lg < C7|m(z;, )| for

some constant C' > 0 by Lemma B.3 (i) in Otsu (2011), the conclusion in (E.13) follows. [
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