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Appendix A. Projection onto the ,-Ball

Proof of Lemma 1. Note that (16) can be written as

1 . -
prox,,(u) = arg min - [|8; — (8; — t;V;4(B;; b_))[13 + Avjt; 18]l cs

J

where 7 = Avjtj, h = || - ||oc and u = 3; — t;V;£(3,; b_;). By the Moreau decomposition (Parikh
et al., 2014), we have

prox,(u) = u — prox,.(u),

where h* denotes the convex conjugate of . We want to derive a similar identity for 7h, 7 > 0. The

convex conjugate of 7h is

v v T T

(Th)*(u) = sup (u'v — 7h(v)) = Tsup (luTv - h(v)) =T1h" (E> :
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Then, we get

: . 1
bros - () = arg min(rh)*(v) + £ [[v — ulf
1
= argmin7h" <V> + 5 v —ulf;
—argmlnh ( ) —||V—11||§ (v=r12)
1
= argmlnh (z) + 5 |72 —u);
o 1
= rTargminh* (z) + 5T Hz — —H

u
= TProxXis. | — ),
T T

so we have the identity

u
Prox,, (1) = u — prox ;- (1) = u — 7 proxi . <—> :
AN

For h = || - || it can be shown that 7 prox . (%) is equivalent to the Lo-projection of u onto an
Ll—ball Bl( ),
u .
T ProX1iy. (;) = Projg, (- (u).

To see this, note that the convex conjugate h* of h = || - || is

* 07 HuH1 < 17
h*(w) = Hwjpulh<1y =
+oo, ||ulls > 1,

and

07 Z||1 S T,
— (g) |||
4 +oo, ||zl > 7.



Then

u N T

T PIOX 1, (—> = rargmin h*(v) + 5
T T v

-

2

= argmin h* (E
-

z

) (z=1V)
Z 1
=argmin/” () + 5 1o — vl
arg min h” ( - +3 |z — w3

= arg min 27h" (E
V4 T

~—
+
N
|
il
N

< 7. Hence, we get

The objective function is minimized at where 271" ( ) is finite, i.e.,

u . 2 .
T ProX1i,. (—) = argmin ||z — ul[; = Projp, ().
T T z:||z|[1 <7

If [[u|[y < 7, we obviously have Projp, (1) = u. Otherwise, we have to solve

K
> (lul =€)y =7
k=1

for £ and compute

[Projg, ()], = sgn(ux) (|ug] =€), .

]

Duchi et al. (2008) suggest a linear time algorithm to perform projection onto the simplex that

can be easily extended to projection onto the L;-ball. Algorithm 5 summarizes the procedure.

Appendix B. KKT Conditions

Denote u = Bj — thjf(Bﬂf)_j). Note that
|[u]|so = max |uy| = max|e] ul,
k k
where e, = (I(j = k),1 < j < K)". For each individual |e] u|, we have

dleju| = e dleful = ey - s,



Algorithm S: Linear time projection of y € R" onto the L;-ball of radius z > 0 (Duchi et al.,
2008)

1. Consider v = (|1, ..., |?/n|)T§

2. Project v onto the simplex:

(a) Initialize U ={1,...,n},s=0,p=0;
(b) While U # 0, do:
i. Pick k € U at random;
ii. Partition U = G U L, where G = {j € Ul|v; > v} and L =U \ G;
iii. Compute Ap = |G|and As =},
iv. If (s+ As) — (p+ Ap)vg < z,thenset s < s+ As, p+ p+ Apand U « L.
Otherwise, set U + G \ {k};
(c) Setf = (s—2)/p;
(d) Compute the projection onto the simplex w = (wy, ..., w,)', where
w; = max(v; — 6,0);

Uy,

3. Output X = (x1,...,7,)", the projection onto the L-Ball, where x; = w; - sgn(y;).

where
{1} e u >0,

sk=19{-1} elu<0,
[-1,1] efu=0.
Thus we can obtain the sub-differential for ||u||

Ollullec =conv | J {ex- sk},

keM (u)

where M (u) = {k: |e/u| = |Jul|} is the maximizing indices set and conv denotes the convex

hull. This implies that an optimal solution needs to satisfy the condition: 0 € VjE(Bj; b_ j) +
1718, = B;) + Xv0l18; I ie..

; (Bj - tjng(éj;g—j)) - L5]’ cconv | J {er-si). (24)

)‘thj )‘thj kEM(ﬂj)



If 3; = 0, then M(3;) = {1,..., K} resulting in a convex hull equal to the L, unit ball formed
by {ey. - s}&_,. Thus, from (24), we require HBJ - thjE(Bj; b_;)|li < Avjt;. In practice, our
algorithm builds the model upwards: it will never exclude a feature from the model (i.e., by setting
B; = 0) once it is already included (i.e., Bj # 0 for some previous iteration) so that these two
inequalities will be equivalent.

For 3, # 0, we need to verify the above inclusion directly. If (24) holds, then we must have

1

(k)
— = BW_y
)\thjﬁj

~ (ks S
A CARALL LI
forall k ¢ M(B;), ie., |8\"| # [|B;]lo0, while [[t7'8; — V(8,3 b_;) — t78;]1 = Av; since the
convex hull must be a subset of the boundary of the L; ball of radius Av;. These two conditions are

also sufficient for (24) to hold.

Appendix C. Algorithm Verification

To check the validity of our algorithm, we consider the modeling under L, /L., regularization of
simulated data with i’ = 5, p = 20, n; = 200 and 4 true variables in setting 1.

In Section 3.1, we have seen that the inner loop of the algorithm (the MStweedie-GPG algorithm)
should feature the strict descent property. We can plot the difference in the objective function
(o(Bo, B) — Lo(By, B) and check whether this value is positive for every cycle of the MStweedie-
GPG algorithm. The theoretical solution should always exhibit the descent property where a
numerical solution will possibly violate that check. Figure A1 displays this verification for the current
example. Except minor violations, we can see that this property is satisfied by our implementation.

The KKT conditions are at the heart of minimizing the penalized likelihood ¢(3,, B3) + A\FP.(3).
Along the solution path, the KKT conditions in (18) should always be verified by the theoretical
solution. However, a numerical solution could only approach this analytical value within certain
precision and therefore may fail the KKT check. Thus, we can plot the values of these conditions
for both zero and non-zero estimates and check how far they deviate from their theoretical values.
Figure A2 shows these conditions for every j = 1,..., p along the sequence of \ values. There are
exactly no violations of the condition on excluded variables and the condition on included variables

is never violated by a large value.
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Figure A1: Verification of the descent property in the MStweedie-GPG algorithm with synthetic
data: the difference in objective function is plotted versus the iteration number (representing one
MStweedie-GPG cycle). The vertical dotted lines represent new X values in the solution path.
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Figure A2: Verification of the KKT conditions with synthetic data. The curves in each panel
trace the path of the value ||3;]|1/vj — X for one j. In part (a), we verify the condition on
non-zero estimates, i.e. variables included in the model for a given A\, where we expect the value
to be 0. In part (b), we verify the condition on zero estimates, i.e. variables excluded from the
model, where we expect the value to be below 0.



Appendix D. Convergence of MStweedie-GPG with Line Search

Lemma 2. For each j € {0,1,...,p}, Vil(B;; B_j) is uniformly Lipschitz continuous in the
sublevel set Lo = {(By,B) : f(By,B) < f(0,0)}, where f(B,,3) = €(By, B) + AP.(3). In other

words, there exists M; € (0, 00) such that the inequality
IV,;£(8:b-;) = Vit(B};b)ll2 < M;|8; — Bil2

holds for any B3;, B; and b_; such that (8,,b_;) € Lo and (8}, b_;) € Lo. Moreover, V{(3,, B)
is uniformly Lipschitz continuous with constant M € (0, 00), i.e., for all (B, 3), (B, B') € Lo,

IVE(By, B) — VEBy, B)ll2 < MI[(Bo. B) — (B85, B2

Proof of Lemma 2

Proof. As will be shown in the proof of Theorem 1, the MStweedie-GPG algorithm is descending
along its iterations and we can thus restrict the domain of (3,, 3) to the sublevel set £,. Without
loss of generality, assume not all yZ(k)’s are zero. Define nfk) = ﬁék) + ng)Tﬂ(k), 1=1,...,n, k=

1,..., K. It follows that the set
Co={n=m"1<i<m,1<k<K):(By,B)€ Lo}
is convex compact. Therefore, for all (3,, 3) € Lo, ngk) is bounded by 7,.x, Where

_ (k)
NMmax =  IMax sup |n;"’| < oc.
1<iSn IS (5 Bt

Also, wgk) and yfk) are bounded, respectively, by

k
Wax = max wz( ) and  Ypax = max
1<i<ny,1<k<K 1<i<ng,1<k<K

(k)

Yi

Let

B = w® (o — Dyt g (2 - peC-on).

7 7



Note that Egk) is bounded by

_(k) (p_l)nmax (2_P)"7max —
max su W, | < Whax (Ymax(p — 1)e + (2 —p)e =C.
L (Yamax(p — 1) (2-p) )

Let M; = C max<p<x HX](k) |2. We can see that

o2 )
= Wg(ﬂjv b_;)

_ diag(Xj(’“”[diag(mgk), )XW =1 K)

) Nk

V?E(ﬁj; B—j)

= M;Ig, V(B,;b_;) € Lo.

It follows from the mean-value theorem that V;/(3;; b_ ;) is uniformly Lipschitz continuous on the

sublevel set L. Indeed, the inequality
IV,;£(8;:b-;) = Vi£(B};bj)ll2 < M;|8; — Bl2
holds for any 3;, 3; and b_; satisfying (8;, b_;) € Ly and (85, b_;) € L. Now let

M = max CAmaX(X(k)TX(k)),
1<k<K
where X(®) = (1,,,, X®) and A,y (-) denotes the largest eigenvalue of the enclosed matrix. We

can similarly show that V/(8,,3) is uniformly Lipschitz continuous with constant M for all

(607/6) € 'CO- O

Proof of Theorem 1

Proof. To simplify notation, let b = (8, 3) such that b; = 3,,0 < j < p. Also, let /(b) =
((By,B), h(b) = AP,(B) and f(b) = ¢(b) + h(b). Since h is separable in b, we let h;(b;) =
AP, (b;),0 < j < p. Denote by V{(b) = 0{(b)/0b the gradient of ¢ and by V;{(b) =
9l(b)/db; the groupwise gradient of £. Let V3/(b) = 0*/(b)/(0b;0b, ) be the Hessian matrix of
¢(-) for group j. In Lemma 2, we have shown that V/(-) is uniformly Lipschitz continuous on the
sublevel set L, with constant A/ and V;/(-) is uniformly Lipschitz continuous on the sublevel set

Ly with constant M;, 0 < j < p. Moreover, from (10), it can be shown that o

%

is lower-bounded



in the sublevel set L. First, we have

— 1\3—2p
o > (5= p> w (I > 0) + (2 pem @Iy = 0) > 0

forallbe Loand 1 <17 <ng,1 <k <K.Let

— 1\3-2r
wmin = mln{ <g—> mln w(k) (yl(k)>2—/)’ (2 —_ p)e_(Q_p)nmax}.
—-p i,k: y(k>

(k)

Then we can see that w; ’ > wpin, > 0. Therefore

V?f(b) = diag ( [dlag( ) ) ,E%IZ))]X;IC), kE=1,..., K)

= Wiy diag (||X 12,k =1,. K) .

As long as none of X *)°s columns are zero (otherwise we simply remove that column and the
corresponding group variable), this implies that £(-) is groupwise strongly convex in L.

Let t;“ be the first step size that satisfies (13) when updating group b; in the ( + 1)-st cycle of
MStweedie-GPG. We claim that

)
M.

J

< < by 0< 5 < . (25)

Indeed, recall that in the line search, ¢; starts with ¢.,,,. The search then continues by scaling ¢;

down with the factor § € (0, 1). Therefore, the last inequality holds in (25). Denote

-~ B3.:b_; B3t
Gy (B) = G By b.y) = = P nlPs ~tVil(Byib)) By =B

t tj

By the definition of ), we can see that

UB; ;) < U(b) + Vi(B;;b_y) (8] — B,) + ]HW Bill3

~ T ij 1\ |12
= ((b) — t;V;((B;;b_;) Gy, (b) + 5 1Gr, (D)2

holds for any ¢;. Compared to (13), the above inequality implies that (13) can be satisfied by all
t; € [0, M;"']. Consequently, the first inequality holds in (25). Now let ¢ = 6/(maxo<;<, M;),

we conclude that t;“ € [tmin, tmax) forall j and r.



In the cyclic MStweedie-GPG algorithm, let b” be the update of b after the r-th cycle. For

notational convenience, define the following auxiliary variables

Bt = (bg™, .. bbbl b)) =0, p,

J—=1 Fj Hi+D P

Bt = (bt b b)) =0, p,

For z € RX, let
(z:B5") = (bg™, ..., biFl 2, bl ... b))

J—1“ M54+1

Clearly we have Bj*' = b and B1] = b""!, and we have
r—+1 r. r—+1 r+1 __ r+1. r—+1
BjJr = (bj7B—§ )7 Bjil - (bj+ 7B—§ )

Under the new notation, (13) can be rewritten as

r+1

j+1

t.
(BIH) = (b B < €(B§+1)—t;HVjE(B;“)TGt;H(B;“)—t—jT||Gt§+1(B;+1)||§, (26)

where )
r+1\ — r. pPr+1 b§+ o b;
Gt;+l (Bj ) = Gt;‘_‘—l(b]?Bf.] ) = —tTT
J
Next, we show that for any z € RE,
7j+1
FBFH) < f(2 BT + Gy (BT (0] — 2) — “—[|Gra (B
Let
T T T r r r 1
ng (B;ﬂ) = ng (ij? Bj;l) = K(Bjﬂ) + vjé(BjH)T(ij - bj) + o4l
J
The gradient of {q, is
r+l _pr
Vilo,(B11) = V,U(B}™) + = = Vi(B}™) - Gy (B]™).
J

10

(27)

(28)

+1 2
5+~ by 3

(29)



By subgradient optimality condition, we have
0 € V;lq,(Bji1) + 0h;(bj™),

thus
Gtm(B;“) — vjE(B;“) € ahj(b;“). (30)

Now by convexity of ¢
((z; B"5!) > ((b}; B L) + V(B ™) (z — b)), (31)
and the convexity of i

Wz B =hiz)+ Y hu(bpH D) > b B 4 0k (b5 T (2 — b (32)

0<m<p,m#j

and (13), we have that for any z € R¥

FBI) = f(bIH5 B = (b BT + h(b) T BT
(26) r+1 r—+1 r+1\T r+1 t§+1 r+1\ (12 r+1 r+1
< UBFT) — 5 VUB;T) Gpn (BT + - (|G (BTl + 2(by ™ BT

(31%32) Uz Bil) n ng(Bg—&-l)T(b; —z)— t;+1ij(B;+1)TGt;+1(B§+1)
+ %ana;ﬂ(B;“)n% +hy(2) + Oy () (B —z) 4 Y B (B
0<m<p,m#j
= Uz B + VB (b — z) — VB G (B
+ ?netyl(B;“)H% +hy(@) + (G (BYH) = V,0(B]) (b5 —2)

+ ) b (b))
0<m<p,m#j
= ((z;B"5") + h(z; B7H') + V4B T(b] — b — t;*lvjE(B;“)TGt;H (B;™)
r+1
+ =5 G (BT5 + Gy (BT T (b — b + b} —2)
r—+1
(z:B75!) + Gy (BT (b] — 2) — <Gy (B3

e2)
- J

which proves (28).

11



Now taking z = b’ in (28), we have

r+1 1

FB) = FBIH) = LGy (B = 5o b — b3 2
J

T
which implies that the MStweedie-GPG algorithm is descending. Moreover, we have the descent

property of MStweedie-GPG over the cycles

p

F7) = fF(O) =D [F(B) = FBIID] = (2tmax) b7 = b5, (33)

J=0

Now let X* := {b* € L : f(b*) = minper, f(b)} be the optimal solution set of problem (6)

and define dy+(b) := minp«cx+

b — b*||, to be the minimum distance from b to X*. Let b"™ be
the point in X'* such that |b” — b™||s = dx+(b"). We also have f(b"™) = f* := minper, f(b). By
the mean value theorem, there exists i € [0, 1] and ¢" = ub" ! + (1 — u)b™ such that

g(errl) o g(br*) — (Vg(cr))T(br+1 o br*)
It follows that

FO™) = fr = f(b™) — f(b™)

g(br-‘rl br* + Z br+1 (br*)]

J

I
NE

[V50(¢7)" (0571 = b5 + hy(b; ) — hy(b})]

o,
=l
()

[V (BT (b5 — b7*) + hy(bTh) — hy(b1Y)

<
Il
o

+(V;0(¢") = V;¢(B)) T (b5 —by7)].

12



By convexity of h, we have

V0BT (b = b7 + hy (b — hy(by)

< Vﬂ(B”l)T(bg“ . b;*) - ahj<b§+1)T(b§* - b;jJrl)

(30) r r % r r % T

= VB (b —bl) — (Gt;H(BjH) — V{(B)) (b — b

= —Gyn (B} (b} — by™)

- t;1+1 (b1 = bY)(b* — bl + b) — b*)

< Sl ) (7 ) = [y~ by
< Wﬂlmb;* — b3+ b — by

< 57—l = B3 + 165 — b 3]

Moreover, by the Lipschitz continuity of V/(-) and the Cauchy—Schwarz inequality, we have

(3¢~ v o )

J=

=0

< <Z||w - VB ||2> (an’"*l br*||2>

< (Z M2 - B;+1||g> b7 — b3
(ZWZHM (b5 = bj) + (1 = p) (b} — bj) + b, — b*““”H?)
2(|[b™ = bT[3 + b = b73)

(22:MQIIW+1 b7 |[5 + [b™ — br||2> 2([[b" = b5 + (b = b7[3)

7=0

T T % r 2
<A(p+ )M (b — b3 + [[b™ —b"[|3)".

13



Altogether these imply

p
T * 1 % T r T
L B S AR S R | S
j:O min
F2MpE (B = b+ e (b))

1
<
- 2tmin

+2M/p+ 1) (I = b7 + e (b)),
According to our algorithm,

b’ = arg min (g, (z; B} + hy(2)

zeREK

: T T T 1 A
= argmmﬂ(BjH) + Vjﬁ(BjH)T(z - bj) + ——|z— bj||§ + h;(z).

r+1

By the optimality condition of b;“ in (35), we have

+1 +1 +1 +1. +1
b; = pI"OXt;_»th (b; — t; ijQ (b; ,B; ))

J

14

(34)

(35)



Now let ¢g = min(1, ¢;ax ). It follows from Lemma 4.3 of Kadkhodaie et al. (2014) that

b} — prox;,, (bj — V;£(b"))]|2
< 1
~ max(1,1/t7*)

= min(1 tTH)HbT ProX; 1, (b} — trHV AD) |2

b’ — ProXg, (b} — L”’HV A2

< ¢ollb} — prox,rsy, (b} — 5 V;€(b7)) + b7 — b,
[||ijLl — PIOX;ri1y, (b} — t’““v A2+ ||br+1 bl

< cofl| proxyseny, (b5 — 171V, by By )

= proxpey, (b — #77V0(b7) [ + b5 = bil2]

S 260||b;+1 bT||2 + Cotr—’—l”v 6 (bH—l BT+1) vjf(bT)Hg

29 T s r r
@ 2co||bj+1 — bjll + CothHng(BjH> -

¢t
J
< 3co[[bi T = bl ll2 + cotmax | V(BT — Vi£(b7)||5
< 300Hb§+1 - b§||2 + cotmaXHVﬁ(B;H) — VL(Db)||2

< 3co|[b5 T = bl|ls + Cotmax M| BT — b2,

It follows that

|b” — prox;, (b” — V4(b"))||2 < (3¢o + cotmaxM+/p+ 1)||b" ! —

Note that

K ny ®) 1=y o(2=p)n
o) — (k)) _Yi €

is strongly convex in ) € Cy and m is an affine transformation of (3,, 3), i.e., 771

1
(b = bj) = V;¢(b")2

b"|[2. (36)

o
= 65" +x{"7 8%,

It follows from Zhang et al. (2013) that for any given £ > f* = minpc, f(b), there exists x, € > 0
such that, for all b € £ satisfying f(b) < £ and ||b — prox,, (b — V{(b))|l2 < €, we have

dx-(b) < &l[b — prox, (b — V(b)) |2

15

(37)



From (33), we can see that

T

DB =D < 2t Y [F(B) = f(BH)] = 2t [f(B?) = F(B7H)] < 2tas f(B”) < 00,

=0 i=0

then we must have |b"™ — b"||; — 0 as r — oo. Thus, it follows from (36) that as 7 — oo,
|b" — prox, (b" — V{(b"))||2 — 0, and further by (37), this implies that dy«(b") — 0 as r — 0.
Consequently, from (34) it follows that f(b") — f*, which proves that the MStweedie-GPG
algorithm converges to the global minimum. Let A" = f(b") — f* ¢; = ﬁ + 2M+/p + 1.
By (37) and (34) again, we have for large enough 7,

Ar-i—l _ f(br—H) o f* S Cl[dg(*(br) + HbT+1 _ erg]
< e1?[[b" — prox;,(b” — V(b)) |3 + c1 [ — b3

N

<01I€2(3CO + CotmaxM P + 1)2 + Cl)HbT—H — bTH;
< (e1h2(3¢0 + ColmaxM /D + 1)2 4 1) - 2 f(B7) — f(B"F1)]
= 2 max(c162(3¢o + CotmaxMA/p + 1)* + ¢ ) (A" — A",

A\

This implies that
Co

JANREE q——, 38
— 14+ Co ’ ( )

where ¢y = 2t (c16% (3o + Colmax M/p +1)? + ¢1). Let c3 = ¢3/(1 + ¢3). From (38), we can
see that f(b") approaches f* with linear rate O(c}). By (33) this further implies that {b",r > 0}

converges at least linearly. 0

Appendix E. Numerical Studies on Correlated Responses
Setting 6 — Correlated responses

In this simulation setting, we study the impact of having correlated responses on the performance of
our proposed algorithm. Correlation is introduced using two compounded techniques. We consider a
simultaneous setting, i.e. an observation consists of a vector of features x which is used to predict all
K responses. When the coefficients are similar across tasks, then there will be correlation induced
from the fact that the means p*) = exp (xﬁ(k)> ,k=1,..., K, will be related. If we simply
generate /{ Tweedie variables from these means, then the random variables will be independent,

conditionally on the vector of means. To introduce additional correlation, we consider the following

16



setup inspired from a claim count decomposition suggested by Bermidez and Karlis (2011). We
generate K’ > K independent Tweedie variables with means p(*) = exp (xﬁ(k)), k=1,...,K',
for some choice of coefficients B(k) and produce the responses by taking a linear combination of
these independent Tweedie random variables. In particular, we consider 37(’“), k=1,...,6, the

independent Tweedie random variables generating the K = 3 observed responses as follows:

Y 100101

-
y@l=1o0101 1 0|lY® v yvB® y@ y6G y©
Yy (3)

001011

-

=:A

The correlation depends on the mean of each independent Tweedie, but it is clear there will be
correlation introduced in that way. Indeed, if Y® > 0, then both YV and Y'® will be non-zero.

This construction actually has a real interpretation. Suppose the Y *) represent different aspect
of a car insurance policy (1: personal injury, 2: property damage, 3: third party). Then, the random
variable Y can be seen as the total claim amount that is common to personal injuries and property
damages but without third party damages, while the difference between those aspects is captured by
Y® and Y®, which are independent.

We consider three experiments under this setting. In the first two cases, we set p = 1.5, ¢ = 40
and n®) = 1000 and consider p = 50 features of which only the first 5 are truly generating the
data. Each a:ff) is produced from a standard normal distribution. In the experiment 6A, we consider

equal contribution of the features across the sources so that the Lasso on the full dataset should be

sufficient:
0.2 0.2 0.2 0.8 0.8 0.8
0.2 0.2 0.2 0.8 0.8 0.8
0.2 0.2 0.2 0.8 0.8 0.8
/3(1) 6(2) ﬂ(3) 5(4) 5(5) 5(6) =
0.2 —-0.2 —-0.2 —-0.8 —0.8 —-0.8
—-0.2 —-0.2 —-0.2 —-0.8 —0.8 —-0.8
| 05 05 045 Os5 Og5 Og5 |
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Upon generating 100 replications of the experiment, we obtain the following empirical correlation



(a) Setting 6A: Mean (standard error)

Full Lasso Ind. Lasso Li/Loo a-L1 /Lo L1/L2 a-L1 /Lo

Test dev. 48.13 (0.28)  52.11(0.43) 49.82 (0.33) 48.63 (0.29) 49.85(0.35) 48.32(0.29)
Size 11.47 (0.48)  10.02 (0.35) 6.74 (0.20) 5.54(0.13) 7.40 (0.21) 5.44 (0.10)

Accuracy  87.06 (0.96)  89.92(0.70)  96.52(0.39)  98.92(0.25)  95.20(0.43)  99.08 (0.21)
Precision  50.31(1.82) 55.07(1.67)  78.96(L.77)  9326(1.37)  72.76(1.89) 94.02 (1.23)
Recall 100.00 (0.00)  99.80 (0.20)  100.00 (0.00)  100.00 (0.00)  100.00 (0.00)  99.80 (0.20)

(b) Setting 6A: Mean rank (nb. times best)

Full Lasso Ind. Lasso Ll/Loo a—Ll/Loo Ll/Lg a—Ll/LQ
Test dev. 1.75 (50) 5.89 (0) 4.39 (1) 2.58 (20) 4.28 (0) 2.11(29)
Size 521 (1) 4.83 (3) 2.50 (29) 1.26 (83) 3.20 (21) 1.18 (87)
Accuracy 5.20 (1) 4.84 (3) 2.49 (30) 1.25 (84) 3.19 (22) 1.21 (86)
Precision 5.20 (1) 4.84 (3) 2.49 (30) 1.25 (84) 3.19 (22) 1.18 (87)
Recall 1.00 (100) 1.04 (99) 1.00 (100) 1.00 (100) 1.00 (100) 1.04 (99)

Table Al: Results from Setting 6A with 100 replications. Part (a) shows the mean values of the
statistics and their standard errors in parentheses. Part (b) shows the mean rank across the six
models and, in parentheses, the number of times the model is best.

matrix,

1.00 0.76 0.73
0.76 1.00 0.74],
0.73 0.74 1.00

and the three sources respectively have 73.6%, 74.5% and 74.9% of zeroes.

Since the mean is exponential in the coefficients, we cannot compute the true coefficients
generating the real responses so that it is impossible to produce the L,-loss measure of performance.
However, the selection accuracy measures (accuracy, precision and recall) are still relevant. The
results of training and testing the usual six models are contained in Table A1l. The two adaptive
versions of our algorithm (especially a-L,/L5) achieve test deviance values similar to that of Full
Lasso, but using far less features. The accuracy and precision are therefore much better with a
similar fit to the test data. This suggests that our proposal is quite robust to correlated data and can
actually benefit from it.

In experiment 6B, we consider unequal contribution of the coefficients to the means of the
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independent random variables:

05 05 0 1.5 3.0 1.5
05 0 05 3.0 1.5 1.5
0O 05 05 1.5 1.5 3.0
ﬁ(l) 5(2) 5(3) 5(4) ﬁ(5) 5(6) =
0 0 0 0 -3.0 O

0O 0 0 =30 O 0

045 045 O45 045  Oys 045_

Hence, the Full Lasso should not perform well in this case, but the individual Lasso should be able
to capture the differences between sources. Upon generating 100 replications of the experiment, we

obtain the following empirical correlation matrix,

1.00 0.83 0.21
0.83 1.00 0.48]
0.21 0.48 1.00

and the three sources respectively have 73.0%, 69.3% and 73.3% of zeroes. The results of training
and testing the usual six models are contained in Table A2. We get that all our models systematically
out-performs both the Full Lasso and independent Lasso in term of test deviance. While the
independent Lasso can assign different parameter values in each sources, it does not benefit from the
sharing of information between sources and is thus more prone to over-fit. This is what we observe
through the poor model fit to test data and larger number of variables in the model.

In experiment 6C, rather than considering a linear combination of independent random variables,

we consider a product:

YO Z FOF@O7F6).
y® _ yOFOTe).
v — v 7676

This new construction allows us to compute the true generating coefficients in each task and to

produce the Ls-loss measure of performance. Indeed, we find that they are given by the sub of the
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(a) Setting 6B: Mean (standard error)

Full Lasso Ind. Lasso L1/Loo a-L1 /Lo Li/L2 a-L1 /Lo

Test dev. 39.58 (0.80) 43.13 (1.81)  36.22(0.78)  31.69 (0.53) 36.55(0.86)  31.51 (0.60)
Size 7.48 (0.23) 16.55(0.49)  10.63 (0.37) 5.62(0.13) 10.29 (0.38) 5.57(0.13)

Accuracy  94.80 (0.44)  76.90 (0.98) 88.70 (0.73)  98.72(0.27)  89.34(0.76)  98.74 (0.25)
Precision  71.28 (1.83)  32.72(0.96) 5153 (1.47) 91.96(1.42) 53.85(1.67) 92.23(1.38)
Recall 98.80 (0.48)  100.00 (0.00)  99.80 (0.20)  99.80 (0.20) ~ 99.60 (0.28)  99.40 (0.34)

(b) Setting 6B: Mean rank (nb. times best)

Full Lasso Ind. Lasso L1/Loo a-L1 /Lo Li/L2 a-L1 /Lo
Test dev. 5.10 (0) 5.33 (0) 3.67 (2) 1.67 (39) 3.76 (0) 1.47 (59)
Size 2.79 21) 5.86 (0) 4.21 (0) 1.32 (78) 3.99 (2) 1.25 (82)
Accuracy  2.82 (20) 5.86 (0) 4.20 (0) 1.28 (82) 4.00 (2) 1.25 (82)
Precision 2.82 (20) 5.86 (0) 4.21 (0) 1.29 (81) 4.01 (2) 1.24 (83)
Recall 1.25 (94) 1.00 (100) 1.03 (99) 1.04 (99) 1.06 (98) 1.11 (97)

Table A2: Results from Setting 6B with 100 replications. Part (a) shows the mean values of the
statistics and their standard errors in parentheses. Part (b) shows the mean rank across the six
models and, in parentheses, the number of times the model is best.

coefficients of the independent random variables of the product. For example,
E{Y®} = uOp® 0 = exp {X ([3(1) 489 4 5(6>>} ‘

Hence the true coefficients is the product between the matrix of independent coefficients and the

structure matrix A:

| 1 1 0 1 1 1 | -1 0 0- [ 3 3 2 ]
1 0 1 1 1 1 010 3 2 3
gre ﬁAT _ o -1 -1 -1 -1 =110 0 1 _ -2 -3 -3
0 0 0 0 -1 0 1 10 0 -1 -1
0 0 0 -1 0 0 011 -1 -1 0
015 045 Os5 Os5 045 Og5| |1 O 1] 1045 05 Oy ]

In this setting, pairs of responses are often zero at the same: e.g. YW =0 implies Y") = 0 and

Y = 0. Upon generating 100 replications of the experiment with ¢ = 10, we obtain the following
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(a) Setting 6C: Mean (standard error)

Full Lasso Ind. Lasso Li/Loo a-L1 /Lo L1/L2 a-L1 /Lo

Testdev.  7.44(3.86)  8.10(1.29)  6.13(1.84)  2.99(0.88)  7.11(2.00)  3.45(1.24)
Size 791(031)  17.50 (0.64)  9.97 (0.54)  5.60(0.32)  9.99(0.46)  5.08(0.24)

Accuracy  89.34 (0.51)  72.80(1.16) 86.38(0.92) 94.88(0.50) 86.50 (0.73)  95.80 (0.36)
Precision  54.26 (1.93)  28.55(1.01) 49.90 (2.01) 83.26(2.20) 48.59 (1.90)  86.32 (1.87)
Recall 75.80 (1.49)  89.00 (1.25) 81.60 (1.63)  80.40 (1.63)  82.40 (1.74)  79.80 (1.65)
L2 loss 432(0.08)  5.09(0.10)  432(0.08)  2.86(0.08)  438(0.10)  2.86(0.09)

(b) Setting 6C: Mean rank (nb. times best)

Full Lasso Ind. Lasso Li/Lo a-L1 /Lo L1/L> a-L1/Lo
Testdev.  3.68 (6) 5.39 (1) 4212 1.77 (39) 427 3) 1.68 (49)
Size 3.19 (17) 5.66 (0) 3.84 (9) 1.69 (60) 3.88 (6) 1.42 (68)
Accuracy 3.43(9) 5.68 (0) 3.89 (4) 1.52 (69) 3.84 (5) 1.33(75)
Precision 3.42(13) 5.71 (0) 3.93 (6) 1.54 (70) 3.82(7) 1.29 (77)
Recall 2.95 (36) 1.32 (84) 1.99 (57) 2.16 (54) 1.88 (60) 2.13 (50)
L2 loss 4.05 (0) 5.42 (0) 4.12 (1) 1.60 (54) 4.19 (1) 1.62 (44)

Table A3: Results from Setting 6C with 100 replications. Part (a) shows the mean values of the
statistics and their standard errors in parentheses. Part (b) shows the mean rank across the six
models and, in parentheses, the number of times the model is best.

empirical correlation matrix,

1.00 0.35 0.38
0.35 1.00 041/,
0.38 0.41 1.00

and the three sources all have 92.9% of zeroes. Table A3 contain the results for the six models. All
versions of our algorithm significantly produce better test deviance and the two adaptive versions
clearly beats all other models. Also, the adaptive versions have smaller models and therefore much
improved selection accuracy. Finally, the estimated coefficients by the adaptive algorithms are much

closer to the truth.
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