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In this supplementary material, we prove Lemmas and Theorems and also derive the
asymptotic variance of T3 in Section 3.2 (Dong and Yu|2018).

1. Proofs

Lemma 1. Let (X, %, P) be a probability space. Let 1,(t,w), t € R and w € X, be a sequence of
measure. Let f,, and g, be measurable functions,

Qu={we X: uy(-,w) — u(-,w) set-wisely},

Qp={weX: fu(t,w) — f(t,w) point-wisely in t}, and

Q.={we X: gy(t,w) — g(t,w) point-wisely in t}.
IfP(QanQpN Q) = 1,1l < gn, and [ gndpn == [ gdu < oo, then [ fudp, = [ fdu.
Proof. LetQ =Q,nQpNQ, then P(Q) = 1. For each w € Q, u,(-,w) — u(-,w) set-wisely,
fn(t,w) — f(t,w) point-wisely in t, and f,(t,w) — f(t,w) point-wisely in t. Since |f,| < g, and
[ gndun 2> [ gdu < oo, by the General Convergence Theorem (R1988), lim [ f;,(t,w)du, (t,w) =
[ flt,w)du(t,w). SinceP(Q) =1, [ fudp, == [ fdu.

Remark 2. Let Qg be the event thatl:“yyz(t,z) = %2?21 1(Y; < t,Z<2z) — Fy z(t,2). Let Q; be the
event that Fy (t) = %Z?:I 1(Y; < t) — Fy(t). Then, by the strong law of large number (SLLN),
P(Qo) =1 andP(Q;) = 1.

Proof of Lemma 8 (Dong and Yu 2018). We first prove Statement 1. Notice that the proof for the
Normal GLM is proved in Remark 9 (Dong and Yu|2018). Let Z(f, ¢) and ,9,, (B,¢,Y) be defined
as in (10) (Dong and Yu 2018).

By the SLLN and assumption (C6), Z,(B,$) — Z(B,¢) almost surely for each (B,¢) €
RPFL, By assumption (C1), B = {(fBo, Po) : (Bo,Po) = argsupg Z£(0,¢)} is a singleton set, thus
(Bo, o) = argsup gepp per £ (0, ) is uniquely determined. B, Pn) = (B, p) = arg SUPerp, peR LB, d)



\S)

yields £ o, Po) = ZL(B,¢) and Z,,(B,P) = Z,(B, ) for any (B,$) € RP*L. Since L, (B, ) =
Zn(Bo, o),

lim Z,(B,$) = lim Z,(Bo, po) = L (Bo,Po) as. 1)

n—oo n—oo

For each w in Q( (see Remark , let (B*,¢*) be a limiting point of (B, $) such that

there exists a subsequence (ﬁnl,(f)nl)(w) converges to (f*,¢"*), that is, (ﬁnl,cf)nl)(w) — (B*,¢").

Let fu(Bui(©), $ui(@)) = fulw) = LD DABADD) oy () and f(B*,¢°) = f(0) =

Yh((ﬁ*)zl(zp—*l)c((ﬁ*)TZ) +c(Y,¢*). Then f,(w) — f(w). We shall show that 3 a function g,,(B; (@), P (@) =

gn(w) such that

@) | fn(@)| < gn(w), (b) gn(w) — g(w), and (c) [ gn(W)dFyz(t,z) — [ gw)dFyz(t,z) <oo, (2)

then by Lemmall} [ f,(w)dFy z(t,2) — [ f(@)dFyz(t,2), thatis, Z(Bni (@), ppi (@) — L (B*,¢*).
since lim 2, (B (@), gni (@) 2 lim Z, (), p@)) = L (o, po), we have L (B* (), ¢* () =
Z(Po,Po). Then Z(f* (w),p* (wgl;:off(ﬁo,¢o) which implies (B (w),¢* (@) = (Bo,Po) as Bis a
singleton set. Since every convergent subsequence of (B(w), $(w)) converges to (Bo, ¢o) for all
w € Q; (see Remark and P(Q;) = 1, we have (ﬁ,cf)) as, (Bo, Po).

We now prove the existence of g, (w) satisfying (2) and under the Poisson, Binomial and
Gamma with their canonical link functions separately as there is no unified proof.
Poisson GLMs. In the Poisson GLM with mean pu, ¢ =1, a(¢) =1, 0 = Inu, b(0) = exp(0)
and c(y,¢) = —Iny!. The canonical link function is g(¢) = Int. Then f,(w) = Y(Bnl(w) Tz —
exp(Bni()TZ) —InY!. Under assumptions (C2) and (C4), B,,;(w) is bounded and Z is bounded.
It follows that ||f,;(w)"Z|| < K. Then |f,(w)| < K|Y|+eX +InY! = g, = g, then g, — g and
[ gnw)dFyz(t,z) — [ gw)dFyz(t,z) = KE[|Y|] + eX + E[InY!] < co by the assumption that all
expectations exist (see (C6)).
Binomial GLMs. In the Binomial GLM, Binom(m, u;)/m, ¢ =1, a(¢p) =1/m, 6 = lnﬁ, b0) =
—In(1 +exp(0)) and c(y,¢p) = In(," y). The canonical link function is g(t) = In7=. Let f,(w) =
[Y (Bri(@)TZ) —In(1 + exp(B (@) Z)1m + In(,",). By assumptions (C2) and (C4), we can assume

that ||, (w)TZ|| < K, and then |f,(w)| < [K]Y|+In(1 + eK)]m+ln(nTY) =gn=g. Then g, —



g and [gu(w)dFyz(t,z) — [ g(w)dFyz(t,z) = [KE[|Y|] +In(1 + eX)Im + Elln(,)] < oo, as all
expectations exist due to the fact that Y and m are bounded under the binomial distribution.
Gamma GLMs. In the Gamma GLM, Gammal(a, p/a), ¢ = a, a(p) =1/¢,0 = -1/, b(0) = —In(-0)
and c(y,¢) = —InI'(a) + (¢ — 1)Iny + alna. The canonical link function is g(#) = —1/t. Let f,(w) =
alY (Bni(@)TZ) +In(— (B (@) TZ))]—InT'(a) + (@—1)InY +alna. Since B,,;(w)TZ is bounded above
and bounded below by assumption (C5), there exists some M; and M, such that | ﬁ (@ TZ)| < My
and |ln(—([§nl(a)) TZN1| < M>. Thus |fr@)| <aM|Y|+ M, —Inl'(a)+|a—1|InY|+alha=g,=g,
gn— g and f gn (w)dl:"y,z(t, zZ) — f g(w)dFyz(t,z) < oo by the assumption that all expectations
exist.

Proof of Statement 2. Let w € Q; (see Remark ), f, = f = 1(Y < 1) f(Y, B,$lz), then |f,| <
fY,B,¢lz) = g, = g. Since fgdﬁy(a)) =1<o0, by Lemma since P(Q7) =1, ﬁy*|z(t;ﬁ,(plz) =
[ fndFy(w)— [ fdFy = Fy«z(t; B, ¢|z) almost surely.

Proof of Statement 3. Let Q, be the event that (8,$) — (B, ), then by Proof of Statement
1, P(Q) = 1. Notice that Fy+z(t; B,l2) = L ¥ 1(Y; < 0) fy+z(Vi; B,pl2). Let w € Q1 N Qy, let
frnl@) =1(Y < t)fy*|Z(Y;ﬁ,<f>|z)(a)) and f =1(Y < 1) fy+z(Y; B, ¢|z). By the similar argument as in
the Proof of Statement 1, there exists g,,(w) such that | f,,(w)| < g,(®), gn(w) — g and [ gdFy < oco.

Since fy* iz(Y; B, $)(w) is a continuous function of (B, §) (w) and we've shown that (B, ) (w) —
(Bo, Po), then fy*|Z(Y;ﬁ,(Z)|z) (w) converges to fy«z(Y;p,¢lz) and f, — f. By Lemma since
P(Q1Nn Q) =1, Fyez(5; B, plz) == Fy+z(t; B, Pl2).

Proof of Theorem 10 in Dong and Yu (Dong and Yu 2018).

Let Fz(s) = P(Z < s) be the CDF of Z, let Fy(s) = %Z?zl 1(Z; < s) be the empirical CDE and
let Q3 be the event such that E;(s) — Fyz(s), then by the SLLN, P(Q3) = 1. Let w € Q; N Q2N Q3,
where Q; is as defined in Proof of Lemma 8 in Dong and Yu (Dong and Yu 2018).

To prove (11) in Dong and Yu (Dong and Yu 2018), let f,(w) = ﬁy*|Z(Y;ﬁ,cp|Z) (w) and
f = Fy+~z(Y;B,$|Z), by Lemma 8, f,(w) — f. Since |f,| < g, =g =1and fngZ =1, then by
Lemma 8 in Dong and Yu (Dong and Yu2018), [ f,,(w)dFz(w) — [ fdFz. Since P(Q1nQxNQ3) =1,
(11) in Dong and Yu (Dong and Yu 2018) follows.

To prove (12) in Dong and Yu (Dong and Yu |2018), let f,(w) = Fy*|Z(Y;ﬁ,<Z>|Z) (w) and
f = Fy+z(Y; B,¢|Z), by Lemma 8 in Dong and Yu (Dong and Yu 2018), f,,(w) — f. Since | f;| <



gn=g=1and [ gdFz = 1,thenby Lemmall] [ f,(@)dEz(w) — [ fdFz. Since P(Q1n QN Q3) =1,
(12) in Dong and Yu (Dong and Yu 2018) follows.

The convergence in (13) follows (12) and Theorem 5 in Dong and Yu (Dong and Yu|2018).
2. Asymptotic Variance of 7> (Dong and Yu 2018)

LetY;e{Miy<My<..<My},i=1,..,n.

T = [IEW - F*(0ldE@) =Xk By f) -5 B f (M)

When Y is discrete (as in Binomial or Poisson model):

k
V[T, \/[ZF(MZ)f(M, +WZ (M;) f (M;)]
_]_ :

k A k
—2@@\/[2 F(M;) f(M;), Z (M) f(M))]

=Y Y COVIEM) f(My), E(M)) f(M;)] (=V1)
i=1j=1

n n

+Y > COVIE* (M) f(M), F*(Mp f (M)l (=Va)
]:

1
—23" Y COVIF(M) f (M), E* (M) f(Mp]  (=V3)
i=1j=1

—

l:

Estimate V.

Let £; = F(M;) and F; = E(M;), then f(M;) = F; — F;_y and f(M)) = F; - Fj_,.

COVIF(M) f(My), F(M)) f(M))]
= COVIF(M;)(F; — Fi_1), E(Mj) (Fj - Ej_1)]

= COV[F? F?] -COVIF;F;_,, F2) = COV[F? F;F;_1 + COV[F;F;_y, F;F;_1]
i’"j J i’tJ ]+



Each term can be estimated as follows.

COVIE}, F71 = EIF] E§] - EIF]IE(F?)

Ao A 12 12
ELEPFSI = EI(— 3 1Y < M)*(— ) 1(Y; < M)’

Mi=1 I=1
1 n n n n
:FZPX_: Z ZP(YkSMi’YPSMi;YlSMj,YqSMj)
1
= — [(F; F]2 4min(F;, F;) Fi Fj +Fl.2Fj)n(n— 1)(n—2) + (2min(F;, Fj) F;
n

+2min(F;, Fj)Fj)n(n—1) + nmin(F;, F) + F; F;n(n—1)(n-2)(n - 3)
+ (F;F; +2min(F;, F)*)n(n—1)]

N 1 &2
E[E7] =E[(— Y 1(Vk < M)
n =1

1 non
:_ZZZ”:D(Yk<M1le<M1)

1 2
= —z[nFi +n(n—-1F;]
n

E[F2) = fE[(— S 1(Ye < M)y

k=1

n n
Z ZP(Yk<M,,Yz<M,)

[nFj+n(n—1)F;]

»—l:N| — :N| [

a:c[p\/[ﬁf,ﬁ]?]~ [FiF? + 4min(F;, F)FiFj + EPFpn(n—1)(n - 2) + @min(F;, F)F;
+2min(F;, F)Fp)n(n—1) + nmin(f;, F)) + FY F2n(n—1)(n-2)(n - 3)

+ (FiFj +2min(E;, EpYyn(n—1) = (nE; + n(n = DF) (nEj + n(n—DED)]



COVIFiFi, Fj) = [E[Fiﬁi_lﬁﬁ —ELFi Fiy JELF])

ELE Fio1 F71 = E Zl(Yk<Ml)—Zl(Yz<M, ﬂ(—Zl(Yp M;)))?]
= N p=

1 n n n n
:_42 Y3 Y PYVk=M;, Y <M;,Y,<M;, Y, <M,
k=1l=1p=1¢g=1

1
= —4[(1:"1'_11:'2 + 2min(Fi,Fj)Fi_1Fj + 2min(Fi_1,Fj)Fl~Fj + FiFi_le)

n J
n(n—1)(n—2)+ 2min(F;_1, F))Fj + min(F;, F;) F;_, + min(F;_,, F;)F})
n(n—1)+min(F;_1, Fj)n+ F,-Fi_lF]gn(n -1(n-2)(n—-3)+

(2min(F;_, Fj) min(F;, Fj)+ min(F;_q, Fij)Fj)n(n—1)]

A 1 n n
FIE F;_ :ﬁZ;P(YksM,-,YlsMi_l)
1

=3 [nmin(F;—y, F;) + n(n—1)F;Fi1]

. 1
ELES] = E( ;I(Yk<M)) ]

n n
Z Z P(Yx < M;,Y; < Mj)

1
n f
1 2
E[nFj+n(n—1)Fj]
q:cU)\/[F,-Fi_l,F]?]~ [(F;_ 1F2+2m1n(F,,F)F, 1Fi+2min(Fi_y, Ej)FiF; + FFi F))
n(n-1)(n-2)+ @min(F;_1, F)Fj + min(F;, F) F;_y + min(F;_,, F) F))
n(n—1 +min(f;_y, Fn+FiFi 1 Fin(n-1)(n-2)(n-3)+
(2 min(l:“,-_l,l:"j) min(l:“,-,l:“j) + min(l:"i_l,ﬁi)ﬁj)n(n -1)-

(nmin(EF;_;, F) + n(n— 1)ﬁipi—1)(nﬁj +n(n- Dﬁ?)]



COV(F;Ej_1,F7) = % [(Ej—1 E? +2min(E}, F) Fj_1 F; + 2min(Ej_y, F)EjF; + F;Ej_1 Ey)
n(n—-1(n-2)+@min(F;_1, E)E; + min(E}, F) Fj_y + min(Fj_1, F) F;)
n(n-1) +min(E;_y, Eyn+ EjF;_ Ffn(n—1)(n-2)(n—3)+
min(F;_y, F) min(F}, F;) + min(Ej_, Fj)) F)n(n—1)

_ (nmln(ﬁ]_l’p]) +nn- l)ﬁ]ﬁ]_l)(nﬁ, +n(n— l)ﬁlz)]



COVIE; iy, FiFj_y) = ELE; Froy FyFyo) — ELE; By JELES Fyy)

A A 1 n n n n
ElFiFi1FjFj1l = — Z YN POYVk=sM;, Y <Mi,Y,<M;,Y;< M)
k=1 zlpzlq:l

= %[n(n - 1)(n—-2)(Fj—1FjFj—1 + min(F;, Fj)F;1 Fj_1 +

min(F;, Fj_1)F;1 Fj + min(F;_1, Fj)FiFj_1 + min(F; 1, Fj ) F; Fj+
Fj_1FiF;_1)+n(n-1)(min(F;-1, Fj)Fj-1 + min(F;—y, Fj-1) Fj+
min(F]-_l,Fl-)Fi_l + min(Fi_l,F]-_l)Fi) + nmin(Fi_l,Fj_1)+
nn-1)(n-2)(n-3)F;F;1FjFj1+nn-1)(Fi-1Fj_1+
min(F,-,F-) min(F,-_l,Fj_l) +min(F;, Fj—1) min(F;_1, F}))]

Z Z P(Ye < M;, Y) < M;_y)

— [nmin(F;_y, F;) + n(n—1)F; F; ]

A 1 n n
E[FjFjal=—= ) > P(Yi<M;,Y;< M)

COVI[F;E;_y, FEj 1= —ln(n-1)n- 2)(FiyFjFi_y +min(F;, E)F_ Fioy+

Estimate V5.

Let ﬁ’f

min(F;, F;_1)Fi_1 Fj + min(F;_y, F)) F; F;_y + min(F;_1, Fj_) Fi Fj+
EFi FiFio) + n(n—D(min(F;_y, F) Fj_; + min(Fi_q, Fj_1) Fj+
min(ﬁj_l,ﬁi)l:}_l + min(ﬁi_l,ﬁj_l)ﬁi) + nmin(ﬁi_l,ﬁj_1)+
nn-1)n-2)(n-3)EFFiFioy + nin—1D)(E Fioy+
min(£;, F;) min(F;_1, F;_1) + min(F;, F;_1) min(F;_1, F)))

— (nmin(F;_1, F)) + n(n— D F;F;_1)(nmin(Fj_1, Fj) + n(n— D F;Fj_y)]

= F*(M;) and ﬁ]’f = F* (M), then f(M;) = E; - F;_y and f(M)) = F; - F;_,.



COVIE* (M) f (My), F* (M) f (M])]
= COV[E™ (M) (F; — Fi_y), E* (M) (Fj — Fj_)]

= COVIF] Fy, F} Fj) —COVIE] Fiy, Ff Fj) = COVIF] Fy, F} Fj-1] + COVIE] iy, B Ejy)
Each term can be estimated as follows.

NP 1 & 1 &
COVI(ED, (F})*] = COVI(¢ Z F* (M1 (M = M) (- Zl 1(Mg < M),
p=1 q=

1 k 1Kk
< Z (M) 1My < M) (- Y 1M < M)
m=1 =1
1 k k Lk k R
= Zl qu lezlw\/[f*(M,,)l(Mp < M;, M, < M),
p=1g=1m=1]|=

F* (M) 1 (M < My, My < M)

LetZ; € {Wy, ..., Wi}, i=1,...n. Let p; = f; (W;) =L ¥ 1(Z; =W}). Then

1 kk

COV[f*(Mp)1(M, < M;, My < My), f* (Mp)1(My, < Mj, Mj < M)]

1 kk kk .
=5 L Y, COVIF* (MpIWi) pul (M < My, My < M),

u=1v=1

(MW pul (M, < Mj, M < M))]

Each term can be estimated as follows.
LetZ = COV[B] pxp, andlet g1 (B) = f* (M, |W,) p, 1 (M), < Mi, My < My), 82(B) = f* (M|W,) py1(Myy, <
M;j,M; < Mp) and g(p) = (g1(B), &2(P) " Let vg = (5581 (B), 3582(B) ", then

COVIf* (Mp|Wy) pul (M, < Mi, Mg < M;), f* (Mn|W,) py 1 (My, < Mj, My < M;)]

~[vg'= v &h,2
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Example 2.1. If one wants to test Hy : the data set is from a Poisson GLM with identity link

(uy = B*2), then

e P Wu(BTW,)Mr 1(M), < M;, M, < M)

g1(p) = M,
e P Wo (BTW,)Mn1(M,, < Mj, M; < M)
g (p) =
M,

0 —g1(p) = —[(— W (BT W )M W, + B W, (BT W) M1 (M, < M;, My < M)
op M,,
d
aﬁgz(ﬁ)—m[( e B Wo (BT W) M W, + e B Wo M, (BT W,) M) 1M, < M, M) < M))]

A 1 &, 1 &
COVIF] Fi-y, Fj Fj] = COV[-- Zlf (Mp)L(Mp = M) 7 Zl 1(Mg < M;_y),
p= q=

1
k
k k k k R
=52 2 2 > COVIf* (Mp)1(My < M, Mg < Mj-y),

F* (M) 1My, < Mj, M; < M})]

Then

COVI[f*(Mp)1(M), < Mj, My < Mi_1), f* (M) 1(Mp, < Mj, M; < M})]
1 kk kk
— Y Y COV[f* (MpW,) pul (M < Mi, Mg < M;_y),
kk u=1lv=1

F* (MW pul (M, < M;j,M; < M;)]

Each term can be estimated using delta method as in the first term.



o oy 1 k 1 k
COVI[F] Fi—y, Fj Fj-1]1 = COV| [ Z [ (M) 1 (M), < M)+ Y 1My <My,
: q:l
1 k 1 k
7 (M) 1 (M < Mi)2- ) 1(M; < Mjj-1)]
m:l =1
1 k k Kk k )
=22 2 2 2 COVIf"(Mp)1(M), < M;, My < M;_1),
k p=lg=1m=1][=1

Fr M) LMy, < Mj, My < Mjy)]
Then

COVIf* (Mp)1(M) < My, Mg < M;—1), f* (M) LMy, < Mj, M < Mjj1)]

1 kk kk N
=7 2, ), COVIf™ (MpIWi) pul (M < M, My < M;-1),

u=1v=1

(MW pyl (M, < Mj, M < Mj_1)]

Each term can be estimated using delta method as in the first term.

11



Estimate V3.

k R k R . k k . . . .
COVIY F(M)f(My), Y F* (M) f(Mp] =) Y COVIEM,) f (M), E* (M) f(M])]

i=1 i=1 i=1j=1

COVI[F(M;) f (M), E* (M) f (M)
= C@\/[ﬁi(pi - ﬁi_l),ﬁ; (ﬁ] - ﬁj—l)]

= COVI[F}, F; Fj] - COVIF;Fi_y, F} Fj] - COVIE}, F} Fj 1] + COVIE; By BT Ejy)

Each term can be estimated as follows.

COVIE}, F;Fjl = Z C@\/[Fz,fpl(Mp M) Ej]
P

@\/[ﬁ,?, f*(Mp|Z,) pul (M), < M)E]

||[\’]”

ww

COVI[F?, f*(Mp|Z,) pu 1 (M, < Mj)Ejl = [vg 2 v gli2

12

where g (F;, Fj, p) = F? and g (F, E}, B) = f* (Mpl|Z,) pul (M), < M) Ej, g(Fi, Ej, ) = (81,827

and
[ 5 p) d
~ 35 81 a_ﬁjgl a_ﬁgl
VE=1 , p) )
_a_ﬁ,-gz a_ﬁjgz a—ﬁgz
2F; 0 01p
0 [ (MplZu)pud(Mp< Mj) 5 f* (MplZW)pul (M < M) F
s COVI[E;, Fjlax2 02 p
0p><2 (I:(D\/[ﬁ]pxp



13

COVIE;Ei-y, F; @\/[ﬁiﬁi_l, 1M, < MpE))

»w

kk
Z COV[F;Fi_1, f* (Mp|Z,) pul (Mp < Mj)F;]

mw

COVIE Fioy, f* (MplZy) pud (M < M) Ej) = Vg 2 v gl12

where g (F, Ei_1, Fj, B) = F;F;_y and g2 (Ey, Fi—1, Ej, B) = f*(Mp|Z,) pu 1 (M, < M)E;, g(Fi, Fj, ) =

(g1,82) " and

[ o 0, 0
aﬁi 81 aﬁi_l 81 013"]- 81 aﬁ 81

V&

i) 9
57,82 37,82 6_1:~jg2 2582
Fiy1 F; 0 01xp

A

0 0 f*"(MplZy)pul(My<M;) a% F*(MplZ,) pud (M), < M) F;

C@\/[ﬁi,ﬁi-bﬁj]?)x?) 03xp
0p><3 C@\/[ﬂ]PXP

o 1 & no A R
COVIE} FiFj] = - Y COVIF?, f 1My < Mj)EFj ]
p=1

1 k kk ) Ay A
:EZZ (U)\/[Fiz!f (Mp|Zu)]9u1(MpSMj)Fj_1]

COVIEZ, * (MplZ) pud (M < M) Fi1] = Vg 2 v gli2
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where g1 (F;, Fj_1, B) = F? and go(F;, Fj—1, B) = f* (Mp|Z) pul (M, < M Ej 1, g(Fi, Ej, B) = (g1,82) T

and

[ 5 p) a
B aF, 81 aﬁj_1g1 a—ﬁgl

vE= s s

_a—ﬁigz mgz a—ﬁgz

Zﬁi 0 lep

0 f*(MplZ)pul(My, < M)) a% Fr(MylZ) pul (M, < M)F;_,

. COVIE;, Fioilaxz  Oaxp
0p><2 CG)V[ﬁ]pxp
1 oA, R
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When Y is continuous (as in Normal or Gamma model):

T = [IEM-F*0)dF() =+ X F(M) -~ X0 F* (M) =22 — 231 F* (M)

k k
n*V[T] =Y Y COVIF* (M), F*(M;)]
i=1j=1

ok ok k 1 k Pk
COVIES, F{1=COV[- Z p)l(MpsM,-),E Y [ (M) 1 (M, < M))]
p: m=1

1 k &
:—ZZ Z COVI[f*(Mp)1(My, < My), f* (M) 1(Mp, < M;)]

COV[f*(Mp)1(Mp < M), f* (M) 1(Mp, < M)

kk kk
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~ kk

C@\/[f*(Mplwu)pul(Mp < M,-),f*(MmIWy)pvl(Mm < M;/)] can be estimated using delta method

as in the discrete case.
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