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In this supplementary material, we prove Lemmas and Theorems and also derive the

asymptotic variance of T2 in Section 3.2 (Dong and Yu 2018).

1. Proofs

Lemma 1. Let (X ,F ,P ) be a probability space. Let µn(t ,ω), t ∈ R and ω ∈ X , be a sequence of

measure. Let fn and gn be measurable functions,

Ωa = {ω ∈ X : µn(·,ω) →µ(·,ω) set-wisely },

Ωb = {ω ∈ X : fn(t ,ω) → f (t ,ω) point-wisely in t }, and

Ωc = {ω ∈ X : gn(t ,ω) → g (t ,ω) point-wisely in t }.

If P (Ωa ∩Ωb ∩Ωc ) = 1, | fn | ≤ gn , and
∫

gndµn
a.s.−−→ ∫

g dµ<∞, then
∫

fndµn
a.s.−−→ ∫

f dµ.

Proof. Let Ω = Ωa ∩Ωb ∩Ωc , then P (Ω) = 1. For each ω ∈ Ω, µn(·,ω) → µ(·,ω) set-wisely,

fn(t ,ω) → f (t ,ω) point-wisely in t, and fn(t ,ω) → f (t ,ω) point-wisely in t. Since | fn | ≤ gn and∫
gndµn

a.s.−−→ ∫
g dµ<∞, by the General Convergence Theorem (R1988), lim

∫
fn(t ,ω)dµn(t ,ω) =∫

f (t ,ω)dµ(t ,ω). Since P (Ω) = 1,
∫

fndµn
a.s.−−→ ∫

f dµ.

Remark 2. Let Ω0 be the event that F̂Y ,Z(t ,z) = 1
n

∑n
i=1 1(Yi ≤ t ,Z ≤ z) → FY ,Z(t ,z). Let Ω1 be the

event that F̂Y (t) = 1
n

∑n
i=1 1(Yi ≤ t) → FY (t). Then, by the strong law of large number (SLLN),

P(Ω0) = 1 and P(Ω1) = 1.

Proof of Lemma 8 (Dong and Yu 2018). We first prove Statement 1. Notice that the proof for the

Normal GLM is proved in Remark 9 (Dong and Yu 2018). Let L (β,φ) and L̃n(β,φ,Y) be defined

as in (10) (Dong and Yu 2018).

By the SLLN and assumption (C6), L̃n(β,φ) → L (β,φ) almost surely for each (β,φ) ∈
Rp+1. By assumption (C1), B = {(β0,φ0) : (β0,φ0) = argsupβ,φL (θ,φ)} is a singleton set, thus

(β0,φ0) = argsupβ∈Rp ,φ∈RL (θ,φ) is uniquely determined. (β̂n , φ̂n) = (β̂, φ̂) = argsupβ∈Rp ,φ∈R L̃n(β,φ)
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yields L(β0,φ0) ≥ L (β,φ) and L̃n(β̂, φ̂) ≥ L̃n(β,φ) for any (β,φ) ∈ Rp+1. Since L̃n(β̂, φ̂) ≥
L̃n(β0,φ0),

lim
n→∞

L̃n(β̂, φ̂) ≥ lim
n→∞

L̃n(β0,φ0) =L (β0,φ0) a.s. (1)

For each ω in Ω0 (see Remark 2), let (β∗,φ∗) be a limiting point of (β̂, φ̂) such that

there exists a subsequence (β̂nl , φ̂nl )(ω) converges to (β∗,φ∗), that is, (β̂nl , φ̂nl )(ω) → (β∗,φ∗).

Let fn(β̂nl (ω), φ̂nl (ω)) = fn(ω) = Y h(βnl (ω)T Z)−k(βnl (ω)T Z)
a(φnl (ω)) + c(Y ,φnl (ω)) and f (β∗,φ∗) = f (ω) =

Y h((β∗)T Z)−k((β∗)T Z)
a(φ∗) +c(Y ,φ∗). Then fn(ω) → f (ω). We shall show that ∃ a function gn(β̂nl (ω), φ̂nl (ω)) =

gn(ω) such that

(a) | fn(ω)| ≤ gn(ω), (b) gn(ω) → g (ω), and (c)
∫

gn(ω)dF̂Y ,Z(t ,z) → ∫
g (ω)dFY ,Z(t ,z) <∞, (2)

then by Lemma 1,
∫

fn(ω)dF̂Y ,Z(t ,z) → ∫
f (ω)dFY ,Z(t ,z), that is, L̃n(β̂nl (ω), φ̂nl (ω)) →L (β∗,φ∗).

Since limL̃n(β̂nl (ω), φ̂nl (ω)) ≥ lim
n→∞

L̃n(β̂(ω), φ̂(ω)) ≥ L (β0,φ0), we have L (β∗(ω),φ∗(ω)) ≥
L (β0,φ0). Then L (β∗(ω),φ∗(ω)) =L (β0,φ0) which implies (β∗(ω),φ∗(ω)) = (β0,φ0) as B is a

singleton set. Since every convergent subsequence of (β̂(ω), φ̂(ω)) converges to (β0,φ0) for all

ω ∈Ω1 (see Remark 2) and P(Ω1) = 1, we have (β̂, φ̂)
a.s.−−→ (β0,φ0).

We now prove the existence of gn(ω) satisfying (2) and under the Poisson, Binomial and

Gamma with their canonical link functions separately as there is no unified proof.

Poisson GLMs. In the Poisson GLM with mean µ, φ = 1, a(φ) = 1, θ = lnµ, b(θ) = exp(θ)

and c(y,φ) = −lny !. The canonical link function is g (t) = lnt . Then fn(ω) = Y (β̂nl (ω)T Z)−
exp(β̂nl (ω)T Z)− lnY !. Under assumptions (C2) and (C4), β̂nl (ω) is bounded and Z is bounded.

It follows that ||β̂nl (ω)T Z|| ≤ K . Then | fn(ω)| ≤ K |Y | + eK + lnY ! = gn = g , then gn → g and∫
gn(ω)dF̂Y ,Z(t ,z) → ∫

g (ω)dFY ,Z(t ,z) = KE[|Y |]+ eK +E[lnY !] <∞ by the assumption that all

expectations exist (see (C6)).

Binomial GLMs. In the Binomial GLM, Binom(m,µi )/m, φ = 1, a(φ) = 1/m, θ = ln µ
1−µ , b(θ) =

−ln(1+ exp(θ)) and c(y,φ) = ln
( m

my

)
. The canonical link function is g(t) = ln t

1−t . Let fn(ω) =
[Y (β̂nl (ω)T Z)− ln(1+exp(β̂nl (ω)T Z))]m+ ln

( m
mY

)
. By assumptions (C2) and (C4), we can assume

that ||β̂nl (ω)T Z|| ≤ K , and then | fn(ω)| ≤ [K |Y | + ln(1+ eK )]m + ln
( m

mY

) = gn = g . Then gn →
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g and
∫

gn(ω)dF̂Y ,Z(t ,z) → ∫
g (ω)dFY ,Z(t ,z) = [KE[|Y |]+ ln(1+ eK )]m + E[ln

( m
mY

)
] < ∞, as all

expectations exist due to the fact that Y and m are bounded under the binomial distribution.

Gamma GLMs. In the Gamma GLM, Gamma(α,µ/α),φ=α, a(φ) = 1/φ, θ =−1/µ, b(θ) =−ln(−θ)

and c(y,φ) =−lnΓ(α)+ (α−1)lny +αlnα. The canonical link function is g (t ) =−1/t . Let fn(ω) =
α[Y (β̂nl (ω)T Z)+ln(−(β̂nl (ω)T Z))]−lnΓ(α)+(α−1)lnY +αlnα. Since β̂nl (ω)T Z is bounded above

and bounded below by assumption (C5), there exists some M1 and M2 such that |β̂nl (ω)T Z)| < M1

and |ln(−(β̂nl (ω)T Z))]| < M2. Thus | fn(ω)| ≤αM1|Y |+M2− lnΓ(α)+|α−1||lnY |+αlnα= gn = g ,

gn → g and
∫

gn(ω)dF̂Y ,Z(t ,z) → ∫
g (ω)dFY ,Z(t ,z) <∞ by the assumption that all expectations

exist.

Proof of Statement 2. Let ω ∈ Ω1 (see Remark 2), fn = f = 1(Y ≤ t) f (Y ,β,φ|z), then | fn | ≤
f (Y ,β,φ|z) = gn = g . Since

∫
g dF̂Y (ω) = 1 <∞, by Lemma 1, since P(Ω1) = 1, F̂Y ∗|Z(t ;β,φ|z) =∫

fndF̂Y (ω) → ∫
f dFY = FY ∗|Z(t ;β,φ|z) almost surely.

Proof of Statement 3. Let Ω2 be the event that (β̂, φ̂) → (β,φ), then by Proof of Statement

1, P(Ω2) = 1. Notice that F̂Y ∗|Z(t ; β̂, φ̂|z) = 1
n

∑n
i=1 1(Yi ≤ t) f̂Y ∗|Z(Yi ; β̂, φ̂|z). Let ω ∈Ω1 ∩Ω2, let

fn(ω) = 1(Y ≤ t ) f̂Y ∗|Z(Y ; β̂, φ̂|z)(ω) and f = 1(Y ≤ t ) fY ∗|Z(Y ;β,φ|z). By the similar argument as in

the Proof of Statement 1, there exists gn(ω) such that | fn(ω)| ≤ gn(ω), gn(ω) → g and
∫

g dF̂Y <∞.

Since f̂Y ∗|Z(Y ; β̂, φ̂)(ω) is a continuous function of (β̂, φ̂)(ω) and we’ve shown that (β̂, φ̂)(ω) →
(β0,φ0), then f̂Y ∗|Z(Y ; β̂, φ̂|z)(ω) converges to fY ∗|Z(Y ;β,φ|z) and fn → f . By Lemma 1, since

P(Ω1 ∩Ω2) = 1, F̂Y ∗|Z(t ; β̂, φ̂|z)
a.s.−−→ FY ∗|Z(t ;β,φ|z).

Proof of Theorem 10 in Dong and Yu (Dong and Yu 2018).

Let FZ(s) =P(Z ≤ s) be the CDF of Z, let F̂Z(s) = 1
n

∑n
i=1 1(Zi ≤ s) be the empirical CDF, and

let Ω3 be the event such that F̂Z(s) → FZ(s), then by the SLLN, P(Ω3) = 1. Let ω ∈Ω1 ∩Ω2 ∩Ω3,

whereΩ2 is as defined in Proof of Lemma 8 in Dong and Yu (Dong and Yu 2018).

To prove (11) in Dong and Yu (Dong and Yu 2018), let fn(ω) = F̂Y ∗|Z(Y ;β,φ|Z)(ω) and

f = FY ∗|Z(Y ;β,φ|Z), by Lemma 8, fn(ω) → f . Since | fn | ≤ gn = g = 1 and
∫

g dFZ = 1, then by

Lemma 8 in Dong and Yu (Dong and Yu 2018),
∫

fn(ω)dF̂Z(ω) → ∫
f dFZ. SinceP(Ω1∩Ω2∩Ω3) = 1,

(11) in Dong and Yu (Dong and Yu 2018) follows.

To prove (12) in Dong and Yu (Dong and Yu 2018), let fn(ω) = F̂Y ∗|Z(Y ; β̂, φ̂|Z)(ω) and

f = FY ∗|Z(Y ;β,φ|Z), by Lemma 8 in Dong and Yu (Dong and Yu 2018), fn(ω) → f . Since | fn | ≤
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gn = g = 1 and
∫

g dFZ = 1, then by Lemma 1,
∫

fn(ω)dF̂Z(ω) → ∫
f dFZ. SinceP(Ω1∩Ω2∩Ω3) = 1,

(12) in Dong and Yu (Dong and Yu 2018) follows.

The convergence in (13) follows (12) and Theorem 5 in Dong and Yu (Dong and Yu 2018).

2. Asymptotic Variance of T2 (Dong and Yu 2018)

Let Yi ∈ {M1 < M2 < ... < Mk }, i = 1, ...,n.

T2 =
∫

[F̂ (t )− F̂∗(t )]dF̂ (t ) =∑k
i=1 F̂ (Mi ) f̂ (Mi )−∑k

i=1 F̂∗(Mi ) f̂ (Mi )

When Y is discrete (as in Binomial or Poisson model):

V[T2] =V[
k∑

i=1
F̂ (Mi ) f̂ (Mi )]+V[

k∑
i=1

F̂∗(Mi ) f̂ (Mi )]

−2COV[
k∑

i=1
F̂ (Mi ) f̂ (Mi ),

k∑
i=1

F̂∗(Mi ) f̂ (Mi )]

=
n∑

i=1

n∑
j=1

COV[F̂ (Mi ) f̂ (Mi ), F̂ (M j ) f̂ (M j )] (=V1)

+
n∑

i=1

n∑
j=1

COV[F̂∗(Mi ) f̂ (Mi ), F̂∗(M j ) f̂ (M j )] (=V2)

−2
n∑

i=1

n∑
j=1

COV[F̂ (Mi ) f̂ (Mi ), F̂∗(M j ) f̂ (M j )] (=V3)

EstimateV1.

Let F̂i = F̂ (Mi ) and F̂ j = F̂ (M j ), then f̂ (Mi ) = F̂i − F̂i−1 and f̂ (M j ) = F̂ j − F̂ j−1.

COV[F̂ (Mi ) f̂ (Mi ), F̂ (M j ) f̂ (M j )]

=COV[F̂ (Mi )(F̂i − F̂i−1), F̂ (M j )(F̂ j − F̂ j−1)]

=COV[F̂ 2
i , F̂ 2

j ]−COV[F̂i F̂i−1, F̂ 2
j ]−COV[F̂ 2

i , F̂ j F̂ j−1]+COV[F̂i F̂i−1, F̂ j F̂ j−1]
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Each term can be estimated as follows.

COV[F̂ 2
i , F̂ 2

j ] = E[F̂ 2
i F̂ 2

j ]−E[F̂ 2
i ]E[F̂ 2

j ]

E[F̂ 2
i F̂ 2

j ] = E[(
1

n

n∑
k=1

1(Yk ≤ Mi ))2(
1

n

n∑
l=1

1(Yl ≤ Mi ))2]

= 1

n4

n∑
k=1

n∑
p=1

n∑
l=1

n∑
q=1

P(Yk ≤ Mi ,Yp ≤ Mi ,Yl ≤ M j ,Yq ≤ M j )

= 1

n4
[(Fi F 2

j +4min(Fi ,F j )Fi F j +F 2
i F j )n(n −1)(n −2)+ (2min(Fi ,F j )Fi

+2min(Fi ,F j )F j )n(n −1)+n min(Fi ,F j )+F 2
i F 2

j n(n −1)(n −2)(n −3)

+ (Fi F j +2min(Fi ,F j )2)n(n −1)]

E[F̂ 2
i ] = E[(

1

n

n∑
k=1

1(Yk ≤ Mi ))2]

= 1

n2

n∑
k=1

n∑
l=1
P(Yk ≤ Mi ,Yl ≤ Mi )

= 1

n2
[nFi +n(n −1)F 2

i ]

E[F̂ 2
j ] = E[(

1

n

n∑
k=1

1(Yk ≤ M j ))2]

= 1

n2

n∑
k=1

n∑
l=1
P(Yk ≤ M j ,Yl ≤ M j )

= 1

n2
[nF j +n(n −1)F 2

j ]

COV[F̂ 2
i , F̂ 2

j ] ≈ 1

n4
[F̂i F̂ 2

j +4min(F̂i , F̂ j )F̂i F̂ j + F̂ 2
i F̂ j )n(n −1)(n −2)+ (2min(F̂i , F̂ j )F̂i

+2min(F̂i , F̂ j )F̂ j )n(n −1)+n min(F̂i , F̂ j )+ F̂ 2
i F̂ 2

j n(n −1)(n −2)(n −3)

+ (F̂i F̂ j +2min(F̂i , F̂ j )2)n(n −1)− (nF̂i +n(n −1)F̂ 2
i )(nF̂ j +n(n −1)F̂ 2

j )]
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COV[F̂i F̂i−1, F̂ 2
j ] = E[F̂i F̂i−1F̂ 2

j ]−E[F̂i F̂i−1]E[F̂ 2
j ]

E[F̂i F̂i−1F̂ 2
j ] = E[

1

n

n∑
k=1

1(Yk ≤ Mi )
1

n

n∑
l=1

1(Yl ≤ Mi−1)(
1

n

n∑
p=1

1(Yp ≤ M j ))2]

= 1

n4

n∑
k=1

n∑
l=1

n∑
p=1

n∑
q=1

P(Yk ≤ Mi ,Yl ≤ Mi−1,Yp ≤ M j ,Yq ≤ M j )

= 1

n4
[(Fi−1F 2

j +2min(Fi ,F j )Fi−1F j +2min(Fi−1,F j )Fi F j +Fi Fi−1F j )

n(n −1)(n −2)+ (2min(Fi−1,F j )F j +min(Fi ,F j )Fi−1 +min(Fi−1,F j )Fi )

n(n −1)+min(Fi−1,F j )n +Fi Fi−1F 2
j n(n −1)(n −2)(n −3)+

(2min(Fi−1,F j )min(Fi ,F j )+min(Fi−1,Fi )F j )n(n −1)]

E[F̂i F̂i−1] = 1

n2

n∑
k=1

n∑
l=1
P(Yk ≤ Mi ,Yl ≤ Mi−1)

= 1

n2
[n min(Fi−1,Fi )+n(n −1)Fi Fi−1]

E[F̂ 2
j ] = E[(

1

n

n∑
k=1

1(Yk ≤ M j ))2]

= 1

n2

n∑
k=1

n∑
l=1
P(Yk ≤ M j ,Yl ≤ M j )

= 1

n2
[nF j +n(n −1)F 2

j ]

COV[F̂i F̂i−1, F̂ 2
j ] ≈ 1

n4
[(F̂i−1F̂ 2

j +2min(F̂i , F̂ j )F̂i−1F̂ j +2min(F̂i−1, F̂ j )F̂i F̂ j + F̂i F̂i−1F̂ j )

n(n −1)(n −2)+ (2min(F̂i−1, F̂ j )F̂ j +min(F̂i , F̂ j )F̂i−1 +min(F̂i−1, F̂ j )F̂i )

n(n −1)+min(F̂i−1, F̂ j )n + F̂i F̂i−1F̂ 2
j n(n −1)(n −2)(n −3)+

(2min(F̂i−1, F̂ j )min(F̂i , F̂ j )+min(F̂i−1, F̂i )F̂ j )n(n −1)−
(n min(F̂i−1, F̂i )+n(n −1)F̂i F̂i−1)(nF̂ j +n(n −1)F̂ 2

j )]



7

COV[F̂ j F̂ j−1, F̂ 2
i ] ≈ 1

n4
[(F̂ j−1F̂ 2

i +2min(F̂ j , F̂i )F̂ j−1F̂i +2min(F̂ j−1, F̂i )F̂ j F̂i + F̂ j F̂ j−1F̂i )

n(n −1)(n −2)+ (2min(F̂ j−1, F̂i )F̂i +min(F̂ j , F̂i )F̂ j−1 +min(F̂ j−1, F̂i )F̂ j )

n(n −1)+min(F̂ j−1, F̂i )n + F̂ j F̂ j−1F̂ 2
i n(n −1)(n −2)(n −3)+

(2min(F̂ j−1, F̂i )min(F̂ j , F̂i )+min(F̂ j−1, F̂ j )F̂i )n(n −1)

− (n min(F̂ j−1, F̂ j )+n(n −1)F̂ j F̂ j−1)(nF̂i +n(n −1)F̂ 2
i )]
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COV[F̂i F̂i−1, F̂ j F̂ j−1] = E[F̂i F̂i−1F̂ j F̂ j−1]−E[F̂i F̂i−1]E[F̂ j F̂ j−1]

E[F̂i F̂i−1F̂ j F̂ j−1] = 1

n4

n∑
k=1

n∑
l=1

n∑
p=1

n∑
q=1

P(Yk ≤ Mi ,Yl ≤ Mi−1,Yp ≤ M j ,Yq ≤ M j−1)

= 1

n4
[n(n −1)(n −2)(Fi−1F j F j−1 +min(Fi ,F j )Fi−1F j−1+

min(Fi ,F j−1)Fi−1F j +min(Fi−1,F j )Fi F j−1 +min(Fi−1,F j−1)Fi F j+
F j−1Fi Fi−1)+n(n −1)(min(Fi−1,F j )F j−1 +min(Fi−1,F j−1)F j+
min(F j−1,Fi )Fi−1 +min(Fi−1,F j−1)Fi )+n min(Fi−1,F j−1)+
n(n −1)(n −2)(n −3)Fi Fi−1F j F j−1 +n(n −1)(Fi−1F j−1+
min(Fi ,F j )min(Fi−1,F j−1)+min(Fi ,F j−1)min(Fi−1,F j ))]

E[F̂i F̂i−1] = 1

n2

n∑
k=1

n∑
l=1
P(Yk ≤ Mi ,Yl ≤ Mi−1)

= 1

n2
[n min(Fi−1,Fi )+n(n −1)Fi Fi−1]

E[F̂ j F̂ j−1] = 1

n2

n∑
k=1

n∑
l=1
P(Yk ≤ M j ,Yl ≤ M j−1)

= 1

n2
[n min(F j−1,F j )+n(n −1)F j F j−1]

COV[F̂i F̂i−1, F̂ j F̂ j−1] ≈ 1

n4
[n(n −1)(n −2)(F̂i−1F̂ j F̂ j−1 +min(F̂i , F̂ j )F̂i−1F̂ j−1+

min(F̂i , F̂ j−1)F̂i−1F̂ j +min(F̂i−1, F̂ j )F̂i F̂ j−1 +min(F̂i−1, F̂ j−1)F̂i F̂ j+
F̂ j−1F̂i F̂i−1)+n(n −1)(min(F̂i−1, F̂ j )F̂ j−1 +min(F̂i−1, F̂ j−1)F̂ j+
min(F̂ j−1, F̂i )F̂i−1 +min(F̂i−1, F̂ j−1)F̂i )+n min(F̂i−1, F̂ j−1)+
n(n −1)(n −2)(n −3)F̂i F̂i−1F̂ j F̂ j−1 +n(n −1)(F̂i−1F̂ j−1+
min(F̂i , F̂ j )min(F̂i−1, F̂ j−1)+min(F̂i , F̂ j−1)min(F̂i−1, F̂ j ))

− (n min(F̂i−1, F̂i )+n(n −1)F̂i F̂i−1)(n min(F̂ j−1, F̂ j )+n(n −1)F̂ j F̂ j−1)]

EstimateV2.

Let F̂∗
i = F̂∗(Mi ) and F̂∗

j = F̂∗(M j ), then f̂ (Mi ) = F̂i − F̂i−1 and f̂ (M j ) = F̂ j − F̂ j−1.
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COV[F̂∗(Mi ) f̂ (Mi ), F̂∗(M j ) f̂ (M j )]

=COV[F̂∗(Mi )(F̂i − F̂i−1), F̂∗(M j )(F̂ j − F̂ j−1)]

=COV[F̂∗
i F̂i , F̂∗

j F̂ j ]−COV[F̂∗
i F̂i−1, F̂∗

j F̂ j ]−COV[F̂∗
i F̂i , F̂∗

j F̂ j−1]+COV[F̂∗
i F̂i−1, F̂∗

j F̂ j−1]

Each term can be estimated as follows.

COV[(F̂∗
i )2, (F̂∗

j )2] =COV[(
1

k

k∑
p=1

f̂ ∗(Mp )1(Mp ≤ Mi ))(
1

k

k∑
q=1

1(Mq ≤ Mi )),

(
1

k

k∑
m=1

f̂ ∗(Mm)1(Mm ≤ M j ))(
1

k

k∑
l=1

1(Ml ≤ M j ))]

= 1

k4

k∑
p=1

k∑
q=1

k∑
m=1

k∑
l=1
COV[ f̂ ∗(Mp )1(Mp ≤ Mi , Mq ≤ Mi ),

f̂ ∗(Mm)1(Mm ≤ M j , Ml ≤ M j )]

Let Zi ∈ {W1, ...,Wkk }, i=1,...,n. Let p j = f̂ ∗
Z (W j ) = 1

n

∑n
i=1 1(Zi = W j ). Then

f̂ ∗(Mp ) = 1

kk

kk∑
l=1

f̂ ∗(Mp |Wl )pl

COV[ f̂ ∗(Mp )1(Mp ≤ Mi , Mq ≤ Mi ), f̂ ∗(Mm)1(Mm ≤ M j , Ml ≤ M j )]

= 1

kk2

kk∑
u=1

kk∑
v=1

COV[ f̂ ∗(Mp |Wu)pu1(Mp ≤ Mi , Mq ≤ Mi ),

f̂ ∗(Mm |Wv )pv 1(Mm ≤ M j , Ml ≤ M j )]

Each term can be estimated as follows.

LetΣ=COV[β̂]p×p , and let g1(β) = f̂ ∗(Mp |Wu)pu1(Mp ≤ Mi , Mq ≤ Mi ), g2(β) = f̂ ∗(Mm |Wv )pv 1(Mm ≤
M j , Ml ≤ M j ) and g (β) = (g1(β), g2(β))T . Let 5g = ( ∂

∂β
g1(β), ∂

∂β
g2(β))T , then

COV[ f̂ ∗(Mp |Wu)pu1(Mp ≤ Mi , Mq ≤ Mi ), f̂ ∗(Mm |Wv )pv 1(Mm ≤ M j , Ml ≤ M j )]

≈ [5g TΣ5 g ]1,2
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Example 2.1. If one wants to test H0 : the data set is from a Poisson GLM with identity link

(µY =βT Z), then

g1(β) = e−βT Wu (βT Wu)Mp 1(Mp ≤ Mi , Mq ≤ Mi )

Mp !

g2(β) = e−βT Wv (βT Wv )Mm 1(Mm ≤ M j , Ml ≤ M j )

Mm !
∂

∂β
g1(β) = 1

Mp !
[(−e−βT Wu (βT Wu)Mp Wu +e−βT Wu Mp (βT Wu)Mp−1)1(Mp ≤ Mi , Mq ≤ Mi )]

∂

∂β
g2(β) = 1

Mm !
[(−e−βT Wv (βT Wv )Mm Wv +e−βT Wv Mm(βT Wv )Mm−1)1(Mm ≤ M j , Ml ≤ M j )]

COV[F̂∗
i F̂i−1, F̂∗

j F̂ j ] =COV[
1

k

k∑
p=1

f̂ ∗(Mp )1(Mp ≤ Mi )
1

k

k∑
q=1

1(Mq ≤ Mi−1),

1

k

k∑
m=1

f̂ ∗(Mm)1(Mm ≤ M j )
1

k

k∑
l=1

1(Ml ≤ M j ]

= 1

k4

k∑
p=1

k∑
q=1

k∑
m=1

k∑
l=1
COV[ f̂ ∗(Mp )1(Mp ≤ Mi , Mq ≤ Mi−1),

f̂ ∗(Mm)1(Mm ≤ M j , Ml ≤ M j )]

Then

COV[ f̂ ∗(Mp )1(Mp ≤ Mi , Mq ≤ Mi−1), f̂ ∗(Mm)1(Mm ≤ M j , Ml ≤ M j )]

= 1

kk2

kk∑
u=1

kk∑
v=1

COV[ f̂ ∗(Mp |Wu)pu1(Mp ≤ Mi , Mq ≤ Mi−1),

f̂ ∗(Mm |Wv )pv 1(Mm ≤ M j , Ml ≤ M j )]

Each term can be estimated using delta method as in the first term.
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COV[F̂∗
i F̂i−1, F̂∗

j F̂ j−1] =COV[
1

k

k∑
p=1

f̂ ∗(Mp )1(Mp ≤ Mi )
1

k

k∑
q=1

1(Mq ≤ Mi−1),

1

k

k∑
m=1

f̂ ∗(Mm)1(Mm ≤ Mi )
1

k

k∑
l=1

1(Ml ≤ M j−1)]

= 1

k4

k∑
p=1

k∑
q=1

k∑
m=1

k∑
l=1
COV[ f̂ ∗(Mp )1(Mp ≤ Mi , Mq ≤ Mi−1),

f̂ ∗(Mm)1(Mm ≤ M j , Ml ≤ M j−1)]

Then

COV[ f̂ ∗(Mp )1(Mp ≤ Mi , Mq ≤ Mi−1), f̂ ∗(Mm)1(Mm ≤ M j , Ml ≤ M j−1)]

= 1

kk2

kk∑
u=1

kk∑
v=1

COV[ f̂ ∗(Mp |Wu)pu1(Mp ≤ Mi , Mq ≤ Mi−1),

f̂ ∗(Mm |Wv )pv 1(Mm ≤ M j , Ml ≤ M j−1)]

Each term can be estimated using delta method as in the first term.
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EstimateV3.

COV[
k∑

i=1
F̂ (Mi ) f̂ (Mi ),

k∑
i=1

F̂∗(Mi ) f̂ (Mi )] =
k∑

i=1

k∑
j=1

COV[F̂ (Mi ) f̂ (Mi ), F̂∗(M j ) f̂ (M j )]

COV[F̂ (Mi ) f̂ (Mi ), F̂∗(M j ) f̂ (M j )]

=COV[F̂i (F̂i − F̂i−1), F̂∗
j (F̂ j − F̂ j−1)]

=COV[F̂ 2
i , F̂∗

j F̂ j ]−COV[F̂i F̂i−1, F̂∗
j F̂ j ]−COV[F̂ 2

i , F̂∗
j F̂ j−1]+COV[F̂i F̂i−1, F̂∗

j F̂ j−1]

Each term can be estimated as follows.

COV[F̂ 2
i , F̂∗

j F̂ j ] = 1

k

k∑
p=1

COV[F̂ 2
i , f̂ ∗

p 1(Mp ≤ M j )F̂ j ]

= 1

k

k∑
p=1

kk∑
u=1

COV[F̂ 2
i , f̂ ∗(Mp |Zu)pu1(Mp ≤ M j )F̂ j ]

COV[F̂ 2
i , f̂ ∗(Mp |Zu)pu1(Mp ≤ M j )F̂ j ] ≈ [5g TΣ5 g ]1,2

where g1(F̂i , F̂ j ,β) = F̂ 2
i and g2(F̂i , F̂ j ,β) = f̂ ∗(Mp |Zu)pu1(Mp ≤ M j )F̂ j , g (F̂i , F̂ j ,β) = (g1, g2)T

and

5g =

 ∂
∂F̂i

g1
∂
∂F̂ j

g1
∂

∂β̂
g1

∂
∂F̂i

g2
∂
∂F̂ j

g2
∂

∂β̂
g2


=

2F̂i 0 01×p

0 f̂ ∗(Mp |Zu)pu1(Mp ≤ M j ) ∂

∂β̂
f̂ ∗(Mp |Zu)pu1(Mp ≤ M j )F̂ j


Σ=

COV[F̂i , F̂ j ]2×2 02×p

0p×2 COV[β]p×p
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COV[F̂i F̂i−1, F̂∗
j F̂ j ] = 1

k

k∑
p=1

COV[F̂i F̂i−1, f̂ ∗
p 1(Mp ≤ M j )F̂ j ]

= 1

k

k∑
p=1

kk∑
u=1

COV[F̂i F̂i−1, f̂ ∗(Mp |Zu)pu1(Mp ≤ M j )F̂ j ]

COV[F̂i F̂i−1, f̂ ∗(Mp |Zu)pu1(Mp ≤ M j )F̂ j ] ≈ [5g TΣ5 g ]1,2

where g1(F̂i , F̂i−1, F̂ j ,β) = F̂i F̂i−1 and g2(F̂i , F̂i−1, F̂ j ,β) = f̂ ∗(Mp |Zu)pu1(Mp ≤ M j )F̂ j , g (F̂i , F̂ j ,β) =
(g1, g2)T and

5g =

 ∂
∂F̂i

g1
∂

∂F̂i−1
g1

∂
∂F̂ j

g1
∂

∂β̂
g1

∂
∂F̂i

g2
∂

∂F̂i−1
g2

∂
∂F̂ j

g2
∂

∂β̂
g2


=

F̂i−1 F̂i 0 01×p

0 0 f̂ ∗(Mp |Zu)pu1(Mp ≤ M j ) ∂

∂β̂
f̂ ∗(Mp |Zu)pu1(Mp ≤ M j )F̂ j


Σ=

COV[F̂i , F̂i−1, F̂ j ]3×3 03×p

0p×3 COV[β]p×p



COV[F̂ 2
i , F̂∗

j F̂ j−1] = 1

k

k∑
p=1

COV[F̂ 2
i , f̂ ∗

p 1(Mp ≤ M j )F̂ j−1]

= 1

k

k∑
p=1

kk∑
u=1

COV[F̂ 2
i , f̂ ∗(Mp |Zu)pu1(Mp ≤ M j )F̂ j−1]

COV[F̂ 2
i , f̂ ∗(Mp |Zu)pu1(Mp ≤ M j )F̂ j−1] ≈ [5g TΣ5 g ]1,2
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where g1(F̂i , F̂ j−1,β) = F̂ 2
i and g2(F̂i , F̂ j−1,β) = f̂ ∗(Mp |Zu)pu1(Mp ≤ M j )F̂ j−1, g (F̂i , F̂ j ,β) = (g1, g2)T

and

5g =

 ∂
∂F̂i

g1
∂

∂F̂ j−1
g1

∂

∂β̂
g1

∂
∂F̂i

g2
∂

∂F̂ j−1
g2

∂

∂β̂
g2


=

2F̂i 0 01×p

0 f̂ ∗(Mp |Zu)pu1(Mp ≤ M j ) ∂

∂β̂
f̂ ∗(Mp |Zu)pu1(Mp ≤ M j )F̂ j−1


Σ=

COV[F̂i , F̂ j−1]2×2 02×p

0p×2 COV[β]p×p



COV[F̂i F̂i−1, F̂∗
j F̂ j−1] = 1

k

k∑
p=1

COV[F̂i F̂i−1, f̂ ∗
p 1(Mp ≤ M j )F̂ j−1]

= 1

k

k∑
p=1

kk∑
u=1

COV[F̂i F̂i−1, f̂ ∗(Mp |Zu)pu1(Mp ≤ M j )F̂ j−1]

COV[F̂i F̂i−1, f̂ ∗(Mp |Zu)pu1(Mp ≤ M j )F̂ j−1] ≈ [5g TΣ5 g ]1,2

where g1(F̂i , F̂i−1, F̂ j , F̂ j−1,β) = F̂i F̂i−1 and g2(F̂i , F̂i−1, F̂ j , F̂ j−1,β) = f̂ ∗(Mp |Zu)pu1(Mp ≤ M j )F̂ j−1,

g (F̂i , F̂i−1, F̂ j , F̂ j−1,β) = (g1, g2)T and

5g =

 ∂
∂F̂i

g1
∂

∂F̂i−1
g1

∂
∂F̂ j

g1
∂

∂F̂ j−1
g1

∂

∂β̂
g1

∂
∂F̂i

g2
∂

∂F̂i−1
g2

∂
∂F̂ j

g2
∂

∂F̂ j−1
g2

∂

∂β̂
g2


=

F̂i−1 F̂i 0 01×p

0 0 f̂ ∗(Mp |Zu)pu1(Mp ≤ M j ) ∂

∂β̂
f̂ ∗(Mp |Zu)pu1(Mp ≤ M j ) ∂

∂F̂i−1
g1


Σ=

COV[F̂i , F̂i−1, F̂ j , F̂ j−1]4×4 04×p

0p×4 COV[β]p×p
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When Y is continuous (as in Normal or Gamma model):

T2 =
∫

[F̂ (t )− F̂∗(t )]dF̂ (t ) = 1
n

∑n
i=1 F̂ (Mi )− 1

n

∑n
i=1 F̂∗(Mi ) = n+1

2 − 1
n

∑n
i=1 F̂∗(Mi )

n2V[T2] =
k∑

i=1

k∑
j=1

COV[F̂∗(Mi ), F̂∗(M j )]

COV[F̂∗
i , F̂∗

j ] =COV[
1

k

k∑
p=1

f̂ ∗(Mp )1(Mp ≤ Mi ),
1

k

k∑
m=1

f̂ ∗(Mm)1(Mm ≤ M j )]

= 1

k2

k∑
p=1

k∑
m=1

COV[ f̂ ∗(Mp )1(Mp ≤ Mi ), f̂ ∗(Mm)1(Mm ≤ M j )]

COV[ f̂ ∗(Mp )1(Mp ≤ Mi ), f̂ ∗(Mm)1(Mm ≤ M j )

= 1

kk2

kk∑
u=1

kk∑
v=1

COV[ f̂ ∗(Mp |Wu)pu1(Mp ≤ Mi ), f̂ ∗(Mm |Wv )pv 1(Mm ≤ M j )]

COV[ f̂ ∗(Mp |Wu)pu1(Mp ≤ Mi ), f̂ ∗(Mm |Wv )pv 1(Mm ≤ M j )] can be estimated using delta method

as in the discrete case.
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