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Appendix 

A. Proof 1 

In the statistics, MLE is a method of estimating the parameters of a statistical 

model. Assuming the observation data are independent with each other, the log-

likelihood function  , ;FL Qb  is given by 
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where   denotes the probability density. The unknown parameters b  and   can be 

obtained by maximizing the function  , ;FL Qb . To solve the maximization issue, the 

partial derivative of  , ;FL Qb  with respect to b  and   are set to be zero, e.g. 
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Let 
 , ;

0
FL Q 




b

b
, then the maximum likelihood estimator of b  is given as 
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Similarly, 
 , ;FL Q 
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 can written as 
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, then the maximum likelihood estimator of   is 
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B. Proof 2 

Since 
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Then the expected value of b̂  is 
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b̂  is an unbiased estimator of b . Besides, the covariance matrix of b̂  is derived: 
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For the covariance matrix estimator ̂ , since 
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then, the expected value of ̂  is 
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Therefore, ̂  is an unbiased estimator of  . 



 

 

C. Proof 3 
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D. Comparison of performance metrics 

 

a) MAE with p=4                                              b) CMD with p=4 

 

c) MAE with p=6                                                      d) CMD with p=6 

 

e) MAE with p=9                                                    f) CMD with p=9 

Figure 1 MAE and CMD of multivariate single effect sensitivity indices for Campbell function
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a) MAE with p=4                                              b) CMD with p=4 

 

c) MAE with p=6                                              d) CMD with p=6 

 

e) MAE with p=9                                              f) CMD with p=9 

Figure 2 MAE and CMD of multivariate total effect sensitivity indices for Campbell function
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a) MAE with p=3                                              b) CMD with p=3 

 

c) MAE with p=5                                              d) CMD with p=5 

 

e) MAE with p=8                                              f) CMD with p=8 

Figure 3 MAE and CMD of multivariate single effect sensitivity indices for Sobol function

5 10 15 20 25 30 35 40 45 50

10
-1

Iteration Number

M
A

E
 o

f 
S

in
g
le

 I
n
d
ic

es

 

 

Proposed Method

Monte Carlo

LHD

D-optimality

Sobol sequences

0 5 10 15 20 25 30 35 40 45 50
10

-38

10
-36

10
-34

10
-32

10
-30

10
-28

10
-26

10
-24

Iteration Number

C
M

D
 o

f 
S

in
g
le

 I
n
d
ic

es

 

 

Proposed Method

Monte Carlo

LHD

D-optimality

10 20 30 40 50 60 70 80 90 100
10

-2

10
-1

Iteration Number

M
A

E
 o

f 
S

in
g
le

 I
n
d
ic

es

 

 

Proposed Method

Monte Carlo

LHD

D-optimality

Sobol sequences

0 10 20 30 40 50 60 70 80 90 100
10

-44

10
-42

10
-40

10
-38

10
-36

10
-34

10
-32

10
-30

Iteration Number

C
M

D
 o

f 
S

in
g
le

 I
n
d
ic

es

 

 

Proposed Method

Monte Carlo

LHD

D-optimality

0 50 100 150

10
-2

10
-1

Iteration Number

M
A

E
 o

f 
S

in
g
le

 I
n
d
ic

es

 

 

Proposed Method

Monte Carlo

LHD

D-optimality

Sobol sequences

0 50 100 150
10

-50

10
-45

10
-40

10
-35

Iteration Number

C
M

D
 o

f 
S

in
g
le

 I
n
d
ic

es

 

 

Proposed Method

Monte Carlo

LHD

D-optimality



 

 

 

a) MAE with p=4                                              b) CMD with p=4 

 

c) MAE with p=7                                              d) CMD with p=7 

Figure 4 MAE and CMD of multivariate single effect sensitivity indices for HYMOD model 
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a) MAE with p=4                                              b) CMD with p=4 

 

c) MAE with p=7                                              d) CMD with p=7 

Figure 5 MAE and CMD of multivariate total effect sensitivity indices for HYMOD model 
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a) MAE with p=3                                              b) CMD with p=3 

 

c) MAE with p=4                                              d) CMD with p=4 

Figure 6 MAE and CMD of multivariate single effect sensitivity indices for truss structure 

model 
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