
Supplement to "Bias-corrected
Common Correlated Effects Pooled
estimation in dynamic panels"
by Ignace De Vos and Gerdie Everaert

Section A of this supplement (i) provides the Jacobian matrix for the CCEPbc estimator,
(ii) provides an additional discussion on the asymptotic bias of the CCEP estimator for the
autoregressive parameter ρ, (iii) develops two restricted CCEPbc estimators for the single
factor setting and (vi) reports Monte Carlo evidence comparing the performance of the
restricted and unrestricted CCEPbc estimators. Section B introduces important notation
and preliminary results for the proofs presented in Sections C and D. Section C presents
proofs for N →∞ and fixed T , and Section D presents proofs for (N, T )→∞. Section E
contains additional Monte Carlo simulation results for the unrestricted CCEPbc estimator.

A Additional results and discussions

A.1 Jacobian
Consider that CCEPbc estimator in eq.(21) is equivalent to

δ̂bc = arg min
δ0∈χ

1
2 ‖ϕ(δ0)‖2 , (A-1)

with ϕ(δ0) given by

ϕ(δ0) = 1
NT

N∑
i=1

w′iMyi − Σ̂δ0 + 1
T
σ̂2
ε(δ0)υ(ρ0),

and υ(ρ0) = υ(ρ0,H)q1. As such, the CCEPbc estimator employs the orthogonality con-
dition ∇(δ0) = 0, with ∇(δ0) the gradient evaluated at δ0,

∇(δ0) = Ja(δ0)′ϕ(δ0),

and Ja(δ0) is the kw × kw Jacobian matrix in the sample evaluated at δ0,

Ja(δ0) = 1
T

[
(υ(ρ0)⊗ σ̇′) +

(
σ̂2
ε(δ0)q1 ⊗ υ̇′

) ]
− Σ̂, (A-2)

with

σ̇ = ∂σ̂2
ε(δ0)
∂δ0

= 2 T

T − c
Σ̂
(
δ0 − δ̂

)
, (A-3)

υ̇ = ∂υ(ρ0)
∂δ0

=
(
T−1∑
t=1

(t− 1)ρt−2
0

T∑
s=t+1

hs,s−t

)
q1. (A-4)

1



A.2 Discussion on the asymptotic bias of the CCEP estimator ρ̂
In order to gain a better understanding of the driving forces behind the asymptotic bias of
the CCEP estimator for the autoregressive parameter ρ in eq.(1) of the main text, we first
derive the following corollary result to Theorem 1 (with notation introduced in (C-37)).

Corollary 1. Under the conditions of Theorem 1 and conditional on C, the asymptotic
bias of ρ̂ is

plim
N→∞

(ρ̂− ρ) = −

[
A(ρ) +D(ρ, H̃)

]
[
B(ρ)− E(ρ, H̃) + TC

] = −ψ(ρ, H̃, C), (A-5)

with

• A(ρ) = 1
1−ρ

(
1− 1

T
1−ρT

1−ρ

)
, D(ρ, H̃) = ∑T−1

t=1 ρ
t−1∑T

s=t+1 h̃s,s−t,

• B(ρ) = T
1−ρ2

(
1− 1

T
1+ρ
1−ρ −

2ρ
T 2

1−ρT

(1−ρ)2

)
, E(ρ, H̃) = 1

1−ρ2

[
c− 1 + 2ρD(ρ, H̃)

]
,

where h̃s,s−t denotes the element on row s and column s − t of H̃ = Q̃(Q̃′Q̃)†Q̃′, with
B = IT − ιT ι′T/T and Q̃ = BQ the matrix of CSA in deviation of its column means, and

C = plim
N→∞

β′Ωx̆β + Λ′Ωf̆Λ + 2β′Ωx̆,̆fΛ
σ2
ε

, (A-6)

with Ωx̆ = (X+
−1)′MXX+

−1/NT , Ωf̆ = (F+
−1)′MXF+

−1/NT and Ωx̆,̆f = (X+
−1)′MXF+

−1/NT .
Variables with a + superscript are defined as X+ = (1− ρL)−1X.

The expression in eq.(A-5) shows that the inconsistency of the CCEP estimator ρ̂ is
determined by the interplay of (i) the numerator, which is the covariance between the
defactored lagged dependent variable y̆−1 = MXy−1 and the error term ε, and (ii) the
denominator, which is the signal that remains in the lagged dependent variable after or-
thogonalizing the data on the CSA Q through the M matrix. We elaborate below.

First consider the covariance terms in the numerator. The correlation between y̆−1 and
ε originates from projecting out the nuisance parameters using the orthogonalization ma-
trix M. The term A(ρ) is induced by the within transformation (time-demeaning implied
by including ιT in Q) and also appears in bias expressions for the FE estimator in dynamic
models without common factors (see Nickell, 1981), whereas the additional orthogonaliza-
tion on the CSA induces the CCEP-specific term D(ρ, H̃). The latter is stochastic as in
fixed T settings the matrix H̃ depends, through the CSA, on the particular realization of
the factors. This is the reason for why we need to condition on the σ-algebra C to derive
Theorem 1. We expect D to be negative and smaller in magnitude1 than A, which is posi-
tive. Hence, the asymptotic bias is expected to be negative, with the orthogonalization on

1This is because D is a reweighing of the sum
∑T−1

t=1
∑T

s=t+1 h̃s,s−t = −(c − 1)/2 < 0 in function of
ρ. With positive weights (ρ > 0) it is therefore likely that D < 0. Similarly, A + D is a reweighing of∑T−1

t=1
∑T

s=t+1 hs,s−t = (T − c)/2 > 0 such that we can expect this sum to be positive when ρ > 0.
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the CSA counteracting the A term in the numerator of (A-5) and therefore reducing the
bias in absolute terms.

The second determinant of the bias is the denominator, which denotes the variation
that remains in the lagged dependent variable after multiplying the model through with
M. The C-term represents the remaining variation due to the presence of exogenous
regressors and factors, expressed relative to σ2

ε , whereas B and E relate to the variation
due to ε. The positive B term is again a shared term with the FE estimator due to the
within transformation, whereas the −E term (which is negative) indicates that additional
variation is lost compared to the FE estimator by orthogonalizing on the CSA. Including
CSA will similarly reduce C. Hence, when the set of CSA cut out a relatively large amount
of variation, the denominator of eq.(A-5) may decrease faster than the induced reduction
in the numerator and hence result in a larger bias. For a given number of factors and
regressors, increasing the number of CSA used by the CCEP estimator is therefore likely to
increase its asymptotic bias. This is confirmed by the Monte Carlo simulations in Section 5
of the main paper. Finally, since we can show that MF+

−1 →p 0T×1 for m = 1 (see Lemma
4) the second and last term in the numerator of C drop out in single factor settings. As
such, an increase in the importance of the factors will, ceteris paribus, increase the signal
in the model and reduce the asymptotic bias of the CCEP estimator, but only when more
than one factor is present.

A.3 Restricted bias corrections for models with a single factor
The procedure outlined in Section 4 of the main paper is a generally applicable method
in the sense that it does not require the number of factors to be known. In the single
factor setting, eq.(A-5) of Corollary 1 can be used to develop more efficient restricted bias
corrections, denoted CCEPbcr. Below we outline two alternative CCEPbcr estimators,
depending on whether the dynamic model includes additional covariates or not.

Firstly, in a model with a single common factor (m = 1) and no covariates (β = 0), the
bias expression (A-5) simplifies considerably as C = 0 for N → ∞. This is convenient as
it is the presence of the C-term that makes bias correction from eq.(A-5) infeasible due to
its dependence on the unobservable sums X+

−1 and F+
−1. Furthermore, the bias expression

for ρ̂ no longer depends on σ2
ε , such that ρ is the only unknown parameter in eq.(A-5). In

this setting, the CCEPbcr estimator δ̂bcr1 can be obtained as

δ̂bcr1 = arg min
|ρ0|<1

1
2
∥∥∥ρ̂− ρ0 + ψ(ρ0, H̃, 0)

∥∥∥2
. (A-7)

Secondly, adding exogenous regressors implies that C 6= 0 but if the single factor as-
sumption is maintained we get the relatively simple form

C = plim
N→∞

β′Ωx̆β

σ2
ε

, (A-8)

which through Ωx̆ also depends on the unknown parameter ρ and on the infinite sum of
explanatory variables X+

−1 = ∑∞
l=0 ρ

lX−1−l. In a finite sample, the latter can be approxi-
mated by the truncated sum X̂+

−1 =
[
X̂+′

1,−1, . . . , X̂+′
N,−1

]′
where X̂+

i,−1 = J−1Xi,−1, and
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J is a T × T matrix with ones on the main diagonal and −ρ on the first sub-diagonal.
The variance-covariance matrix is then estimated as Ω̂x̆(ρ) = X̂+

−1
′
MXX̂+

−1/NT . Further
substituting σ̂2

ε(·) as defined in (20) for σ2
ε , the estimator for C is

Ĉ (δ) = β′Ω̂x̆(ρ)β
σ̂2
ε(δ) , (A-9)

which is, conditional on the unknown parameters ρ and β, a function of the observed data
only. Hence, in this setting the CCEPbcr estimator δ̂bcr2 is

δ̂bcr2 = arg min
δ0∈χ,|ρ0|<1

1
2
∥∥∥δ̂ − δ0 + ν̂ψ(ρ0, H̃, Ĉ (δ0))

∥∥∥2
, (A-10)

where ν̂ =
[
1,−ζ̂ ′

]′
and ζ̂ = (S′xΣ̂Sx)−1S′xΣ̂q1. This bias correction should perform

well when the single factor assumption is true and the approximation of X+
−1 is not too

inaccurate. Note that the truncation implies that δ̂bcr2 is inconsistent for finite T , but in
practice the bias may be negligible (depending on the size of ρ). In case more than one
factor is present, eq.(A− 9) can be a poor approximation of C and lead to additional bias,
especially when the factors have a large overall influence on the model (relative to σ2

ε).

A.4 Finite sample properties of CCEPbc versus CCEPbcr
In this section we compare the performance of the unrestricted bias correction CCEPbc
to that of the restricted version CCEPbcr δ̂bcr2 derived in Section A.3 for a model with
covariates and a single factor. As in the Monte Carlo simulation experiment presented in
the main text, we also report results for variants that add the additional CSA ḡt to the
orthogonalization matrix.

Table A-1 compares the performance of the CCEPbc estimator to that of CCEPbcr
in settings with one and two common factors. The distinction between these scenarios
is of interest since CCEPbcr is derived under the assumption that only one factor is
present whereas CCEPbc is applicable irrespectively of the number of factors (provided
that the rank condition is satisfied). In general, we find that CCEPbcr is a fairly accurate
bias-correction method, even in the case of two factors. Comparing the unrestricted and
restricted version shows some trade-off between bias and variance, though. CCEPbc dom-
inates in terms of bias correction but has a downside that the estimator Σ̂ used in eq.(18)
introduces uncertainty in small samples. CCEPbcr has a smaller variance as it imposes a
specific form for the denominator in (A-10) but is less effective as a bias correction method
because of the truncation error made in the estimation of C and the resulting finite T
inconsistency. Because this bias is offset by the lower variance (in rmse terms) in small
samples (also see Table A-2 for N = 25), CCEPbcr may still be an interesting alternative
to CCEPbc. As N grows large, however, this relative efficiency only compensates for bias
when the single factor assumption is true (see upper panel of Table A-1) or when the factors
are not too strong in case m > 1 (see lower left panel of Table A-1). Moreover, as a result
of the inconsistency for finite T , CCEPbcr displays a size distortion especially when N is
large. For the unrestricted version, inference is reliable in all settings (although this may
require adding ḡt), but at the cost of a higher variance.
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B Notation, definitions and preliminary results

B.1 Notation
We first introduce some notation that will be used later on. In what follows we define
K = 1 + k, kw = 1 + kx and we set p = 1 for convenience but note that generalizations
follow straightforwardly. With p = 1 model (1)-(3) can be written in VAR(1) form[

1 −(β∗)′
0k×1 Ik

] [
yit
zit

]
=

[
αi
cz,i

]
+
[
ρ 01×k

0k×1 λ

] [
yit−1
zit−1

]
+
[
γ ′i
Γ′i

]
ft +

[
εit
vit

]
, (B-1)

with β∗ = [β′,01×kg ]′ and the associated more compact form

A0dit = cd,i + ΘLdit + Cift + uit,

where cd,i = [αi, c′z,i]′, dit = [yit, z′it]′, uit = [εit,v′it]′ are K × 1 vectors and

A0
(K×K)

=
[

1 −(β∗)′
0k×1 Ik

]
, Θ

(K×K)
=
[
ρ 01×k

0k×1 λ

]
, Ci

(K×m)
=
[
γ ′i
Γ′i

]
.

Since A0 is invertible,

dit = A−1
0 cd,i + A−1

0 ΘLdit + A−1
0 Cift + A−1

0 uit,

which can be rewritten further as

(IK −Θ∗L)dit = c∗d,i + C∗i ft + u∗it,
Θ(L)dit = c∗d,i + C∗i ft + u∗it,

where the terms with an asterisk are defined as Θ∗ = A−1
0 Θ and with Θ(L) = IK −Θ∗L.

Then, as Θ(L) is invertible by Assumption 5 we obtain the reduced form

dit = Θ−1(L)c∗d,i + Θ−1(L)C∗i ft + Θ−1(L)u∗it,
= c̈d,i + (C̈i ⊗ IK)′ f̌t + üit, (B-2)

with üit = Θ−1(L)u∗it, c̈d,i = Θ−1(L)c∗d,i, f̌t = vec(f ′t⊗Θ−1(L)) isK2m×1 and C̈i = vec(C∗i )
is Km× 1. Its cross-section average is

d̄t = c̈d + (C̈⊗ IK)′ f̌t + üt, (B-3)

where üt = Θ−1(L)ū∗t , ū∗t = 1
N

∑N
i=1 u∗it, c̈d = Θ−1(L)c̄∗d, C̈ = vec(C̄∗) and C̄∗ =

1
N

∑N
i=1 C∗i . Stack the observations over time into the T × K matrix Di = [di1, . . . ,diT ]′

and let D = [d̄1, . . . , d̄T ]′ be its cross-section average. Next, define

Qi
(T×c)

= [ιT ,Di, . . . ,Di,−p∗ ], Q
(T×c)

= 1
N

N∑
i=1

Qi = [ιT ,D, . . . ,D−p∗ ], (B-4)
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with c = 1 +K(1 + p∗) the number of columns of Qi and Q. Also, defining

F̌
(T×1+K2m(1+p∗))

= [ιT , F̌0, F̌−1, . . . , F̌−p∗ ] (B-5)

with F̌0 = [f̌1, . . . , f̌T ]′, F̌−1 = [f̌0, . . . , f̌T−1]′, F̌−p∗ = [f̌1−p∗ , . . . , f̌T−p∗ ]′ and so on, and

P̈i
(1+K2m(1+p∗)×1+K(1+p∗))

=
[

1 (ι′1+p∗ ⊗ c̈′d,i)
0K2m(1+p∗)×1 I1+p∗ ⊗ (C̈i ⊗ IK)

]
, P̈ = 1

N

N∑
i=1

P̈i. (B-6)

Given that C∗i = A−1
0 (C + [ηi,νi]′) by Ass.3 we have also

P̈i = P + P̌i, (B-7)

with

P =
[

1 (ι′1+p∗ ⊗ 0′K×1)
0K2m(1+p∗)×1 I1+p∗ ⊗ (Ċ⊗ IK)

]
, P̌i =

[
1 (ι′1+p∗ ⊗ 0′K×1)

0K2m(1+p∗)×1 I1+p∗ ⊗ (C̃i ⊗ IK)

]
,

and where Ċ = vec(A−1
0 C) and C̃i = vec(A−1

0 [ηi,νi]′).
With the definitions above, the T × c matrix of observations is

Qi = F̌P̈i + Üi, (B-8)

such that the observed matrix of cross-section averages can similarly be decomposed into

Q = F̌P̈ + Ü, (B-9)

where

Üi
(T×c)

=


0 ü′i1 . . . ü′i,1−p∗
... ... ... ...
0 ü′iT . . . ü′i,T−p∗

 , Ü
(T×c)

= 1
N

N∑
i=1

Üi =


0 ü′1 . . . ü′1−p∗
... ... ... ...
0 ü′T . . . ü′T−p∗

 . (B-10)

Next, we express all the regression variables in the model in terms of Qi by defining the
k × kx, c× 1 and c× kw selector matrices

Sx
(k×kx)

=
[

Ikx

0kg×kx

]
, Sy

(c×1)
=

 0
1

0(c−2)×1

 , Sw
(c×kw)

=


02×1 02×kx

0k×1 Sx
1 01×kx

0c−(3+k)×1 0c−(3+k)×kx

 , (B-11)

such that

yi = QiSy = F̌P̈iSy + ÜiSy, (B-12)
wi = QiSw = F̌P̈iSw + εi, (B-13)

where notably εi is a T × kw matrix given by

εi = ÜiSw = [%+
i,−1, V̇iSx], (B-14)

with V̇i = [v̇i,1, . . . , v̇i,T ]′ and v̇i,t = λ(L)−1vi,t. Also, with %i = εi + V̇iβ
∗ we have

%+
i,−1 = ε+

i,−1 + V̇+
i,−1β

∗, a T × 1 vector.
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B.2 Rotating the projection matrix
To proceed with the terms involving the projector H, we extend the approach of Karabiyik
et al. (2017) to dynamic settings. To that end, let T be aK×K orthogonal matrix such that
(C̄∗)′T = [C̄m, C̄−m], with C̄m the full rank m×m partitioning of (C̄∗)′, and C̄−m is the
m× (K−m) matrix containing the remaining K−m columns. Let Ū∗ = [ū∗1, . . . , ū∗T ]′ such
that Ū∗m and Ū∗−m are the corresponding partitioning that follows from Ū∗T = [Ū∗m, Ū∗−m].
Next, we introduce the k(1 + p∗)× k(1 + p∗) rotation matrix R. First, let

B =
[

C̄−1
m −C̄−1

m C̄−m
0(K−m)×m IK−m

]
= [Bm,B−m]. (B-15)

In what follows it is convenient to set p∗ = 1 in order to save on notation. However, we note
that the results generalize directly. The matrices R̃, T̃ and R, defined next, are in general2
of dimension K(1+p∗)×K(1+p∗), K(1+p∗)×K(1+p∗) and 1+K(1+p∗)×1+K(1+p∗)
respectively. In the p∗ = 1 case we then have

R∗
(2K×K)

=
[

IK
−(Θ∗)′

]
, R̃

(2K×2K)
=
[
R∗,0K×KIK

]
, T̃

(2K×2K)
=
[

TB 0K×K
0K×K IK

]
,

and, accounting for the row of constants in Q,

R =
[

1 01×2K

02K×1 R̃T̃

]
.

Next, since by Lemma 1 the distribution of the CCEP estimator, or all its components, is
invariant to the presence of the fixed effects, we can, without loss of generality, simplify
notation by setting cd,i = 0K×1 for all i such that c̈d = 0K×1. Making use of (B-9) we then
get the following restructuring of Q

QR = F̌P̈R + ÜR = [ιT ,F,0T×(K−m), F̌−1(C̈⊗ IK)] + [0T×1, Ūm, Ū−m, Ü−1],

where Ūm = Ū∗mC̄−1
m , Ū−m = Ū∗−m − Ū∗mC̄−1

m C̄−m and Ü−1 = [ü0, . . . , üT−1]′. The matrix
N rearranges the columns conveniently as follows

QRN = [ιT ,F, F̌−1(C̈⊗ IK),0T×(K−m)] + [0T×1, Ūm, Ü−1, Ū−m].
2To illustrate: for any p∗ we have, with L(1+p∗) denoting a (1 + p∗)× (1 + p∗) matrix of zeros with ones

on the first lower sub-diagonal

R̃
(K(1+p∗)×K(1+p∗))

= IK(1+p∗) − (L(1+p∗) ⊗ (Θ∗)′), T̃
(K(1+p∗)×K(1+p∗))

=
[
Ip∗ ⊗TB 0Kp∗×K

0K×Kp∗ IK

]
,

and

R =
[

1 01×K(1+p∗)
0K(1+p∗)×1 R̃T̃

]
.
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Note that F̌−1(C̈ ⊗ IK) is a full column rank matrix (rk(F̌−1(C̈ ⊗ IK)) = K) such that
rk([F, F̌−1(C̈⊗ IK),0T×(K−m)]) = K +m ≤ c− 1 = 2K.3 When m < K, the final K −m
columns of QRN are degenerate as

∥∥∥[Ūm, Ü−1, Ū−m]
∥∥∥ = Op(N−1/2) by Lemma 2. Hence,

post-multiplying by DN = diag(ι′(1+K+m),
√
Nι′(K−m))

Q0 = QRNDN = [ιT ,F, F̌−1(C̈⊗ IK),0T×(K−m)] + [0T×1, Ūm, Ü−1,
√
NŪ−m] = F0 + Ū0,

with F0 = [F∗,0T×(K−m)] and F∗ = [ιT ,F, F̌−1(C̈ ⊗ IK)] is a T × (1 + K + m) full rank
matrix. Additionally, Ū0 = [Ū0

m, Ū0
−m], Ū0

m = [0T×1, Ūm, Ü−1] and Ū0
−m =

√
NŪ−m.

Therefore, we obtain for the rotated Q matrix with F+
u = [F∗, Ū0

−m]

Q0 = F0 + Ū0 = [F∗, Ū0
−m] + [Ū0

m,0T×(K−m)] = F+
u +Op(N−1/2), (B-16)

since
∥∥∥Ū0

m

∥∥∥ = Op(N−1/2) and
∥∥∥Ū0
−m

∥∥∥ = Op(1) by Lemma 2. Hence, in contrast to Q, the
columns of Q0 are non-degenerate even in casem < K, which, given that H = Q(Q′Q)†Q =
Q0(Q′0Q0)−1Q0 will now allow us to evaluate the limit of H.

Finally, it is convenient to define the selector matrices

Sm =
[

I1+K+m
0(K−m)×(1+K+m)

]
, S−m =

[
0(1+K+m)×(K−m)

IK−m

]
, (B-17)

such that we obtain the following key identities that will be used throughout the appendix

F∗ = F̌P̈RNSm, (B-18)
Ū0
m = ÜRNSm, (B-19)

Ū0
−m =

√
NÜRNS−m. (B-20)

B.3 Preliminary results
Assume that Ass.4 holds and p∗ ≥ p. Define next R0 as follows

R0 =

 01×K
R∗

0K(p∗−p)×K

 ,
3In general, for any p∗ we have

QR = F̌P̈R + ÜR = [ιT ,F,0T×(K−m),F−1,0T×(K−m), . . . ,F−(p∗−1),0T×(K−m), F̌−p∗(C̈⊗ IK)]
+ [0T×1, Ūm, Ū−m, Ūm,−1, Ū−m,−1, . . . , Ūm,−(p∗−1), Ū−m,−(p∗−1), Ü−p∗ ],

and

QRN = [ιT ,F, . . . ,F−(p∗−1), F̌−1(C̈⊗ IK),0T×((K−m)(p∗−1))]
+ [0T×1, Ūm, . . . , Ūm,−(p∗−1), Ü−p∗ , Ū−m, . . . , Ū−m,−(p∗−1)],

with rk([F, . . . ,F−(p∗−1), F̌−p∗(C̈⊗ IK),0T×(K−m)(p∗−1)]) = K +mp∗ ≤ c− 1 = K(1 + p∗).
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such that we can write

QR0T = F[C̄m, C̄−m] + [Ū∗m, Ū∗−m].

This gives, multiplied by Bm defined in (B-15),

QR0TBm = F + Ūm, (B-21)

such that we also have the following important relation

Ūm = ÜR0TBm. (B-22)

Solving (B-21) for F and multiplying by M gives

MF = M(QR0TBm − Ūm),

which in turn, given that by definition MQ = 0T×c, leads to the following key result

MF = −MŪm. (B-23)
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C Analysis for N →∞ and T fixed

C.1 Statement of lemmas
Lemma 1. Suppose that Ass.5 holds and a vector of constants ιT is included in Q. Then,
the CCEP estimator in eq.(14), or its components w′iMwi and w′iMyi are invariant to αi
and cz,i for all sample sizes. If additionally Ass.2 holds then it is equivalent to evaluate
(14) with E(F̌) = 0 for all N and T .

Lemma 2. Let Ass.1 and 5 hold. Then, as N →∞ and T fixed,∥∥∥Ü∥∥∥ = Op(N−1/2),
∥∥∥Ū∗∥∥∥ = Op(N−1/2), (C-1)∥∥∥Ūm

∥∥∥ = Op(N−1/2),
∥∥∥Ū0

m

∥∥∥ = Op(N−1/2),
∥∥∥Ū0
−m

∥∥∥ = Op(1). (C-2)

Lemma 3. Let c be the number of columns in Q. For any N →∞ and c <∞,

‖H‖ ≤M, (C-3)

irrespective of m, with M a finite constant.

Lemma 4. Let Ass.1-5 hold and suppose that m = 1 and p = 0, then,

MF+
−1 −→p 0T×1 as N →∞. (C-4)

Lemma 5. Let Ass.1-5 hold and suppose that p∗ ≥ p, then, as N →∞

AF = 1
N

N∑
i=1

w′iMF
T

γi = Op (Nω) , (C-5)

with ω = −1 in case m = 1, p = 0 and ω = −1/2 otherwise.

Lemma 6. Let Ass.1-3 and 5 hold, then,

Σ̂ = 1
N

N∑
i=1

w′iMwi

T
= Op(1), (C-6)

for all N and T .

Lemma 7. Let Ass.1-3 and 5 hold. Then, as N →∞,

Σ̂ = Σ +Op(N−1/2),

with

Σ = (vec(Ikw)′ ⊗ Ikw)
(
Ikw ⊗

[
Σε + (S′w ⊗ S′w) ΣP̈(F̌′ ⊗ F̌′)

]
T−1vec (M)

)
, (C-7)

and where Σε = E(ε′i ⊗ ε′i) and ΣP̈ = E(P̈′i ⊗ P̈′i).

11



Lemma 8. Let Ass.1-5 hold and suppose that p∗ ≥ p. Then, for σ̂2
ε evaluated at δ0 6= δ

with ‖δ − δ0‖ <∞, as N →∞,

σ̂2
ε (δ0) = σ2

ε − σ2
εc1υ(ρ,H)′(δ − δ0) + c2(δ − δ0)′Σ(δ − δ0) +Op(N−1/2), (C-8)

with c1 = 2/(T − c) and c2 = T/(T − c). When evaluated at δ0 = δ,

σ̂2
ε(δ) = 1

N(T − c)

N∑
i=1
ε′iMεi +Op(N−1), (C-9)

and also

σ̂2
ε(δ) −→p σ2

ε , (C-10)

for σ̂2
ε(·) defined in eq.(20).

C.2 Proof of lemmas
C.2.1 Proof of Lemma 1

Let D0 = IT − ιT ι′T/T and consider that D0 = D′0 and D0D0 = D0. Then, with (B-12)-
(B-13) we can write the components of the CCEP estimator in (14) as

w′iMyi = S′wQ′iMQiSy = S′wQ′iD0QiSy − S′wQ′iD0Q(Q′D0Q)†Q′D0QiSy, (C-11)
w′iMwi = S′wQ′iMQiSw = S′wQiD0QiSw − S′wQ′iD0Q(Q′D0Q)†Q′D0QiSw. (C-12)

Next, making use of (B-8) and (B-5)

D0Qi = D0(F̌P̈i + Üi) = [D0ιT ,D0F̌0, . . . ,D0F̌−p∗ ]P̈i + D0Üi,

=
[
0T×1,D0[F̌0, . . . , F̌−p∗ ][I1+p∗ ⊗ (C̈i ⊗ IK)]

]
+ D0Üi (C-13)

because D0ιT = 0T×1, and therefore also for the CSA

D0Q = D0(F̌P̈ + Ü) =
[
0T×1,D0[F̌0, . . . , F̌−p∗ ][I1+p∗ ⊗ (C̈⊗ IK)]

]
+ D0Ü. (C-14)

By consequence of (C-13) and (C-14), the right hand side of (C-11)-(C-12) is devoid of
the fixed effects such that both w′iMyi and w′iMwi are invariant to their presence for all
sample sizes. Additionally, since from Ass.2 and 5 follows E(D0F̌) = 0, by (C-13) and
(C-14) we can without loss of generality evaluate (C-11)-(C-12) assuming E(F̌) = 0.

C.2.2 Proof of Lemma 2

From the definition we have Ū∗ = [ū∗1, . . . , ū∗T ]′ such that its t-th row can be written as
ū∗t = N−1∑N

i=1 u∗it = N−1∑N
i=1 A−1

0 uit, where A−1
0 always exists and has fixed and finite

entries. From Ass.1 follows E(uit) = 0 and therefore E(ū∗t ) = 0. Consider now the variance

V ar (ū∗t ) = E

(
1
N

N∑
i=1

u∗it

) 1
N

N∑
j=1

u∗jt

′ = E

(
1
N2

N∑
i=1

u∗itu∗′it

)
,
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= A−1
0

(
1
N2

N∑
i=1

E(uitu′it)
)

(A−1
0 )′ = A−1

0

(
1
N2

N∑
i=1

Ωu

)
(A−1

0 )′ = O
( 1
N

)
,

because by Ass.1 the uit are independent over i and the entries of Ωu =
[
σ2
ε 0′k×1

0k×1 Ωv

]
are

bounded for all i. Consequently, ‖ū∗t‖ = Op(N−1/2) and
∥∥∥Ū∗∥∥∥ = Op(N−1/2). Consider next

Ü defined in (B-10) and let ξq = [0, ü′q, ü′q−1, . . . , ü′q−p∗ ]′ be its q-th row. Since its entries
are defined as üt = Θ−1(L)ū∗t , with Θ−1(L) a fixed and stable lag polynomial by Ass.5
such that üt is stationary, it follows from the above that ‖üt‖ = Op(N−1/2) and E(ξq) = 0.
This in turn implies that E

∥∥∥ξq∥∥∥2
= ∑p∗

l=0E(ü′q−lüq−l) ≤ O(N−1), which establishes that∥∥∥ξq∥∥∥ = Op(N−1/2) and
∥∥∥Ü∥∥∥ = Op(N−1/2). Combining this result with eqs.(B-19), (B-20)

and (B-22) gives ∥∥∥Ūm

∥∥∥ ≤ ∥∥∥Ü∥∥∥ ‖R0‖ ‖T‖ ‖Bm‖ = Op(N−1/2),∥∥∥Ū0
m

∥∥∥ ≤ ∥∥∥Ü∥∥∥ ‖R‖ ‖N‖ ‖Sm‖ = Op(N−1/2),∥∥∥Ū0
−m

∥∥∥ ≤ √N ∥∥∥Ü∥∥∥ ‖R‖ ‖N‖ ‖S−m‖ = Op(1),

which ends the proof.

C.2.3 Proof of Lemma 3

Recall that Q = F̌P̈ + Ü is a T × c real stochastic matrix with T ≥ c and Ü = Op(N−1/2)
by Lemma 2. Let r be the rank of Q and note that r0 = rk(F̌P̈) ≤ r depending on m and
k. Despite that r0 ≤ r, Feng and Zhang (2007) show that r a.s.→ c as N →∞ irrespective of
r0 (also see Karabiyik et al., 2017). Accordingly, rk(H) a.s.→ c with N → ∞ such that, by
the property rk(H) = tr(H) of idempotent matrices, also tr(H) a.s.→ c. Consider next the
matrix norm of H. Given the above

‖H‖ =
√
tr (HH′) =

√
tr (H) =

√
c, (C-15)

and therefore H is bounded for any N irrespective of r0 since c does not depend on N .

C.2.4 Proof of Lemma 4

Suppose that p = 0, m = 1 and write the one period lag of (1) as

(1− ρL)yi,t−1 = αi + x′i,t−1β + γift−1 + εi,t−1,

= (αi + c′z,iβ
∗) + (γi + β∗′Γ′i)ft−1 + (εi,t−1 + v′i,t−1β

∗),
= α∗i + γ∗i ft−1 + ε∗i,t−1,

where x′i,t−1β = z′i,t−1β
∗ = c′z,iβ

∗ + ft−1Γiβ
∗ + v′i,t−1β

∗ was substituted in. Solve for ft

ft−1 = 1
γ∗i

(
(1− ρL)yi,t−1 − α∗i − ε∗i,t−1

)
,

13



with γ∗i = γi + β∗′Γ′i and multiply both sides with (1− ρL)−1

(1− ρL)−1ft−1 = (1− ρL)−1

γ∗i

(
(1− ρL)yi,t−1 − α∗i − ε∗i,t−1

)
,

f+t−1 = 1
γ∗i

(
(yi,t−1 − (1− ρL)−1α∗i − (1− ρL)−1ε∗i,t−1

)
,

where f+t−1 = (1− ρL)−1ft−1. Next, averaging over i gives

f+t−1 = 1
γ̄∗

(
ȳt−1 − ᾱ∗/(1− ρ)− (1− ρL)−1ε̄∗t−1

)
,

where barred variables are averages and it follows from Lemma 2 that (1 − ρL)−1ε̄∗t−1 =
Op(N−1/2). Given the above we can write F+

−1 = (1 − ρL)−1F−1 = [f+0 , . . . , f+T−1]′ using
ε̄∗+−1 = (1− ρL)−1[ε̄∗0, . . . , ε̄∗T−1]′ as

F+
−1 = Q∗

[
−ᾱ∗
1− ρ

]
1

γ̄∗(1− ρ) −
ε̄∗+−1
γ̄∗

= Q∗P∗ +Op

(
1√
N

)
, (C-16)

with Q∗ = [ιT , ȳ−1] and obvious definition for P∗. Provided a constant and ȳ−1 are included
in Q, we have

MF+
−1 = Op(N−1/2), (C-17)

because in this case MQ∗ = 0 by definition and M is bounded in norm by Lemma 3. Note
that (C-17) does not go through in the multiple factor case or with p > 0 since, lagging (9)
and multiplying both sides with ρ(L)−1 = (1− ρL)−1 yields

f+
t−1 = (C′C)−1 C′

([
1 −ρ(L)−1(β∗)′
0 ρ(L)−1λ (L)

] [
ȳt−1
z̄t−1

]
− ρ(L)−1

[
ᾱ
c̄z

])
+Op(N−1/2),

which shows that an infinite number of lags of z̄t−1 are required to approximate f+
t .

C.2.5 Proof of Lemma 5

Let AF = 1
NT

∑N
i=1 w′iMFγi. Since the rank condition holds by Ass.4 we have substituting

in (B-23) and using γi = γ + ηi from Ass.3

AF = − 1
NT

N∑
i=1

w′iMŪmγi = − 1
T

w̄′MŪmγ −
1
NT

N∑
i=1

w′iMŪmηi = − 1
NT

N∑
i=1

w′iMŪmηi,

since w̄ ⊂ Q such that Mw̄ = 0T×kw . We next make use of M = IT − H to write the
matrix norm of AF as

∥∥∥AF
∥∥∥ ≤ ∥∥∥∥∥ 1

NT

N∑
i=1

w′iŪmηi

∥∥∥∥∥+
∥∥∥∥∥ 1
NT

N∑
i=1

w′iHŪmηi

∥∥∥∥∥ . (C-18)
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Turning to the first term gives∥∥∥∥∥ 1
NT

N∑
i=1

w′iŪmηi

∥∥∥∥∥ ≤
∥∥∥∥∥ 1
NT

N∑
i=1

(η′i ⊗w′i)
∥∥∥∥∥ ∥∥∥Ūm

∥∥∥ = Op

(
1√
N

)
,

since
∥∥∥Ūm

∥∥∥ = Op(N−1/2) by Lemma 2 and since substituting in wi = F̌P̈iSw+εi by (B-13)
leads to∥∥∥∥∥ 1

NT

N∑
i=1

(η′i ⊗w′i)
∥∥∥∥∥ ≤

∥∥∥∥∥ 1
NT

N∑
i=1

(
η′i ⊗ S′wP̈′iF̌′

)∥∥∥∥∥+
∥∥∥∥∥ 1
NT

N∑
i=1

(η′i ⊗ ε′i)
∥∥∥∥∥ ,

=
∥∥∥∥∥ 1
NT

N∑
i=1

(
η′i ⊗ S′wP̈′iF̌′

)∥∥∥∥∥+Op

(
1√
N

)
= Op(1), (C-19)

because εi and ηi are independent and loadings are i.i.d. with bounded fourth moments
by Ass.3. For the second term, we find with (C-19),∥∥∥∥∥ 1

NT

N∑
i=1

w′iHŪmηi

∥∥∥∥∥ ≤
∥∥∥∥∥ 1
NT

N∑
i=1

(η′i ⊗w′i)
∥∥∥∥∥ ‖H‖ ∥∥∥Ūm

∥∥∥ = Op

(
1√
N

)
, (C-20)

since ‖H‖ is bounded by Lemma 3. Combining results in (C-18) gives∥∥∥AF
∥∥∥ = Op(N−1/2),

which proves that in general
∥∥∥AF

∥∥∥ = Op(Nω) with ω = −1/2.

It remains to show that ω = −1 when m = 1 and p = 0. Write AF explicitly as

AF = − 1
N

N∑
i=1

w′iMŪm

T
ηi = − 1

NT

N∑
i=1

[
y′i,−1MŪmηi
X′iMŪmηi

]
. (C-21)

Suppose that m = 1, p = 0. We can then write Myi,−1 more explicitly by inverting eq.(6)
and employing (C-16) of Lemma 4

Myi,−1 = M
(
F+
−1γi + X+

i,−1β + ε+
i,−1

)
= M

(
X+
i,−1β + ε+

i,−1 −
γi
γ̄∗
ε̄∗+−1

)
, (C-22)

and since p = 0 (no dynamics in zit) we can also write (3) in matrix notation as

Zi = [Xi,Gi] = ιTc′z,i + FΓi + Vi,

where Vi = [vi1, . . . ,viT ]′. Defining Sx = [Ikx ,0kx×kg ]′ as the matrix selecting Xi from Zi

and substituting in (B-23) gives

MXi = MZiSx = M(FΓi + Vi)Sx = M(Vi − ŪmΓi)Sx. (C-23)

Similarly, from (C-16) in Lemma 4

MX+
i,−1 = Mρ(L)−1Zi,−1Sx = M(F+

−1Γi + V+
i,−1)Sx = M(V+

i,−1 − γ̄∗−1ε̄∗+−1Γi)Sx. (C-24)
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Consider the first row of (C-21), substituting in (C-22) gives

1
NT

N∑
i=1

y′i,−1MŪmηi = 1
NT

N∑
i=1

(
β′X+′

i,−1 + ε+′
i,−1 −

γi
γ̄∗
ε̄∗+′−1

)
MŪmηi, (C-25)

where since Ūm and ε̄+∗
−1 are Op(N−1/2) and loadings and errors are independent∥∥∥∥∥ 1

NT

N∑
i=1
ε+′
i,−1MŪmηi

∥∥∥∥∥ ≤ 1
T

∥∥∥∥∥ 1
N

N∑
i=1

(
η′i ⊗ ε+′

i,−1

)∥∥∥∥∥ ‖M‖ ∥∥∥Ūm

∥∥∥ = Op(N−1),∥∥∥∥∥ 1
NT

N∑
i=1

γi
γ̄∗
ε̄+∗′
−1 MŪmηi

∥∥∥∥∥ ≤ 1
T

∥∥∥∥∥ 1
N

N∑
i=1

(
η′i ⊗

γi
γ̄∗

)∥∥∥∥∥ ∥∥∥ε̄+∗
−1

∥∥∥ ‖M‖ ∥∥∥Ūm

∥∥∥ = Op(N−1),

and we find for first term of (C-25), after substituting in (C-24),

1
NT

N∑
i=1
β′S′x

(
V+′
i,−1 − γ̄∗−1Γ′iε̄∗+′−1

)
MŪmηi = Op(N−1),

because∥∥∥∥∥ 1
NT

N∑
i=1
β′S′xV+′

i,−1MŪmηi

∥∥∥∥∥ ≤ 1
T

∥∥∥∥∥ 1
N

N∑
i=1

(
η′i ⊗ β′S′xV+′

i,−1

)∥∥∥∥∥ ‖M‖ ∥∥∥Ūm

∥∥∥ = Op

( 1
N

)
,∥∥∥∥∥ 1

NT

N∑
i=1
β′S′x

Γ′i
γ̄∗
ε̄+∗′
−1 MŪmηi

∥∥∥∥∥ ≤ 1
T

∥∥∥∥∥ 1
N

N∑
i=1

(
η′i ⊗ β′S′x

Γ′i
γ̄∗

)∥∥∥∥∥ ∥∥∥ε̄+∗
−1

∥∥∥ ‖M‖ ∥∥∥Ūm

∥∥∥ = Op

( 1
N

)
,

where we note that the last bound can be sharpened to Op(N−3/2) when γi and Γi are
independent. Regardless, combining results in (C-25) gives

1
NT

N∑
i=1

y′i,−1MŪmηi = Op(N−1). (C-26)

For rows 2 to kw of (C-21) we find, after substituting in (C-23) and using similar arguments
as before

1
NT

N∑
i=1

X′iMŪmηi = 1
NT

N∑
i=1

S′x(V′i − Γ′iŪ′m)MŪmηi = Op(N−1). (C-27)

Combining (C-26)-(C-27) in (C-21) leads to AF = Op(Nω) with ω = −1, as required.

C.2.6 Proof of Lemma 6

Recall from eq.(B-13) that wi = F̌P̈iSw + εi with Sw the selector matrix defined in (B-
11) and F̌, P̈i and εi are defined in eq.(B-5), (B-6) and (B-14) respectively. Let ϑi,s be
the s-th column of wi and note that by Ass.1-3 and 5 the P̈i, εi and F̌ are independent
and stationary with finite variance such that ϑi,s = Op(1) for every i and s and ‖ϑi,s‖ =
Op(
√
T ). Consider the matrix Σ̂ = ∑N

i=1 w′iMwi/NT and note that element s on its
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diagonal is 1
NT

∑N
i=1 ‖Mϑi,s‖2 = Op(1), since ‖Mϑi,s‖ ≤ ‖ϑi,s‖ = Op(

√
T ) for all i and s.

Using the same argument we have for the off-diagonal element on row s and column s′ 6= s∥∥∥∥∥ 1
NT

N∑
i=1
ϑ′i,sMϑi,s′

∥∥∥∥∥ ≤ 1
NT

N∑
i=1

∥∥∥ϑ′i,sMϑi,s′
∥∥∥ ≤ 1

NT

N∑
i=1
‖Mϑi,s‖ ‖Mϑi,s′‖ = Op(1),

such that Σ̂ = Op(1) and the lemma is proved.

C.2.7 Proof of Lemma 7

Consider the following decomposition of Σ̂ obtained by substituting in eq.(B-13)

Σ̂ = 1
NT

N∑
i=1

w′iMwi = 1
NT

N∑
i=1

S′wP̈′iF̌′MF̌P̈iSw + 1
NT

N∑
i=1
ε′iMεi

+ 1
NT

N∑
i=1

S′wP̈′iF̌′Mεi + 1
NT

N∑
i=1
ε′iMF̌P̈iSw.

By Ass.1 and 3, the εi and P̈i are independent of each other and over i such that∥∥∥∥∥ 1
N

N∑
i=1

S′wP̈′iF̌′Mεi

∥∥∥∥∥ ≤
∥∥∥∥∥ 1
N

N∑
i=1

(
ε′i ⊗ S′wP̈′i

)∥∥∥∥∥ ∥∥∥F̌∥∥∥ ‖M‖ = Op(N−1/2),

which also uses Lemma 3. Substituting in this result and noting that the summation
operates only on εi and P̈i we can write

vec(Σ̂) =T−1
[
Σ̂ε + (S′w ⊗ S′w) Σ̂P̈(F̌′ ⊗ F̌′)

]
vec (M) +Op(N−1/2),

where Σ̂ε = 1
N

∑N
i=1 (ε′i ⊗ ε′i) and Σ̂P̈ = 1

N

∑N
i=1(P̈′i ⊗ P̈′i). For the latter, since by Ass.1

and 3 the εi and P̈i are independent over i with bounded moments up to the fourth order

Σ̂ε = E (ε′i ⊗ ε′i) +Op(N−1/2) = Σε +Op(N−1/2),
Σ̂P̈ = E(P̈′i ⊗ P̈′i) +Op(N−1/2) = ΣP̈ +Op(N−1/2),

with ΣP̈ = E(P̈′i ⊗ P̈′i) and Σε = E(ε′i ⊗ ε′i). Therefore, matricising vec(Σ̂) yields

Σ̂ =(vec(Ikw)′ ⊗ Ikw)
(
Ikw ⊗

[
Σε + (S′w ⊗ S′w) ΣP̈(F̌′ ⊗ F̌′)

]
T−1vec (M)

)
+Op(N−1/2),

which is the result stated in the lemma.

C.2.8 Proof of Lemma 8

Consider the estimator σ̂2
ε(·) defined in equation (20) evaluated at δ0 6= δ, with δ = [ρ,β′]′

the true parameter vector. Suppose that p∗ ≥ p and Ass.1-5 hold. We can then make use
of eqs.(6) and (B-23) to obtain

σ̂2
ε (δ0) = 1

N(T − c)

N∑
i=1
‖M (yi −wiδ0)‖2 = 1

N(T − c)

N∑
i=1
‖M (wi(δ − δ0) + Fγi + εi)‖2 ,
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= 1
N(T − c)

N∑
i=1

∥∥∥M (
wi(δ − δ0)− Ūmγi + εi

)∥∥∥2
,

= 1
N(T − c)

N∑
i=1
‖M (wi(δ − δ0) + εi)‖2 +Op(N−1/2),

= T

T − c
(δ − δ0)′Σ̂(δ − δ0) + 2

N(T − c)

N∑
i=1

(δ − δ0)′w′iMεi

+ 1
N(T − c)

N∑
i=1
ε′iMεi +Op(N−1/2), (C-28)

since we have
∥∥∥ 1
N

∑N
i=1 w′iMŪmγi

∥∥∥ =
∥∥∥ 1
N

∑N
i=1 w′iMŪmηi

∥∥∥ = Op(N−1/2) as proved in
Lemma 5 such that for any ‖δ − δ0‖ <∞,∥∥∥∥∥ 1

N

N∑
i=1

w′iMŪmηi(δ − δ0)
∥∥∥∥∥ ≤

∥∥∥∥∥ 1
N

N∑
i=1

w′iMŪmηi

∥∥∥∥∥ ‖δ − δ0‖ = Op

(
1√
N

)
,

and because∥∥∥∥∥ 1
N

N∑
i=1
ε′iMŪmγi

∥∥∥∥∥ ≤
∥∥∥∥∥ 1
N

N∑
i=1

(γ ′i ⊗ ε′i)
∥∥∥∥∥ ∥∥∥Ūm

∥∥∥ ‖M‖ = Op

( 1
N

)
, (C-29)∥∥∥∥∥ 1

N

N∑
i=1
γ ′iŪ′mMŪmγi

∥∥∥∥∥ ≤
∥∥∥∥∥ 1
N

N∑
i=1

(γ ′i ⊗ γ ′i)
∥∥∥∥∥ ∥∥∥Ūm

∥∥∥2
‖M‖ = Op

( 1
N

)
, (C-30)

due to
∥∥∥ 1
N

∑N
i=1(γ ′i ⊗ γ ′i)

∥∥∥ = Op(1) and
∥∥∥ 1
N

∑N
i=1(γ ′i ⊗ ε′i)

∥∥∥ = Op(N−1/2) by Ass.1 and 3,∥∥∥Ūm

∥∥∥ = Op(N−1/2) by Lemma 2 and ‖M‖ = O(1) by Lemma 3. Next, we take the first
two remaining terms in (C-28) individually as N →∞,

T

T − c
(δ − δ0)′Σ̂(δ − δ0) = c2(δ − δ0)′Σ(δ − δ0) +Op(N−1/2), (C-31)

2
T − c

1
N

N∑
i=1

(δ − δ0)′w′iMεi = −c1σ
2
ευ(ρ,H)′(δ − δ0) +Op(N−1/2), (C-32)

where c1 = 2
T−c and c2 = T

T−c . The first result follows from Lemma 7 and the second from
Theorem 1. Also, letting ht,s denote the element on row t and column s of H, c̃ = T − c
and with ε̄t,s = 1

N

∑N
i=1 εi,tεi,s,

1
T − c

1
N

N∑
i=1
ε′iMεi = c̃−1 1

N

N∑
i=1

T∑
t=1

ε2
i,t − c̃−1 1

N

N∑
i=1

T∑
t=1

T∑
s=1

ht,sεi,tεi,s,

= c̃−1
T∑
t=1

ε̄t,t − c̃−1
T∑
t=1

T∑
s=1

ht,sε̄t,s,

= c̃−1
T∑
t=1

ε̄t,t − c̃−1
T∑
t=1

ht,tε̄t,t +Op(N−1/2),
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= c̃−1
[
Tσ2

ε +
T∑
t=1

(
ε̄t,t − σ2

ε

)]
− c̃−1

[
σ2
ε

T∑
t=1

ht,t +
T∑
t=1

ht,t
(
ε̄t,t − σ2

ε

)]
+Op(N−1/2),

= c̃−1σ2
ε

(
T −

T∑
t=1

ht,t

)
+Op(N−1/2) = σ2

ε c̃
−1c̃+Op(N−1/2),

= σ2
ε +Op(N−1/2), (C-33)

since ∑T
t=1 ht,t = tr(H) = c and by Ass.1 ε̄t,s = Op(N−1/2) for t 6= s and ε̄t,t = σ2

ε +
Op(N−1/2). Combining results gives

σ̂2
ε (δ0) = σ2

ε − σ2
εc1υ(ρ,H)′(δ − δ0) + c2(δ − δ0)′Σ(δ − δ0) +Op(N−1/2). (C-34)

This proves (C-8).

Finally, evaluating eq.(20) at δ0 = δ we have, employing again (B-23) in σ̂2
ε(δ),

σ̂2
ε(δ) = 1

N(T − c)

N∑
i=1
‖M(wi(δ − δ) + Fγi + εi)‖2 = 1

N(T − c)

N∑
i=1

∥∥∥M(εi − Ūmγi)
∥∥∥2
,

= 1
N(T − c)

N∑
i=1
ε′iMεi − 2 1

N(T − c)

N∑
i=1
ε′iMŪmγi + 1

N(T − c)

N∑
i=1
γ ′iŪ′mMŪmγi,

which makes, by (C-29) and (C-30),

σ̂2
ε(δ) = 1

N(T − c)

N∑
i=1
ε′iMεi +Op(N−1),

and proves (C-9) of the lemma. Finally, eq.(C-10) in the lemma follows directly from (C-34)
evaluated at δ0 = δ and letting N →∞.

C.3 Statement of theorems
Below we state the theorems that are not presented in the main text or in section A.2.
Theorem 3. Let φ(·) = δ̂−m̂(·), φ̃(·) = limN→∞φ(·) and suppose that p∗ ≥ p and Ass.1-5
hold. Assuming that φ̃(δ0) = 0 implies δ0 = δ, and that χ ⊆ Rkw is compact with δ ∈ χ,

δ̂bc −→p δ as N →∞,

with δ̂bc defined in eq.(21).

C.4 Proof of theorems and corollaries
C.4.1 Proof of Theorem 1

The CCEP estimator for δ defined in (14) is

δ̂ =
(

1
N

N∑
i=1

w′iMwi

T

)−1 1
N

N∑
i=1

w′iMyi
T

.
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Substituting in eq.(6) gives

δ̂ − δ = Σ̂−1 (Aε + AF
)

= Σ̂−1Aε +Op(N−1/2), (C-35)

where Aε = 1
NT

∑N
i=1 w′iMεi and because Σ̂ = 1

NT

∑N
i=1 w′iMwi = Op(1) by Lemma 6

and AF = 1
NT

∑N
i=1 w′iMFγi = Op(N−1/2) by Lemma 5. Substituting in (B-13), we can

decompose Aε as

Aε = 1
NT

N∑
i=1

S′wP̈′iF̌′Mεi + 1
NT

N∑
i=1
ε′iMεi,

where by the independence of εi and P̈i by Ass.1 and 3, and Lemma 3∥∥∥∥∥ 1
NT

N∑
i=1

S′wP̈′iF̌′Mεi

∥∥∥∥∥ ≤ 1
T

∥∥∥∥∥ 1
N

N∑
i=1

(
ε′i ⊗ S′wP̈′i

)∥∥∥∥∥ ∥∥∥F̌∥∥∥ ‖M‖ = Op(N−1/2).

Next, note that we can write, with ht,s denoting the element on row t and column s of H,
and with ε̄t,s = 1

N

∑N
i=1 εitεis,

1
N

N∑
i=1
ε′iMεi =

T∑
t=1

1
N

N∑
i=1
εitεit −

T∑
t=1

T∑
s=1

ht,s
1
N

N∑
i=1
εitεis =

T∑
t=1
ε̄t,t −

T∑
t=1

T∑
s=1

ht,sε̄t,s,

where making use of (B-14) and Ass.1 and 5, for all t and s[
ε̄t,s − σ2

εq1ρ
t−1−s

1(t−1≥s)
]

= Op(N−1/2),

with q1 = [1,0′kx×1]′ and 1a is the indicator function returning 1 if the condition a is true,
and zero otherwise. This gives, since by Lemma 3 all ht,s are bounded and ε̄t,t = Op(N−1/2),

1
N

N∑
i=1
ε′iMεi =

T∑
t=1
ε̄t,t −

T∑
t=1

T∑
s=1

ht,s
[
ε̄t,s − σ2

εq1ρ
t−1−s

1(t−1≥s)
]
− σ2

εq1

T∑
t=1

T∑
s=1

ht,sρ
t−1−s

1(t−1≥s),

= −σ2
εq1

T∑
t=1

T∑
s=1

ht,sρ
t−1−s

1(t−1≥s) +Op(N−1/2),

and in turn leads to the conclusion

plim
N→∞

Aε = −T−1σ2
εq1

T∑
t=1

T∑
s=1

ht,sρ
t−1−s

1(t−1≥s) = −T−1σ2
ευ(ρ,H),

with υ(ρ,H) = υ(ρ,H)q1 and υ(ρ,H) = ∑T−1
t=1 ρ

t−1∑T
s=t+1 hs,s−t. Next up is the denomi-

nator. From Lemma 7,

Σ̂ = (vec(Ikw)′ ⊗ Ikw)
(
Ikw ⊗

[
Σε + (S′w ⊗ S′w) ΣP̈(F̌′ ⊗ F̌′)

]
T−1vec (M)

)
+Op(N−1/2),

= Σ +Op(N−1/2),
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with ΣP̈ = E(P̈′i ⊗ P̈′i) and Σε = E(ε′i ⊗ ε′i), which are all O(1) terms by Ass.1, 3 and 5.
Hence, combining results gives

plim
N→∞

(δ̂ − δ) = −σ
2
ε

T
Σ−1υ(ρ,H), (C-36)

which is the result stated in eq.(15). Equations (16)-(17) in Theorem 1 are a reformulation
of (C-36) obtained by application of the Frisch-Waugh-Lovell theorem and defining ζ =
plimN→∞(X̆′X̆)−1X̆′y−1 = (S′xΣSx)−1S′xΣq1 and σ2

y̆−1
= plimN→∞

y̆′−1y̆−1
NT

, with y̆−1 =
Mx[y′1,−1, . . . ,y′N,−1]′, Mx = M− X̆(X̆′X̆)−1X̆′, X̆ = M[X′1, . . . ,X′N ]′ and M = IN ⊗M.

C.4.2 Proof for Corollary 1

It will be useful for the derivation of the explicit bias expression in eq.(A-5) to stack eq.(6)
over individuals as

y = (IN ⊗ ιT )α+ ρy−1 + Xβ + FΛ + ε, (C-37)

with F = (IN ⊗ F), y = [y′1, . . . ,y′N ]′, X = [X′1, . . . ,X′N ]′, α = [α1, . . . , αN ]′, Λ =
[γ ′1, . . . ,γ ′N ]′ and ε = [ε′1, . . . , ε′N ]′. With Ass.5 expression (C-37) can be inverted to get

y = (IN ⊗ ιT )α+ + X+β + F+Λ + ε+, (C-38)

with F+ = (IN ⊗ F+) and variables with a + superscript defined as X+ = (1− ρL)−1X.
Using eq.(C-37) and the Frisch-Waugh-Lovell theorem, write the CCEP estimator as

ρ̂ = (y′−1MXy−1)−1y′−1MXy, (C-39)
β̂ = (X′MX)−1 X′M (y− ρ̂y−1) , (C-40)

with MX = MxM, M = IN ⊗M and Mx = INT −MX (X′MX)−1 X′M. Eq.(C-35) implies

plim
N→∞

(ρ̂− ρ) = plim
N→∞

y′−1MXε

y′−1MXy−1
, (C-41)

plim
N→∞

(β̂ − β) = plim
N→∞

(X′MX)−1 X′My−1 (ρ− ρ̂) , (C-42)

such that, defining ζ = plimN→∞ (X′MX)−1 X′My−1 we obtain for (C-42)

plim
N→∞

(β̂ − β) = −ζ plim
N→∞

(ρ− ρ̂), (C-43)

which is the expression in eq.(17).

Next, consider that lagging eq.(C-38) one period gives the following expression for y−1

y−1 = (IN ⊗ ιT )α+ + X+
−1β + (IN ⊗ F+

−1)Λ + ε+
−1.

This leads to

My−1 = MX+
−1β + (IN ⊗MF+

−1)Λ + Mε+
−1. (C-44)
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We will use this result to evaluate (C-41) conditional on C = σ{F̌,Q}. From the strict
exogeneity of X (Ass.1) and the independence of Λ and ε (Ass.3) follows

plim
N→∞

1
NT

y′−1MXε = plim
N→∞

1
NT

y′−1Mε = plim
N→∞

1
NT

(ε+
−1)′Mε,

= plim
N→∞

1
NT

N∑
i=1

(ε+
i,−1)′Mεi. (C-45)

Defining Q̃ = BQ, with Q a fixed matrix conditional on C, and B = IT − ιT ι′T/T , the
numerator of (C-41) is

plim
N→∞

1
NT

N∑
i=1

(ε+
i,−1)′Mεi = plim

N→∞

1
NT

N∑
i=1

(ε+
i,−1)′

[
(εi − ε̄i)− Q̃(Q̃′Q̃)†Q̃′ (εi − ε̄i)

]
,

= − plim
N→∞

1
NT

N∑
i=1

(ε+
i,−1)′ε̄i − plim

N→∞

1
NT

N∑
i=1

(ε+
i,−1)′Q̃(Q̃′Q̃)†Q̃′εi,

= −σ
2
ε

T
A (ρ)− σ2

ε

T

T−1∑
t=1

ρt−1
T∑

s=t+1
h̃s,s−t,

= −σ
2
ε

T
A (ρ)− σ2

ε

T
D(ρ, H̃), (C-46)

with A(ρ) = 1
1−ρ

(
1− 1

T
1−ρT

1−ρ

)
, D(ρ, H̃) = ∑T−1

t=1 ρ
t−1∑T

s=t+1 h̃s,s−t and H̃ = Q̃(Q̃′Q̃)†Q̃′.
Turning to the denominator of equation (C-41), using (C-44) we get

y′−1MXy−1 =
∥∥∥Mx

(
MX+

−1β + (IN ⊗MF+
−1)Λ + Mε+

−1

)∥∥∥2
,

=
∥∥∥MXX+

−1β
∥∥∥2

+
∥∥∥MX(IN ⊗ F+

−1)Λ
∥∥∥2

+
∥∥∥MXε

+
−1

∥∥∥2

+ 2β′(X+
−1)′MXε

+
−1 + 2β′(X+

−1)′MX(IN ⊗ F+
−1)Λ

+ 2Λ′(IN ⊗ (F+
−1)′)MXε

+
−1.

Defining first

C+ =
∥∥∥MXX+

−1β
∥∥∥2

+
∥∥∥MX(IN ⊗ F+

−1)Λ
∥∥∥2

+ 2β′(X+
−1)′MXε

+
−1

+2β′(X+
−1)′MX(IN ⊗ F+

−1)Λ + 2Λ′(IN ⊗ (F+
−1)′)MXε

+
−1,

and taking the limit (conditional on C) gives

plim
N→∞

1
NT

C+ = plim
N→∞

1
NT

∥∥∥MXX+
−1β

∥∥∥2
+ plim

N→∞

1
NT

∥∥∥MX(IN ⊗ F+
−1)Λ

∥∥∥2

+ plim
N→∞

1
NT

2β′(X+
−1)′MX(IN ⊗ F+

−1)Λ, (C-47)

because by Ass.1 and 3

plim
N→∞

1
NT

2Λ′(IN ⊗ (F+
−1)′)MXε

+
−1 = 0,
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plim
N→∞

1
NT

2β′(X+
−1)′MXε

+
−1 = 0.

Hence

plim
N→∞

1
NT

y′−1MXy−1 = plim
N→∞

1
NT

∥∥∥MXε
+
−1

∥∥∥2
+ plim

N→∞

1
NT

C+,

= plim
N→∞

1
NT

∥∥∥Mε+
−1

∥∥∥2
− plim

N→∞

1
NT

(ε+
−1)′MX (X′MX)−1 X′Mε+

−1

+ plim
N→∞

1
NT

C+,

= plim
N→∞

1
NT

N∑
i=1

(ε+
i,−1)′Mε+

i,−1 + plim
N→∞

1
NT

C+. (C-48)

Focusing on the first term of (C-48) and using earlier definitions gives

plim
N→∞

1
NT

N∑
i=1

(ε+
i,−1)′Mε+

i,−1 = plim
N→∞

1
NT

N∑
i=1

(ε+
i,−1)′

[ (
ε+
i,−1 − ε̄+

i,−1

)
− Q̃(Q̃′Q̃)†Q̃′

(
ε+
i,−1 − ε̄+

i,−1

) ]
,

= plim
N→∞

1
NT

T∑
t=1

N∑
i=1

(
ε+
i,t−1 − ε̄+

i,−1

)2

− plim
N→∞

1
NT

N∑
i=1

(ε+
i,−1)′H̃ε+

i,−1,

= σ2
ε

T
B (ρ)− σ2

ε

1− ρ2
1
T

[
tr(H̃) + 2ρ

T−1∑
t=1

ρt−1
T∑

s=t+1
h̃s,s−t

]
,

= σ2
ε

T

(
B (ρ)− 1

1− ρ2

[
c− 1 + 2ρD(ρ, H̃)

])
, (C-49)

where B(ρ) = T
1−ρ2

(
1− 1

T
1+ρ
1−ρ −

2ρ
T 2

1−ρT

(1−ρ)2

)
.

Combining (C-46), (C-47) and (C-49)

plim
N→∞

(ρ̂− ρ) =
−σ2

ε

T

(
A (ρ) +D(ρ, H̃)

)
σ2

ε

T

(
B (ρ)− 1

1−ρ2

[
c− 1 + 2ρD(ρ, H̃)

])
+ plimN→∞

1
NT
C+

,

= −A (ρ)−D(ρ, H̃)
B (ρ)− 1

1−ρ2

[
c− 1 + 2ρD(ρ, H̃)

]
+ plimN→∞

1
Nσ2

ε
C+

, (C-50)

which we reformulate to

plim
N→∞

(ρ̂− ρ) = −

[
A (ρ) +D(ρ, H̃)

]
[
B (ρ)− E(ρ, H̃) + TC

] , (C-51)
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where E(ρ, H̃) = 1
1−ρ2

[
c− 1 + 2ρD(ρ, H̃)

]
and

C = plim
N→∞

1
NTσ2

ε

(∥∥∥MXX+
−1β

∥∥∥2
+
∥∥∥MX(IN ⊗ F+

−1)Λ
∥∥∥2

+ 2β′(X+
−1)′MX(IN ⊗ F+

−1)Λ
)
,

= plim
N→∞

1
NTσ2

ε

(
β′(X+

−1)′MXX+
−1β + Λ′(F+

−1)′MXF+
−1Λ + 2β′(X+

−1)′MXF+
−1Λ

)
,

= plim
N→∞

β′Ωx̆β + Λ′Ωf̆Λ + 2β′Ωx̆,̆fΛ
σ2
ε

,

with Ωx̆ = (X+
−1)′MXX+

−1/NT , Ωf̆ = (F+
−1)′MXF+

−1/NT , Ωx̆,̆f = (X+
−1)′MXF+

−1/NT and
F+
−1 = (IN ⊗ F+

−1).

C.4.3 Proof of Theorem 3

Let φ(δ0) be the vector of moment conditions employed by CCEPbc in (21) evaluated at
δ0 6= δ, with δ the population parameter vector δ = [ρ,β′]′. Multiplying by Σ̂ and solving
in eq.(6) gives

Σ̂φ(δ0) = 1
NT

N∑
i=1

w′iMyi −
1
NT

N∑
i=1

w′iMwiδ0 + 1
T
σ̂2
ε(δ0)υ(ρ0),

= Σ̂ (δ − δ0) + 1
NT

N∑
i=1

w′iMεi + 1
NT

N∑
i=1

w′iMFγi + 1
T
σ̂2
ε(δ0)υ(ρ0),

= Σ̂(δ − δ0) + 1
T

(
1
N

N∑
i=1

w′iMεi + σ̂2
ε(δ0)υ(ρ)

)
+Op(N−1/2), (C-52)

because 1
NT

∑N
i=1 w′iMFγi = Op(N−1/2) by Lemma 5. Note that we have dropped the

dependence of υ(·) on H for simplicity.
Consider the middle term. From Lemma 8 with ‖δ − δ0‖ <∞ given compactness of χ,

σ̂2
ε (δ0) = σ2

ε − σ2
εc1υ(ρ)′(δ − δ0) + c2(δ − δ0)′Σ(δ − δ0) +Op(N−1/2),

with Σ defined in eq.(C-7) of Lemma 7, and where c1 = 2
T−c and c2 = T

T−c . We also have

1
N

N∑
i=1

w′iMεi = −σ2
ευ(ρ) +Op(N−1/2),

by Theorem 1. As such, by combining results we can write as N →∞ that

1
N

N∑
i=1

w′iMεi + σ̂2
ε(δ0)υ(ρ0)

= −σ2
ευ(ρ) + υ(ρ0)

[
σ2
ε − σ2

εc1υ(ρ)′(δ − δ0) + c2(δ − δ0)′Σ(δ − δ0)
]

+ op(1),
= −σ2

ε [υ(ρ)− υ(ρ0)]− σ2
εc1υ(ρ0)υ(ρ)′(δ − δ0) + c2υ(ρ0)(δ − δ0)′Σ(δ − δ0) + op(1),
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Substituting this result in (C-52) gives
∥∥∥φ(δ0)− φ̃(δ0)

∥∥∥ = op(1) for ‖δ − δ0‖ <∞, with

φ̃(δ0) = (δ − δ0)− 1
T

σ2
εΣ−1 [υ(ρ)− υ(ρ0)] + σ2

εc1Σ−1υ(ρ0)υ(ρ)′(δ − δ0)

− c2Σ−1υ(ρ0)(δ − δ0)′Σ(δ − δ0)
. (C-53)

In (C-53) we note that ‖υ(ρ0)‖ <∞ since ‖H‖ =
√
c from Lemma 3 such that υ(ρ0,H) <

∞ for any finite ρ0 (and where |ρ|< 1 by Ass.5 ensures ‖υ(ρ)‖ <∞ also as T →∞). Also,
c2 = O(1) and since T > c, c1 = O(1). ‖Σ‖ = O(1) is shown in Lemma 7 and σ2

ε <∞ by
Ass.1. This implies that

∥∥∥φ̃(δ0)
∥∥∥ <∞ provided ‖δ − δ0‖ <∞. Also, clearly from (C-53),

φ̃(δ0) = 0kw×1, for δ0 = δ.

Finally, since [υ(ρ)− υ(ρ0)] is determined only by ρ0 − ρ and is zero only for ρ0 = ρ we
take that φ̃(δ0) = 0kw×1 implies δ0 = δ such that, assuming that the admissible parameter
space χ ⊆ Rkw in (21) is compact with δ contained in its interior, we have as in Newey and
McFadden (1994) (Section 2.5) that

δ̂bc −→p δ,

as N →∞.
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D Analysis for (N, T )→∞

D.1 Preliminary results
Consider the decomposition

MF −M = Ū0[Q′0Q0]−1(Ū0)′ + Ū0[Q′0Q0]−1(F0)′ + F0[Q′0Q0]−1(Ū0)′

+ F0
(
[Q′0Q0]−1 − [(F0)′F0]−1

)
(F0)′,

and note that, since F0 = [F∗,0T×(K−m)] and Ū0 = [Ū0
m, Ū0

−m], we have using similar steps
as in the proof of Lemma S.1 of Karabiyik et al. (2017)

MF −M = T−1Ū0
−m[T−1(Ū0

−m)′Ū0
−m]−1(Ū0

−m)′ + T−1Ū0
m[T−1(F∗)′F∗]−1(Ū0

m)′

+ T−1F∗[T−1(F∗)′F∗]−1(Ū0
m)′ + T−1Ū0

m[T−1(F∗)′F∗]−1(F∗)′

+ T−1Q0
(
Σ̂−1

Q − Σ̂−1
F+

u

)
Q′0, (D-1)

with Σ̂Q = T−1Q′0Q0 and

Σ̂F+
u

= 1
T

[
(F∗)′F∗ 0(1+K+m)×(K−m)

0(K−m)×(1+K+m) (Ū0
−m)′Ū0

−m

]
=
[

Σ̂F∗ 0(1+K+m)×(K−m)
0(K−m)×(1+K+m) Σ̂u0

−m

]
,

(D-2)

where Σ̂F∗ = T−1(F∗)′F∗ and Σ̂u0
−m

= T−1(Ū0
−m)′Ū0

−m.

D.2 Statement of lemmas
Lemma 9. Suppose Assumptions 1-3 and 5 hold, then, as (N, T )→∞,

Ü′Ü
T

= Op

( 1
N

)
, (D-3)

Ü′F̌
T

= Op

(
1√
NT

)
,

F̌′F̌
T

= Op (1) , (D-4)

Ü′iF̌
T

= Op

(
1√
T

)
,

ε′iF̌
T

= Op

(
1√
T

)
,

ε′iF̌
T

= Op

(
1√
T

)
, (D-5)

ε′iÜ
T

= Op

( 1
N

)
+Op

(
1√
NT

)
,

ε′iÜ
T

= Op

( 1
N

)
+Op

(
1√
NT

)
. (D-6)

Lemma 10. Suppose Assumptions 1-5 hold, then, as (N, T )→∞,

(Ū0
m)′Ū0

m

T
= Op

( 1
N

)
,

(Ū0
m)′Ū0

−m
T

= Op

(
1√
N

)
,

(Ū0
−m)′Ū0

−m
T

= Op (1) , (D-7)
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(F∗)′F∗
T

= Op (1) , (Ū0
m)′F∗
T

= Op

(
1√
NT

)
,

(Ū0
−m)′F∗
T

= Op

(
1√
T

)
, (D-8)

(Ū0)′F∗
T

= Op

(
1√
T

)
,

ε′iF∗

T
= Op

(
1√
T

)
,

ε′iF∗

T
= Op

(
1√
T

)
, (D-9)

ε′iŪ0
m

T
= Op

( 1
N

)
+Op

(
1√
NT

)
,

ε′iŪ0
m

T
= Op

( 1
N

)
+Op

(
1√
NT

)
, (D-10)

ε′iŪ0
−m
T

= Op

(
1√
N

)
+Op

(
1√
T

)
,

ε′iŪ0
−m
T

= Op

(
1√
N

)
+Op

(
1√
T

)
, (D-11)

ε′iQ0

T
= Op

(
1√
T

)
,

ε′iQ0

T
= Op

(
1√
T

)
,

Q′0Ū0
m

T
= Op

(
1√
N

)
. (D-12)

Lemma 11. Suppose Assumptions 1-5 hold and let P̃i = P̈i − N−1∑N
i=1 P̈i. Then, as

(N, T )→∞,

N−1
N∑
i=1

(
T−1ε′iŪ0

m ⊗ S′wP̃′i
)

= Op

( 1
N3/2

)
+Op

(
1

N
√
T

)
, (D-13)

N−1
N∑
i=1

(
T−1ε′iŪ0

m ⊗ S′wP̃′i
)

= Op

( 1
N3/2

)
+Op

(
1

N
√
T

)
, (D-14)

N−1
N∑
i=1

(
T−1ε′iŪ0

−m ⊗ S′wP̃′i
)

= Op

( 1
N

)
+Op

(
1√
NT

)
, (D-15)

N−1
N∑
i=1

(
T−1ε′iŪ0

−m ⊗ S′wP̃′i
)

= Op

( 1
N

)
+Op

(
1√
NT

)
, (D-16)

N−1
N∑
i=1

(
T−1ε′iF̌⊗ S′wP̃′i

)
= Op

(
1√
NT

)
, (D-17)

N−1
N∑
i=1

(
T−1ε′iF̌⊗ S′wP̃′i

)
= Op

(
1√
NT

)
, (D-18)

N−1
N∑
i=1

(
T−1ε′iQ0 ⊗ S′wP̃′i

)
= Op

( 1
N

)
+Op

(
1√
NT

)
, (D-19)

where the results hold similarly if S′wP̃′i is substituted for η′i.

Lemma 12. Let Assumptions 1-5 hold. Then, as (N, T )→∞,

Σ̂F̌ = T−1F̌′F̌ = ΣF̌ +Op(T−1/2),
Σ̂F∗ = T−1(F∗)′F∗ = ΣF∗ +Op(N−1/2) +Op(T−1/2),
Σ̂F̌F∗ = T−1(F∗)′F∗ = ΣF̌F∗ +Op(N−1/2) +Op(T−1/2),
Σ̂u0

−m
= T−1(Ū0

−m)′Ū0
−m = Σu0

−m
+Op(T−1/2),
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Σ̂u0
−mu0

m
= T−1(Ū0

−m)′
√
NŪ0

m = Σu0
−mu0

m
+Op(T−1/2),

and also ∥∥∥Σ̂−1
F∗ −Σ−1

F∗
∥∥∥ = Op(N−1/2) +Op(T−1/2),∥∥∥∥Σ̂−1

u0
−m
−Σ−1

u0
−m

∥∥∥∥ = Op(T−1/2),

where

ΣF̌ = E(F̌′F̌/T ), ΣÜ = E(Ü′iÜi/T ), ΣF∗ = S′mN′R′P′ΣF̌PRNSm,
ΣF̌F∗ = ΣF̌PRNSm, Σu0

−m
= B′−mT′A−1

0 Ωu(A−1
0 )′TB−m,

Σu0
−mu0

m
= S′−mN′R′ΣÜRNSm, Ωu =

[
σ2
ε 0′k×1

0k×1 Ωv

]
.

Lemma 13. Let Σ̂Q = T−1Q′0Q0 and suppose Assumptions 1-5 hold. Then, as (N, T )→
∞, with Σ̂F+

u
defined in eq.(D-2),∥∥∥Σ̂−1

Q − Σ̂−1
F+

u

∥∥∥ = Op(N−1/2) +Op(T−1/2), (D-20)

and also

√
T
[
Σ̂−1

Q − Σ̂−1
F+

u

]
= −

[
0(1+K+m)×(1+K+m) T−1/2Σ̂Fu

T−1/2Σ̂′Fu 0(K−m)×(K−m)

]
(D-21)

+Op

(
1√
N

)
+Op

(
1√
T

)
+Op

(√
T

N

)
,

where Σ̂Fu = Σ−1
F∗ (F∗ + Ū0

m)′Ū0
−mΣ−1

u0
−m

.

Lemma 14. Suppose Assumptions 1-5 hold and let p∗ ≥ p. Then, as (N, T )→∞,

AF = 1
NT

N∑
i=1

w′iMFγi = Op

( 1
N

)
+Op

(
1√
NT

)
, (D-22)

and letting AF
NT =

√
NTAF, provided that T/N →M <∞,

AF
NT = ΨFvec

(
F̌′
√
NÜ√
T

)
+
√
T

N

(
bF

0 − bF
1

)
+Op

(
1√
N

)
+Op

(
1√
T

)
, (D-23)

with

bF
0 = Ση

[
B′mT′R′0 ⊗ΣF̌F∗Σ

−1
F∗S′mN′R′

]
vec (ΣÜ) ,
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bF
1 = Ση

[
Σ′u0

−mum
Σ−1

u0
−m

S′−mN′R′ ⊗ΣF̌F∗Σ
−1
F∗S′mN′R′

]
vec (ΣÜ) ,

ΨF = −VF,1 + VF,2 + VF,3 −VF,4,

VF,1 = Ση

[
B′mT′R′0 ⊗ I1+K2m(1+p∗)

]
,

VF,2 = Ση

[
B′mT′R′0 ⊗ΣF̌F∗Σ

−1
F∗S′mN′R′P′

]
,

VF,3 = Ση

[
B′mT′R′0ΣÜRNS−mΣ−1

u0
−m

S′−mN′R′ ⊗ I1+k2m(1+p∗)

]
,

VF,4 = Ση

[
Σ′u0

−mum
Σ−1

u0
−m

S′−mN′R′ ⊗ΣF̌F∗Σ
−1
F∗S′mN′R′P′

]
.

and where Ση = E(η′i ⊗ S′wP̈′i).

Lemma 15. Suppose Assumptions 1-5 hold. Then, as (N, T )→∞,

Aε = 1
NT

N∑
i=1

w′iMεi = Op

( 1
N

)
+Op

( 1
T

)
+Op

(
1√
NT

)
, (D-24)

and letting Aε
NT =

√
NTAε,

Aε
NT = Op(1) +Op(

√
TN−1/2) +Op(

√
NT−1/2). (D-25)

Lemma 16. Suppose Assumptions 1-5 hold and let p∗ ≥ p. Then, for any δ0 6= δ such
that ‖δ − δ0‖ <∞ we have as (N, T )→∞

σ̂2
ε (δ0) = σ2

ε + (δ − δ0)′Σ̂(δ − δ0) +Op(N−1) +Op(T−1) +Op((NT )−1/2), (D-26)

whereas if δ0 = δ then

σ̂2
ε (δ) = σ2

ε +Op(N−1) +Op((NT )−1/2), (D-27)

with σ̂2(·) defined in (20).

Lemma 17. Suppose Assumptions 1-5 hold and let p∗ ≥ p. Then, as (N, T ) → ∞ with
υ = υ(ρ,H)q1 and σ̂2(·) defined in (20)

Ac = 1
NT

N∑
i=1

w′iMεi + 1
T
σ̂2
ε(δ)υ = Op(N−1) +Op((NT )−1/2). (D-28)

Letting Ac
NT =

√
NTAc and T/N →M <∞,

Ac
NT = 1√

N

N∑
i=1

ε′iεi√
T

+ Ψεvec

[
1√
N

N∑
i=1

(
ε′iF̌√
T
⊗ S′wP̃′i

)]
−
√
TN−1/2bU (D-29)
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+Op

(
1√
N

)
+Op

(
1√
T

)
,

with bU = ΣεU−mΣ−1
u0
−m

Σ′εU−m
, ΣεU−m = S′wΣÜRNS−m, ΣεU−m = E(ε′iÜi/T )RNS−m,

BF = I1+K2m(1+p∗) −ΣF̌PRNSmΣ−1
F∗S′mN′R′P′ and Ψε =

[
vec

(
BF

)′
⊗ Ikw

]
.

Finally, for Ãc(δ0) the vector Ac evaluated at δ0 6= δ

Ãc(δ0) = 1
T

(δ − δ0)′Σ̂(δ − δ0)υ(ρ0) + 1
T
σ2
ε [υ(ρ0)− υ] +Op

( 1
N

)
+Op

(
1√
NT

)
,

where υ(ρ0) = υ(ρ0,H)q1.

Lemma 18. Suppose Assumptions 1-5 hold. Then, as (N, T )→∞,

Σ̂ −→p Σ̇ = ΣF̌P + Σε, (D-30)

where ΣF̌P = (vec(Ikw)′ ⊗ Ikw)
(
Ikw ⊗ΣP̃vec(V

F)
)
, ΣP̃ = E(S′wP̃′i ⊗ S′wP̃′i), VF = ΣF̌ −

ΣF̌PRNSmΣ−1
F∗S′mN′R′P′ΣF̌ and Σε = E(ε′iεi/T ).

D.3 Proof of lemmas
Proof of Lemma 9

The proof for this Lemma is, under Ass.1-3 and 5, identical to that of Lemmas 1 and 2 in
Pesaran (2006). The proof is therefore omitted.

Proof of Lemma 10

To prove this lemma, recall from eqs.(B-18)-(B-20) that F∗ = F̌P̈RNSm, Ū0
m = ÜRNSm,

and Ū0
−m =

√
NÜRNS−m. Hence, we have∥∥∥T−1(Ū0

m)′Ū0
m

∥∥∥ =
∥∥∥S′mN′R′T−1Ü′ÜRNSm

∥∥∥ ≤ ‖RNSm‖2
∥∥∥T−1Ü′Ü

∥∥∥ = Op(N−1),

since
∥∥∥T−1Ü′Ü

∥∥∥ = Op(N−1) by (D-3) of Lemma 9 and we have by definition that ‖R‖ =
Op(1) and ‖N‖ and ‖Sm‖ are O(1). Similarly we obtain∥∥∥T−1(Ū0

−m)′Ū0
−m

∥∥∥ = N
∥∥∥S′−mN′R′T−1Ü′ÜRNS−m

∥∥∥ ≤ ‖RNS−m‖2N
∥∥∥T−1Ü′Ü

∥∥∥ = Op(1),∥∥∥T−1(Ū0
m)′Ū0

−m

∥∥∥ =
√
N
∥∥∥S′mN′R′T−1Ü′ÜRNS−m

∥∥∥ ,
≤ ‖RN‖2 ‖Sm‖ ‖S−m‖

√
N
∥∥∥T−1Ü′Ü

∥∥∥ = Op(N−1/2),

which proves (D-7). Moving on to (D-8), we have, noting that
∥∥∥P̈∥∥∥ = Op(1),

∥∥∥T−1(F∗)′F∗
∥∥∥ =

∥∥∥S′mN′R′P̈′T−1F̌′F̌P̈RNSm
∥∥∥ ≤ ∥∥∥P̈RNSm

∥∥∥2 ∥∥∥T−1F̌′F̌
∥∥∥ = Op(1),
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∥∥∥T−1(Ū0
m)′F∗

∥∥∥ =
∥∥∥S′mN′R′T−1Ü′F̌P̈RNSm

∥∥∥ ≤ ‖RNSm‖2
∥∥∥P̈∥∥∥ ∥∥∥T−1Ü′F̌

∥∥∥ = Op((NT )−1/2),∥∥∥T−1(Ū0
−m)′F∗

∥∥∥ =
√
N
∥∥∥S′−mN′R′T−1Ü′F̌P̈RNSm

∥∥∥ ,
≤ ‖RN‖2 ‖Sm‖ ‖S−m‖

∥∥∥P̈∥∥∥√N ∥∥∥T−1Ü′F̌
∥∥∥ = Op(T−1/2),

where we have made use of (D-4) of Lemma 9. The second and third result in (D-9) follow
analogously from (D-5) of Lemma 9 and, given (D-8), the first result in (D-9) follows from
the definition Ū0 = [Ū0

m, Ū0
−m]. Next up, making use of (D-6) gives∥∥∥T−1ε′iŪ0

m

∥∥∥ =
∥∥∥T−1ε′iÜRNSm

∥∥∥ ≤ ‖RNSm‖
∥∥∥T−1ε′iÜ

∥∥∥ = Op(N−1) +Op((NT )−1/2),

and similarly for
∥∥∥T−1ε′iŪ0

m

∥∥∥. Also∥∥∥T−1ε′iŪ0
−m

∥∥∥ =
∥∥∥T−1ε′iÜRNS−m

∥∥∥ ≤ ‖RNS−m‖
√
N
∥∥∥T−1ε′iÜ

∥∥∥ = Op(N−1/2) +Op(T−1/2),

with the argument being identical for
∥∥∥T−1ε′iŪ0

−m

∥∥∥. This establishes (D-10) and (D-11).
Turning next to T−1ε′iQ0 of (D-12) we find making use of the definition in (B-16)∥∥∥T−1ε′iQ0

∥∥∥ =
∥∥∥T−1ε′i(F0 + Ū0)

∥∥∥ ≤ ∥∥∥T−1ε′iF0
∥∥∥+

∥∥∥T−1ε′iŪ0
∥∥∥ = Op(T−1/2),

because ‖T−1ε′iF0‖ =
∥∥∥T−1ε′i[F∗,0T×(K−m)]

∥∥∥ =
∥∥∥T−1ε′iF̌P̈RNSm

∥∥∥ ≤ ∥∥∥T−1ε′iF̌
∥∥∥ ∥∥∥P̈RNSm

∥∥∥ =
Op(T−1/2) by (D-5) of Lemma 9 and because

∥∥∥T−1ε′iŪ0
∥∥∥ =

∥∥∥T−1ε′i[Ū0
m, Ū0

−m]
∥∥∥ = Op(N−1/2)+

Op(T−1/2) by (D-10) and (D-11). ‖T−1ε′iQ0‖ = Op(T−1/2) of (D-12) can be established in
the same way. Finally, for

∥∥∥T−1Q′0Ū0
m

∥∥∥, making use of (D-7) and (D-8)∥∥∥T−1Q′0Ū0
m

∥∥∥ =
∥∥∥T−1(F0 + Ū0)′Ū0

m

∥∥∥ ≤ ∥∥∥T−1[F∗,0T×(K−m)]′Ū0
m

∥∥∥+
∥∥∥T−1[Ū0

m, Ū0
−m]′Ū0

m

∥∥∥ ,
≤
∥∥∥T−1(F∗)′Ū0

m

∥∥∥+
∥∥∥T−1[Ū0

m, Ū0
−m]′Ū0

m

∥∥∥ = Op(N−1/2).

which then proves the final statement in (D-12), and therefore the lemma.

Proof of Lemma 11

Note that substituting in P̈i = P + P̌i from eq.(B-7) gives by Ass.3 that P̃i = P̌i +
Op(N−1/2). Then, since the following matrix norms are identical∥∥∥∥∥ 1

N

N∑
i=1

(
T−1ε′iŪ0

m ⊗ S′wP̃′i
)∥∥∥∥∥ =

∥∥∥∥∥ 1
N

N∑
i=1

(
S′wP̃′i ⊗ T−1ε′iŪ0

m

)∥∥∥∥∥ ,
we will evaluate the second. Let p̃i,r,d denote the element on row r = 1, . . . , kw and column
d = 1, . . . , 1 +K2m(1 + p∗) of S′wP̃′i. Then the elements on rows kw(r − 1) + 1 to kwr and
columns kw(d−1)+1 to kwd of the second Kronecker product are given by 1

N

∑N
i=1 p̃i,r,d

ε′iŪ
0
m

T
.

To evaluate these terms, consider that we can write, making use of (B-19) and (B-10),

Ū0
m = Ū0

m,−i + 1
N

U0
m,i,
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where Ū0
m,−i = N−1∑N

j=1,j 6=i ÜjRNSm and U0
m,i = ÜiRNSm. Hence∥∥∥∥∥ 1

N

N∑
i=1

p̃i,r,d
ε′iŪ0

m

T

∥∥∥∥∥ ≤
∥∥∥∥∥ 1
N

N∑
i=1

p̃i,r,d

(
ε′iŪ0

m,−i

T

)∥∥∥∥∥+
∥∥∥∥∥ 1
N2

N∑
i=1

p̃i,r,d

(
ε′iU0

m,i

T

)∥∥∥∥∥ ,
= Op

(
1

N
√
T

)
+Op

(
1

N3/2

)
,

because T−1ε′iŪ0
m,−i = Op((NT )−1/2), T−1ε′iU0

m,i = Op(1) and by Ass.3 1
N

∑N
i=1 p̃i,r,d =

Op(N−1/2) with p̃i,r,d independent of the other variables. Since this applies for all r =
1, . . . , kw and d = 1, . . . , 1 +K2m(1 + p∗) we have∥∥∥∥∥N−1

N∑
i=1

(
T−1ε′iŪ0

m ⊗ S′wP̃′i
)∥∥∥∥∥ = Op

(
1

N3/2

)
+Op

(
1

N
√
T

)
,

which is the result in (D-13), and (D-14) follows in similar fashion. In turn, to prove (D-15)
we note that

Ū0
−m =

√
NŪ0

−m,−i + 1√
N

U0
−m,i,

with Ū0
−m,−i = N−1∑N

j=1,j 6=i ÜjRNS−m and U0
−m,i = ÜiRNS−m such that for r =

1, . . . , kw and column d = 1, . . . , 1 + K2m(1 + p∗) we have for the corresponding elements
in the Kronecker product∥∥∥∥∥ 1

N

N∑
i=1

p̃i,r,d
ε′iŪ0

−m
T

∥∥∥∥∥ ≤ √N
∥∥∥∥∥ 1
N

N∑
i=1

p̃i,r,d

(
ε′iŪ0

−m,−i

T

)∥∥∥∥∥+
√
N

∥∥∥∥∥ 1
N2

N∑
i=1

p̃i,r,d

(
ε′iU0

−m,i

T

)∥∥∥∥∥ ,
= Op

( 1
N

)
+Op

(
1√
NT

)
,

since also T−1ε′iŪ0
−m,−i = Op((NT )−1/2) and T−1ε′iU0

−m,i = Op(1). This implies (D-15) and
the result in (D-16) can be established in the same way. Next up is (D-17). The elements
on rows kw(r−1)+1 to kwr and columns (1+K2m(1+p∗))(d−1)+1 to (1+K2m(1+p∗))d
of 1

N

∑N
i=1

(
S′wP̃′i ⊗ T−1ε′iF̌

)
are given by

1
N

N∑
i=1

p̃i,r,d
ε′iF̌
T

=
ā′r,dF̌
T

= Op

(
1√
NT

)
, (D-31)

with ār,d = 1
N

∑N
i=1 p̃i,r,dεi and ‖ār,d‖ = Op(N−1/2) by the independence of p̃i,r,d and εi from

Ass.1 and 3. The result then follows because also ār,d and F̌ are independent stationary
variables. Since (D-31) holds for every sub-matrix∥∥∥∥∥ 1

N

N∑
i=1

(
T−1ε′iF̌⊗ S′wP̃′i

)∥∥∥∥∥ = Op

(
1√
NT

)
,
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with again an analogous argument for (D-18). The final result is found by noting that

1
N

N∑
i=1

(
T−1ε′iQ0 ⊗ S′wP̃′i

)
= 1
N

N∑
i=1

(
T−1ε′i

(
[F∗,0T×(K−m)] + [Ū0

m, Ū0
−m]

)
⊗ S′wP̃′i

)
,

such that since F∗ = F̌P̈RNSm from (B-18), inserting the preceding results gives

1
N

N∑
i=1

(
T−1ε′iQ0 ⊗ S′wP̃′i

)
= Op

( 1
N

)
+Op

(
1√
NT

)
.

Finally, given the independence of ηi from εj, εj and F̌ for all i, j, t by Ass.3 all the stated
results also hold true when S′wP̃′i is substituted for η′i. This establishes the lemma.

Proof of Lemma 12

Consider that by Assumptions 2 and 5, F̌ is a matrix of covariance stationary variables
with finite fourth moments. As such, the first result Σ̂F̌ = T−1F̌′F̌ = ΣF̌ + Op(T−1/2),
with ΣF̌ = E(T−1F̌′F̌) follows directly. Similarly, from Ass.1 and 5 follows that Σ̂Ü =
T−1NÜ′Ü = ΣÜ + Op(T−1/2), with ΣÜ = E(Ü′iÜi/T ) since error terms are independent
over i. The second and third statements of the lemma are obtained by substituting in
(B-18) and by making use of the first statement and P̈ = P +Op(N−1/2) by Ass.3

Σ̂F∗ = (F∗)′F∗
T

= S′mN′R′P̈′Σ̂F̌P̈RNSm = S′mN′R′P′ΣF̌PRNSm +Op(N−1/2) +Op(T−1/2),

Σ̂F̌F∗ = F̌′F∗

T
= Σ̂F̌P̈RNSm = ΣF̌PRNSm +Op(N−1/2) +Op(T−1/2).

Since F∗′F∗/T is by construction a 1 + K + m × 1 + K + m full rank matrix we also
have Σ̂−1

F∗ = Σ−1
F∗ + Op(N−1/2) + Op(T−1/2). For the next result, consider that Ū0

−m =√
NŪ∗TB−m, with Ū∗ = [ū∗1, . . . , ū∗T ]′ and ū∗t = A−1

0 ūt. Therefore, by Ass.1

Σ̂u0
−m

= T−1(Ū0
−m)′Ū0

−m = B′−mT′A−1
0

(
NT−1

T∑
t=1

ūtū′t

)
(A−1

0 )′TB−m,

= B′−mT′A−1
0 Ωu(A−1

0 )′TB−m +Op(T−1/2),
= Σu0

−m
+Op(T−1/2),

where Σu0
−m

= B′−mT′A−1
0 Ωu(A−1

0 )′TB−m is a (K−m)× (K−m) positive definite matrix

because Ass.1 implies Ωu = E(ui,tu′i,t) =
[
σ2
ε 0′k×1

0k×1 Ωv

]
. Consequently also Σ̂−1

u0
−m

= Σ−1
u0
−m

+

Op(T−1/2). Finally, the last result can be obtained by substituting in (B-19)-(B-20) and
Σ̂Ü = ΣÜ +Op(T−1/2) as follows

Σ̂u0
−mu0

m
= T−1(Ū0

−m)′
√
NŪ0

m = S′−mN′R′Σ̂ÜRNSm = S′−mN′R′ΣÜRNSm +Op(T−1/2).
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Proof of Lemma 13

Consider that by definition

Σ̂Q = T−1Q′0Q0 = T−1(F0)′F0 + T−1(Ū0)′F0 + T−1(F0)′Ū0 + T−1(Ū0)′Ū0,

with, since F0 = [F∗,0T×(K−m)],

T−1(F0)′F0 =
[

Σ̂F∗ 0(1+K+m)×(K−m)
0(K−m)×(1+K+m) 0(K−m)×(K−m)

]
,

and also because by Lemma 10 we have
∥∥∥T−1(Ū0

−m)′F∗
∥∥∥ = Op(T−1/2) and

∥∥∥T−1(Ū0
m)′F∗

∥∥∥ =
Op((NT )−1/2), it follows that

T−1(Ū0)′F0 + T−1(F0)′Ū0 =
[
T−1(F∗)′Ū0

m + T−1(Ū0
m)′F∗ T−1(F∗)′Ū0

−m
T−1(Ū0

−m)′F∗ 0(K−m)×(K−m)

]
= Op

(
1√
T

)
.

Next, making use of Lemma 10

T−1(Ū0)′Ū0 = 1
T

[
(Ū0

m)′Ū0
m (Ū0

m)′Ū0
−m

(Ū0
−m)′Ū0

m (Ū0
−m)′Ū0

−m

]
,

=
[
0(1+K+m)×(1+K+m) 0(1+K+m)×(K−m)
0(K−m)×(1+K+m) Σ̂u0

−m

]
+Op(N−1/2),

and recalling from (D-2) that

Σ̂F+
u

=
[

Σ̂F∗ 0(1+K+m)×(K−m)
0(K−m)×(1+K+m) Σ̂u0

−m

]
, (D-32)

we have, given the results above

Σ̂Q − Σ̂F+
u

=
[
T−1(F∗)′Ū0

m + T−1(Ū0
m)′F∗ T−1(F∗)′Ū0

−m
T−1(Ū0

−m)′F∗ 0(K−m)×(K−m)

]

+ T−1
[

(Ū0
m)′Ū0

m (Ū0
m)′Ū0

−m
(Ū0
−m)′Ū0

m 0(K−m)×(K−m)

]
, (D-33)

= Op(N−1/2) +Op(T−1/2).

Then, since p∗ = 1 we have rk(Σ̂Q) = 1 + K(1 + p∗) = 1 + 2K, rk(Σ̂F∗) = 1 + K + m
and rk(Σ̂u0

−m
) = K − m, such that for the block diagonal matrix rk(Σ̂F+

u
) = rk(Σ̂F∗) +

rk(Σ̂u0
−m

) = 1 + 2K. Therefore, by Theorem 1 of Karabiyik et al. (2017)

Σ̂−1
Q = Σ̂−1

F+
u

+Op(N−1/2) +Op(T−1/2).

This proves (D-20) of the lemma.
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Moving on to the second statement, consider that from Lemma 12∥∥∥Σ̂u0
−m
−Σu0

−m

∥∥∥ = Op(T−1/2),

where Σu0
−m

= B′−mT′A−1
0 Ωu(A−1

0 )′TB−m is a (K−m)×(K−m) positive definite matrix.
Consider also from Lemma 12 that Σ̂F∗ = ΣF∗ + Op(N−1/2) + Op(T−1/2), with ΣF∗ a
(1 +K +m)× (1 +K +m) full rank matrix. Accordingly, we have denoting

ΣF+
u

=
[

ΣF∗ 0(1+K+m)×(K−m)
0(K−m)×(1+K+m) Σu0

−m

]
,

that

Σ̂F+
u

= ΣF+
u

+Op(N−1/2) +Op(T−1/2),

and since rk(Σ̂F+
u

) = rk(ΣF+
u

) also

Σ̂−1
F+

u
= Σ−1

F+
u

+Op(N−1/2) +Op(T−1/2),

with

Σ−1
F+

u
=
[

Σ−1
F∗ 0(1+K+m)×(K−m)

0(K−m)×(1+K+m) Σ−1
u0
−m

]
, (D-34)

which implies in turn, making use of (D-20) that

Σ̂−1
Q = Σ−1

F+
u

+Op(N−1/2) +Op(T−1/2).

Consider then the following identity
√
T
[
Σ̂−1

Q − Σ̂−1
F+

u

]
= −Σ̂−1

Q

√
T
[
Σ̂Q − Σ̂F+

u

]
Σ̂−1

F+
u
, (D-35)

such that by the results above
√
T
[
Σ̂−1

Q − Σ̂−1
F+

u

]
= −Σ−1

F+
u

√
T
[
Σ̂Q − Σ̂F+

u

]
Σ−1

F+
u

+Op(N−1/2) +Op(T−1/2).

Using (D-33) we find for the middle term, also making use of Lemma 10,

√
T
[
Σ̂Q − Σ̂F+

u

]
= 1√

T

[
(F∗)′Ū0

m + (Ū0
m)′F∗ (F∗)′Ū0

−m
(Ū0
−m)′F∗ 0(K−m)×(K−m)

]

+ 1√
T

[
(Ū0

m)′Ū0
m (Ū0

m)′Ū0
−m

(Ū0
−m)′Ū0

m 0(K−m)×(K−m)

]
,

= 1√
T

[
0(1+K+m)×(1+K+m) (F∗)′Ū0

−m
(Ū0
−m)′F∗ 0(K−m)×(K−m)

]
+Op

(
1√
N

)

+ 1√
T

[
0(1+K+m)×(1+K+m) (Ū0

m)′Ū0
−m

(Ū0
−m)′Ū0

m 0(K−m)×(K−m)

]
+Op

(√
T

N

)
,
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= 1√
T

[
0(1+K+m)×(1+K+m) (F∗ + Ū0

m)′Ū0
−m

(Ū0
−m)′(F∗ + Ū0

m) 0(K−m)×(K−m)

]
+Op

(
1√
N

)
+Op

(√
T

N

)
.

Hence
√
T
[
Σ̂−1

Q − Σ̂−1
F+

u

]
= −Σ−1

F+
u

1√
T

[
0(1+K+m)×(1+K+m) (F∗ + Ū0

m)′Ū0
−m

(Ū0
−m)′(F∗ + Ū0

m) 0(K−m)×(K−m)

]
Σ−1

F+
u

+Op

(
1√
N

)
+Op

(
1√
T

)
+Op

(√
T

N

)
,

and making use of (D-34)

√
T
[
Σ̂−1

Q − Σ̂−1
F+

u

]
= − 1√

T

[
0(1+K+m)×(1+K+m) Σ−1

F∗ (F∗ + Ū0
m)′Ū0

−m
Σ−1

u0
−m

(Ū0
−m)′(F∗ + Ū0

m) 0(K−m)×(K−m)

]
Σ−1

F+
u

+Op

(
1√
N

)
+Op

(
1√
T

)
+Op

(√
T

N

)
,

= − 1√
T

 0(1+K+m)×(1+K+m) Σ−1
F∗ (F∗ + Ū0

m)′Ū0
−mΣ−1

u0
−m

Σ−1
u0
−m

(Ū0
−m)′(F∗ + Ū0

m)Σ−1
F∗ 0(K−m)×(K−m)


+Op

(
1√
N

)
+Op

(
1√
T

)
+Op

(√
T

N

)
,

which, by defining Σ̂Fu = Σ−1
F∗ (F∗ + Ū0

m)′Ū0
−mΣ−1

u0
−m

, can be written more compactly as

√
T
[
Σ̂−1

Q − Σ̂−1
F+

u

]
= −

[
0(1+K+m)×(1+K+m) T−1/2Σ̂Fu

T−1/2Σ̂′Fu 0(K−m)×(K−m)

]

+Op

(
1√
N

)
+Op

(
1√
T

)
+Op

(√
T

N

)
.

This is the result in (D-21).

Proof of Lemma 14

Consider AF = 1
NT

∑N
i=1 w′iMFγi. Under Ass.4 and assuming that p∗ ≥ p we can substitute

in (B-23) to obtain

AF = 1
NT

N∑
i=1

w′iMFγi = − 1
NT

N∑
i=1

w′iMŪmγi,

and also, by eq.(5) of Ass.3,

AF = − 1
NT

N∑
i=1

w′iMŪm(γ + ηi) = − 1
T

w̄′MŪmγ −
1
NT

N∑
i=1

w′iMŪmηi,

= − 1
NT

N∑
i=1

w′iMŪmηi,
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because Mw̄ = 0T×kw since w̄ ⊆ Q. Substituting in (B-13) gives

AF = −(AF
1 + AF

2 ), (D-36)

with AF
1 = 1

NT

∑N
i=1 S′wP̈′iF̌′MŪmηi and AF

2 = 1
NT

∑N
i=1 ε

′
iMŪmηi.

We start by evaluating AF
2 , and make use of M = IT −Q(Q′Q)†Q′ = IT −Q0(Q′0Q0)−1Q′0

∥∥∥AF
2

∥∥∥ ≤ ∥∥∥∥∥ 1
N

N∑
i=1

ε′iŪm

T
ηi

∥∥∥∥∥+

∥∥∥∥∥∥ 1
N

N∑
i=1

ε′iQ0

T

(
Q′0Q0

T

)−1 Q′0Ūm

T
ηi

∥∥∥∥∥∥ =
∥∥∥AF

21

∥∥∥+
∥∥∥AF

22

∥∥∥
with obvious definitions for AF

21 and AF
22. Taking on first AF

21, note that

AF
21 =

[
1
N

N∑
i=1

(
η′i ⊗

ε′iŪm

T

)]
vec(Im),

and therefore, by eq.(D-13) of Lemma 11,

∥∥∥AF
21

∥∥∥ ≤ ∥∥∥∥∥ 1
N

N∑
i=1

(
η′i ⊗ T−1ε′iŪm

)∥∥∥∥∥ ‖Im‖ = Op(N3/2) +Op(N−1T−1/2).

Next up is, AF
22. We find

∥∥∥AF
22

∥∥∥ ≤ ∥∥∥∥∥ 1
N

N∑
i=1

(
η′i ⊗

ε′iQ0

T

)∥∥∥∥∥
∥∥∥∥∥∥
(

Q′0Q0

T

)−1
∥∥∥∥∥∥
∥∥∥∥∥Q′0Ūm

T

∥∥∥∥∥ ,
≤
∥∥∥∥∥ 1
N

N∑
i=1

(
η′i ⊗

ε′i(F0 + Ū0)
T

)∥∥∥∥∥
∥∥∥∥∥∥
(

Q′0Q0

T

)−1
∥∥∥∥∥∥
∥∥∥∥∥Q′0Ūm

T

∥∥∥∥∥ ,
= Op

(
1

N3/2

)
+Op

(
1

N
√
T

)
,

because ‖(T−1Q′0Q0)−1‖ = Op(1),
∥∥∥T−1Q′0Ū0

m

∥∥∥ = Op(N−1/2) by (D-12) of Lemma 10 and∥∥∥∥∥ 1
N

N∑
i=1

(
η′i ⊗ T−1ε′i(F0 + Ū0)

)∥∥∥∥∥
≤
∥∥∥∥∥ 1
N

N∑
i=1

(
η′i ⊗ T−1ε′iF0

)∥∥∥∥∥+
∥∥∥∥∥ 1
N

N∑
i=1

(
η′i ⊗ T−1ε′iŪ0

)∥∥∥∥∥ ,
≤
∥∥∥∥∥ 1
N

N∑
i=1

(
η′i ⊗ T−1ε′i[F∗,0T×(K−m)]

)∥∥∥∥∥+
∥∥∥∥∥ 1
N

N∑
i=1

(
η′i ⊗ T−1ε′i[Ū0

m, Ū0
−m]

)∥∥∥∥∥ ,
= Op

( 1
N

)
+Op

(
1√
NT

)
,

by (D-13), (D-15) and (D-17) of Lemma 11. It follows that
∥∥∥AF

2

∥∥∥ = Op

(
1

N3/2

)
+Op

(
1

N
√
T

)
. (D-37)

37



Next up is AF
1 . Recalling that MF = IT − HF and HF = F∗((F∗)′F∗)−1(F∗)′ we can

decompose it as

AF
1 = 1

NT

N∑
i=1

S′wP̈′iF̌′Ūmηi −
1
NT

N∑
i=1

S′wP̈′iF̌′HFŪmηi −
1
NT

N∑
i=1

S′wP̈′iF̌′(MF −M)Ūmηi,

= AF
11 −AF

12 −AF
13,

with obvious definitions for AF
11, AF

12 and AF
13. For the first two terms we find

∥∥∥AF
11

∥∥∥ ≤ ∥∥∥∥∥ 1
N

N∑
i=1

(
η′i ⊗ S′wP̈′i

)∥∥∥∥∥
∥∥∥∥∥F̌′Ūm

T

∥∥∥∥∥ = Op

(
1√
NT

)
,

∥∥∥AF
12

∥∥∥ ≤ ∥∥∥∥∥ 1
N

N∑
i=1

(
η′i ⊗ S′wP̈′i

)∥∥∥∥∥
∥∥∥∥∥F̌′F∗

T

∥∥∥∥∥
∥∥∥∥∥∥
(

(F∗)′F∗
T

)−1
∥∥∥∥∥∥
∥∥∥∥∥(F∗)′Ūm

T

∥∥∥∥∥ = Op

(
1√
NT

)
,

since
∥∥∥ 1
N

∑N
i=1

(
η′i ⊗ S′wP̈′i

)∥∥∥ = Op(1), and Lemmas 9 and 10 show that
∥∥∥T−1(F∗)′Ūm

∥∥∥ =
Op((NT )−1/2),

∥∥∥T−1F̌′F∗
∥∥∥ = Op(1) and ‖(T−1(F∗)′F∗)−1‖ = Op(1).

Next is AF
13. Making use of (D-1) gives the following decomposition

AF
13 = 1

N

N∑
i=1

S′wP̈′i
[
AF

131 + AF
132 + AF

133 + AF
134 + AF

135

]
ηi,

with, defining Σ̂Q = [T−1Q′0Q0],

AF
131 = T−1F̌′Ū0

−m[T−1(Ū0
−m)′Ū0

−m]−1T−1(Ū0
−m)′Ūm,

AF
132 = T−1F̌′Ū0

m[T−1(F∗)′F∗]−1T−1(Ū0
m)′Ūm,

AF
133 = T−1F̌′F∗[T−1(F∗)′F∗]−1T−1(Ū0

m)′Ūm,

AF
134 = T−1F̌′Ū0

m[T−1(F∗)′F∗]−1T−1(F∗)′Ūm,

AF
135 = T−1F̌′Q0

(
Σ̂−1

Q − Σ̂−1
F+

u

)
T−1Q′0Ūm,

which yields, by Lemma 10,∥∥∥AF
131

∥∥∥ ≤ ∥∥∥T−1F̌′Ū0
−m

∥∥∥ ∥∥∥[T−1(Ū0
−m)′Ū0

−m]−1
∥∥∥ ∥∥∥T−1(Ū0

−m)′Ūm

∥∥∥ = Op((NT )−1/2),∥∥∥AF
132

∥∥∥ ≤ ∥∥∥T−1F̌′Ū0
m

∥∥∥ ∥∥∥[T−1(F∗)′F∗]−1
∥∥∥ ∥∥∥T−1(Ū0

m)′Ūm

∥∥∥ = Op(N−3/2T−1/2),∥∥∥AF
133

∥∥∥ ≤ ∥∥∥T−1F̌′F∗
∥∥∥ ∥∥∥[T−1(F∗)′F∗]−1

∥∥∥ ∥∥∥T−1(Ū0
m)′Ūm

∥∥∥ = Op(N−1),∥∥∥AF
134

∥∥∥ ≤ ∥∥∥T−1F̌′Ū0
m

∥∥∥ ∥∥∥[T−1(F∗)′F∗]−1
∥∥∥ ∥∥∥T−1(F∗)′Ūm

∥∥∥ = Op((NT )−1),∥∥∥AF
135

∥∥∥ ≤ ∥∥∥T−1F̌′Q0

∥∥∥ ∥∥∥Σ̂−1
Q − Σ̂−1

F+
u

∥∥∥ ∥∥∥T−1Q′0Ūm

∥∥∥ = Op(N−1) +Op((NT )−1/2),

because also
∥∥∥T−1F̌′Q0

∥∥∥ =
∥∥∥T−1F̌′([F∗,0T×(K−m)] + Ū0)

∥∥∥ = Op(1) and
∥∥∥Σ̂−1

Q − Σ̂−1
F+

u

∥∥∥ =
Op(N−1/2) +Op(T−1/2) from (D-20) of Lemma 13. Hence,∥∥∥AF

13

∥∥∥ = Op(N−1) +Op((NT )−1/2),
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which implies, in turn
∥∥∥AF

1

∥∥∥ = Op(N−1) +Op((NT )−1/2), and therefore, combining results
for

∥∥∥AF
1

∥∥∥ and
∥∥∥AF

2

∥∥∥ in (D-36)∥∥∥AF
∥∥∥ ≤ ∥∥∥AF

1

∥∥∥+
∥∥∥AF

2

∥∥∥ = Op(N−1) +Op((NT )−1/2),

which is the result stated in eq.(D-22).

Next, let AF
NT =

√
NTAF such that by the results above

AF
NT = AF

NT,1 + AF
NT,2 + AF

NT,3 + AF
NT,4 + AF

NT,5 +Op(N−1/2) +Op(
√
TN−1),

with

AF
NT,1 = − 1

N

N∑
i=1

S′wP̈′i
F̌′
√
NŪm√
T

ηi,

AF
NT,2 = 1

N

N∑
i=1

S′wP̈′i
F̌′F∗

T

(
(F∗)′F∗
T

)−1 (F∗)′
√
NŪm√
T

ηi,

AF
NT,3 = 1

N

N∑
i=1

S′wP̈′i
F̌′Ū0

−m√
T

(
(Ū0
−m)′Ū0

−m
T

)−1 (Ū0
−m)′
√
NŪm

T
ηi,

AF
NT,4 = 1

N

N∑
i=1

S′wP̈′i
F̌′F∗

T

(
(F∗)′F∗
T

)−1 (Ū0
m)′
√
NŪm√
T

ηi,

AF
NT,5 = 1

N

N∑
i=1

S′wP̈′i
F̌′Q0

T

√
T
[
Σ̂−1

Q − Σ̂−1
F+

u

] Q′0
√
NŪm

T
ηi.

Taking on first AF
NT,1 we substitute in Ūm = ÜR0TBm by eq.(B-22) and write

AF
NT,1 = −

[
1
N

N∑
i=1

(
η′i ⊗ S′wP̈′i

)]
vec

(
F̌′
√
NŪm√
T

)

= −
[

1
N

N∑
i=1

(
η′i ⊗ S′wP̈′i

)] [
B′mT′R′0 ⊗ I1+K2m(1+p∗)

]
vec

(
F̌′
√
NÜ√
T

)
,

such that denoting

Ση = E
(
η′i ⊗ S′wP̈′i

)
,

which we note exists and is bounded by Ass.3, we have
[

1
N

∑N
i=1

(
η′i ⊗ S′wP̈′i

)]
= Ση +

Op(N−1/2), and therefore

AF
NT,1 = −Ση

[
B′mT′R′0 ⊗ I1+K2m(1+p∗)

]
vec

(
T−1/2F̌′

√
NÜ

)
+Op(N−1/2).

Next, for AF
NT,2 we can write using (B-22) and (B-18) that (F∗)′Ūm = S′mN′R′P̈′F̌′ÜR0TBm

and substitute it into the expression to give

AF
NT,2 =

[
1
N

N∑
i=1

(
η′i ⊗ S′wP̈′i

)] Im ⊗
F̌′F∗

T

(
(F∗)′F∗
T

)−1
 [B′mT′R′0 ⊗ S′mN′R′P̈′

]
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× vec
(

F̌′
√
NÜ√
T

)
.

Since by Lemma 12

T−1F̌′F∗ = ΣF̌F∗ +Op(T−1/2) +Op(N−1/2),
T−1F∗′F∗ = ΣF∗ +Op(T−1/2) +Op(N−1/2),

with ΣF̌F∗ = ΣF̌PRNSm and ΣF∗ = S′mN′R′P′ΣF̌PRNSm, we get

AF
NT,2 = Ση

[
B′mT′R′0 ⊗ΣF̌F∗Σ

−1
F∗S′mN′R′P′

]
vec

(
F̌′
√
NÜ√
T

)
+Op

(
1√
T

)
+Op

(
1√
N

)
.

Continuing on to the next term, substituting in (B-20) and (B-22) gives

AF
NT,3 = 1

N

N∑
i=1

S′wP̈′i

(
F̌′
√
NÜ√
T

)
RNS−mΣ̂−1

u0
−m

S′−mN′R′
(
NÜ′Ü
T

)
R0TBmηi,

where by Lemma 12 ∥∥∥∥Σ̂−1
u0
−m
−Σ−1

u0
−m

∥∥∥∥ = Op(T−1/2),

with Σu0
−m

= B′−mT′A−1
0 Ωu(A−1

0 )′TB−m and Ωu =
[
σ2
ε 0′k×1

0k×1 Ωv

]
. Also, from the proof of

Lemma 12 we have NÜ′Ü/T = ΣÜ +Op(T−1/2), with ΣÜ = E(Ü′iÜi/T ). As such,

AF
NT,3 = 1

N

N∑
i=1

S′wP̈′i

(
F̌′
√
NÜ√
T

)
RNS−mΣ−1

u0
−m

S′−mN′R′ΣÜR0TBmηi +Op

(
1√
T

)
,

and, as before

AF
NT,3 = Ση

[
B′mT′R′0ΣÜRNS−mΣ−1

u0
−m

S′−mN′R′ ⊗ I1+k2m(1+p∗)

]
vec

(
F̌′
√
NÜ√
T

)
+Op(N−1/2) +Op(T−1/2).

For the next term, since using earlier results AF
NT,4 = Op(

√
TN−1/2), we define first

BF
NT,4 =

N∑
i=1

S′wP̈′i
F̌′F∗

T

(
(F∗)′F∗
T

)−1 (Ū0
m)′Ūm

T
ηi,

and note that AF
NT,4 =

√
T
N

BF
NT,4. Substituting in (B-19) and (B-22) gives (Ū0

m)′Ūm =
S′mN′R′Ü′ÜR0TBm and therefore

BF
NT,4 = 1

N

N∑
i=1

S′wP̈′i
F̌′F∗

T

(
(F∗)′F∗
T

)−1
N(Ū0

m)′Ūm

T
ηi,
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= Ση

[
Im ⊗ΣF̌F∗Σ

−1
F∗
]

[B′mT′R′0 ⊗ S′mN′R′] vec (ΣÜ) +Op(T−1/2) +Op(N−1/2),

= Ση

[
B′mT′R′0 ⊗ΣF̌F∗Σ

−1
F∗S′mN′R′

]
vec (ΣÜ) +Op(T−1/2) +Op(N−1/2).

Hence, we have for T/N →M <∞ (implying
√
TN−1 → 0)

AF
NT,4 =

√
TN−1/2BF

NT,4 =
√
TN−1/2bF

0 +Op(N−1/2), (D-38)

with bF
0 = Ση

[
B′mT′R′0 ⊗ΣF̌F∗Σ

−1
F∗S′mN′R′

]
vec (ΣÜ).

Last up is AF
NT,5, given by

AF
NT,5 = 1

N

N∑
i=1

S′wP̈′i
F̌′Q0

T

√
T
[
Σ̂−1

Q − Σ̂−1
F+

u

] Q′0
√
NŪm

T
ηi.

First we decompose it into 4 parts using Q0 = F0 + Ū0,

AF
NT,5 = 1

N

N∑
i=1

S′wP̈′i

( 4∑
l=1

AF
NT,5,l

)
ηi,

with∥∥∥AF
NT,5,1

∥∥∥ ≤ √NT ∥∥∥T−1F̌′F0
∥∥∥ ∥∥∥Σ̂−1

Q − Σ̂−1
F+

u

∥∥∥ ∥∥∥T−1(F0)′Ūm

∥∥∥ = Op(N−1/2) +Op(T−1/2),∥∥∥AF
NT,5,2

∥∥∥ ≤ √NT ∥∥∥T−1F̌′F0
∥∥∥ ∥∥∥Σ̂−1

Q − Σ̂−1
F+

u

∥∥∥ ∥∥∥T−1(Ū0)′Ūm

∥∥∥ = Op(
√
TN−1/2) +Op(1),∥∥∥AF

NT,5,3

∥∥∥ ≤ √NT ∥∥∥T−1F̌′Ū0
∥∥∥ ∥∥∥Σ̂−1

Q − Σ̂−1
F+

u

∥∥∥ ∥∥∥T−1(F0)′Ūm

∥∥∥ = Op((NT )−1/2) +Op(T−1),∥∥∥AF
NT,5,4

∥∥∥ ≤ √NT ∥∥∥T−1F̌′Ū0
∥∥∥ ∥∥∥Σ̂−1

Q − Σ̂−1
F+

u

∥∥∥ ∥∥∥T−1(Ū0)′Ūm

∥∥∥ = Op(N−1/2) +Op(T−1/2),

in which case the leading term is AF
NT,5,2. Hence, imposing T/N →M <∞,

AF
NT,5 = 1

N

N∑
i=1

S′wP̈′iT−1F̌′F0
√
T
[
Σ̂−1

Q − Σ̂−1
F+

u

]
T−1(Ū0)′

√
NŪmηi +Op(N−1/2) +Op(T−1/2),

=
[

1
N

N∑
i=1

(
η′i ⊗ S′wP̈′i

)]
vec

(
T−1F̌′F0

√
T
[
Σ̂−1

Q − Σ̂−1
F+

u

]
T−1(Ū0)′

√
NŪm

)
+Op(N−1/2) +Op(T−1/2),

= Σηvec
(
T−1F̌′F0

√
T
[
Σ̂−1

Q − Σ̂−1
F+

u

]
T−1(Ū0)′

√
NŪm

)
+Op(N−1/2) +Op(T−1/2).

Next, consider the term in the vec(·) operator. Substituting in eq.(D-21) of Lemma 13,
which is

√
T
[
Σ̂−1

Q − Σ̂−1
F+

u

]
= −

[
0(1+K+m)×(1+K+m) T−1/2Σ̂Fu

T−1/2Σ̂′Fu 0(K−m)×(K−m)

]

+Op

(
1√
N

)
+Op

(
1√
T

)
+Op

(√
T

N

)
,
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and noting that F0 = [F∗,0T×(K−m)] and Ū0 = [Ū0
m, Ū0

−m] gives (since T/N →M <∞)

AF
NT,5 = −Σηvec

(
(T−1F̌′F∗)T−1/2Σ̂FuT

−1(Ū0
−m)′
√
NŪm

)
+Op(N−1/2) +Op(T−1/2),

= −Σηvec
(
ΣF̌F∗T

−1/2Σ̂FuΣu0
−mum

)
+Op(N−1/2) +Op(T−1/2),

where Σu0
−mum

= S′−mN′R′ΣÜR0TBm from Lemma 12 and we recall from Lemma 13 that
Σ̂Fu = Σ−1

F∗ (F∗ + Ū0
m)′Ū0

−mΣ−1
u0
−m

. By definition then

ΣF̌F∗T
−1/2Σ̂FuΣu0

−mum
= ΣF̌F∗Σ

−1
F∗
(
T−1/2(F∗)′Ū0

−m

)
Σ−1

u0
−m

Σu0
−mum

,

+ ΣF̌F∗Σ
−1
F∗
(
T−1/2(Ū0

m)′Ū0
−m

)
Σ−1

u0
−m

Σu0
−mum

,

where employing again (B-18)-(B-20) we have (F∗)′Ū0
−m = S′mN′R′P̈′F̌′

√
NÜRNS−m and

(Ū0
m)′Ū0

−m = S′mN′R′Ü′
√
NÜRNS−m. This gives

ΣF̌F∗T
−1/2Σ̂FuΣu0

−mum
= ΣF̌F∗Σ

−1
F∗S′mN′R′P̈′

(
T−1/2F̌′

√
NÜ

)
RNS−mΣ−1

u0
−m

Σu0
−mum

,

+ ΣF̌F∗Σ
−1
F∗S′mN′R′

(
T−1/2

√
NÜ′Ü

)
RNS−mΣ−1

u0
−m

Σu0
−mum

,

and in turn once substituted in AF
NT,5

AF
NT,5 = −Ση

[
Σ′u0

−mum
Σ−1

u0
−m

S′−mN′R′ ⊗ΣF̌F∗Σ
−1
F∗S′mN′R′P′

]
vec

(
T−1/2F̌′

√
NÜ

)
−Ση

[
Σ′u0

−mum
Σ−1

u0
−m

S′−mN′R′ ⊗ΣF̌F∗Σ
−1
F∗S′mN′R′

]
vec

(
T−1/2

√
NÜ′Ü

)
+Op(N−1/2) +Op(T−1/2).

Finally, since from Lemma 9 the second term in this expression is of order Op(
√
TN−1/2)

it is clear that

AF
NT,5 = −Ση

[
Σ′u0

−mum
Σ−1

u0
−m

S′−mN′R′ ⊗ΣF̌F∗Σ
−1
F∗S′mN′R′P′

]
vec

(
T−1/2F̌′

√
NÜ

)
−
√
TN−1/2bF

1 +Op(N−1/2) +Op(T−1/2),

with bF
1 = Ση

[
Σ′u0

−mum
Σ−1

u0
−m

S′−mN′R′ ⊗ΣF̌F∗Σ
−1
F∗S′mN′R′

]
vec (ΣÜ).

In conclusion, combining the results gives, provided T/N →M <∞,

AF
NT = ΨFvec

(
F̌′
√
NÜ√
T

)
+
√
T

N

(
bF

0 − bF
1

)
+Op

(
1√
N

)
+Op

(
1√
T

)
,

with

bF
0 = Ση

[
B′mT′R′0 ⊗ΣF̌F∗Σ

−1
F∗S′mN′R′

]
vec (ΣÜ) ,

bF
1 = Ση

[
Σ′u0

−mum
Σ−1

u0
−m

S′−mN′R′ ⊗ΣF̌F∗Σ
−1
F∗S′mN′R′

]
vec (ΣÜ) ,
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ΨF = −VF,1 + VF,2 + VF,3 −VF,4,

VF,1 = Ση

[
B′mT′R′0 ⊗ I1+K2m(1+p∗)

]
,

VF,2 = Ση

[
B′mT′R′0 ⊗ΣF̌F∗Σ

−1
F∗S′mN′R′P′

]
,

VF,3 = Ση

[
B′mT′R′0ΣÜRNS−mΣ−1

u0
−m

S′−mN′R′ ⊗ I1+k2m(1+p∗)

]
,

VF,4 = Ση

[
Σ′u0

−mum
Σ−1

u0
−m

S′−mN′R′ ⊗ΣF̌F∗Σ
−1
F∗S′mN′R′P′

]
,

which is the result stated in eq.(D-23) of the lemma.
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Proof of Lemma 15

Let Aε = 1
NT

∑N
i=1 w′iMεi and note that given w̄ ⊆ Q then Mw̄ = 0T×kw . Therefore,

substituting in (B-13)

Aε = 1
NT

N∑
i=1

(w′i − w̄) Mεi = 1
NT

N∑
i=1

(
S′wP̃′iF̌′ + ε′i − ε̄′

)
Mεi,

= 1
NT

N∑
i=1

S′wP̃′iF̌′Mεi + 1
NT

N∑
i=1
ε′iMεi −

1
T
ε̄′Mε̄,

= Aε
1 + Aε

2 −Aε
3, (D-39)

with P̃i = P̈i − P̈ and obvious definitions for Aε
1,Aε

2 and Aε
3. We start with the first term

and decompose it as

Aε
1 = 1

NT

N∑
i=1

S′wP̃′iF̌′MFεi + 1
NT

N∑
i=1

S′wP̃′iF̌′(MF −M)εi,

= Aε
11 + Aε

12.

For the first term we find, writing it in full and substituting in (B-18), Σ̂F∗ = T−1(F∗)′F∗
and Σ̂F̌ = T−1F̌′F̌,

Aε
11 = 1

N

N∑
i=1

S′wP̃′i
F̌′εi
T
− 1
N

N∑
i=1

S′wP̃′i
F̌′F∗

T

(
F∗′F∗

T

)−1 F∗′εi
T

,

= 1
N

N∑
i=1

S′wP̃′i
[
I1+K2m(1+p∗) − Σ̂F̌P̈RNSmΣ̂−1

F∗S′mN′R′P̈′
] F̌′εi
T

,

=
[
vec

(
B̂F

)′
⊗ Ikw

]
vec

[
1
N

N∑
i=1

(
ε′iF̌
T
⊗ S′wP̃′i

)]
,

= Ψ̂εvec

[
1
N

N∑
i=1

(
ε′iF̌
T
⊗ S′wP̃′i

)]
,

where Ψ̂ε =
[
vec

(
B̂F

)′
⊗ Ikw

]
and B̂F = I1+K2m(1+p∗) − Σ̂F̌P̈RNSmΣ̂−1

F∗S′mN′R′P̈′. From∥∥∥B̂F
∥∥∥ = Op(1) by results in Lemma 10 and eq.(D-17) of Lemma 11 follows

‖Aε
11‖ ≤

∥∥∥Ψ̂ε

∥∥∥ ∥∥∥∥∥ 1
N

N∑
i=1

(
T−1ε′iF̌⊗ S′wP̃′i

)∥∥∥∥∥ = Op

(
1√
NT

)
.

Next, for Aε
12 we use the decomposition in (D-1) and obtain

‖Aε
12‖ ≤ ‖Aε

121‖+ ‖Aε
122‖+ ‖Aε

123‖+ ‖Aε
124‖+ ‖Aε

125‖ = Op(N−1T−1/2) +Op(N−1/2T−1),

because, denoting Σ̂u0
−m

= T−1(Ū0
−m)′Ū0

−m we have

‖Aε
121‖ ≤

∥∥∥∥∥ 1
N

N∑
i=1

(
ε′iŪ0

−m
T

⊗ S′wP̃′i

)∥∥∥∥∥
∥∥∥∥∥F̌′Ū0

−m
T

∥∥∥∥∥ ∥∥∥Σ̂−1
u0
−m

∥∥∥ = Op

(
1

N
√
T

)
+Op

(
1√
NT

)
,
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‖Aε
122‖ ≤

∥∥∥∥∥ 1
N

N∑
i=1

(
ε′iŪ0

m

T
⊗ S′wP̃′i

)∥∥∥∥∥
∥∥∥∥∥F̌′Ū0

m

T

∥∥∥∥∥ ∥∥∥Σ̂−1
F∗
∥∥∥ = Op

(
1

N2
√
T

)
+Op

( 1
N3/2T

)
,

‖Aε
123‖ ≤

∥∥∥∥∥ 1
N

N∑
i=1

(
ε′iF∗

T
⊗ S′wP̃′i

)∥∥∥∥∥
∥∥∥∥∥F̌′Ū0

m

T

∥∥∥∥∥ ∥∥∥Σ̂−1
F∗
∥∥∥ = Op

( 1
NT

)
,

‖Aε
124‖ ≤

∥∥∥∥∥ 1
N

N∑
i=1

(
ε′iŪ0

m

T
⊗ S′wP̃′i

)∥∥∥∥∥
∥∥∥∥∥F̌′F∗

T

∥∥∥∥∥ ∥∥∥Σ̂−1
F∗
∥∥∥ = Op

(
1

N
√
T

)
+Op

(
1

N3/2

)
,

‖Aε
125‖ ≤

∥∥∥∥∥ 1
N

N∑
i=1

(
ε′iQ0

T
⊗ S′wP̃′i

)∥∥∥∥∥
∥∥∥∥∥F̌′Q0

T

∥∥∥∥∥ ∥∥∥Σ̂−1
Q − Σ̂−1

F+
u

∥∥∥ = Op

(
1

N
√
T

)
+Op

(
1√
NT

)
,

by the results in Lemmas 10, 11 and 13. Hence, we conclude that

‖Aε
1‖ = Op((NT )−1/2), (D-40)

and, defining Aε
NT,1 =

√
NTAε

1 also, since B̂F = BF + Op(N−1/2) + Op(T−1/2) by Lemma
12, with BF = I1+K2m(1+p∗) −ΣF̌PRNSmΣ−1

F∗S′mN′R′P′ and Ψε =
[
vec

(
BF

)′
⊗ Ikw

]

Aε
NT,1 = Ψεvec

[
1√
N

N∑
i=1

(
ε′iF̌√
T
⊗ S′wP̃′i

)]
+Op

(
1√
N

)
+Op

(
1√
T

)
+Op

(√
T

N

)
.

(D-41)

We take on Aε
2 next. Decomposing it as before returns

Aε
2 = 1

N

N∑
i=1

ε′iεi
T
− 1
NT

N∑
i=1
ε′iHFεi −

1
NT

N∑
i=1
ε′i(MF −M)εi,

= Aε
21 −Aε

22 −Aε
23. (D-42)

Clearly, since by Ass.1 the elements of εi and εi are contemporaneously uncorrelated

‖Aε
21‖ =

∥∥∥∥∥ 1
N

N∑
i=1

ε′iεi
T

∥∥∥∥∥ = Op

(
1√
NT

)
, (D-43)

whereas for the second term, by (D-8)-(D-9) of Lemma 10,

∥∥∥T−1ε′iHFεi
∥∥∥ ≤ ∥∥∥∥∥ε′iF∗T

∥∥∥∥∥
∥∥∥∥∥∥
(

(F∗)′F∗
T

)−1
∥∥∥∥∥∥
∥∥∥∥∥(F∗)′εi

T

∥∥∥∥∥ = Op

( 1
T

)
,

and therefore

‖Aε
22‖ = Op

(
T−1

)
.

Letting again Aε
NT,22 =

√
NTAε

22 it is clear that∥∥∥Aε
NT,22

∥∥∥ = Op

(√
NT−1/2

)
.
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To evaluate Aε
23 we again split it into 5 key components

‖Aε
231‖ ≤

∥∥∥T−1ε′iŪ0
−m

∥∥∥ ∥∥∥Σ̂−1
u0
−m

∥∥∥ ∥∥∥T−1(Ū0
−m)′εi

∥∥∥ = Op(N−1) +Op(T−1) +Op((NT )−1/2),

‖Aε
232‖ ≤

∥∥∥T−1ε′iŪ0
m

∥∥∥ ∥∥∥Σ̂−1
F∗
∥∥∥ ∥∥∥T−1(Ū0

m)′εi
∥∥∥ = Op(N−2) +Op(N−3/2T−1/2) +Op((NT )−1),

‖Aε
233‖ ≤

∥∥∥T−1ε′iF∗
∥∥∥ ∥∥∥Σ̂−1

F∗
∥∥∥ ∥∥∥T−1(Ū0

m)′εi
∥∥∥ = Op(N−1T−1/2) +Op(N−1/2T−1),

‖Aε
234‖ ≤

∥∥∥T−1ε′iŪ0
m

∥∥∥ ∥∥∥Σ̂−1
F∗
∥∥∥ ∥∥∥T−1(F∗)′εi

∥∥∥ = Op(N−1T−1/2) +Op(N−1/2T−1),

‖Aε
235‖ ≤

∥∥∥T−1ε′iQ0

∥∥∥ ∥∥∥Σ̂−1
Q − Σ̂−1

F+
u

∥∥∥ ∥∥∥T−1Q′0εi
∥∥∥ = Op(T−1) +Op((NT )−1/2),

which leads to
‖Aε

23‖ = Op(N−1) +Op(T−1) +Op((NT )−1/2),
and therefore

‖Aε
2‖ = Op(N−1) +Op(T−1) +Op((NT )−1/2). (D-44)

Finally, for Aε
3 we find

‖Aε
3‖ ≤

∥∥∥T−1ε̄′ε̄
∥∥∥+

∥∥∥T−1ε̄′Q0(T−1Q′0Q0)−1Q′0ε̄
∥∥∥ = Op(N−1), (D-45)

since ‖T−1ε̄′ε̄‖ = Op(T−1/2N−1) due to ε̄ and ε̄ being uncorrelated Op(N−1/2) variables,
and because the norm of the final term can be decomposed in the following five components

‖Aε
31‖ ≤

∥∥∥T−1ε̄′Ū0
−m

∥∥∥ ∥∥∥[T−1(Ū0
−m)′Ū0

−m]−1
∥∥∥ ∥∥∥T−1(Ū0

−m)′ε̄
∥∥∥ = Op(N−1),

‖Aε
32‖ ≤

∥∥∥T−1ε̄′Ū0
m

∥∥∥ ∥∥∥[T−1(F∗)′F∗]−1
∥∥∥ ∥∥∥T−1(Ū0

m)′ε̄
∥∥∥ = Op(N−2),

‖Aε
33‖ ≤

∥∥∥T−1ε̄′F∗
∥∥∥ ∥∥∥[T−1(F∗)′F∗]−1

∥∥∥ ∥∥∥T−1(Ū0
m)′ε̄

∥∥∥ = Op(N−3/2T−1/2),

‖Aε
34‖ ≤

∥∥∥T−1ε̄′Ū0
m

∥∥∥ ∥∥∥[T−1(F∗)′F∗]−1
∥∥∥ ∥∥∥T−1(F∗)′ε̄

∥∥∥ = Op(N−3/2T−1/2),

‖Aε
35‖ ≤

∥∥∥T−1ε̄′Q0

∥∥∥ ∥∥∥Σ̂−1
Q − Σ̂−1

F+
u

∥∥∥ ∥∥∥T−1Q′0ε̄
∥∥∥ = Op(N−3/2) +Op(N−1T−1/2),

where we used the fact that the terms involving ε̄ and ε̄ have the same order as those
involving Ū0

m in Lemma 10. It will be convenient to also define Aε
NT,3 =

√
NTAε

3

Aε
NT,3 =

√
T

N

(√
N ε̄′Ū0

−m
T

)(
(Ū0
−m)′Ū0

−m
T

)−1 ((Ū0
−m)′
√
N ε̄

T

)
+Op

(
1√
N

)
+Op

(√
T

N

)
,

such that if T/N →M <∞, making use of (B-14),

Aε
NT,3 =

√
TN−1/2ΣεU−mΣ−1

u0
−m

Σ′εU−m
+Op(T−1/2) +Op(N−1/2), (D-46)

with ΣεU−m = S′wΣÜRNS−m, ΣεU−m = E(ε′iÜi/T )RNS−m, Σu0
−m

= S′−mN′R′ΣÜRNS−m
and ΣÜ = E(Ü′iÜi/T ).

Combining (D-40)-(D-45) in (D-39) leads to the conclusion that
‖Aε‖ = Op(N−1) +Op(T−1) +Op((NT )−1/2),

which is the result stated in the lemma. Letting Aε
NT =

√
NTAε, the result above implies

‖Aε
NT‖ = Op(1) +Op(

√
TN−1/2) +Op(

√
NT−1/2).
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Proof of Lemma 16

Consider σ̂2
ε(·) defined in eq.(20) evaluated at δ0 6= δ, with δ = [ρ,β′]′ the true parameter

vector. Suppose that p∗ ≥ p and Ass.1-5 hold. We can then make use of (B-23) to get

σ̂2
ε (δ0) = 1

N(T − c)

N∑
i=1
‖M (yi −wiδ0)‖2 = 1

N(T − c)

N∑
i=1
‖M (wi(δ − δ0) + Fγi + εi)‖2 ,

= T

T − c
1
NT

N∑
i=1

∥∥∥M (
wi(δ − δ0)− Ūmγi + εi

)∥∥∥2
.

For its components we find, denoting first Σ̂γ =
[

1
N

∑N
i=1 (γ ′i ⊗ γ ′i)

]
, with

∥∥∥Σ̂γ

∥∥∥ = Op(1) by
Ass.3,∥∥∥∥∥ 1
NT

N∑
i=1
γ ′iŪ′mMŪmγi

∥∥∥∥∥ ≤ ∥∥∥Σ̂γ

∥∥∥ ∥∥∥∥∥Ū′mŪm

T

∥∥∥∥∥+
∥∥∥Σ̂γ

∥∥∥ ∥∥∥∥∥Ū′mQ0

T

∥∥∥∥∥ ∥∥∥Σ̂−1
Q

∥∥∥ ∥∥∥∥∥Q′0Ūm

T

∥∥∥∥∥ = Op

( 1
N

)
,

where we made use of Lemma 10 by noting that Ūm is by the definition above (B-16) a
subset of Ū0

m. Also, since for any ‖δ − δ0‖ <∞, by (D-22) of Lemma 14∥∥∥∥∥ 1
N

N∑
i=1

(δ − δ0)′w
′
iMŪmγi
T

∥∥∥∥∥ ≤ ‖δ − δ0‖
∥∥∥∥∥ 1
N

N∑
i=1

w′iMŪmγi
T

∥∥∥∥∥ = Op

( 1
N

)
+Op

(
1√
NT

)
,

and similarly by (D-24) of Lemma 15∥∥∥∥∥ 1
N

N∑
i=1

(δ − δ0)′w
′
iMεi
T

∥∥∥∥∥ ≤ ‖δ − δ0‖
∥∥∥∥∥ 1
N

N∑
i=1

w′iMεi
T

∥∥∥∥∥ = Op

( 1
N

)
+Op

( 1
T

)
+Op

(
1√
NT

)
.

Also∥∥∥∥∥ 1
NT

N∑
i=1
ε′iMŪmγi

∥∥∥∥∥ ≤
∥∥∥∥∥ 1
N

N∑
i=1

ε′iŪm

T
γi

∥∥∥∥∥+
∥∥∥∥∥ 1
N

N∑
i=1

(
γ ′i ⊗

ε′iQ0

T

)∥∥∥∥∥ ∥∥∥Σ̂−1
Q

∥∥∥ ∥∥∥∥∥Q′0Ūm

T

∥∥∥∥∥ ,
≤
∥∥∥∥∥ 1
N

N∑
i=1

(
γ ′i ⊗

ε′iŪm

T

)∥∥∥∥∥ ‖Im‖+
∥∥∥∥∥ 1
N

N∑
i=1

(
γ ′i ⊗

ε′iQ0

T

)∥∥∥∥∥ ∥∥∥Σ̂−1
Q

∥∥∥ ∥∥∥∥∥Q′0Ūm

T

∥∥∥∥∥ ,
Letting γi,d denote the element on row d = 1, . . . ,m of γi, the elements on columns c(d−1)+
1 to cd of 1

N

∑N
i=1 (γ ′i ⊗ T−1ε′iQ0) and columnsm(d−1)+1 tomd of 1

N

∑N
i=1

(
γ ′i ⊗ T−1ε′iŪm

)
are given by

1
N

N∑
i=1

γi,d
ε′iF0

T
+ 1
N

N∑
i=1

γi,d
ε′iŪ0

T
=
[
ā′dF∗

T
,01×(K−m)

]
+
[
ā′dŪ0

m

T
,
ā′dŪ0

−m
T

]
,

1
N

N∑
i=1

γi,d
ε′iŪm

T
= ā′dŪm

T
,

respectively, with ād = 1
N

∑N
i=1 γi,dεi and where we note that ‖ād‖ = Op(

√
TN−1/2) by the

independence of γi,d and εi from Ass.1 and 3. As such, with (B-18)-(B-20) and (B-22)∥∥∥∥∥ ā′dF∗

T

∥∥∥∥∥ ≤
∥∥∥∥∥ ā′dF̌
T

∥∥∥∥∥ ∥∥∥P̈∥∥∥ ‖R‖ ‖N‖ ‖Sm‖ = Op

(
1√
NT

)
,
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∥∥∥∥∥ ā′dŪ0
m

T

∥∥∥∥∥ ≤
∥∥∥∥∥ ā′dÜ
T

∥∥∥∥∥ ‖R‖ ‖N‖ ‖Sm‖ = Op

( 1
N

)
,∥∥∥∥∥ ā′dŪ0

−m
T

∥∥∥∥∥ ≤ √N
∥∥∥∥∥ ā′dÜ
T

∥∥∥∥∥ ‖R‖ ‖N‖ ‖S−m‖ = Op

(
1√
N

)
,∥∥∥∥∥ ā′dŪm

T

∥∥∥∥∥ ≤
∥∥∥∥∥ ā′dÜ
T

∥∥∥∥∥ ‖R0‖ ‖T‖ ‖Bm‖ = Op

( 1
N

)
,

since
∥∥∥∥ ā′dF̌

T

∥∥∥∥ = Op((NT )−1/2) by independence of ād and F̌, and because
∥∥∥∥ ā′dÜ

T

∥∥∥∥ ≤ T−1 ‖ād‖
∥∥∥Ü∥∥∥ =

Op(N−1) since
∥∥∥Ü∥∥∥ = Op(

√
TN−1/2). As such,

∥∥∥ 1
N

∑N
i=1 (γ ′i ⊗ T−1ε′iQ0)

∥∥∥ = Op(N−1/2) and∥∥∥ 1
N

∑N
i=1

(
γ ′i ⊗ T−1ε′iŪm

)∥∥∥ = Op(N−1). Thus, inserting also
∥∥∥T−1Q′0Ūm

∥∥∥ = Op(N−1/2) by
Lemma 10 gives ∥∥∥∥∥ 1

NT

N∑
i=1
ε′iMŪmγi

∥∥∥∥∥ = Op

( 1
N

)
, (D-47)

and therefore,

σ̂2
ε (δ0) = T

T − c
(δ − δ0)′Σ̂(δ − δ0) + T

T − c
1
NT

N∑
i=1
ε′iMεi

+Op

( 1
N

)
+Op

( 1
T

)
+Op

(
1√
NT

)
.

The final term in this expression we can decompose as

1
NT

N∑
i=1
ε′iMεi = 1

N

N∑
i=1

ε′iεi
T
− 1
NT

N∑
i=1
ε′iHεi.

Consider the last term and recall from Lemma 10 that ‖T−1ε′iQ0‖ = Op(T−1/2). Note that
we can write with q0,t denoting the t− th row of Q0 and ε̄t,s = 1

N

∑N
i=1 εitεis, with notably

ε̄t,s = Op(N−1/2) for s 6= t and ε̄t,t = σ2
ε +Op(N−1/2),

1
NT

N∑
i=1
ε′iHεi = 1

N

N∑
i=1

ε′iQ0

T

(
Q′0Q0

T

)−1 Q′0εi
T

= 1
NT 2

N∑
i=1
ε′iQ0Σ̂

−1
Q Q′0εi,

= 1
NT 2

N∑
i=1

T∑
t=1

T∑
s=1

εitεisq′0,tΣ̂
−1
Q q0,s,

= 1
NT 2

T∑
t=1

T∑
s=1

ε̄t,sq′0,tΣ̂
−1
Q q0,s,

= 1
T 2σ

2
εtr(Q0Σ̂

−1
Q Q′0) + 1

NT 2

T∑
t=1

(ε̄t,t − σ2
ε)q′0,tΣ̂

−1
Q q0,t

+ 1
NT 2

T∑
t=1

T∑
s 6=t

ε̄t,sq′0,tΣ̂
−1
Q q0,s,

48



= 1
T 2σ

2
εTc+Op(N−1/2T−1),

= c

T
σ2
ε +Op(N−1/2T−1),

and also for the first term

1
N

N∑
i=1

ε′iεi
T

= 1
NT

N∑
i=1

T∑
t=1

ε2
it = σ2

ε + 1
NT

N∑
i=1

T∑
t=1

(ε2
it − σ2

ε) = σ2
ε + 1

T

T∑
t=1

(ε̄t,t − σ2
ε),

= σ2
ε +Op((NT )−1/2),

which gives, combined into the expression above,

T

T − c

[
1
NT

N∑
i=1
ε′iMεi

]
= T

T − c

[
σ2
ε −

c

T
σ2
ε

]
+Op

(
1√
NT

)
= σ2

ε +Op

(
1√
NT

)
. (D-48)

Finally, since
∥∥∥Σ̂∥∥∥ = Op(1) and making use of T

T−c → 1 we conclude that

σ̂2
ε (δ0) = σ2

ε + (δ − δ0)′Σ̂(δ − δ0) +Op(N−1) +Op(T−1) +Op((NT )−1/2),

which is the first result stated in the lemma.

It remains to consider δ0 = δ. Clearly, in this case

σ̂2
ε (δ) = T

T − c
1
NT

N∑
i=1

∥∥∥M(εi − Ūmγi)
∥∥∥2
,

= T

T − c

[
1
NT

N∑
i=1
ε′iMεi − 2 1

NT

N∑
i=1
ε′iMŪmγi + 1

NT

N∑
i=1
γ ′iŪ′mMŪmγi

]
,

and therefore, substituting in earlier results such as (D-47) and (D-48)

σ̂2
ε (δ) = σ2

ε +Op(N−1) +Op((NT )−1/2).

This proves the lemma.

Proof of Lemma 17

Consider Ac = Aε + 1
T
σ̂2
ε(δ)υ evaluated at δ0 = δ, where υ denotes υ(ρ0,H) evaluated at

ρ0 = ρ. Making use of the notation introduced in Lemma 15, specifically (D-39), we can
decompose it as follows

Ac = Aε + 1
T
σ̂2
ε(δ)υ,

= Aε
1 + Aε

2 −Aε
3 + 1

T
σ̂2
ε(δ)υ,
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= Aε
1 + Aε

21 −Aε
3 −

1
NT

N∑
i=1
ε′iHεi + 1

T
σ̂2
ε(δ)υ,

= Aε
1 + Aε

21 −Aε
3 −Ac

0,

where in the final equality we substituted in Aε
21 = 1

NT

∑N
i=1 ε

′
iεi of (D-42) and defined

Ac
0 = 1

NT

N∑
i=1
ε′iHεi −

1
T
σ̂2
ε(δ)υ.

For this term we can write

Ac
0 = 1

NT

N∑
i=1

[
ε′iHεi − σ2

ευ
]
− 1
T

[
σ̂2
ε(δ)− σ2

ε

]
υ.

Recall that T−1ε′iHεi = T−1ε′iQ0Σ̂
−1
Q T−1Q′0εi and that from Lemma 10 ‖T−1ε′iQ0‖ and

‖T−1ε′iQ0‖ are Op(T−1/2). Also denote with ht,s the element on row t and column s of H
and ε̄t,s = 1

N

∑N
i=1 εitεis such that

[
ε̄t,s − σ2

εq1ρ
t−1−s

1(t−1≥s)
]

= Op(N−1/2) for all t and s,
where 1a denotes the indicator function that returns one if the condition a is true, and zero
otherwise. This gives

1
NT

N∑
i=1

[
ε′iHεi − σ2

ευ
]

= 1
T

T∑
t=1

T∑
s=1

ht,s
1
N

N∑
i=1

[
εitεis − σ2

εq1ρ
t−1−s

1(t−1≥s)
]
,

= 1
T

T∑
t=1

T∑
s=1

ht,s
[
ε̄t,s − σ2

εq1ρ
t−1−s

1(t−1≥s)
]

= Op(N−1/2T−1).

Second, note that the function υ = υ(ρ,H)q1 = tr(HLJ−1(ρ))q1 calculates the sum of the
lower triangular elements of H weighted by the columns of J−1(ρ), with J(ρ) a T×T matrix
with ones on the main diagonal, −ρ on the first lower sub-diagonal, and zeros on all other
entries, and L the T × T lag operator with ones on the first lower sub-diagonal and zeros
on all other entries. We then have that ‖υ‖ = Op(1) since ρ < 1 under Ass.5 such that
each column of the weighting matrix J−1(ρ) contains an exponentially decaying sequence
and its row and column norms are bounded by a finite constant which is independent of T .

Therefore, also substituting in ‖σ̂2
ε(δ)− σ2

ε‖ = Op(N−1) + Op((NT )−1/2) by (D-27) of
Lemma 16 gives

‖Ac
0‖ ≤

∥∥∥∥∥ 1
NT

N∑
i=1

[
ε′iHεi − σ2

ευ
]∥∥∥∥∥+ 1

T

∥∥∥σ̂2
ε(δ)− σ2

ε

∥∥∥ ‖υ‖ = Op(N−1/2T−1).

such that from the respective results in eqs.(D-40), (D-43) and (D-45) of the proof for
Lemma 15 follows

‖Ac‖ ≤ ‖Aε
1‖+ ‖Aε

21‖+ ‖Aε
3‖+ ‖Ac

0‖ = Op(N−1) +Op((NT )−1/2).

Also, letting Ac
NT =

√
NTAc and imposing that T/N →M <∞ yields

Ac
NT = Aε

NT,1 + Aε
NT,21 −Aε

NT,3 +Op(T−1/2),
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with Aε
NT,1 and Aε

NT,3 defined in (D-41) and (D-46), respectively, and where Aε
NT,21 =

1√
N

∑N
i=1

ε′iεi√
T
. Substituting in the respective definitions gives the result stated in the lemma.

Next, consider the moment vector evaluated at any δ0 6= δ such that ‖δ − δ0‖ <∞,

Ãc(δ0) = Aε + T−1σ̂2
ε(δ0)υ(ρ0) = Aε

1 + Aε
21 −Aε

3 − Ãc
0(δ0),

with Ãc
0(δ0) = 1

NT

∑N
i=1 ε

′
iHεi − 1

T
σ̂2
ε(δ0)υ(ρ0) and υ(ρ0) = υ(ρ0,H)q1, and, as before by

eqs.(D-40), (D-43) and (D-45)

Ãc(δ0) = −Ãc
0(δ0) +Op(N−1) +Op((NT )−1/2).

We get using the same steps as above and substituting in earlier results

Ãc
0(δ0) = 1

NT

N∑
i=1

[
ε′iHεi − σ2

ευ
]
− 1
T

[
σ̂2
ε(δ0)− σ2

ε

]
υ(ρ0)− 1

T
σ2
ε [υ(ρ0)− υ] ,

= − 1
T

[
σ̂2
ε(δ0)− σ2

ε

]
υ(ρ0)− 1

T
σ2
ε [υ(ρ0)− υ] +Op(N−1/2T−1).

In turn, substituting in (D-26) of Lemma 16 returns

Ãc
0(δ0) = − 1

T
(δ − δ0)′Σ̂(δ − δ0)υ(ρ0)− 1

T
σ2
ε [υ(ρ0)− υ] +Op(N−1/2T−1),

and therefore

Ãc(δ0) = 1
T

(δ − δ0)′Σ̂(δ − δ0)υ(ρ0) + 1
T
σ2
ε [υ(ρ0)− υ] +Op(N−1) +Op((NT )−1/2),

which ends the proof.

Proof of Lemma 18

Consider, since Mw̄ = 0,

Σ̂ = 1
NT

N∑
i=1

w′iMwi = 1
NT

N∑
i=1

(wi − w̄)′M (wi − w̄) ,

= 1
NT

N∑
i=1

(
F̌P̃iSw + εi − ε̄

)′
M
(
F̌P̃iSw + εi − ε̄

)
,

where noting that εi = ÜiSw it is easily seen from Lemmas 10 and 11∥∥∥∥∥ 1
NT

N∑
i=1

S′wP̃′iF̌′Mε̄

∥∥∥∥∥ = Op

( 1
N

)
,

∥∥∥∥∥ 1
NT

N∑
i=1
ε̄′Mε̄

∥∥∥∥∥ = Op

( 1
N

)
,

∥∥∥∥∥ 1
NT

N∑
i=1
ε′iMε̄

∥∥∥∥∥ = Op

( 1
N

)
.

Also, from (D-40) ∥∥∥∥∥ 1
NT

N∑
i=1

S′wP̃′iF̌′Mεi

∥∥∥∥∥ = Op

(
1√
NT

)
,
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and making use of Lemma 10 and Ass.1 and 5,

1
NT

N∑
i=1
ε′iMεi = 1

N

N∑
i=1

ε′iεi
T
− 1
N

N∑
i=1

ε′iQ0

T

(
Q′0Q0

T

)−1 Q′0εi
T

= 1
N

N∑
i=1

ε′iεi
T

+Op

( 1
T

)
,

= Σε +Op(T−1) +Op((NT )−1/2),

with Σε = E(ε′iεi/T ). Next up is

1
NT

N∑
i=1

S′wP̃′iF̌′MF̌P̃iSw = 1
NT

N∑
i=1

S′wP̃′iF̌′MFF̌P̃iSw −
1
NT

N∑
i=1

S′wP̃′iF̌′(MF −M)F̌P̃iSw,

where for the second term, defining Σ̂P̃ =
[

1
N

∑N
i=1

(
S′wP̃′i ⊗ S′wP̃′i

)]
,

∥∥∥∥∥ 1
NT

N∑
i=1

S′wP̃′iF̌′(MF −M)F̌P̃iSw
∥∥∥∥∥ ≤ ∥∥∥Σ̂P̃

∥∥∥ ∥∥∥F̌′(MF −M)F̌
∥∥∥ ,

for which
∥∥∥Σ̂P̃

∥∥∥ = Op(1) by Ass.3 and the norm in the end can be decomposed into 5
parts by (D-1). Using the shorthand Σ̂Q = [T−1Q′0Q0], Σ̂F∗ = [T−1(F∗)′F∗] and Σ̂u0

−m
=

[T−1(Ū0
−m)′Ū0

−m] we get for each respective component

‖K1‖ ≤
∥∥∥∥∥F̌′Ū0

−m
T

∥∥∥∥∥ ∥∥∥Σ̂−1
u0
−m

∥∥∥ ∥∥∥∥∥(Ū0
−m)′F̌
T

∥∥∥∥∥ = Op

( 1
T

)
,

‖K2‖ ≤
∥∥∥∥∥F̌′Ū0

m

T

∥∥∥∥∥ ∥∥∥Σ̂−1
F∗
∥∥∥ ∥∥∥∥∥(Ū0

m)′F̌
T

∥∥∥∥∥ = Op

( 1
NT

)
,

‖K3‖ ≤
∥∥∥∥∥F̌′F∗

T

∥∥∥∥∥ ∥∥∥Σ̂−1
F∗
∥∥∥ ∥∥∥∥∥(Ū0

m)′F̌
T

∥∥∥∥∥ = Op

(
1√
NT

)
,

‖K4‖ ≤
∥∥∥∥∥F̌′Ū0

m

T

∥∥∥∥∥ ∥∥∥Σ̂−1
F∗
∥∥∥ ∥∥∥∥∥(F∗)′F̌

T

∥∥∥∥∥ = Op

(
1√
NT

)
,

‖K5‖ ≤
∥∥∥∥∥F̌′Q0

T

∥∥∥∥∥ ∥∥∥Σ̂−1
Q − Σ̂−1

F+
u

∥∥∥ ∥∥∥∥∥Q′0F̌
T

∥∥∥∥∥ = Op

(
1√
N

)
+Op

(
1√
T

)
,

which makes use of (B-18)-(B-20) and Lemmas 9, 10 and 13. As such,
∥∥∥F̌′(MF −M)F̌

∥∥∥ =
Op(N−1/2) +Op(T−1/2) and

1
NT

N∑
i=1

S′wP̃′iF̌′MF̌P̃iSw = 1
NT

N∑
i=1

S′wP̃′iF̌′MFF̌P̃iSw +Op

(
1√
N

)
+Op

(
1√
T

)
.

Here we have, recalling Σ̂F̌ = T−1F̌′F̌ and using (B-18) and Lemma 12,

1
NT

N∑
i=1

S′wP̃′iF̌′MFF̌P̃iSw
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= 1
N

N∑
i=1

S′wP̃′iΣ̂F̌P̃iSw −
1
N

N∑
i=1

S′wP̃′iΣ̂F̌P̈RNSmΣ̂−1
F∗S′mN′R′P̈′Σ̂F̌P̃iSw,

= 1
N

N∑
i=1

S′wP̃′iVFP̃iSw +Op(N−1/2) +Op(T−1/2),

= (vec(Ikw)′ ⊗ Ikw)
(
Ikw ⊗ΣP̃vec(V

F)
)

+Op(N−1/2) +Op(T−1/2),

where VF = ΣF̌ −ΣF̌PRNSmΣ−1
F∗S′mN′R′P′ΣF̌ and ΣP̃ = E(S′wP̃′i ⊗ S′wP̃′i).

In conclusion, we have as (N, T )→∞ that

Σ̂ −→p ΣF̌P + Σε,

with ΣF̌P = (vec(Ikw)′ ⊗ Ikw)
(
Ikw ⊗ΣP̃vec(V

F)
)
.
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D.4 Proof of theorems
D.4.1 Proof of Theorem 2

Consider that the CCEPbc estimator in eq.(21) is equivalent to

δ̂bc = arg min
δ0∈χ

1
2 ‖ϕ(δ0)‖2 , (D-49)

with ϕ(δ0) given by

ϕ(δ0) = 1
NT

N∑
i=1

w′iMyi − Σ̂δ0 + 1
T
σ̂2
ε(δ0)υ(ρ0),

and we will use υ(ρ0) = υ(ρ0,H)q1. With eq.(6) the latter can be reformulated as

ϕ(δ0) = Σ̂ (δ − δ0) + 1
NT

N∑
i=1

w′iM(Fγi + εi) + 1
T
σ̂2
ε(δ0)υ(ρ0),

= Σ̂ (δ − δ0) + AF + Ãc(ρ0),

where AF = 1
NT

∑N
i=1 w′iMFγi and Ãc(ρ0) = 1

NT

∑N
i=1 w′iMεi + 1

T
σ̂2
ε(δ0)υ(ρ0). Under the

assumption that χ is compact such that ‖δ − δ0‖ <∞ it follows from Lemmas 14 and 17

ϕ(δ0) = Σ̂ (δ − δ0) + 1
T

(δ − δ0)′Σ̂(δ − δ0)υ(ρ0) + 1
T
σ2
ε [υ(ρ0)− υ] +Op

( 1
N

)
+Op

(
1√
NT

)
,

where from here onward we omit the functional dependence of υ(·) when it is evaluated at
the population parameter ρ. Also inserting Lemma 18 gives

ϕ(δ0) = Σ̇ (δ − δ0) + 1
T

(δ − δ0)′Σ̇(δ − δ0)υ(ρ0) + 1
T
σ2
ε [υ(ρ0)− υ] + op(1).

Note that ‖υ‖ = Op(1) since |ρ| < 1 by Ass.5, and if χ in eq.(D-49) is compact and
accordingly restricted then |ρ0| < 1 and therefore ‖υ(ρ0)‖ = Op(1). Since also

∥∥∥Σ̇∥∥∥ = O(1)
it follows that as (N, T )→∞

ϕ(δ0) = Σ̇ (δ − δ0) + op(1),

for which the solution in (D-49) is clearly unique at δ0 = δ and therefore

δ̂bc −→p δ, (D-50)

as (N, T )→∞.

Define next the following vector evaluated at δ0 = δ,

ψNT =
√
NTϕ(δ) = AF

NT + Ac
NT ,
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with AF
NT =

√
NTAF, Ac

NT = 1√
NT

∑N
i=1 w′iMεi + T−1/2

√
Nσ̂2

ε(δ)υ. Assuming that
T/N →M <∞ and combining in this expression Lemmas 14 and 17 gives

ψNT = 1√
NT

N∑
i=1
ε′iεi + ΨFvec

(
F̌′
√
NÜ√
T

)
+ Ψεvec

[
1√
N

N∑
i=1

(
ε′iF̌√
T
⊗ S′wP̃′i

)]

+
√
T

N

(
bF

0 − bF
1 − bU

)
+Op

(
1√
N

)
+Op

(
1√
T

)
,

where ΨF,bF
0 and bF

1 are fixed finite matrices defined below eq.(D-23) and similarly for
Ψε and bU, which are stated below (D-29).
Then, recalling that the typical element of 1√

N

∑N
i=1

(
ε′iF̌√
T
⊗ S′wP̃′i

)
is given by

√
N ā′r,sF̌√
T

, with

ār,s = 1
N

∑N
i=1 p̃i,r,sεi and p̃i,r,s denoting row r and column s of S′wP̃′i, and that p̃i,r,s, εi and

F̌ are independent over all i and t, we have given the moment restrictions in Ass.1-3 by a
CLT for independent stationary variables as (N, T )→∞

ξ1 = vec

(
1√
N

N∑
i=1

(
ε′iF̌√
T
⊗ S′wP̃′i

))
d−→ nεη d= N (0,ΣF̌ε),

with ΣF̌ε = 1
T
E
[
vec

(
ε′iF̌⊗ S′wP̃′i

)
vec

(
ε′iF̌⊗ S′wP̃′i

)′]
. Also

ξ2 = vec

(
F̌′
√
NÜ√
T

)
d−→ nfu d= N (0,ΣF̌u),

where ΣF̌u = 1
T
E
[
vec

(
F̌′Üi

)
vec

(
F̌′Üi

)′]
and finally

ξ3 = 1√
NT

N∑
i=1
ε′iεi

d−→ nεε d= N (0,Σεε),

with Σεε = 1
T
E [ε′iεiε′iε′i].

Let ξ1,l be the element on the l−th row of ξ1, and similarly for vectors ξ2 and ξ3. Then
we have for any l and s

Cov(ξ1,l, ξ2,s) = 0, Cov(ξ1,l, ξ3,s) = 0, Cov(ξ2,l, ξ3,s) = 0,

where the first two statements hold by E(P̃i) = 0 and the independence of P̃i from F̌, εi
and εi for all i and t by Ass.3, and the last result holds since E(F̌) = 0 from Lemma 1 and
the independence of F̌ from εi and εi by Ass.2. The three normals nεη, nfu and nεε are
therefore independent, and as (N, T )→∞ such that T/N →M <∞ follows

ψNT
d−→ N

(√
TN−1/2b0,Φ

)
, (D-51)

where

b0 = bF
0 − bF

1 − bU, (D-52)
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Φ = Σεε + ΨFΣF̌uΨ′F + ΨεΣF̌εΨ
′
ε. (D-53)

Next, recall from Section A.1 that the Jacobian for the CCEPbc estimator in (D-49) eval-
uated at δ0 is given by

Ja(δ0) = 1
T

[
(υ(ρ0)⊗ σ̇′) +

(
σ̂2
ε(δ0)q1 ⊗ υ̇′

) ]
− Σ̂,

with

σ̇ = 2 T

T − c
Σ̂
(
δ0 − δ̂

)
, υ̇ =

(
T−1∑
t=1

(t− 1)ρt−2
0

T∑
s=t+1

hs,s−t

)
q1.

Consider then that as (N, T )→∞, Σ̂→p Σ̇ by Lemma 18, σ̂2
ε(δ)→p σ2

ε by Lemma 16 and
‖υ̇‖ = Op(1). Also, from Lemmas 14, 15 and 18 follows δ̂ − δ = Σ̂−1(Aε + AF)→p 0kw×1.
Hence, evaluated at δ0 = δ

∆ = plim
(N,T )→∞

Ja(δ) = −Σ̇. (D-54)

As such, with (D-50) and (D-51) we have using standard arguments as in Newey and
McFadden (1994), as (N, T )→∞ such that T/N →M <∞,

√
NT (δ̂bc − δ) d−→ −(∆′∆)−1∆′ψNT ,

which implies, given (D-51),
√
NT

(
δ̂bc − δ

)
d−→ N

(
−
√
TN−1/2(∆′∆)−1∆′b0, (∆′∆)−1∆′Φ∆(∆′∆)−1

)
,

and in turn, since ∆ = −Σ̇ such that (∆′∆)−1∆′ = −Σ̇−1,
√
NT

(
δ̂bc − δ

)
d−→ N

(√
κb, Σ̇−1ΦΣ̇−1)

, (D-55)

where b = Σ̇−1b0 and we denote κ = T/N . Letting next κ→ 0 gives
√
NT

(
δ̂bc − δ

)
d−→ N

(
0kw×1, Σ̇

−1ΦΣ̇−1)
,

which is the result reported in the theorem.
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E Additional simulation tables

Table E-1: Monte Carlo results for ρ and β : baseline design with ρ = 0.4
Results for ρ̂

bias rmse sizeb

Estimator (N,T) 10 20 30 50 10 20 30 50 10 20 30 50
CCEP 25 -0.198 -0.091 -0.058 -0.035 0.222 0.102 0.067 0.042 0.61 0.55 0.43 0.32

100 -0.201 -0.093 -0.061 -0.036 0.216 0.098 0.064 0.038 0.92 0.97 0.94 0.84
500 -0.199 -0.095 -0.061 -0.036 0.213 0.097 0.062 0.037 0.99 1.00 1.00 1.00
5000 -0.200 -0.094 -0.062 -0.036 0.215 0.096 0.062 0.036 1.00 1.00 1.00 1.00

CCEPbc 25 -0.001 -0.001 0.001 0.000 0.093 0.045 0.033 0.024 0.04 0.06 0.07 0.06
100 0.000 -0.001 0.000 0.000 0.043 0.022 0.016 0.012 0.04 0.05 0.06 0.05
500 0.001 0.000 0.000 0.000 0.020 0.010 0.007 0.005 0.04 0.04 0.04 0.04
5000 0.000 0.000 0.000 0.000 0.006 0.003 0.002 0.002 0.03 0.05 0.05 0.05

CCEPjk 25 0.070 0.015 0.008 0.003 0.267 0.069 0.042 0.028 0.41 0.20 0.13 0.09
100 0.075 0.015 0.007 0.003 0.233 0.049 0.025 0.014 0.63 0.36 0.19 0.09
500 0.077 0.017 0.008 0.003 0.228 0.043 0.019 0.008 0.75 0.64 0.44 0.18
5000 0.079 0.016 0.009 0.003 0.220 0.040 0.017 0.006 0.82 0.80 0.75 0.58

FLSbc 25 -0.085 -0.018 -0.007 -0.003 0.130 0.052 0.037 0.026 0.10 0.03 0.02 0.02
100 -0.105 -0.026 -0.012 -0.005 0.114 0.034 0.020 0.012 0.60 0.20 0.10 0.06
500 -0.110 -0.026 -0.012 -0.005 0.112 0.029 0.014 0.007 0.96 0.72 0.39 0.14
5000 -0.109 -0.026 -0.012 -0.005 0.110 0.028 0.012 0.005 1.00 1.00 0.99 0.77

Results for β̂
CCEP 25 -0.033 -0.010 -0.005 -0.002 0.086 0.048 0.036 0.028 0.07 0.06 0.06 0.06

100 -0.033 -0.008 -0.004 -0.001 0.055 0.025 0.018 0.014 0.15 0.06 0.06 0.06
500 -0.033 -0.008 -0.003 -0.001 0.042 0.014 0.009 0.006 0.40 0.13 0.08 0.06
5000 -0.032 -0.008 -0.004 -0.001 0.040 0.009 0.004 0.002 0.77 0.60 0.27 0.11

CCEPbc 25 0.000 -0.002 -0.002 0.000 0.080 0.047 0.037 0.028 0.04 0.06 0.06 0.05
100 -0.001 0.000 -0.001 0.000 0.038 0.023 0.018 0.014 0.04 0.05 0.05 0.06
500 0.000 0.000 0.000 0.000 0.017 0.010 0.008 0.006 0.04 0.05 0.06 0.05
5000 0.000 0.000 0.000 0.000 0.005 0.003 0.003 0.002 0.03 0.06 0.05 0.05

CCEPjk 25 0.087 0.016 0.006 0.002 0.185 0.060 0.041 0.030 0.35 0.11 0.09 0.07
100 0.083 0.018 0.008 0.003 0.134 0.035 0.021 0.015 0.54 0.20 0.09 0.07
500 0.081 0.017 0.008 0.003 0.123 0.025 0.013 0.007 0.74 0.42 0.20 0.09
5000 0.081 0.018 0.008 0.003 0.119 0.022 0.009 0.003 0.88 0.85 0.76 0.31

FLSbc 25 -0.002 0.009 0.004 0.004 0.085 0.057 0.043 0.032 0.04 0.04 0.03 0.01
100 -0.016 -0.001 0.000 0.001 0.044 0.024 0.018 0.014 0.08 0.04 0.04 0.04
500 -0.022 -0.003 -0.001 0.000 0.029 0.011 0.008 0.006 0.32 0.06 0.06 0.05
5000 -0.021 -0.003 -0.001 0.000 0.025 0.005 0.003 0.002 0.85 0.21 0.08 0.06

Note: See Table 1, but with ρ = 0.4 and β = 0.6
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Table E-3: Monte Carlo results for ρ : dynamics in zit with strong factors (N = 25)

bias rmse sizeb bias rmse sizeb bias rmse sizeb bias rmse sizeb

one factor

T = 10 T = 20 T = 30 T = 50

CCEP_p0(+g) −0.530 0.563 0.90 −0.236 0.251 0.95 −0.140 0.149 0.94 −0.076 0.081 0.90
CCEP_p1(+g) −0.666 0.702 0.81 −0.261 0.279 0.93 −0.148 0.159 0.93 −0.078 0.084 0.89
CCEP_pT (+g) - - - −0.321 0.343 0.89 −0.196 0.210 0.88 −0.090 0.096 0.88
CCEPbc_p0(+g) −0.014 0.193 0.04 −0.006 0.073 0.06 −0.002 0.040 0.05 −0.002 0.023 0.06
CCEPbc_p1(+g) −0.033 0.265 0.03 −0.002 0.084 0.05 −0.001 0.044 0.04 0.000 0.023 0.05
CCEPbc_pT (+g) - - - −0.006 0.106 0.03 −0.004 0.061 0.05 −0.001 0.026 0.04
CCEPjk_p1(+g) - - - 0.123 0.244 0.13 0.084 0.139 0.21 0.034 0.058 0.17
FLSbc −0.254 0.270 0.47 −0.057 0.081 0.06 −0.026 0.048 0.04 −0.011 0.029 0.04

two factors

T = 10 T = 20 T = 30 T = 50

CCEP_p0(+g) −0.560 0.590 0.93 −0.252 0.268 0.97 −0.156 0.164 0.97 −0.085 0.090 0.95
CCEP_p1(+g) −0.720 0.750 0.86 −0.294 0.310 0.96 −0.169 0.177 0.96 −0.086 0.091 0.93
CCEP_pT (+g) - - - −0.364 0.383 0.94 −0.225 0.239 0.94 −0.101 0.106 0.94
CCEPbc_p0(+g) −0.021 0.204 0.05 −0.015 0.075 0.07 −0.010 0.043 0.06 −0.007 0.024 0.06
CCEPbc_p1(+g) −0.023 0.275 0.03 −0.005 0.090 0.07 −0.002 0.045 0.05 −0.001 0.024 0.05
CCEPbc_pT (+g) - - - −0.009 0.109 0.05 0.000 0.065 0.05 0.000 0.027 0.04
CCEPjk_p1(+g) - - - 0.120 0.240 0.14 0.090 0.149 0.24 0.044 0.064 0.22
FLSbc −0.524 0.526 0.89 −0.138 0.162 0.19 −0.047 0.072 0.06 −0.012 0.033 0.03
Note: see Table 4 but with N = 25.
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F Additional figures

Figure F-1: Monte Carlo results for ρ : Boxplots for CCEP and CCEPbc estimators over
N for one normal factor (m = 1, RI = 1) with T = 10
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Notes:

(i) Reported are simulation results for estimating ρ in the baseline case for T = 10 and N = 25, 50, 100, ..., 50.000
(see notes Table 1). The CCEP estimators with a (+g) suffix (lower panel) make use of the gt variable to project
out the factors.

(ii) Dotted red lines indicate the population parameter value (ρ = 0.8). The boxplot ’whiskers’ extend to the most
extreme data point which is no more than 1.5 times the interquartile range from the box.
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Figure F-2: Monte Carlo results for ρ : Boxplots for CCEP and CCEPbc estimators over
N for one strong factor (m = 1, RI = 3) with T = 10.
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Notes:

(i) Reported are simulation results for estimating ρ = 0.8 with m = 1 and RI = 3 for N = 25, 50, 100, ..., 50.000.
The CCEP estimators with a (+g) suffix (lower panel) make use of the gt variable to project out the factors.

(ii) Dotted red lines indicate the population parameter value (ρ = 0.8). The boxplot ’whiskers’ extend to the most
extreme data point which is no more than 1.5 times the interquartile range from the box.
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Figure F-3: Monte Carlo results for ρ : Boxplots for CCEP and CCEPbc estimators over
N for two normal factors (m = 2, RI = 1) with T = 10.
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Notes:

(i) Reported are simulation results for estimating ρ = 0.8 with m = 2 and RI = 1 for N = 25, 50, 100, ..., 50.000.
The CCEP estimators with a (+g) suffix (lower panel) make use of the gt variable to project out the factors.

(ii) Dotted red lines indicate the population parameter value (ρ = 0.8). The boxplot ’whiskers’ extend to the most
extreme data point which is no more than 1.5 times the interquartile range from the box.
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Figure F-4: Monte Carlo results for ρ: Boxplots for CCEP and CCEPbc estimators over
N for two strong factors (m = 2, RI = 3) with T = 10.
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Notes:

(i) Reported are simulation results for estimating ρ = 0.8 with m = 2 and RI = 3 for N = 25, 50, 100, ..., 50.000.
The CCEP estimators with a (+g) suffix (lower panel) make use of the gt variable to project out the factors.

(ii) Dotted red lines indicate the population parameter value (ρ = 0.8). The boxplot ’whiskers’ extend to the most
extreme data point which is no more than 1.5 times the interquartile range from the box.
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