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A Appendix: Proofs

For any matrix M, || M ||max denotes the entrywise maximum norm, || M||s denote the matrix /5
norm and pyi, (M) denote its minimum eigenvalue. Finally let X; and Z; denote the 5 columns
of X and Z respectively.

Proof of Lemma 1. Recall that X" X/n — Y. Let Sy, = {w : 1/(2pmax(2)) < pumin(Z " Z /0 —
)™ <2/pmin(X)}. On Sy, ZTZ/n — T is invertible and the CoCoLasso estimate in (2) can be
disguised as a Lasso equation as

~

Be(N) =argﬁmin 2n) Mg — ZB|5 + M 8]l (1)

where Z /n is the Cholesky factor of Z"Z/n — T' and § is the solution of ZT§ = ZTy. The
solution path is hence piecewise linear in A (Tibshirani 2013, Lemma 8). If R = R(\) denote the
active set (set of indices corresponding to the non-zero entries of B (M), then the slope is given
by (Z7Z/n)z'alle = (227 Z = T)g,g)~*||2. So, the maximal slope is bounded by

1 - 1
s [(GZ7Z-Drn) R<IGZTZ-D) k< Yom(®

RC{12,...,p} n

From Lemma A2, p(S5,) = o(n~") which proves the Lipschitz continuity for the CocoLasso
estimate o o(A). Similar, result will hold if Z is replaced by Z_; (i.e., the ith observation is

removed). Since no(n~') — 0, the result holds uniformly for B((;) (A)overi =0,1,...,n. O



Proof of Lemma 2. 1f X was observed, BL(\) = 0 for all A > [|XTy/n|w. Equivalently,
BcA) = 0if A > |Z79/nlle = 1Z7y/n|ls. We can expand ZTy = XTXB* + X Tw +
ATXB* + ATw. Using Lemma A1, P(||Z7y/n||o0 > ||X8*|l + 1) = o(n~!) and hence

PUIBcoMll2 = 2(I1Z8" oo + 1)/ puin(X)) = o(n ™). 3)

Again, similar result will hold by replacing Z with Z_; which proves the lemma. [

Before proving Lemma 3, we introduce some additional notation. Let 5(\) denote the min-
imizer of g(8) where g(3) = 1(8 — 8*) "S(8 — 8*) + A||B8]|1 + o First note that as g(3) can
be viewed as a noiseless version of the Lasso loss function (1). Hence, ||5(\)||2 is Lipshitz and
uniformly stochastically bounded in A € [0, A]. For any 3, let R(/3, €) denote the closed ¢»-ball
of radius € and centered around . Since g(f3) is strictly convex, there is a (e, A) > 0 such that
B¢ R(BN), €)= g(B) > g(B(N) + (e, A). Clearly, d(e, \) is decreasing in € and goes to zero
as € — (0. We first prove the following result:

Lemma 1. For any fixed \, and p(||fc(A) — B2 > €) = o(n™").

Proof. The CoCoLasso estimate B(C") (\) is obtained by minimizing g, (8) = 3(y"y/n—2y" ZB/n+
BUZTZ/n —T)18) + AlB]h-

19.(8) = 9(B) <187 ((Z"Z/n = T)4 = B)B|/2 + |B° (X" X/n — B)B*| /2+
B2 X/n = 5)B" | + 18" Z w/n| + |w" X" /n| + |w w/n|

Using Lemmas Al and A2, we have p(|g,(8) — g(B)| > d(e, \)/4) = o(n™1).

Let K be the compact hypercube in RP, centered at zero and having edges of length L such
that L = 5(||X8"||oc + 1)/ pmin(2). Using the bound of Equation (3) one can see that this choice
of L ensures that K contains Uxcpo,a]R(B(A), €) for small enough € and contains {Beo(\) : A €
[0, A]} with probability 1 — o(n™1).

As A € [0,A], g(p) is also Lipschitz in 3 on K with constant x = ||X||2L + \/pA. We use
Lemma A3 (Equation 6) and conclude that for any € > 0,

p(S) < (8V2LK/6(e, N) + 3)Po(n"") where S = {sup 19x(8) = 9(B)] > 8(e, 1)/4}.
On S¢, we have ¢,,(8(\)) < g(B8(N)) + d(e, A) /4. Therefore on S¢, for § € K \ R(5(N),€),
we have gu(8) > g(B) — (e, N)/4 > g(B(N)) + 356, \)/4 > ga(B(\)). Hence,

p(I1Be(N) = B2 > €) < p(S) + p(Be() € K)

<
< (4V2LK/3(e,X) + 3)Po(n~1) + o(nh).

Since (e, 4) does not depend on n, the right hand side is o(n™1). O



Proof of Lemma 3. We emulate the proofs of Theorems 21.9 and 21.10 in Davidson (1994) with
a more careful tracking of the probability bounds throughout to ensure that the results hold uni-
formly for all the leave-one-out estimators Bg) (A).

Let @n(A) = [[Bo(A) = B(M)l2. Since, |[@n(A) = @n(N)] < [IBc(N) = Fo(X)ll2 + [15() )
B(N)]|2, from Lemma 1, |Q,(\) — Q. (X)] < Cu|A — N| with p(S,)) = o(n™!) for set S,
{|Cn] > 4/pmin(X)}. For any € > 0, let \y = 0, A1, ..., A, = A denote an increasing sequence
of points such that \; — \i—; = g < €pmin(X)/8. On S, for any A € [0,A], @.(\) < €/2 +

max;—1,_m @n(A;). Then, we have
P(ASEPA] QN > €) <> p(Qu(X) > €/2) +p(S5) =D o(n™) +o(n') =o(n™").
€lo, i=1 i=1

The analogous result also holds if we replace 5¢:(\) with the clean Lasso estimate 57,(A) in Q,,())
(a version of the clean Lasso result is provided in Theorem 1 of Knight & Fu (2000)). Hence,
using triangular inequality we have,

p( sup. 16(A) = BLN)llz > €)) = o(n™").

AE[0,A
Summing over the n probablhtles for all the leave-one-out estimates, Lemma 3 is proved. [

Proof of Lemma 4. Rx()\) and Ry ()) are identical quadratic forms with the only difference be-
ing A, (\) in Rx ()\) gets replaced by 3 (\) in Rx (). Hence, part (a) follows immediately from
Lemmas 2 and 3. Similarly, to prove part (b) we once use Lemmas 2 and 3 to show that the
difference of the quadratic forms Sc(A\) T T'Bc(N) — Br(A )TFB (X) is 0,(1). For part (c), we ex-

pand y; — 27 B (N) = S0, ti; where t;y = x] (8* — BL(\), tie = wy, tiy = —a] B()) and
b = 2 (G Y) — A9 (). Let
Lo x(A) = n X (8" = BL(V)II5 - )
Hence |L, z(A) — Ly x(A) — 0% — BL(A)TTAL (V) |12 is less than

| (%uﬁw - 02) 4+ BT (%ATA _ r) BL<A>| T (8 - B+ e AB ()1

...............

Since from Lemma 3, ;4 i8 0,(1) and ¢;;’s, for j < 3, are O,(1) uniformly over i and A, the last
two terms in the equation above are 0,(1). The other terms are 0,(1) using Lemma A1l. O

Proof of Theorem 1. Using triangular inequality, we have
L0 2(N) = Rz <ILnz(A) = Lnx(X) = BL(Y) TAL(N) — o+
Lo x(N) + 02 — Ry(N)] + |[Rx(N) — Rx(\)|+
BN TALA) = Be(N) T



From Lemma 4, the first and third terms in the right hand side are 0,(1) uniformly in \. Similarly,
using Lemmas 2 and that inX’X — ¥, the second terms is 0,(1) uniformly in A. Finally,
Lemmas 2 and 3 ensure that the fourth term is uniformly o0,(1). Hence, part (a) is proved.

For part (b), note that

[Rx(A) = Lz(V)] >[Rx(\) — 0 = n 1| X (8" = B\ — B(N) TN -
Loz(A) — 0 = n Y X (8" = B2 — BN TN

>[5 (N TTHLA)] — |Rx(N) — 0% = Lo x(A)]—

Loz(N) — 0% = 0 YIX (8" = B3 = Br(N) DAL

The second term in the right hand side has already been shown to be uniformly o,(1) in part (a).
Using Lemma 4, the third term in the right hand side is also 0,(1) uniformly in A. So, we only
work with the first term ¢(\) = S.(\) 'T'5.()\). Note that

t0) =y X(X'X)"'T(XTX) ' XTy=p""T6" +0v'Tv,
where v = (X " X)X Tw = 0,(1). Hence, t(0) = 3*'T'3* + 0,(1) and consequently,

sup |Rx(A) — Lnz(A)| > 8 TT8* + 0,(1) .
AE[0,A]

So part (b) is proved for any ¢ < 3*T['3*. O

Proof of Theorem 2. Since, Rx (M) and Ry (M) are asymptotically equivalent uniformly in A (Lemma
4 part (a)), it is enough to prove only one of the statements.

RN = Lz < 1B2(3) — oz + - 2 1BE V)AL (N = BN TTHL ()|

..........

The first term is 0,(1) uniformly in A from Theorem 1, while an immediate consequence of
Lemmas 2 and 3 is that the second term is also 0, (1) uniformly in A, proving the result. [

Proof of Theorem 3. Combining Lemmas 3 and 4, we get L, z(\) — L[| X(8 — Bo(\))][3 + 0

uniformly over A\. Hence, we have

PN (B~ BB~ Lnz(R) > 6 —0%) = 0 s

Let A* denote the value of A for which the risk function (4) is minimized. Then, R, x(\*) <
R, x(0). As 6L( ) is the OLS estimate, R, X(O) — o2 and so does RnX(X") Usmg Theorem
2, we have L, ;(\*) — o2 and hence P(L,, 2(A) > 02+ 8) — 0, as A minimizes L, z(N).



Combining, this with (5), we have

PCIXE ~ BeGOIE) > 2) < PCIX(8 ~ Be(OIB ~ Ens(R) > 6 - o?)

+ P(Lnz(\) > 0% +6)
—0

Since, X" X/n — ¥ > 0, this implies ||Sc(X) — || — 0. O

Proof of Proposition 1. Since T > ||8*|2/||5*|| o0, Without loss of generality we can pick 1.001 >
¢ > 1and ¢y > 0 such that 7 > ¢||5*||2/(]|/*||cc — €0)- Let 6 > 0 be such that 0 < 5§ < ¢ — 1
and let ¢; = ¢ — 20. The choice of § ensures that ¢; > ¢; — 36 > 1.

Fix ¢ > 0. For an orthogonal design the i"* component of the Lasso estimate is given by
BuVli) = sgn(XaTy)) (2l yl — N)s. As HIX Tyl 2 3] in probability. given ¢ > 0
there exists ng such that for all n > ng, we have P(Fs) > 1 — ¢/4 where F5 = {||/*]« +
0118 MI2/7 = 1 X Tyl = 18%]loc = 8118*]|2/7}-

Let \g = |8 [loc — c1[|8*||2/7. The choice of ¢; ensures that Ay > 0. For any A < Ao, we now
have on F, |BL(\)[i]] > (¢c1 — 0)||8*||2/7 for some i, and hence || 3. (A)]|c = (c1 — )| 8% |2/

Also, on Fy, f,(\*) = 0and L, x (A\*) = ||3*||3 where \* = || 5* ||oo+5||6*||2/r and L,, x(\)

is defined in (4). Now choose Gs = { sup \Enz()\) — Lpx(A\) — 72||BL(A)|\§| < 82||8*||3}. By
A€[0,A]

Lemma 4, there exists n; such that for n > ny, P(Gs) > 1 — €/4. Hence, on Fs5 N G, for any

>\ S /\09

Lnz(N) = Loz(\) 2Lax(N) + P85 = Lnx (A7) = 135

—25up |Lnz(A\) = Lux(N) — 72| B (V)] 3]
A€E[0,A]

>((cp — 6> —=1-28)185>0  (as36<c; —1)

Hence, on F5NGs, /\ig/{ EmZ(/\) > En,Z()‘*) which implies A > Ao. This means ||6AL(/):Z)||Oo <
A0
(e1 + 0) 15" [l2/7). Letting, Hs = { sup 18c(A) = BrMllee < 01[B7[l2/7}, by Lemma 3, we
A€[0,A

can choose ny such that n > ny implies P(Hs) > 1 — €/4.

For large n, on FsNGsNHs, || B (A z)|loe < (c1+28)18%||2/7 < |87 ||2/7 < 1.001]|8%||2/7.
This proves part (a). Now, also observing that c||5*||2/7 < ||5*||cc — €0, We have for large n,

P([1Bo(Az) = B lloo = 15lloo = 1Be(As)lloc > €0) = 1 — €

This proves the inconsistency result of Part (b). 0

B Appendix: Sub-Gaussian random variables

Lemma Al. If X denote a n X py fixed matrix with ||z;||s < C,, A and B respectively denote
independent n X py and n X ps random matrices whose rows are iid sub-Gaussian with zero

5



means and covariance M, and Mpg. Then for any ¢ > 0 and fixed p;,;1 = 1,2,3, we have
p(|ATA/n — Mol max > €), p(J|AT B/n|max > €) and p(||AT X /1| max > €) are all o(n™1).

The proof follows directly from Lemma B.1 of Datta & Zou (2017). Note that, since p is
fixed the result in Lemma A1 remains true if we replace the max norm with the /5 norm.

Lemma A2. Let M = (Z"Z/n —T), then p(pumin(M) < pmin(2)/2), P(pmax(M) > 2pmax (X))
and p(|| My — X|max > €) are o(n™1).

Proof. We expand M = ¥+ Bwhere B= (X' X/n—%)+ATX/n+X"A/n+(ATA/n-T).
Then we have

pmin(M> - { \|11’|l|f }UTMU > pmin(z) - sSup |uTBu’ > pmin<2) - \/]_OHBHmaX
willullz=1 {uw:llull2=1}

Since from Lemma A1, P(||B||lmax > €) = o(n~1), for large enough n we have with probability
1—o(n™"), /Pl Bllmax < pmin(2)/2 and hence puin(M) > puin(E) — /Dl Bllmax > puin(E)/2
and the first result is proved. Similarly we can write prax(M) < prax(X) + /D] B|max and
prove p(pmax(M) > 2pmax(X)) = o(n™1). Also, as p([| My — X||lmax > €) < p(|M — 2| max >
€) 4+ P(Pmin(M) < pmin(22)/2), the third result follows immediately. O

Lemma A3. Let a sequence of random convex functions g,(3) satisfy p(|g.(8) — g(5)| > €) =
o(n™1) for any € > 0, pointwise for every (. Also, let K C RP be any hypercube with edges
of length L and assume that () is Lipschitz continuous on K with Lipschitz constant k. Then

p(supgeg lgn(8) — g(B)] > €) = o(n™").

Proof. This lemma is simply a more detailed version of the Convexity Lemma in Pollard (1991).
The proof is identical with the only additional task being tracking the tail probabilities carefully
throughout. We break K up into small hypercubes with edge length ¢/(1/2x). We cover the
boundary of K with an additional layer of such small hypercubes. Due to Lipschitz continuity,
within each of these smaller boxes, g(/3) differs at most by e. Let V' denote the set of vertices
of all these small boxes. Now, from the proof of the Convexity Lemma in Pollard (1991) we see
that

—(p+1)(M, +¢€) < sup 19 (B) — 9(B] < (M, +¢€)

where M, = supgey |9a(8) — g(B|. Since, V has (v/2Lk/e + 3)P points,

p(M, > €) < (V2Lk/e + 3)Po(n™) (6)

and the result follows. [
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