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1. CONDITIONS
We now list the assumptions needed in the proof of the following theorems.

(C1) The distortion functions ¢(u) > 0 and ¢,.(u) > 0,r =1,...,q, forall u € [Ur, Ug],
where [U,, Ug| denotes the compact support of U. Moreover, the distortion functions
o(u), ¥r-(u)’s, have three continuous derivatives. The density function fy(u) of the
random variable U is bounded away from O and satisfies the Lipschitz condition of
order 1 on [U, Ug].

(C2) For some s > 4, F (\Y\ma"{sﬁ’s}) < oo, F (|Xr\max{sf)’s}) <oo,r=1,...,q. The
matrices X defined in Theorem 1 is a positive-definite matrix.

(C3) The kernel function K (-) is a symmetric bounded density function supported on [— A, A]
satisfying a Lipschitz condition. K (-) also has second-order continuous bounded deriva-
tives, satisfying K ) (+A4) = 0, KU)(s) = % and ffA s?2K(s)ds # 0.

(C4) Asn — oo, the bandwidth h satisfies h3 logn — 0, log®n o () and nh* — 0.

nh?

2. A TECHNICAL LEMMA

Lemma 1 Suppose E(T|\U = u) = m(u) and its derivatives up to second order are bounded
forall u € lay,as). E|T|? exists and sup,, [ |t|* f(u,t)dt < oo, where f(u,t) is the joint
density of (U, T)". Suppose (U;, T;), i = 1,2,...n are independent and identically distribut-
ed (i.i.d.) samples from (U,T). If condition (C3) holds true for kernel function K (u), and
n?~1h — cofore < 1— 51, we have

sup % Z;K;L(Ui C )T — fu(w)m(u) — %[ o (Wm() 1izh?| = O(ran), a.s.

u€lay,as)
where s = [ K (u)u?du, and 1, 5, = h* + \/log n/(nh).

Proof Lemma 1 can be immediately proved from the result obtained by Mack and Silverman
(1982).

1*Corresponding Author: Yujie Gai, email: yujie_gai@ 126.com.
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3. PROOF OF THEOREM 1

Proof Using Lemma 1, we have
1 & U, —u
= — K
W= ; ( h

Define that g (u) < E(|Y?||U = u)
noted that

51,0 (W) = My ,(0) = nth Z (

=1

>=fU< )+ W‘ fir(w) + Op(Tnn). (A.1)

= ¢”(u)E(]Y"?]), using (A.1) and Lemma 1, it is

) (771=mg ) A2
e 2K () (im0 = )
+0p <h2\/§+ Wt 47, h)
From (A.2) and ¢ (u) = (W) Up, we have

o (u) — ¢ (u) = 57,0 (u) — ¢p(u)ﬁ

T (A3)
v

iy () =y (u) |Ve| - E(Y*))

N TR A e G

+Op(n~ '+ 202 4 0727, )

According to (A.3) and Taylor expansion, we have

dw—ow = 2 (G- ) +0p (1#0) - #WE) Ak

p

g (W) —myg (u) Vo] — E(]Y?))
_ e T 710
= o v BV

+O0p(n~t + n~Y2h? + n_l/QTn,h)

Similar to the proof of Lemma B.2 in Zhang et al. (2012), together with (A.4) and (A.2), we
have

LS (Vi) mowy) (AS5)
i=1
YiM(W3) (- _
o Z: TUJ (¢(Ui) - ¢(U1:)> +op(n~'/?)

zn: #°( pE|YP| ( g p(Ui) = mm,p(Ui))

Y, M(W;) o ~1/2
*ﬁgipmm (171 BOY*D) +op(n2)
def

= Anl + ‘AnQ



Recalling that [Y?| = 2 577 |Y/|, we have

n

EOMVIL S~ (1921 = E1v7)) + op(n172) (A.6)

Apg = ——————
"2 pE|Y?P|  n =

For A,,1, using asymptotic expression (A.2), we have

Ant (A7)
n n U U
B pElYpIn?hZZ ¢ K( h ) (‘Yf‘ 71,5 (Uj ))
n n Uz - U
pEIY”|n2h Z Z PG 35 ( I J) (191, (U3) = myg,,(U)
dﬁf .Anl[ ] +An1 [2]

For A,1[1], as nh* — 0, the projection of U-statistic (Serfling; 1980) entails that

E[Y M(W)] z": V7| - mg ,(Ui)

_ 2
Ani[l] = SB[V A + Op(h?) (A.8)
_ EBYMW)1 & y
T RV LLS™ (= Bye + op(n72).

i=1

Similar to (A.8), the the projection of U-statistic (Serfling; 1980) entails A1 [2] = Op(h?) =
op(n~1?) as nh* — 0. Together with (A.5)-(A.8), we have

- Z (Vi - vi) MW ) (A9)
- fZ (1721 wet) 2o 4 opm1)

B 72 pg|/Y|p [¢”(U;) — 1] E[Y M(W)] + op(n~/?).

4. PROOF OF THEOREM 2

Define that m, 5 | (1) & B(XP||U = u) = 9£(u)E(|Xf|). Similar to (A2)-(A4), for

s=1,...,p, we have

" 1 2 Ui—u ad
0=, = S (T ) (1R =i, 00) a0

+m ; K (Uh_u> (m\fa-\,p(Ui) - mpm,p(u))

1
+Op (h%/ ‘;gh” 72 h)
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and

Vr(u) — P (u) (A.11)
g R~y () 1 XF| - B(IX2)
B -l R Lol bl

+Op(n~ + 0722 4 07 2, ).

Using (A.4) and (A.11), as nh® — 0 and 1(;;3’;2" — 0, we have

% (Xpi — X0i)(Xsi — Xoi) = Op((n ™2+ B2+ 7 0)%) = 0p(n™1%),  (A12)
i=1
% (Xpi — Xp)) (Vi = Yi) = Op((n™ Y2+ 0% +7,1)%) = 0op(nV/2).  (A13)
i=1
Using (A.11)-(A.12) and Theorem 1, we have
B, 13, x)mer = Ly, x e (A.14)
i i
1< T T\T T - T T
— X, - X 1, X; — 1, X X X
+5 20X - X XD+ 25 0. X0 )
+OP( _1/2+h2+Tnh) )
= 2+0p( )
Using Theorem 1, &; = Y; — X '3, and E(e| X) =
1« T R
— ZEZ ri T rz = E Z(Y; - Xi ﬂO)(XTZ - XM) (AIS)
=1
1 " > E[XT(Y_ XTBO)]
== X —|X". +op(n~1/2
1 E[XTE] 1
- X _ X —-1/2 — —1/2 .
nz | X2 —[XE]) E(‘er|)+0p(n ) =op(n )

It is easily seen that

( > < %) - B;l%i(l,X?)T {Y;faOfﬁoTXi} (A.16)

Bo i=1
Here, using (A.12)-(A.15), we have

= >

- Tn,l + Tn,Q - Tn,3~

1 — 1 < T
lef -1 T\T_ -1+ v T\T .
T.. = B, E;(I,Xi) e+ B, n;(o,xi xNTe, (A.17)

1 n
= 2_172(1,X?)T5i+0P(n71/2).
n

i=1



Then, using (A.13), Theorem 1 and E[(1, X ")TY] = Z(ay, 35 )", we have

def ,11 n ~T T (O
T, = B - 1, X, Y, - Y; A.18
2 AL XY } (A.18)

i=1

1< X
= B S XDV - Vi) +op(n V)

i=1
1N~ E[(1,XT)Ty] B
= ¥l VP = |YP|) =t op(n~Y/?
n;(\ | = Y]) PE(V]) P )
Y| - Y7 _
= 72 pE([Y7]) (a0.85)" +op(n~/?)
=1

Y|

= % Z(QZSP(Uz) — 1)%(0@7&5)11 + OP(Tlil/Q),

Moreover, €541 is a (p 4+ 1)-dimensional vector with 1 in the s + 1-th position and 0’s else-

where, s =1,...,p,

T3 (A.19)

3 \

=1
1 - L [(LXT)TXS]BOS ,/
EZZ (¥ B
- (X6 - 1X4D

PE |Xp €s+1€sT+1(OéovﬂoT)T +op(n~1/?)

p XP
diag (o, (WU - 1>E(j|(;('lp|>, WU — ”wq?m)) (a0, B1)T

A )0
_ 1< (1 (”(U:) = DY [ ao
- nZ{E (x) BV <ﬁ0>}

_ LN giag (0, WEW) —DIXE| (R — DIXGT (o
\/ﬁ;dg<o’ PB(XT) 7 pBE(XF) )(m)

According to the asymptotic expression (A.20), we have completed the proof of Theorem 2.
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5. PROOF OF THEOREM 3

For1 < s < g, let p (,80) be the s-component of &, ;(8). We decompose p (,80) into

following terms:

ol (Bo) = (Vi — ap — XTBy) Xoi + Z QY.

where,
QM = (Ni-Y)Xa, QY= (00— a)Xa,
ngs]zs = (Yi—a—X; ﬂo)( st st‘)7
Qs = B0 (Xi—Xi) Xaiy QY5 = (a0 — &) (Kui — Xui)
Qs = (i—v)(%ui - Xat),

ng,]n = B (Xz - Xi) (Xsi — Xsi)-
To prove Theorem 3, we need to show that

1rgla<x |pn t|_0P( 1/2)a t:1a77

It is noted that for any sequence of 4.i.d random {V;,1 < i < n} and E[V?] < oo, we have

max Vil — 0, a.s.. Then,
1<i<n \/n
o — X T 1/2
max (Vi —ag — X Bo) X (n/%).
Next, for Qn ;1> directly using (A.2) and (A.4), we have
n YiXsi
< ) — )
max Qual < (2% [0(Us) — ou (Us)| max | S5

1
+O0p (h4 + Og”) Op(n'/?) = op(n'/?).
nh
Using Theorem 2, we have (ag — &) = Op(n~'/2), thus,

1Iila,<X |Qn z2| - |O[0 - O[| max |XSZ| - OP( 1/2)'

n,i2

Similar to the proofs of \Qn “(ﬁo)| and |Q[S] (By)l|, we have max. \Qn i (Bo)l = op(n 1/2)

for j = 3,...,7. Followed the same argument in the proof (2.14) in Owen (1991), we have
A = Op(n 1/2). Thus, jmax \)\Tpn’i(ﬁoﬂ = op(1). Using log(1 + t) ~ t — 4% for ¢

sufficiently small, we have
'BO = Z ()\T An i /30 - 7{)‘T An 7,(/30)}2> + OP(l)' (A21)

Note that ) satisfies the following equation,

e N Ll )
n ; 1+ AT@n,i(ﬁo)



Moreover,
0 = Ly Ol _Lyrs (g LY p (8068
n = 1+5\T@ni(ﬁo)n- Pt ni:lpm oo
anz /60 {>‘ an(IBO)} '

(A.22)
i=1 1 + A pn Z(IBO)
The equation (A.22) and max AT Hn.i(Bo)| = op(1) entail that
xz(lf) (Bo)$m.s(B )T)_llf) (Bo) + op(n~172) (A23)
n — pn,z 0 @n,z 0 n a pn,z 0 P . .

Plugging the asymptotic expression (A.23) to (A.21), we have
R 1 n R 1 n 1
UBo) = ”(n;@n,i(ﬂo ) (ﬁz ) (gz )
1= = :
+ Op(l).

‘We obtain that

ﬁo —n< Z“nz /80) ( Z"fnz /80 ’inz(ﬁo ) ( Z’an /60>+0P(1)

where k,(8y) = (Yi — ap — X By)X; is independent and identically distributed p-
dimensional random vector with zero mean.

6. PROOF OF THEOREM 4
The proof of Theorem 4 is similar to the proof of Theorem 2 in Zhang et al. (2013). We
present the main step in the following. Let K} ,; = Kp(U; — Uj), Boo(Ui) = ao(Us),
Xoi=1,4,5=1,...,n. Define
Y(U:) = (Boo(Us), Bor(Us),- .-, Bop(Ui)) ",

n

Gni = *Z[liT } K}m‘j,

__ ®2
Gg(u) = E{[(LX )T} |Uu}.
Using Lemma 1, we have

WG % (U:) fu (U)] e
2

Gni = Gx(Us)fu(Us) + + Op(Tn,n)s (A.24)
where [G 5 (u) fu(u)]” is a (p + 1) x (p + 1) matrix, and its (s,t)-th position element is

2{eTG+ (u et U . ..
defined as 2 e, GX;uﬁ Ju( )}. Recalling that for ¢, = 1,...,n, we have

—~T —

Y = [1,X;1(y(U)) =7 (U) + [1, X; y(Us) + e(U).
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Forr =0,1,...,p, we have

1K, T
eraGri— > (1L,X;)TY, Ky (A.25)
j=1

= e (U) el G 310, X T Ko (1 () — (U)

1 —~T
+ @r+1G : in Z(la X; )T Kn,ijo(Uj)e;

j=1
= e;r+17(Ui) + Vn,i,r[l] + Vn,i,'r' [2]

Using Lemma 1, we have

h?
Vairlll = T2l [0 + 265 (U)Y (U fu (U:) + 2G5 (U (U f1:(U:)
+O0p(h* + W27, 4), (A.26)
Voirl2l = e fi ' (Us) %Z VYK i50(Uj)ej + Op(h*T, ). (A27)
j=1

Using (A.26)-(A.27), as nh® — 0, logg‘ — 0, Taylor expansion entails that

P
1 L 1 T o~
. G} 2(1 X )Y K (A.28)
=~ ) T+1 s <X g J XX
n|Xﬁ| i—1 ni
P
7‘1 T—‘rl’y ) Vﬂﬁiﬁ’[l] + ’\7”717“[2]]
\X | i=1
= 1T 3 Nfi [r+1’7( i m 7’+1’7 )]pilvn,i,r[l]
\Xp| i=1 n|X¢| =
—1 _
[eX Y (U)]" Viinl2] + op(n™/?)
‘X'r =1
def

- 8n1r+sn2r+8n3r
For r = 0, recalling that Xo; = 1 and eT~(U;) = oo (U;), as nh* — 0, we have

A, — af = 8n1,0 + Sn2,0 + Sn30 — f (A.29)

n p—l h2 n
e (i 2 VW) - 1) + IS 0 U0 ()
i i=1

Oé 2 &
+ PR n’”h Z¢P LT |G Uy (U fu (U) + G Uy (U0 f (U3)]
POéo ZZ¢ X(Ui)(l,};)TKh,ijéf’(Uj)ej
+op(h4 aogn)/(nh))
—af (izw_l) Z¢P U)(LX;) e + op(n ).



For r > 1, we choose 7 = 1 as an illustration. Note that X1; = 1, (U;) Xy, and e3v(U;) =
Bor(Us) = Bor g OWa).as nh* — 0, we have

NCOK
Spi1 = 62,7 P: 501 Z|X 167U A30)
‘X |Z 1 ’I’L| 1‘ P
B X! 8 )
_ Fo1 Z £|C|)1(p ~01 Z <EX”| 1) +0P(n 1/2)
B~ XY
= 7(;121'7|)1({)| [0 (U:) — 2 (U)] + B85, + op(n~Y/?).

Similar to the analysis of (A.29), we have 8,1 2 = Op(h?) = op(n~1/2) as nh* — 0. For

the term 8,,1 3, we have

Sma = =3 XL GO Vnial2 (A31)
n|Xf\ i=1
_ Pﬂol X MT —1(17. I/X/TTK (U e
s |;jle 3 (0) g R OF (001, K Ko U)e
+Op( 1/2)
_ B Z¢ G U)X, Ve, + op(n=1/2).

According to (A.30)-(A.31), we have
Ber — Boy (A.32)

_ B IX7
ZEM — (U]

pﬁOI zn:w G ( )(1X ) € +0P(n71/2).

Using Taylor expansion and Delta theorem, we have

1—p

dve — a0 = 20— (&%, — af) + op(n~1/?) A
a (1 & 1 & B
= <n;¢pm ) E; L UNLX) e+ op(n /2,
and similarly,
« 1—p
BVc,l — Bo1 = (560,1 — 551) + 0P(TL71/2) (A.34)
1 X
-& Z S 90~ v )]
I —
+ ; G U (U)FCZ UL, X ) s + op(n™'/?)
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Recalling that G ¢ (u) = P (u) TP (u ) where P(u) = 1ag( s (w), ..., ¥p(u)), together
with (A.33)-(A.34), we have G (u) = "w)=" " (u) and

<%“‘z“>
Ve = MO
1 X7 X510\ ([ ao
E Z e ( PEIXTT " oI ) \ g,
1 Z o, AW —IXE| R0 — X (o
n pE|X7| PE[XE| 8,

=1

+ lf:qsp(Ui)z—l ( ; >ei+0p(n—1/2).

i=1

The asymptotic normality of Theorem 4 is obtained from (A.35).
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