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1. CONDITIONS

We now list the assumptions needed in the proof of the following theorems.

(C1) The distortion functions ϕ(u) > 0 and ψr(u) > 0, r = 1, . . . , q, for all u ∈ [UL,UR],
where [UL,UR] denotes the compact support of U . Moreover, the distortion functions
ϕ(u), ψr(u)’s, have three continuous derivatives. The density function fU (u) of the
random variable U is bounded away from 0 and satisfies the Lipschitz condition of
order 1 on [UL,UR].

(C2) For some s ≥ 4, E
(
|Y |max{sρ,s}) < ∞, E

(
|Xr|max{sρ,s}) < ∞, r = 1, . . . , q. The

matrices Σ defined in Theorem 1 is a positive-definite matrix.

(C3) The kernel functionK(·) is a symmetric bounded density function supported on [−A,A]
satisfying a Lipschitz condition. K(·) also has second-order continuous bounded deriva-
tives, satisfying K(j)(±A) = 0, K(j)(s) = djK(s)

dsj and
∫ A
−A s

2K(s)ds ̸= 0.

(C4) As n→ ∞, the bandwidth h satisfies h3 log n→ 0, log2 n
nh2 → 0 and nh4 → 0.

2. A TECHNICAL LEMMA

Lemma 1 Suppose E(T |U = u) = m(u) and its derivatives up to second order are bounded
for all u ∈ [a1, a2]. E|T |3 exists and supu

∫
|t|sf(u, t)dt < ∞, where f(u, t) is the joint

density of (U, T )τ . Suppose (Ui, Ti), i = 1, 2, . . . n are independent and identically distribut-
ed (i.i.d.) samples from (U, T ). If condition (C3) holds true for kernel function K(u), and
n2ϵ−1h→ ∞ for ϵ < 1− s−1, we have

sup
u∈[a1,a2]

∣∣∣∣∣ 1n
n∑
i=1

Kh(Ui − u)Ti − fU (u)m(u)− 1

2
[fU (u)m(u)]′′µ2h

2

∣∣∣∣∣ = O(τn,h), a.s.

where µ2 =
∫
K(u)u2du, and τn,h = h3 +

√
log n/(nh).

Proof Lemma 1 can be immediately proved from the result obtained by Mack and Silverman
(1982).

1∗Corresponding Author: Yujie Gai, email: yujie gai@126.com.
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3. PROOF OF THEOREM 1

Proof Using Lemma 1, we have

f̂U (u) =
1

nh

n∑
i=1

K

(
Ui − u

h

)
= fU (u) +

µ2h
2

2
f

′′

U (u) +OP (τn,h). (A.1)

Define that m|Ỹ |,ρ(u)
def
= E(|Ỹ ρ||U = u) = ϕρ(u)E(|Y ρ|), using (A.1) and Lemma 1, it is

noted that

m̂|Ỹ |,ρ(u)−m|Ỹ |,ρ(u) =
1

nhfU (u)

n∑
i=1

K

(
Ui − u

h

)(
|Ỹ ρi | −m|Ỹ |,ρ(Ui)

)
(A.2)

+
1

nhfU (u)

n∑
i=1

K

(
Ui − u

h

)(
m|Ỹ |,ρ(Ui)−m|Ỹ |,ρ(u)

)
+OP

(
h2
√

log n

nh
+ h4 + τ2n,h

)
.

From (A.2) and ϕ̂(u) =

(
m̂|Ỹ |,ρ(u)

|Ỹ ρ|

)1/ρ

, we have

ϕ̂ρ(u)− ϕρ(u) =
m̂|Ỹ |,ρ(u)− ϕρ(u)|Ỹ ρ|

|Ỹ ρ|
(A.3)

=
m̂|Ỹ ,ρ|(u)−m|Ỹ |,ρ(u)

E|Y ρ|
− ϕρ(u)

|Ỹ ρ| − E(|Y ρ|)
E(|Y ρ|)

+OP (n
−1 + n−1/2h2 + n−1/2τn,h)

According to (A.3) and Taylor expansion, we have

ϕ̂(u)− ϕ(u) =
ϕ1−ρ(u)

ρ

(
ϕ̂ρ(u)− ϕρ(u)

)
+OP

(
|ϕ̂ρ(u)− ϕρ(u)|2

)
(A.4)

= ϕ1−ρ(u)
m̂|Ỹ ,ρ|(u)−m|Ỹ |,ρ(u)

ρE|Y ρ|
− ϕ(u)

|Ỹ ρ| − E(|Y ρ|)
ρE(|Y ρ|)

+OP (n
−1 + n−1/2h2 + n−1/2τn,h)

Similar to the proof of Lemma B.2 in Zhang et al. (2012), together with (A.4) and (A.2), we
have

1

n

n∑
i=1

(
Ŷi − Yi

)
M(W i) (A.5)

= − 1

n

n∑
i=1

YiM(W i)

ϕ(Ui)

(
ϕ̂(Ui)− ϕ(Ui)

)
+ oP (n

−1/2)

= − 1

n

n∑
i=1

YiM(W i)

ϕρ(Ui)ρE|Y ρ|

(
m̂|Ỹ ,ρ|(Ui)−m|Ỹ |,ρ(Ui)

)
+

1

n

n∑
i=1

YiM(W i)

ρE|Y ρ|

(
|Ỹ ρ| − E(|Y ρ|)

)
+ oP (n

−1/2)

def
= An1 +An2.
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Recalling that |Ỹ ρ| = 1
n

∑n
i=1 |Ỹ

ρ
i |, we have

An2 =
E[YM(W )]

ρE|Y ρ|
1

n

n∑
i=1

(
|Ỹ ρi | − E|Y ρ|

)
+ oP (n

−1/2). (A.6)

For An1, using asymptotic expression (A.2), we have

An1 (A.7)

= − 1

ρE|Y ρ|n2h

n∑
i=1

n∑
j=1

YiM(W i)

ϕρ(Ui)fU (Ui)
K

(
Ui − Uj

h

)(
|Ỹ ρj | −m|Ỹ |,ρ(Uj)

)
− 1

ρE|Y ρ|n2h

n∑
i=1

n∑
j=1

YiM(W i)

ϕρ(Ui)fU (Ui)
K

(
Ui − Uj

h

)(
m|Ỹ |,ρ(Uj)−m|Ỹ |,ρ(Ui)

)
def
= An1[1] +An1[2].

For An1[1], as nh4 → 0, the projection of U -statistic (Serfling; 1980) entails that

An1[1] = −E[YM(W )]

ρE|Y ρ|n

n∑
i=1

|Ỹ ρi | −m|Ỹ |,ρ(Ui)

ϕρ(Ui)
+OP (h

2) (A.8)

= −E[YM(W )]

ρE|Y ρ|
1

n

n∑
i=1

(|Y ρi | − E|Y ρ|) + oP (n
−1/2).

Similar to (A.8), the the projection ofU -statistic (Serfling; 1980) entails An1[2] = OP (h
2) =

oP (n
−1/2) as nh4 → 0. Together with (A.5)-(A.8), we have

1

n

n∑
i=1

(
Ŷi − Yi

)
M(W i) (A.9)

=
1

n

n∑
i=1

(
|Ỹ ρi | − |Y ρi |

) E[YM(W )]

ρE|Y ρ|
+ oP (n

−1/2)

=
1

n

n∑
i=1

|Y ρi |
ρE|Y ρ|

[ϕρ(Ui)− 1]E[YM(W )] + oP (n
−1/2).

4. PROOF OF THEOREM 2

Define that m|X̃r|,ρ(u)
def
= E(|X̃ρ

r ||U = u) = ψρr (u)E(|Xρ
r |). Similar to (A.2)-(A.4), for

s = 1, . . . , p, we have

m̂|X̃r|,ρ(u)−m|X̃r|,ρ(u) =
1

nhfU (u)

n∑
i=1

K

(
Ui − u

h

)(
|X̃ρ

ri| −m|X̃r|,ρ(Ui)
)

(A.10)

+
1

nhfU (u)

n∑
i=1

K

(
Ui − u

h

)(
m|X̃r|,ρ(Ui)−m|X̃r|,ρ(u)

)
+OP

(
h2
√

log n

nh
+ h4 + τ2n,h

)
,
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and

ψ̂r(u)− ψr(u) (A.11)

= ψ1−ρ
r (u)

m̂|X̃r|,ρ(u)−m|X̃r|,ρ(u)

ρE|Xρ
r |

− ψr(u)
|X̃ρ

r | − E(|Xρ
r |)

ρE(|Xρ
r |)

+OP (n
−1 + n−1/2h2 + n−1/2τn,h).

Using (A.4) and (A.11), as nh8 → 0 and log2 n
nh2 → 0, we have

1

n

n∑
i=1

(X̂ri −Xri)(X̂si −Xsi) = OP ((n
−1/2 + h2 + τn,h)

2) = oP (n
−1/2), (A.12)

1

n

n∑
i=1

(X̂ri −Xri)(Ŷi − Yi) = OP ((n
−1/2 + h2 + τn,h)

2) = oP (n
−1/2). (A.13)

Using (A.11)-(A.12) and Theorem 1, we have

Bn
def
=

1

n

n∑
i=1

[(1, X̂
T

i )
T]⊗2 =

1

n

n∑
i=1

[(1,XT
i )

T]⊗2 (A.14)

+
1

n

n∑
i=1

(0, X̂
T

i −XT
i )

T(1,XT
i ) +

1

n

n∑
i=1

(1,XT
i )

T(0, X̂
T

i −XT
i )

+OP ((n
−1/2 + h2 + τn,h)

2)

= Σ+ oP (1).

Using Theorem 1, εi = Yi −XTβ0 and E(ε|X) = 0,

1

n

n∑
i=1

εi(X̂ri −Xri) =
1

n

n∑
i=1

(Yi −XT
i β0)(X̂ri −Xri) (A.15)

=
1

n

n∑
i=1

(
|X̃ρ

ri| − |Xρ
ri|
)E[Xr(Y −XTβ0)

]
ρE(|Xρ

r |)
+ oP (n

−1/2)

=
1

n

n∑
i=1

(
|X̃ρ

ri| − |Xρ
ri|
) E[Xrε

]
ρE(|Xρ

r |)
+ oP (n

−1/2) = oP (n
−1/2).

It is easily seen that(
α̂

β̂

)
−

(
α0

β0

)
= B−1

n

1

n

n∑
i=1

(1, X̂
T

i )
T
{
Ŷi − α0 − βT

0 X̂i

}
(A.16)

= Tn,1 + Tn,2 − Tn,3.

Here, using (A.12)-(A.15), we have

Tn,1
def
= B−1

n

1

n

n∑
i=1

(1,XT
i )

Tεi +B
−1
n

1

n

n∑
i=1

(0, X̂
T

i −XT
i )

Tεi (A.17)

= Σ−1 1

n

n∑
i=1

(1,XT
i )

Tεi + oP (n
−1/2).
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Then, using (A.13), Theorem 1 and E[(1,XT)TY ] = Σ(α0,β
T
0 )

T, we have

Tn,2
def
= B−1

n

1

n

n∑
i=1

(1, X̂
T

i )
T{Ŷi − Yi} (A.18)

= B−1
n

1

n

n∑
i=1

(1,XT
i )

T{Ŷi − Yi}+ oP (n
−1/2)

= Σ−1 1

n

n∑
i=1

(|Ỹ ρi | − |Y ρi |)
E[(1,XT)TY ]

ρE(|Y ρ|)
+ oP (n

−1/2)

=
1

n

n∑
i=1

|Ỹ ρi | − |Y ρi |
ρE(|Y ρ|)

(α0,β
T
0 )

T + oP (n
−1/2)

=
1

n

n∑
i=1

(ϕρ(Ui)− 1)
|Y ρi |

ρE(|Y ρ|)
(α0,β

T
0 )

T + oP (n
−1/2).

Moreover, es+1 is a (p + 1)-dimensional vector with 1 in the s + 1-th position and 0’s else-
where, s = 1, . . . , p,

Tn,3 (A.19)

def
= B−1

n

1

n

n∑
i=1

(1, X̂
T

i )
T(X̂i −Xi)

Tβ0

= B−1
n

1

n

n∑
i=1

(1,XT
i )

T(X̂i −Xi)
Tβ0 + oP (n

−1/2)

= Σ−1 1

n

n∑
i=1

p∑
s=1

(|X̃ρ
si| − |Xρ

si|)
E[(1,XT)TXs]β0s

ρE(|Xρ
s |)

+ oP (n
−1/2)

=
1

n

n∑
i=1

p∑
s=1

(|X̃ρ
si| − |Xρ

si|)
ρE(|Xρ

s |)
es+1e

T
s+1(α0,β

T
0 )

T + oP (n
−1/2)

=
1

n

n∑
i=1

diag

(
0, (ψρ1(Ui)− 1)

|Xρ
1 |

E(ρ|Xρ
1 |)

, . . . , (ψρp(Ui)− 1)
|Xρ

p |
ρE(|Xρ

p |)

)
(α0,β

T
0 )

T

+ oP (n
−1/2).

From (A.16)-(A.19), it is easily seen that

√
n

{(
α̂

β̂

)
−

(
α0

β0

)}
(A.20)

=
1√
n

n∑
i=1

{
Σ−1

(
1

Xi

)
εi +

(ϕρ(Ui)− 1)|Y ρi |
ρE(|Y ρ|)

(
α0

β0

)}

− 1√
n

n∑
i=1

diag

(
0,

(ψρ1(Ui)− 1)|Xρ
1i|

ρE(|Xρ
1 |)

, . . . ,
(ψρp(Ui)− 1)|Xρ

pi|
ρE(|Xρ

p |)

)(
α0

β0

)
+ oP (1).

According to the asymptotic expression (A.20), we have completed the proof of Theorem 2.
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5. PROOF OF THEOREM 3

For 1 ≤ s ≤ q, let ℘̂[s]
n,i(β0) be the s-component of ℘̂n,i(β0). We decompose ℘̂[s]

n,i(β0) into
following terms:

℘̂
[s]
n,i(β0) = (Yi − α0 −XT

i β0)Xsi +
7∑
t=1

Q
[s]
n,it,

where,

Q
[s]
n,i1 = (Ŷi − Yi)Xsi, Q

[s]
n,i2 = (α0 − α̂)Xsi,

Q
[s]
n,i3 = (Yi − α0 −XT

i β0)
(
X̂si −Xsi

)
,

Q
[s]
n,i4 = βT

0

(
X̂i −Xi

)
Xsi, Q

[s]
n,i5 = (α0 − α̂)

(
X̂si −Xsi

)
Q

[s]
n,i6 = (Ŷi − Yi)

(
X̂si −Xsi

)
,

Q
[s]
n,i7 = βT

0

(
X̂i −Xi

)(
X̂si −Xsi

)
.

To prove Theorem 3, we need to show that

max
1≤i≤n

|℘̂[s]
n,it| = oP (n

1/2), t = 1, . . . , 7.

It is noted that for any sequence of i.i.d random {Vi, 1 ≤ i ≤ n} and E[V 2] ≤ ∞, we have

max
1≤i≤n

|Vi|√
n

→ 0, a.s.. Then,

max
1≤i≤n

∣∣∣(Yi − α0 −XT
i β0)Xsi

∣∣∣ = oP (n
1/2).

Next, for Q[s]
n,i1, directly using (A.2) and (A.4), we have

max
1≤i≤n

|Q[s]
n,i1| ≤ max

1≤i≤n

∣∣∣ϕ(Ui)− ϕ̂M (Ui)
∣∣∣ max
1≤i≤n

∣∣∣∣YiXsi

ϕ(Ui)

∣∣∣∣
+OP

(
h4 +

log n

nh

)
OP (n

1/2) = oP (n
1/2).

Using Theorem 2, we have (α0 − α̂) = OP (n
−1/2), thus,

max
1≤i≤n

|Q[s]
n,i2| = |α0 − α̂| max

1≤i≤n
|Xsi| = oP (n

1/2).

Similar to the proofs of |Q[s]
n,i1(β0)| and |Q[s]

n,i2(β0)|, we have max
1≤i≤n

|Q[s]
n,ij(β0)| = oP (n

1/2)

for j = 3, . . . , 7. Followed the same argument in the proof (2.14) in Owen (1991), we have
λ̂ = OP (n

1/2). Thus, max
1≤i≤n

|λ̂T℘̂n,i(β0)| = oP (1). Using log(1 + t) ≈ t − 1
2 t

2 for t

sufficiently small, we have

l̂(β0) = 2
n∑
i=1

(
λ̂T℘̂n,i(β0)−

1

2
{λ̂T℘̂n,i(β0)}2

)
+ oP (1). (A.21)

Note that λ̂ satisfies the following equation,

1

n

n∑
i=1

℘̂n,i(β0)

1 + λ̂T℘̂n,i(β0)
= 0.
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Moreover,

0 =
1

n

n∑
i=1

℘̂n,i(β0)

1 + λ̂T℘̂n,i(β0)

1

n

n∑
i=1

℘̂n,i(β0)−
1

n

n∑
i=1

℘̂n,i(β0)℘̂n,i(β0)
Tλ̂

+
1

n

n∑
i=1

℘̂n,i(β0){λ̂T℘̂n,i(β0)}2

1 + λ̂T℘̂n,i(β0)
. (A.22)

The equation (A.22) and max
1≤i≤n

|λ̂T℘̂n,i(β0)| = oP (1) entail that

λ̂ =
( 1
n

n∑
i=1

℘̂n,i(β0)℘̂n,i(β0)
T
)−1 1

n

n∑
i=1

℘̂n,i(β0) + oP (n
−1/2). (A.23)

Plugging the asymptotic expression (A.23) to (A.21), we have

l̂(β0) = n
( 1
n

n∑
i=1

℘̂n,i(β0)
)T( 1

n

n∑
i=1

℘̂n,i(β0)℘̂n,i(β0)
T
)−1( 1

n

n∑
i=1

℘̂n,i(β0)
)

+ oP (1).

We obtain that

l̂(β0) = n
( 1
n

n∑
i=1

κn,i(β0)
)T( 1

n

n∑
i=1

κn,i(β0)κn,i(β0)
T
)−1( 1

n

n∑
i=1

κn,i(β0)
)
+ oP (1),

where κn,i(β0) = (Yi − α0 − XT
i β0)Xi is independent and identically distributed p-

dimensional random vector with zero mean.

6. PROOF OF THEOREM 4

The proof of Theorem 4 is similar to the proof of Theorem 2 in Zhang et al. (2013). We
present the main step in the following. Let Kh,ij = Kh(Ui − Uj), β00(Ui) = α0(Ui),
X̃0i ≡ 1, i, j = 1, . . . , n. Define

γ(Ui) = (β00(Ui), β01(Ui), . . . , β0p(Ui))
T
,

Gn,i =
1

n

n∑
j=1

[
(1, X̃

T

j )
T
]⊗2

Kh,ij ,

GX̃(u) = E

{[
(1, X̃

T
)T
]⊗2

|U = u

}
.

Using Lemma 1, we have

Gn,i = GX̃(Ui)fU (Ui) +
h2[GX̃(Ui)fU (Ui)]

′′µ2

2
+OP (τn,h), (A.24)

where [GX̃(u)fU (u)]
′′ is a (p + 1) × (p + 1) matrix, and its (s, t)-th position element is

defined as d2{eTs GX̃
(u)etfU (u)}
du2 . Recalling that for i, j = 1, . . . , n, we have

Ỹj = [1, X̃
T

j ](γ(Uj)− γ(Ui)) + [1, X̃
T

j ]γ(Ui) + ϵ(Uj).

7
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For r = 0, 1, . . . , p, we have

eTr+1G
−1
n,i

1

n

n∑
j=1

(1, X̃
T

j )
TỸjKh,ij (A.25)

= eTr+1γ(Ui) + eTr+1G
−1
n,i

1

n

n∑
j=1

[(1, X̃
T

j )
T]⊗2Kh,ij(γ(Uj)− γ(Ui))

+ eTr+1G
−1
n,i

1

n

n∑
j=1

(1, X̃
T

j )
TKh,ijϕ(Uj)ϵj

= eTr+1γ(Ui) + Vn,i,r[1] + Vn,i,r[2].

Using Lemma 1, we have

Vn,i,r[1] =
h2µ2

2
eTr+1

[
γ′′(Ui) + 2G′

X̃
(Ui)γ

′(Ui)fU (Ui) + 2GX̃(Ui)γ
′(Ui)f

′
U (Ui)

]
+OP (h

4 + h2τn,h), (A.26)

Vn,i,r[2] = eTr+1f
−1
U (Ui)G

−1

X̃
(Ui)

1

n

n∑
j=1

(1, X̃
T

j )
TKh,ijϕ(Uj)ϵj +OP (h

2τn,h). (A.27)

Using (A.26)-(A.27), as nh8 → 0, logn
nh2 → 0, Taylor expansion entails that

1

n|X̃ρ
r |

n∑
i=1

|X̃ρ
ri|

eTr+1G
−1
n,i

1

n

n∑
j=1

(1, X̃
T

j )
TỸjKh,ij

ρ (A.28)

=
1

n|X̃ρ
r |

n∑
i=1

|X̃ρ
ri|
[
eTr+1γ(Ui) + Vn,i,r[1] + Vn,i,r[2]

]ρ
=

1

n|X̃ρ
r |

n∑
i=1

|X̃ρ
ri|
[
eTr+1γ(Ui)

]ρ
+

ρ

n|X̃ρ
r |

n∑
i=1

|X̃ρ
ri|
[
eTr+1γ(Ui)

]ρ−1
Vn,i,r[1]

+
ρ

n|X̃ρ
r |

n∑
i=1

|X̃ρ
ri|
[
eTr+1γ(Ui)

]ρ−1
Vn,i,r[2] + oP (n

−1/2)

def
= Sn1,r + Sn2,r + Sn3,r.

For r = 0, recalling that X̃0i ≡ 1 and eT1 γ(Ui) = α0ϕ(Ui), as nh4 → 0, we have

α̂ρVc − αρ0 = Sn1,0 + Sn2,0 + Sn3,0 − αρ0 (A.29)

= αρ0

(
1

n

n∑
i=1

ϕρ(Ui)− 1

)
+
ραρ−1

0 µ2h
2

2n

n∑
i=1

ϕρ−1(Ui)ϕ
′′(Ui)

+
ραρ−1

0 µ2h
2

n

n∑
i=1

ϕρ−1(Ui)e
T
1

[
G′

X̃
(Ui)γ

′(Ui)fU (Ui) +GX̃(Ui)γ
′(Ui)f

′
U (Ui)

]
+
ραρ−1

0

n2

n∑
i=1

n∑
j=1

ϕρ−1(Ui)

fU (Ui)
eT1G

−1

X̃
(Ui)(1, X̃

T

j )
TKh,ijϕ(Uj)ϵj

+OP (h
4 + (log n)/(nh))

= αρ0

(
1

n

n∑
i=1

ϕρ(Ui)− 1

)
+
ραρ−1

0

n

n∑
i=1

ϕρ(Ui)e
T
1G

−1

X̃
(Ui)(1, X̃

T

i )
Tϵi + oP (n

−1/2).
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For r ≥ 1, we choose r = 1 as an illustration. Note that X̃1i = ψ1(Ui)X1i and eT2 γ(Ui) =
β01(Ui) = β01

ϕ(Ui)
ψ1(Ui)

, as nh4 → 0, we have

Sn1,1 =
1

n|X̃ρ
1 |

n∑
i=1

|X̃ρ
1i|
[
eT2 γ(Ui)

]ρ
=

βρ01

n|X̃ρ
1 |

n∑
i=1

|Xρ
1i|ϕ

ρ(Ui) (A.30)

=
βρ01
n

n∑
i=1

|Xρ
1i|

E|Xρ
1 |
ϕρ(Ui)−

βρ01
n

n∑
i=1

(
|X̃ρ

1i|
E|Xρ

1 |
− 1

)
+ oP (n

−1/2)

=
βρ01
n

n∑
i=1

|Xρ
1i|

E|Xρ
1 |

[ϕρ(Ui)− ψρ1(Ui)] + βρ01 + oP (n
−1/2).

Similar to the analysis of (A.29), we have Sn1,2 = OP (h
2) = oP (n

−1/2) as nh4 → 0. For
the term Sn1,3, we have

Sn1,3 =
ρ

n|X̃ρ
1 |

n∑
i=1

|X̃ρ
1i|
[
eT2 γ(Ui)

]ρ−1
Vn,i,1[2] (A.31)

=
ρβρ−1

01

n2|X̃ρ
1 |

n∑
i=1

n∑
j=1

|Xρ
1i|ψ1(Ui)

ϕρ−1(Ui)

fU (Ui)
eT2G

−1

X̃
(Ui)(1, X̃

T

j )
TKh,ijϕ(Uj)ϵj

+oP (n
−1/2)

=
ρβρ−1

01

n

n∑
i=1

ψ1(Ui)ϕ
ρ(Ui)e

T
2G

−1

X̃
(Ui)(1, X̃

T

i )
Tϵi + oP (n

−1/2).

According to (A.30)-(A.31), we have

β̂ρVc,1 − βρ01 (A.32)

=
βρ01
n

n∑
i=1

|Xρ
1i|

E|Xρ
1 |

[ϕρ(Ui)− ψρ1(Ui)]

+
ρβρ−1

01

n

n∑
i=1

ψ1(Ui)ϕ
ρ(Ui)e

T
2G

−1

X̃
(Ui)(1, X̃

T

i )
Tϵi + oP (n

−1/2).

Using Taylor expansion and Delta theorem, we have

α̂Vc − α0 =
α1−ρ
0

ρ
(α̂ρVc − αρ0) + oP (n

−1/2) (A.33)

=
α0

ρ

(
1

n

n∑
i=1

ϕρ(Ui)− 1

)
+

1

n

n∑
i=1

ϕρ(Ui)e
T
1G

−1

X̃
(Ui)(1, X̃

T

i )
Tϵi + oP (n

−1/2),

and similarly,

β̂Vc,1 − β01 =
β1−ρ
01

ρ

(
β̂ρVc,1 − βρ01

)
+ oP (n

−1/2) (A.34)

=
β01
ρ

1

n

n∑
i=1

|Xρ
1i|

E|Xρ
1 |

[ϕρ(Ui)− ψρ1(Ui)]

+
1

n

n∑
i=1

ψ1(Ui)ϕ
ρ(Ui)e

T
2G

−1

X̃
(Ui)(1, X̃

T

i )
Tϵi + oP (n

−1/2)
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Recalling that GX̃(u) = ψ̆(u)Σψ̆(u), where ψ̆(u) = diag(1, ψ1(u), . . . , ψp(u)), together

with (A.33)-(A.34), we have G−1

X̃
(u) = ψ̆

−1
(u)Σ−1ψ̆

−1
(u) and(

α̂Vc − α0

β̂Vc − β0

)
(A.35)

=
1

n

n∑
i=1

[ϕρ(Ui)− 1]diag

(
1

ρ
,

|Xρ
1i|

ρE|Xρ
1 |
, . . . ,

|Xρ
pi|

ρE|Xρ
p |

)(
α0

β0

)

− 1

n

n∑
i=1

(
0,

[ψρ1(Ui)− 1]|Xρ
1i|

ρE|Xρ
1 |

, . . . ,
[ψρp(Ui)− 1]|Xρ

pi|
ρE|Xρ

p |

)(
α0

β0

)

+
1

n

n∑
i=1

ϕρ(Ui)Σ
−1

(
1

Xi

)
ϵi + oP (n

−1/2).

The asymptotic normality of Theorem 4 is obtained from (A.35).
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