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1 Recursive formulas for the nested logistic distribution

We first recall in Section [I.I] and Section [I.2] some notation and preliminary results introduced
in the appendix of the main paper, and then derive a recursive formula for the partial derivatives

of the nested logistic model exponent function.

1.1 Notation

For simplicity, we denote the distribution of the nested logistic model is as G = exp(—V'), where
K an Dk Qg
V= (ka> ’ Vk:{zzk;ilk/(aoak)} ) k:1,2,...,K,
k=1 i=1
with dependence parameters 0 < ag, aq,...,ax < 1, and where, for clarity, we have omitted the

function arguments. Moreover, we use the following vector notation:

zip = (21, - - - ,zk;Dk)T All variables in cluster k=1,..., K;
Zitd, = (Zk:1, - - - ,,zk;dk)T Sub-vector of the first dy, variables in cluster k =1,...,K;
b1 = (i1, ..., 00) " Vector of k indices.
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1.2 Preliminary results

From the definition in Section [I.1} we deduce the following derivatives:
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1.3 Partial derivatives of V
The exponent function V is a function of D = Zszl Dy, variables, namely 21 = (21,1, . .. ,Z1;D1)T, 2K =
2K, 2D ) . The partial derivative of V' with respect to any subset of variables 21 1.4, , . . . , Zx.1:d
) YK y ) 1 5 K
in 1 <k < K clusters of dimensions 1 < dy < Dy, k= 1,..., Kk, may be expressed as
622—1 H dr 1 4 (d _dy i 1— Ek 1lk
O‘Oal aoan 17 , aq a
== 1= ] e Z Z VY ,
9 Hk 1 Zk;L:dy, =1 =1 i1=1 in=1

where the coefficients ’y( - ’d ) can be computed recursively as demonstrated below.
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Proof Equation may be proven by double induction over x € {1,...,K} and d; €

{1,...,D}, k = 1,..., k. The proof also naturally provides a constructive approach to the

-----

recursive computation of the coefficients 72 . More precisely, we demonstrate the following

four steps:
1. holds for k =1 and d; = 1;
2. If holds for k =1 and d; € {1,..., D; — 1}, then it also holds for d; — dj + 1;
3. If holds for k € {1,..., K — 1}, then it also holds for k — k + 1 with d.4; = 1;

4. If holds for k € {1,..., K} and d,, € {1,..., D,_1}, then it also holds for d,, — d, + 1.



Step 1. From we have
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which proves the first step by setting 'y( -

Step 2. Assuming that holds for Kk = 1 and d; € {1,...,D; — 1}, and using and ,

we obtain
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with
@ =0, forall i
Y =0, orall 4 ¢{l,...,d}. (6)

Hence, holds by induction for k = 1 and any 1 < d; < Dq, and the recursive formula to

compute coefficients 71-(;1 Vs given by (| . and @ with the initial condition 7( )= 1.



Step 3. Assuming that holds for k € {1,..., K — 1}, we obtain
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Hence, holds by induction for k — x + 1 with d,,; = 1 and the recursive formula to

compute coefficients ’y( i o1 g given by @ and .
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Step 4. Assuming that holds for k € {1,..., K} and d,, € {1,..., D, — 1}, we obtain
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Hence, holds by induction for € {1,..., K} with d,, — d, + 1 and the recursive formula

to compute coefficients fy(dl’ Z’d” is given by (9) and (10).
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1.4 Complexity

If kK = 1, the number of coefficients 7'(d1)

i, to be computed recursively in is

d1 h
dy(dy + 1)
1] =—"



which implies that the complexity is O(d?). For 1 < k < K clusters of size dy, . . . , d,, the number

of coefficients 'y-(cil_f";'li;d”) to be computed in is

)

die d1 de—1 R de h do(dy +1)
Z Z Z Zl ZZZ(dl'“dn—l)Z(dl'“dn—l)%
h=1 \i1=1  ix_1=1ix=1 h=1ix=1

which implies that the total complexity for the computation of the coefficients %fii';’zi;dﬁ) in ([4) is

O (Z dy - dkldi> :
k=1

If the cluster size is the same for all clusters, i.e., dp = dq, for all £k = 2,...,k, then we have

O (ko di™).

2 Updating the model parameters given the tree struc-

ture using a Metropolis-Hastings algorithm

1. Set initial values for the parameters vector a® = (a2,a?...,a%)".
2. Then, repeat the following steps for » = 1,..., R iterations for each parameter ay, k =
0,1,..., K:

(a) Simulate candidate parameter value aj based on a proposal distribution ¢(aj | af),

where of, = 04,(:71) indicates the value of the parameter at the previous iteration.

(b) Define the current parameter vector a® = a"~! and replace its k-th component by

aj to define the candidate parameter vector a*.

(c) If the acceptance probability ratio

. {ﬂ(a*,Tc | my,...,my)q(af | af)

1 > U ~ Unif(0, 1),
m(ac, Te|my, ..., my)q(a; | af) } 01

where T° denote the (fixed) tree structure, then accept the proposed parameter value,

i.e., ") = a*, otherwise reject, i.e., a™ = a1,



After some burn-in iterations, this provides a dependent sample from the posterior distribu-
tion (e, 7¢ | my,...,my) of the parameters given the data m;,..., my and some fixed tree
structure 7¢. In our algorithm, the tree structure 7°¢ is also updated at every iteration r, and

the next section describes how this is performed based on the reversible jump MCMC.

3 Reversible jump MCMC algorithm

1. Set an initial configuration for the state space x° = (a”,u’)" and choose a corresponding

initial tree structure 7°.
2. Repeat the following steps for r =1, ..., R iterations:

(a) Update each parameter ay, k = 0,1,..., K as in the previous section.

(b) Select a move type from the set of reversible moves which defines a proposed transition
from the current state x° = (a® u®) of dimension dim(a®) (based on tree T°) to
the proposed state x* = (a*,u*) of dimension dim(a*) (based on tree T*), where

x¢ = x(""1) indicates the state space configuration at the previous iteration.

(c) If the transition involves a dimension change, generate a random auxiliary variable u®
based on the proposal distribution g(u®, a¢ | u*, @*) in order to meet the reversibility
condition dim(a¢) =dim(a*).

(d) If the acceptance probability ratio

in m(a*, T* | my,..., my)g(u’, a | u*, a*)mye_x-
m(as, T¢ | my,...,my)g(u*, a* | u®, a®)my e

) ,1} > U ~ Unif(0, 1),

then accept the proposed transition and add the proposed state space configuration to
the Markov chain, i.e., x") = x* and 7" = T*, otherwise reject and add the current

state space configuration to the Markov chain, i.e., x" = x("=1) and 7) = 701,

After some burn-in iterations, this provides a dependent sample from the posterior distribution

7r(a,7'] ml,...,mN).



4 Marginal modelling

In our study, we first calculate the time series of monthly maxima and subtract the monthly means
to partially remove non-stationarity, assuming the dependence maintains the same throughout
all months of the year. For each pollutant and meteorological parameters, we deal with the
remaining non-stationary effects by including the time covariate ¢ into the modelling of the
location parameter p. In particular, we consider: the linear trend model, i.e., p14(t) = Bo.a+ B1.4t,
the cycle trend model, i.e., p14(t) = Bo.a + P1.asin (%) + [a,q4 COS (%) , and the linear and cycle
trend model, i.e., pq(t) = Boa + Pr.at + Poasin (%) + 3.4 COS (%) , where the (s are unknown

parameters measuring the effect of the time covariate. We then fit each of these models at each

e} ]

8 ﬂ {1 + & (md;—ﬂd@))}‘“s

i=1 d

site d = 1,..., D by maximizing the likelihood

L(:ud(t)a O_d>£d ‘ mga1, .- - 7md§N) = O—c?N eXp

where 1+§d(mi;—’:dm) >0,fori=1,...,N, & # 0, and the GEV location parameter p,(t) varies
across time t. We select the best model for each of the sites under study by minimizing the BIC
criterion, defined as BIC= —2¢(M) + plog(NN), where p represent the number of parameters in
the model M, N is the sample size, and ¢(M) is the maximized log-likelihood for model M.

Finally, we transform the margins to the Fréchet scale using our “best” model as follows:
Mig = —1/log{Ga(mia)}, i=1,....N, d=1,...,D,

where G4 denotes the fitted GEV distribution (for the “best” model) with estimated parameters

fia(t), 64 and &.
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