Appendices: Supplementary materials

Appendix A: Proof of the derivation process of the equilibrium solutions in the four models 

For a more concise presentation of equilibrium solutions, we introduce the following notation, 
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Appendix A-1: Equilibrium solution derivation for model MM

In model MM, the Lagrangian function for the retailer’s optimization problem is stated as follows: 
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, one can confirm that the Lagrangian function 
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, we can obtain the optimal response functions for the retailer 
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These response functions are then substituted into the manufacturer’s profit function 
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. Thus, the optimal retail prices of new and remanufactured products are derived as 
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. Thus, the optimal pricing decisions of new and remanufactured products and the warranty period for remanufactured products are derived as 
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According to the Karush-Kuhn-Tucker condition, there are two possible cases for the optimal solutions corresponding to different Lagrangian coefficient 
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Case I: When 
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 (denoted as partial remanufacturing) can be derived based on the Complementary Relaxation Theorem. The manufacturer’s optimal solutions are 
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Case I

 = 3 \* ROMAN I: When 
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Thus, the equilibrium solutions are obtained for model MM.
Appendix A-2: Equilibrium solution derivation for model RR
In model RR, the Lagrangian function for the retailer’s optimization problem is given as: 
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These three response functions are then substituted into the manufacturer’s profit function 
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, then, one can confirm that the manufacturer’s profit function 
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According to the Karush-Kuhn-Tucker condition, there exist two possible cases for the optimal solutions corresponding to different Lagrangian coefficient 
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Case I

 = 3 \* ROMAN I: When 
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Thus, we confirm the equilibrium solutions for model RR.
Appendix A-3: Equilibrium solution derivation for model MN
In model MN, the Lagrangian function for the retailer’s optimization problem is furnished as follows: 
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These two response functions are then substituted into the manufacturer’s profit function 
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According to the Karush-Kuhn-Tucker condition, two possible cases may arise for the optimal solutions corresponding to different Lagrangian coefficient 
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Case I: When 
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Case I

 = 3 \* ROMAN I: When 
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Thus, we obtain the equilibrium solutions for model MN.
Appendix A-4: Equilibrium solution derivation for model RN
In model RN, the Lagrangian function for the retailer’s optimization problem is given as follows: 
[image: image273.wmf]141

(,,)()

RNRN

RnrRr

Lpppqq

p

g

l

=+-

, where 
[image: image274.wmf]4

l

 is the Lagrangian multiplier and 
[image: image275.wmf]41

()0

r

qq

g

l

-=

. According to backward induction, given 
[image: image276.wmf]1

w

, 
[image: image277.wmf]1

p

, 
[image: image278.wmf]n

w

 and 
[image: image279.wmf]r

w

, since 
[image: image280.wmf]2

2

2

1

RN

R

n

L

p

d

¶

=-

-

¶

, 
[image: image281.wmf]2

2

2

(1)

RN

R

r

L

p

dd

¶

=-

-

¶

,  and 
[image: image282.wmf]2

2

1

RN

R

nr

L

pp

d

¶

=

¶¶-

, one can confirm that the Lagrangian function 
[image: image283.wmf]1

(,,)

RN

Rnr

Lppp

 is strictly and jointly concave in decision variables 
[image: image284.wmf]n

p

 and 
[image: image285.wmf]r

p

 and, hence, has a unique optimal solution. Solving the first-order conditions 
[image: image286.wmf]0

RN

R

n

L

p

¶

=

¶

 and 
[image: image287.wmf]0

RN

R

r

L

p

¶

=

¶

, we obtain the optimal response functions for the retailer as 
[image: image288.wmf]*

11

(,,,)

2

R

RN

nnw

nnr

Qwc

pwpww

e

+++

=

 and 
[image: image289.wmf]*

4

11

(,,,)

2

RN

r

rnr

Qw

pwpww

dl

++

=

. 

These two functions are then substituted into the manufacturer’s profit function 
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According to the Karush-Kuhn-Tucker condition, there exist two possible cases for the optimal solutions corresponding to different Lagrangian coefficient 
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Case I: When 
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Case I

 = 3 \* ROMAN I: When 
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Thus, the equilibrium solutions are confirmed for model RN.
Appendix B: Proof of Proposition 1

When the manufacturer commits to partial remanufacturing, by subtracting the wholesale and retail prices of remanufactured products under models MN and RN from those under models MM and RR, respectively, we get 
[image: image333.wmf]1

**

3

()

0

2

MMP

M

M

MNP

r

r

Mw

MM

r

ww

c

f

f

e

f

--

+

-=>

, 
[image: image334.wmf]**

0

RRPRNP

rr

ww

--

-=

;
[image: image335.wmf]1

**

3

(3)

0

4

MMPMNP

r

rr

M

MMw

MM

p

c

p

ff

e

f

--

+

-=>

 , and 
[image: image336.wmf]1

*

3

*

0

4

()

RRPRNP

r

r

Rw

r

R

R

RR

p

c

p

f

f

e

f

--

+

-=>

. Similarly, for the wholesale and retail prices of new products in the four models, one has 
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When the manufacturer commits to complete remanufacturing, by subtracting the wholesale and retail prices of remanufactured products under models MN and RN from those under models MM and RR, respectively, we obtain 
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. Similarly, for new products, we have 
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Proposition 1 is thus proved.
Appendix C: Proof of Proposition 2

When the manufacturer commits to partial remanufacturing, by subtracting the manufacturer’s and the retailer’s profits under models MN and RN from those under models MM and RR, respectively, we can obtain 
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When the manufacturer commits to complete remanufacturing, by subtracting the manufacturer’s and the retailer’s profits under models MN and RN from those under models MM and RR, respectively, we can obtain 
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 can be verified. By subtracting consumer surplus under models MN and RN from that under models MM and RR, respectively, we can obtain 
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Proposition 2 is thus proved.
Appendix D: Proof of Corollary 1

When the manufacturer commits to partial remanufacturing, by subtracting the manufacturer’s and the retailer’s profits under models MN and RN from those under models MM and RR, respectively, we can obtain 
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When the manufacturer commits to complete remanufacturing, by subtracting the manufacturer’s and the retailer’s profits under models MN and RN from those under models MM and RR, respectively, we have 
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This completes the proof of Corollary 1.
Appendix E: Proof of Proposition 3

It can be seen from 
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When the manufacturer commits to partial remanufacturing, by subtracting the optimal warranty period under model RR from that under model MM, we can obtain 
[image: image385.wmf]**

13

1

()

2

MMPRRPPM

RRw

ttf

ffb

--

-=

, where 
[image: image386.wmf]21

()

PM

w

MMRR

f

b

ff

=-

. Solving equation 
[image: image387.wmf]()0

PM

w

f

b

=

 for 
[image: image388.wmf]M

w

b

, we derive 
[image: image389.wmf]2

23

2

4

4(1)

P

RR

M

ff

b

dd

-

=

-

. In addition, we can derive 
[image: image390.wmf]313

10

()

4(1)

MP

RRR

wMM

fff

bbb

dd

+

>=>

-

 from 
[image: image391.wmf]*

1

MMP

tn

-

£=

. Since 
[image: image392.wmf]()

0

PM

w

M

w

f

b

b

¶

<

¶

 and 
[image: image393.wmf]21

PP

MM

bb

>

 , the conclusion of Proposition 3 is confirmed under the partial remanufacturing strategy.

When the manufacturer commits to complete remanufacturing, by subtracting the optimal warranty period under model RR from that under model MM, we have 
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Proposition 3 is thus proved.
Appendix F: Proof of Corollary 2

By subtracting the optimal retail price under model RR from that under model MM, we obtain 
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This completes the proof of Corollary 2.
Appendix G: Proof of Proposition 4
When the manufacturer commits to partial remanufacturing, by subtracting the manufacturer's profit in model RR from that in model MM, we obtain 
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When the manufacturer commits to complete remanufacturing, 
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Proposition 4 is thus proved.
Appendix H: Proof of Proposition 5
By subtracting the channel profit in model RR from that in model MM when the manufacturer commits to partial remanufacturing, we derive 
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This completes the proof of Proposition 5.
Appendix I: Proof of Proposition 6
By subtracting the optimal consumer surplus in model RR from that in model MM, we have 
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When the manufacturer commits to complete remanufacturing, 
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This completes the proof of Proposition 6.
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