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1. Proofs

We show all the proofs in this supplementary material. Recall some notations firstly.

e The multivariate response is y = (y1, ..., yq)T, and denote the sample matrix of y as
Y =MV,...,Y,), where Y, = (Yig,..., Vo), k=1,....q.

e Denote Pymyr = %YJ Y} as the sample average of {V;,,,Yir }7,. Similarly, P,yy' =
%YTY is the sample average of yy .

e Correspondingly, Ey,yi and Eyy ' are the expectation of y,,y; and yy ' respectively.

e Tor a matrix A, ||A| = \/Amax(AAT), [|Al|cc = max; ; |A;].

e \nin(A) and Apax(A) denote the minimum and maximum eigenvalue of matrix A.

LEMMA 1.1 (Hoeffding’s inequality, [4]) Let Z1, . .., Zy be independent random variables.
Assume that P(Z; € [a;,b;]) = 1 for 1 < i < n, where a; and b; are constants. Let
Z =% "1 Zi/n. Then for every z >0,

n2z?
P(Z - E(Z)| > z) < 2exp <m> :

LEMMA 1.2 (Liu et al., [3]) Let Z be a random variable with E exp(a|Z|) < oo for some
a > 0. Then for any M > 0, there exist positive constants b and ¢ such that

P(12] > M) < bexp(—cM),

where b > 0 such that Eexp(a|Z|) <b/2, and c = a.

LEMMA 1.3 (Li et al., [2]) Under Condition (C8), for € > 0, there exist some positive
constants 0 < a < 1/2, my and s1 such that

1,
P (IPnymyr — Eymyr| > €) < 2e><p(—§n1 2022) 4 nmy exp(—s1n®).

Proof. See proof of Lemma 3 in [2]. |
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LEMMA 1.4 (Li et al., [2]) Under Condition (C7), for any e > 0,

1—20462

P (‘Amin(P”ny) - Amin(Eny)‘ > 5) <gq [2 exp <_2q2

> + nmy exp(—sin®)| .
In addition, there exist some positive constants ¢y and co such that
P ([IPayy ™) = 1By )| = eill(Byy 7)< 62 [2exp(—ean' g ") + nmy exp(—s1n)]

Proof. See proof of Lemma 4 in [2]. [ |

LEMMA 1.5 (Bernstein’s inequality, [4]) For independent random variables Zu,...,Zy,
with bounded ranges [—M, M] and zero means,

2
T
P(Z1+ -+ Zy| > 7) < 2exp{—— 2
(Z14 -+ Znl > 7) < Zexpd 2(U+M96/3)}7
forv>wvar(Zy+ -+ Zy).
LEMMA 1.6 (Bernstein’s inequality, [4]) Let Z1, ..., Zy be independent random variables

with zero mean such that E|Z;|™ < m!M™ 2v;/2, for every m > 2 and some constants
M and v;. Then

2

z
P(|Z1+- 4+ Zy| >2) < 2exp{—2

(v —|—Mx)}’

forv>wvi 4+,

LEMMA 1.7  Under Conditions (C1), (C2), (C5) and (C6), for any § > 0, there exist

some positive constants c4 and cs such that

nd?
P (IPptbimys — Etimyr| > 8) < 4 S —
(IPrtjmyn — Ejmyr| > 0) eXp( 2(c4d;1+c55>>

form=1,...,d,, 7=1,...,pn.

Proof. See proof of Lemma 4 in [1]. [ |

LEMMA 1.8 Under Conditions (C1) and (C2), for any 6 > 0,

52
, o)y N >6) < 242 E—C—
P (a3 337 2) <2 (1

In addition, for any given constant c7, there exists some positive constant cg such that
P ([Ieaw, )~ = (2w 0) 7| = oll(B,97) 7)) < 242 exp(—crnd,?).

Proof. See proof of Lemma 5 in [1]. [ |
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LEMMA 1.9 Suppose that Conditions (C1), (C2), (C5) and (C6) hold. For any § > 0,
there exist some positive constants cg ~ c13, such that

Py, frkj Uk — Efnkjyk‘ > cod? 6% + ¢10d3/?5 + C11di5>

< (8dy, + 2d%) exp <— nd” ) + 6d2 exp (—C7nd_3) .

o " " Q(Clgdgl + 0135) " "

|

P

Proof. See part (i) of proof of Theorem 1 in [1]

Proof of Theorem 2.1:

Proof. We first show the first inequality. Recall that

Wi = (Bfuigyis - Bfugive) (Byy ) (Efurjyrs- - Efngiya) |
. 2 2 _ ; ; A AT 14
wj = (Pnfnljyla e 7Pnfnqqu)(Pnny) 1(]P)nfn1jy1> .. >]P)nfnqqu)—r — ¢j (Pnyy-r) 1¢j-
Similar to the proof of Lemma 1.9, we divide @; — w; into three parts,

Wj —wj =: 51+ 52 + 53,

where

Si=(d;— &) Puyy ") (D, — &),
So=2(¢; — ;)" (Puyy ') ',

S3=0¢] [(Pryy )" — (Eyy ") '],

= ¢, (Poyy ) Eyy —Puyy|(Byy ") ;.
Note that
151 < (|(Payy )7 - )y — o117 (1)
By Lemma 1.4, we have
—con'72g, ) + nimy exp(—s1n®)],

P ([I®ayy™) 1 = 1(Byy ) 7| = ll(Byy ™)) < 62 [2exn(

and by Condition (C7) that ||[(Eyy ")™Y < D 'gy. Thus,

—con' 2 ) + my exp(—slna)] .

P (IBayy ") = (L4 ) Dy g ) < a2 [2exp(
@)

Since by Lemma 1.9,

1 (H¢Aj ¢j||2 2 Qn(CQdié2 Clodiﬂ(S Clld?q,é)2>
< q (8d 2d2)e:cp < o i ) + 6q d2 eX[)(—C nd 3)
n n n — n*n n /°
B 2(612dn1 . 0135) !

3)

3
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It follows from (1), (2) and (3) that

P (\5’1| > (14 ¢1) D7 g2 (cod? 6% + c10d/%6 + C11d%6)2)

< 2q; exp(—ean' g, *) + ngmy exp(—s1n®) (4)

no” ) + 6, d2 exp(—cynd,®)
2(612d7;1+0135) qnCy €XP Ty ).

+ qn(8d,, + Qdi) exp <

Now we bound Ss, note that

|S2] < 2[5 — 5l - 1(Bayy )" - 1511 ()

p (H&] &;ll > ay/* (cod20® + c10d3/%5 + cndia))

< gn(8dy, + 2d2) ( no® > 6gnd2 exp(—crnd;?) )
n(8an + 2d,,) exp | — — + 6¢nd,, exp(—crnd,,”).
=1 P 2(012dn1 + 6135) 1 P !
Since by Fact 3,
I(Ew;9]) "] < Dy'dy.
Moreover, it follows from Condition (C5) and Fact 2 that
dn dn dn
1By = Z Ejmyr)* = > (Edjmmy(@ Z - By, < DsBj.
So we have
dn an
;11> = Z |ii|* = Z |E frkjyel?
k=1 k=1
an
=Y (B ) (EY; 0 ) (BT
k=1 (7)
dn
<3 (e ]y - [ Ewu?)
k=1
qnd2D3?D2BY.
Combining (2), (5), (6) and (7), we have
p (|52| > 2q5dn(cod2d® + crodi/*6 + enndiyd) (1 + Cl)Df1D§1D5B%)
< qn(8dy, + 2d2) exp (— 7_1152 > + 6¢nd? exp(—cynd;,?) (8)
2(c12dn + c136)

1-2a,—4
q

+ 242 exp(—can 1) + ng2my exp(—s1n®).

4
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To bound S3, we note that
1Ss] < [|(Puyy )M - 1Byy T — Poyy |- 11(Byy ™)~ - oyl (9)
Since

IPoyy’ — Eyy ' || < aolPayy’ — Eyy ' oo = @ max  [Poymyi — Bymyil .
1<m,k<q,

it follows from Lemma 1.3 that

P (H]P’nny —Eyy'| > qné) <P (anIP’nny — Byy " [|s > qné)
12052 (10)

> + ng2my exp(—s1n®).

< 2¢2 exp (— 5

By Condition (C7), (2), (7) and (10), we have

P (|S3] > gudnd(1 + e1) Dy 2Dy 2 DEBY)
< 2¢2 exp(—con' ™29 1) + 2ng2my exp(—s1n%) + 2¢2 exp(—nt2%62/2).

(11)

It follows from (4), (8) and (11) that there exist some positive constants by, be, bs, such
that

P(|@; — wj| > bigy (codnd® + cr0d/*6 + c11d3,6)?

+ bag2dp(cod26” + c10d/?6 + c11d%6) + bsgld20)

< 6q,2L exp(—02n172aq;4) + 4nq72lm1 exp(—s1n®) + 12qnd% exp(—qnd;?’)
n52 n172a52

2(612d;1 + 6135) 2

+ 24, (8d,, + 2d%) exp(— ) + 2¢2 exp(—

For a given ¢ > 0, there exists a by such that

blqi(69di52 + Clodi/Q(s + Clldié)Q + bzqidn(69di52 + Clodipé + 611d315)
+ b3qad?6 < bygrdSs < en”T.

Combining Condition (C10), and taking § < cn_Tq;‘Ld;GbZl, then there exist some
positive constants b; and bg such that

P (| — wj] > en™7) < 6q3 exp(—con' ¢, *) + 4ngamy exp(—sin®)

+ 12¢,d2 exp(—cnd,,®) + 2q,(8d,, + 2d2) exp(—bsn' ~*7 ¢, 3d, 1)
+ 22 exp(—ben! 20727 8412)
< O(6n28 exp(—cynt~20748) 4 an' 2P exp(—s1n®)

+ 1202 exp(—en! =37 + 2028 exp(—bgn! 22286127

+ (16n,3+'y + 4n6+2'y) exp(_b5n1—2r—8,8—11»y))_

5
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Therefore, we have

P (1211213: |wj - wj\ > cn T> < O(6pnn26 eXp(—Cin_%‘_w)
J

+ 4pan 2P my exp(—s1n®) + 12p,n T2 exp(—crn! =)
+ QpanB exp(_b6n1—20¢—27—8,3—12'y)

+ pn(16n5+7 + 4n5+2’7) eXp(—bg,nl_zT_SB_n’Y))
Now we show the second part. Under Condition (C9), we have

(M ¢ M} C{|&; —wj| >en™™,3j € M}
= 5, = {max |&; —w;| < en T} C {M C M},
JEM

so we can conclude that

P(M C M) > P(S,) =1 — P(5%)

>1— s, P(J0; —wj| >en™7)

> 1 — O(65,1n2% exp(—can!~22748) 4 45,01 "% m; exp(—s1n%)
+ 125,072 exp(—ern' =37 + 25,1028 exp(—bgn! 2027807127
+ sn(lﬁnﬁJFV + 4n,6’+27) exp(—b5n1*27*8ﬁ*117))

It permits logp, = O(n?), where a < min{a,1 — 37,1 — 2ac — 27 — 83 — 12}. This
completes the proof. [ |

Proof of Theorem 2.2:

Proof. By Condition (C11),
P ( min & . <5
min @; — max @; < =
jeM T jeme ! T2

< P|(minw; — max w;) — (min w; — max w;) < ——
- <(]EM J jEMe J) (je/vt J jEM:® j) 2

J
< P [(min @; — max w;) — (min w; — max w;)| > =
JjEM jEM= jeEM jEME 2
J
= P ( |(min w; — min w;) — (max @; — max w;)| > =
JEM JEM jEMe jEMe 2

4]

< P (2 max —wi| > <,
1<J<pz 2
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According to Theorem 1, there exist some positive constants bs and bg such that

Lo R 1)
P | min w; — max w; < =
JjEM jEME 2

1
< . .
P <2 12’2{3" |WJ wj| > 2)

172a74ﬁ) + 4pnn1+2,6’m1 exp(—slno‘)

< O(6p,n*? exp(—can
+ 12p,nP 2 exp(—crn! ™) + 2p,n? exp(—bgn! 2~ 812142)
+ pn (16017 4+ 4nPH27) exp(—bsn! 8P 11762))

£ O (pn (6122 exp(—cont=2274%) 4+ 4n'*2Pm exp(—s1n?)

+ 120P1 % exp(—cn'=37) 4 2028 exp(—bint 27807127

+ (1607 + 40P+ 27) exp(—binl =88 117))) £ O(g(n)).

where b and bf determined by 0, bs and bg. If logp, = o(nt), where ¢t < min{a, 1 —
37,1 —2a — 88 — 12v}, then there exists ng such that

> gn) <> (6+4my+12+2+16+4) exp(—2logn) = Y (40 + 4my)n~? < oo,

by Borel-Contelli lemma, we have

L o . d
lim inf {min®; — max @;} > = > 0,a.s.
n—oo jeM JEM= 2

2. More Simulation Results

Example 7. Let g(z) = sin(2z)+2 cos(2x)+3 sin?(2x) +4 cos? (2x) +5 sin®(2x). Consider
the model

Yy = ZU% +5 sin(:mﬂc%) + €1,
log(y2) = x3 + 0.524 + 0.125 + &9,

y3 = g(zox3ry) + T2 + €3,

with (n,p) = (200,2000). The true predictor set is M = {z1,...,z5}. X; ~ N(0,X),
where ¥ = (0j1)pxp, 0j; = 1; 051 = 0.2, j # . &}, is from (a) N(0,1) and (b) ¢(3). We run
100 replications for each situation. Example 7 is designed to see whether the proposed
methods still work well if additive structure is violated. The screening performances are
shown in Figure 1 and Tables 1-2.

As shown in Figure 1, none of these methods perform well. The performance of DC-
SIS is the best among these methods, and the proposed methods, Naive-GCS1, Naive-
GCS2 and GCPS, perform better than linear methods in this situation. Moreover, when
noise increases as error is drawn from #(3) distribution, the performance of all methods
deteriorates further. Tables 1-2 also show the similar conclusions.
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Example 7 (a) Example 7 (b)
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Figure 1. The boxplots of minimum model size (MMS) for Example 7 (a) € ~ N(0,1) and (b) € ~ ¢(3).

Since the proposed methods are based on additive models structure and make use of
the structure information, it is reasonable that they outperform DC-SIS under additive
models. However, once the additive models are misspecified, our methods will lose their
edge in screening. This is inherent in all model-based screening approaches.

Table 1. The average rank R; of true predictor z; for Example 7 (a) e ~
N(0,1) and (b) € ~ t(3).

Example Method Ry R2 R3 Ry Rs

Example 7 (a) DC-SIS 11.19  290.4 1.040 13.51 294.9
Naive-SIS1 399.4 1002 1.320 88.78 674.7
Naive-SIS2 10.45 9144 2.250 130.7 7419
PS 10.25 913.1 2.010 1275 748.1
Naive-GCS1  320.3 676.3 13.77 121.8 480.0
Naive-GCS2  56.05 4259 13.50 91.26 276.3
GCPS 58.31 419.2 13.54 89.08 267.0

Example 7 (b) DC-SIS 294.6 686.9 186.0 361.4 718.0
Naive-SIS1 828.6 1046 431.5 720.5 1050
Naive-SIS2 53.94 945.0 532.7 6454 981.0
PS 54.14 946.6 537.0 648.5 9829
Naive-GCS1  836.3 967.3 4853 712.0 901.6
Naive-GCS2  528.8 801.6 466.1 6679 775.7
GCPS 532.2  799.0 4659 667.0 773.1
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Table 2. The selecting proportion P;’s of true predictors and P, for Example
7 (a) e ~ N(0,1) and (b) & ~ t(3).

Example Method P1 D2 P3 P4 P5 Pa

Example 7 (a) DC-SIS 0.96 0.17 1 0.93 0.21 0.04
Naive-SIS1 0.19 0.02 1 0.71  0.05 0
Naive-SIS2 0.94 0.02 1 0.56 0.04 0
PS 0.94 0.02 1 0.58  0.02 0
Naive-GCS1 0.22 0.04 0.89 0.34 0.07 0
Naive-GCS2 0.64 0.05 0.89 0.39 0.11 0
GCPS 0.64 0.05 0.89 040 0.11 0

Example 7 (b) DC-SIS 0.36 0.02 0.64 038 0.06 0
Naive-SIS1 0.01 0 0.33 0.17 0.02 0
Naive-SIS2 0.88 0.03 0.30 0.13 0.02 0
PS 0.88 0.04 031 0.14 0.02 0
Naive-GCS1  0.03 0.01 0.18 0.04 0.04 0
Naive-GCS2 0.11  0.01 0.18 0.04 0.04 0
GCPS 0.10 0.01 0.18 0.04 0.04 0
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